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Error Analysis of Nonconforming Virtual Element Method for Stokes
Problem with Low Regularity

Tongli Wang and Jikun Zhao*

Abstract. In this paper, the nonconforming virtual element method is used to solve the
Stokes problem where the velocity and pressure are allowed to have the low regularity.
With the help of an enriching operator, the consistency error is estimated under the low
regularity condition. Then the optimal error estimates are obtained for the velocity
and pressure approximations, which implies that the nonconforming virtual element
method has the good convergence even for the Stokes problem with the low regularity.

1. Introduction

Stokes equation is a motion equation describing the momentum conservation of viscous
incompressible fluid and is widely used in fluid mechanics. It is very difficult and compli-
cated to solve the Stokes equation except for some specific conditions.

In recent years, research on the Stokes equation has attracted extensive attention at
home and abroad. As well known, the finite element method (FEM) is an important
method for solving the Stokes equation [10]. When the Stokes equation is discretized
by FEM, the approximate spaces of velocity and pressure should satisfy Babuska—Brezzi
condition [2,/7,13,22] in order to guarantee the stability of FEM. For Stokes problem, [25]
presented VPVnet to achieve lower regularity requirements without considering Babuska—
Brezzi condition.

There have been many studies on conforming and nonconforming FEMs for Stokes
problem. When the Stokes problem is solved by the conforming FEMs, the error estimate
of a numerical solution is bounded by the approximation errors of their spaces by Cea’s
lemma [12]. The approximation errors are bounded by the interpolation errors, which can
be estimated under the low regularity (u,p) € H'™(Q) x H*(Q) with any s > 0 where
u and p are the velocity and the pressure, respectively. For example, the general finite
element approximation of Stokes equation solution for incompressible viscous fluid is given
in [18].
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Compared with the conforming FEMs, the nonconforming FEMs are easier to satisfy
Babuska—Brezzi condition for the Stokes problem [29], but the error estimate of a finite
element solution is more troublesome, which is bounded by the approximation error plus
the consistency error. The approximation error is consistent with the conforming coun-
terparts. The consistency error is usually transformed to some jump flux terms along the
edges of element, which needs the regularity (u,p) € H'¥(Q) x H*(Q) with s > 1/2 at
least [10}/12,/17], and this is along with some potential difficulties for solutions with lower
regularity. In order to obtain the error estimates for the nonconforming FEM under low
regularity condition, the so-called quasi-interpolation operator was used to estimate the

consistency error in [4}2§].

Virtual element method (VEM), which is introduced as a generalization of classi-
cal FEM in [5], has some advantages compared with standard FEMs. VEMSs are more
convenient to deal with partial differential equations in complex geometric domains or
high-regularity admissible spaces [14}23,30], and are suitable for polygonal or polyhedral
meshes and have the characteristics of high flexibility in mesh processing and avoiding
explicit shape function construction. Polygonal or polyhedral meshes have gained consid-
erable attention in the field of scientific computing, in part because of their flexibility in
dealing with complex regions or regions with curved boundaries, and the detailed analysis
is given in [16,26].

The error from conforming VEMs is usually bounded by three parts: the interpolation
error, the local polynomial approximation error for the exact solution and the approxi-
mation error of the right-hand side. The error estimates for the first two terms can be
estimated under low regularity i.e., in space H'**(Q) with any s > 0, and the error es-
timate for the third term only needs sufficiently smooth data, refer to [6,11]. Thus, the
error estimates can be obtained under the low regularity requirement. The conforming
VEMs for the Stokes problem are developed in [15,18,21]. Compared with the conforming
VEMs, the error estimates for nonconforming VEMs are more troublesome, which have

an extra consistency error term.

At present, nonconforming VEM has won the attention of everyone and applied to
the Stokes problem. For example, the nonconforming formulation of VEM for the steady
Stokes problem is presented in |13] where the authors show that the nonconforming VEM
is inf-sup stable and establish the optimal priori error estimates for the velocity and pres-
sure in providing high-order accurate approximations. The divergence-free nonconforming
VEM for the Stokes problem has been presented in [31] and converges at an optimal rate.
However, the estimation on the consistency error in the works [13}|31] still needs the high
regularity requirement i.e., (u,p) € H'™*(Q) x H*(Q) with any s > 1/2 at least.

What’s more, the solution region of Stokes equation is often irregular and complex in
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practice. In particular, when the solution region has a concave angle, such as the L-shaped
region, the regularity of solution for Stokes equation is very low near the concave angle.
Therefore, the research on the nonconforming VEM of the Stokes equation under the low
regularity condition has very important application.

Based on the above facts, in this paper we carry on the convergence analysis of the
nonconforming VEM for the Stokes problem under the low regularity condition. We
note that in |23| a special enriching operator, which connects nonconforming VE space
with the same order conforming VE space, is introduced to estimate the error on the
nonconforming VEMs for 2nd and 4th elliptic problems. Therein, the error analysis is
very complicated. So in this paper, we change the definition of the enriching operator a
little bit, so that it maps the nonconforming space to the corresponding conforming space
with one order higher. Then some terms from the consistency error will vanish which
greatly simplifies the estimation on the consistency error term [24]. For more information
about enriching operators, interested readers can refer to [|9,(19/20,27]. Then we obtain
the optimal convergence of nonconforming VEM for the Stokes problem under the low
regularity condition in two dimensions.

The paper is organized as follows. In Section [2, we state the steady Stokes problem
and give its weak form. In Section |3 we give the definitions of local and global spaces to
prepare for the subsequent error estimations. In Section[d we give the discrete form of the
Stokes problem. In Section 5 we introduce a special enriching operator for estimating the
consistency error. In Section [0, we estimate the consistency error and obtain the optimal
estimates for the velocity and pressure approximations.

Throughout the paper, we assume that 2 is a polygonal domain in R?, with boundary
0f). For a positive integer m, let S be any given open subset of 2, we use the standard
definitions and notations of Sobolev spaces H™(S) and H{j"(S) with the corresponding
norm || - ||;,s and seminorm | - |,, g. Besides, (-, )s and || - ||s denote the usual integral
inner product and the corresponding norm of L?(S), respectively. For the vector-valued
functions or spaces, we use bold symbols, such as u, v, L*(Q), H™(Q), HJ(), P.(9S),

etc.

2. The model problem

We are concerned with the Stokes problem with the unknown fields w and p satisfying

—Au+Vp=f inQ,
(2.1) divu =0 in Q,
u=20 on 0f).
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We will refer to w and p as velocity and pressure, respectively, and f is the given body
force.

The corresponding variational formulation of problem is to find w € H}(Q) and
p € L(Q) such that for f € L*(Q) it holds that

a(u,v) +b(v.p) = (f,v). Vv e HLQ).

(2.2)
b(uv Q) =0, Vq € L?)(Q)a

where the bilinear forms a(-,-) and b(-,-) are defined by a(u,v) = [, Vu : Vodx and
b(v,q) = — [, qdivvdw, respectively, and LE(Q) = {q € L*(Q) | [, ¢dz =0}.
The well-posedness of (2.2)) follows from the coercivity of the bilinear form a(-,-) on

the kernel of the bilinear form b( -,-) and the inf-sup condition, refer to [§].

3. Nonconforming virtual element

For any fixed h > 0, we introduce a finite decomposition (the mesh) 7, of the domain
Q) into nonoverlapping simple polygonal elements with maximum size h. Let &, denote
the set of all mesh edges in 7; of 2. For any F € 7, ng denotes the unit outward
normal vector along the boundary 0F. m. denotes the unit normal of an edge e € &,
whose orientation is chosen arbitrarily but fixed for internal edges and coinciding with the
outward normal of 2 for boundary edges, h. denotes the length of e € &, and hg denotes
the diameter of E.

Throughout the paper, we use the short symbol a < b for the inequality a < Cb with
the constant C' independent of a, b and the mesh size.

HO (Mesh assumption). We assume that there exists a constant p > 0 such that
e for every element E of T; and every edge e C OF, it holds that he > phg;
e every element F of T, is star-shaped with respect to a ball of radius phg.

For an internal edge e shared by Fi, Es € 7T, such that n. points from FE; to FEs,
we define the jump and average of function v through the edge e by [v]|. = v1 — v2,
and {v}le = (vi + v2)/2, where v; = v|g,, i = 1,2. Then, we can get that [uv]| =
wivf - uzvy = {ulo] + [ul{v).

For the boundary edge e, there exists Fy € T, such that e C 0F; N 0S2, and we define
the jump and average of function v through the edge e by [v]|e = v|e, and {v}|c = v]e/2.
Then, we can also get that [uv]|. = {u}[v] + [u]{v}, refer to [23].

For any E € Ty, Pr(E) denotes the space consisting of polynomials of order k or less.

For k > 1, we define the local vector nonconforming VE space on the element E by

VE(E)={ve HY(E)| Av € P;_»(E),(ng - Vv)|. € Py_1(e),Ve C OE}
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with the convention that P_;(E) = {0}. Obviously it holds that Py(E) C V¥(E).

For k > 1, the same discussion as in [30] reveals that the dimension of V¥(E) is

Denote by Mj(FE), | € N, the set of scaled monomials

Mie) = { (522 el =1},

where a = (a1, a2) is a multi-index, || = o) +ag, ** = "' x3? and x g is the barycenter

of E. Furthermore, we define My(E) = J,<, M](F), a basis of the polynomial space

P (E) whose dimension is Ng ;. The vector version of M k(E) is denoted by My (E).
The degrees of freedom (DOF) for V¥(E) can be chosen as:

e for k > 1, the moments of degree (k — 1) on each edge
1
(3.1) |€’/vh-qu, g€ Mj_1(e), e CIOE,
e for k£ > 1, the moments of degree (k — 2) inside each element

1
(3.2) @ /Evh -qdx, qe€ Mk,Q(E).

According to [1], we have the unisolvence of DOF as follows.
Lemma 3.1. For k > 1, the DOF (3.1)—(3.2) are unislovent for the space VQ(E)

A subspace of the broken Sobolev space is defined by
H'(T;) ={v e L*(Q) |v|g € H(E),VE € Tp},

and, for k > 1, H»"*(T}) is defined by
H'Y"(Ty) = {v e H'(T;) ‘ /[v] -qds =0,Vq e Py_1(e),Ve € Eh}.

According to the local DOF (3.1))—(3.2)), we define the global vector nonconforming VE
space with order k£ > 1 by

Vi ={v, € H"(Ty) | vplp € V}(E),YE € Ty }.

We note that V¥ ¢ H}(Q).
The global DOF for Vfl can be chosen as:
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e for k > 1, the moments of degree (k — 1) on each edge
1
(3.3) |e‘/vh-qu, qgeMi_q(e), e€&y,
e

e for £ > 1, the moments of degree (k — 2) inside each element

1
(3.4) |E|/ vy -qdx, g€ My_o(E), E€Th.
E

For any function v € H(l)(Q), we define the interpolation Ipv € VZ by requiring
that the values of DOF (3.3)—(3.4) of Iv are equal to the corresponding ones of v, i.e.,
DOF(Iv) = DOF(v). Then, we have the following interpolation error estimates [3,/13].

Lemma 3.2. For any v € H*(Q) with 1 < s < k+ 1, we have the estimates
|lv = Ipvlloe + helv — Iv|ig S hpl|vlse, YE €T,
According to [10], for any v € H®(E), there exists a polynomial v, € Py(E) such that
(3.5) v — Vr|lme < Chy, "|vl|s g, YE €T,

where 0 <m < s <k+1.

4. The VEM discretization

In order to approximate the pressure, we use the standard space of piecewise polynomial

of degree up to k — 1 with respect to the domain partition 7p:
Qr ' ={an € L§(Q) | anle € Prr(B),VE € Ty}

Note that, by definition, all functions in Qf;l have global mean zero.

A VEM of order k£ will be defined by two finite dimensional function spaces Vﬁ and
Qf;l of discrete trial velocity and pressure fields and bilinear forms ay,: Vﬁ X Vﬁ - R
and by, : V’,ﬁ X Qfl_l — R as the discrete counterparts of a(-,-) and b(-,-), respectively.

For any element E € Ty, we denote by II¥ | the L*-projection from L?(E) to Py_1(E),
which is defined by finding Hf_lvh € Py_1(E) satisfying

(Hg—lvh7mQ)E = (Uhama)E, vma 6 ./\/lk;_l(E‘)7

where v, € L?(E). For vector-valued functions, it acts on each component, i.e., for any
vy, € LA(E), ¥ vy, € P_1(E). Let IIY_,|p =11F | for E € T;. Obviously I _, is the
interpolation from LZ(€2) to szl.
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The choice of DOF in space V¥ (E) ensures that the operator IT¥ | when applied to
Vv, or div vy, for a vector vy, in Vﬁ(E) is computable using only the DOF of vj,. According
to the definition, for any E € T;, and v € L?(E), we have the orthogonal decomposition
and optimal approximation of L?-projection operator HkEfl

E E E :
o[l = [lv — T yoll% + I ol lv—1F vlle =  inf [v—gqle.
qePy_y(E)

According to [13], we have the following lemma.

Lemma 4.1. For any E € T, v € H*(E) with 1 < s < k, it holds that
lv = I§_yvllo,s + helv — 7 v|1e < Chlvls b

We define the computable H'-projection operator Hkv: V¥(E) — Py(F) by finding
IIY v € Py(E) satisfying

(VIIYv, Vo) g = (Vu,Vmy) e, Vima, € Mi(E),

/H,Y'vds:/ vds,
oOE oE

where v € V]fL(E) Since system of equations above has a unique solution, it is easy to
see that IIYv = v for any v € Py(E). According to the definition, for any E € T}, and
v € Vi(E), we have the orthogonal decomposition and boundedness of H'-projection
operator Hkv

Wi =lv-Tofi g+ Mol g, [MYw

1.E < |v|1E.

For convenience, the restriction of bilinear form a(-,-) and b(-,-) on element E € Tj,

are defined by
af (u,v) = / Vu:Vovde, bFv,q)= —/ qgdivvde, w,ve HY(E), g L*(E).
E E

For each element E € Tj, the local bilinear form aZ(-,-) on VE(E) x VE(E) is defined
by
af (up, vp,) = / VI wy, : VIIY v, de + SF (I — T Jup, (1 — I )vy,),
E

where the bilinear form S,? (+,-) is given by

Ng

S (=107 Y, (1 = I )op) = Y X (1 = 10 yup) - X (1 — 10 o),
=1

where X, i = 1,2,..., Ng is the operator associated to the i-th local DOF.

According to [5], the bilinear term SE(-,-) satisfies

cxa (v, vp) < SE(vy,vp) < cfaf (v, vp), Yo, € VE(E) N Ker(IIY).
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The local bilinear form b7 (-,-) on V§(E) x QF™! is defined by

bf(”hv qn) = — /E qthE,l div vy, de.
We define the right-hand side by
(froon) = Z (fron)E
E€T,
with
(H(?fvﬁh)EH k = 1,

(fh7 Uh)E =
(HkEfo/Uh)Ea k > 27

where ), = |6—1E| S5 vn ds. Moreover, refer to [30], assume f € H*1(Q), we have

P
(4.1) F=ful e sup ST g
voevEwzo  VlLh

With the above preparations, we obtain that the nonconforming VE discretization of
problem (12.2)) is to find (wup,pp) € Vfb X Qi_l such that

ah(uhavh) + bh(Uhvph) = (fhavh)v V’Uh € V;Cp

(4.2) "
by (wn, qn) = 0, Van € Qp 7,

where ap(un,vn) = D per, af (up,vp), by(un,qn) = > EeT, bE (up, qp). Definition of
ap(-,-) guarantees the following polynomial consistency and stability properties, refer
to [13,/14].

Lemma 4.2 (Polynomial consistency and stability). (i) Polynomial consistency: If up,

or vy, or both, belong to Py(E), the bilinear form ap(-,-) satisfies
ay, (up, vn) = a” (up, vp).

(ii) Stability: There exist two positive constants o and o* independent of h such that,
for all vy, € V¥(E), the bilinear form ay,(-,-) satisfies

(4.3) a*aE(vh,vh) < CLE(’Uh,’Uh) < Oé*CLE(’Uh,’Uh).

We present the inf-sup condition that is introduced in the following lemma, refer
to [8},13].

Lemma 4.3 (Inf-sup condition). There exists a strictly positive constant 3 independent

of h such that for every qp in Qﬁ_l there exists a vector vy in Vﬁ such that

br(vn, qn)

4.4
(4.4) lvnlin

> Bllanl-
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The stability (4.3) of ap(-,-) implies the continuity and coercivity, which together
with the inf-sup condition (4.4]) implies that the discrete problem (4.2) is well-posed.
In order to carry out the error analysis, we introduce the broken H'-norm on Vﬁ by

setting
1/2

il = | Y lonli g

E€Ty,

5. Enriching operator

Since the nonconforming VE is not C° continuous, there exists a consistency error term
defined by Wy,(v) = (f,v) — a(u, v) —b(v, p) where v € V¥ when we carry on convergence
analysis.

As usual, the consistency error is transformed to the jump flux terms on edges as
follows: for (u,p) € H'T$(Q) x H*(Q) with any s > 1/2,

(f,v) —a(u,v) — b(v,p) P < /BEanEvds—i—/aEpv-nEds>
]ds—l—/ep[v-ne]ds).

Then the right-hand terms on the last equation above can be estimated by using the weak

e€Ey

continuity of nonconforming VE. There also exist many cases with lower regularity. So, to
estimate the consistency error term under the condition of lower regularity, we introduce
an enriching operator to reduce the high regularity requirement in the section. We first

define a conforming VE space by
VItH(E) = {ve HY(E) | Av € Py_(E),v|. € Pjyi(e),e C IE}

and
Vithe = {v e HY(Q) |v|p e VITH(B), E€ T}

The DOF for VZH’C can be chosen as:

e values of vy,(a), a € Vy,

e the moments é J.vn-qds, g e My_y(e), Ve €&,
e the moments ﬁ fE vp-qdx, g € Mp_1(E), E €Ty,

where V), is the set of vertices in mesh.
We construct an enriching operator Eﬁ from Vfb to Vﬁ“’c by averaging [9.194,20,23.27],

which maps elements in the nonconforming VE space to the conforming VE space with
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one order higher. For an interior vertex p of VE space associated with the decomposition
Th, let T, be the set of all elements in 7, sharing the vertex p.
For v € Vﬁ, we define E}’fv € VZH’C by
Efv(p) = ﬁ > ger, V|E(P), Vinterior mesh vertex p,
E,’f'v:éfe'wqu, qge My_1(e), e € &,
E,’jv:ﬁva-qdw, qgeMy_(E), E€Ty,

where |7,] is the cardinality of 7,. For all boundary vertex p, set E,’fv(p) =0.
For any vj, € V¥, we have Efv, € VZH’C C H}(Q2), so we can obtain that it satisfies

(5.1) a(u, EFvy) + b(Efvy, p) = (f, Efvy).

Further, to derive the estimates related to the enriching operator EF, we introduce the

following lemma, refer to [19,20,23].

Lemma 5.1. For any vy, € Vz, we have the estimates

> hitllvn — Byvnllg g S loali s
BET,

vy, — Efvplin <

6. Medius error analysis

With the above preparations, we estimate the consistency error.

Lemma 6.1. Let w € H}(Q) N H*™(Q) (0 < s < k) be the exact velocity solution to
problem (2.2)). Let p € LE(Q)NH*(Q) be the exact pressure solution to problem ([2.2)). For
any v € VZ, it holds that

Wi(v) < B*(Julssa + [ Fls—1 + [pls) o]

Proof. According to (5.1)), for any vj, € V¥ and ¢, € QZ_l we obtain

Whi(v) = (f,v) — a(u,v) = b(v, p)
- (fa v - Ehv) - a(ua v - Eflf’v) - b(’U - Eﬁ’v,p)
= (f,v — Ejv) — a(u — vy, v — Eyw) = b(v — Ejv,p — qn)
—a(vp,v — E,’f'v) —b(v — E,’fv, qn)-
We consider the term a(vp, v — E,’ffv) in the above equation firstly. By Green formula we

obtain

a(vp, v — Efv) = / Vo, : V(v — Efv) de
E€Th

:—Z/Avh (v — Efv) d:v—i—Z/ g:;;; v — Efv)ds.

EeT, EcTy

(6.1)
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By the definition of V¥, we know that Avy, € Py _5(E) in E and g%; € Pjp_1(e) on
edge e. By the definition of E}]f , we have

(6.2) / (v—E}v)-q,_odz =0, q_»€ Py (E),
B

(6.3) /(U — Ejv)-q,_1ds =0, q,_, € Pp_(e).

This, together with (6.1), leads to a(vp,v — E’gv) = 0. Then, we consider the term
b(v — Efv, ). By Green formula we obtain

b(v — Efv, qp) = — Z / qn div(v — Efv) dx
EeT, ' F
h

= — Z (—/ Van - (v —E}’fv)da:—i-/ qn(v — Efv) -nEds> :
BeT,, E OFE
By the definition of Qi_l, we know that ¢n|p € Pr_1(F). Observing (6.2)—(6.3), we can
obtain that b(v — E,’f'v, qn) = 0.
For the term (f,v — Eﬁv), according to (6.2]) and Lemmas and we obtain
(f, v — Efv) = Z / f-(v—Efv)de
E

E€Ty,

-3 [ - B

EcTy,
1/2 1/2
E —2 k
S Z hZEH.f_Hk—lfH%,E‘ Z hi"llv _Eh'UH(Q),E
EcTy, EcTy,

ShebP T f el
= h*[fls—1]v]1p-
For the term a(u — vp, v — E,’fv), according to Lemma we obtain

a(u — vy, v — Efv) = Z / V(u—vp): V(v — Efv)de
BeT, ' E

S lu—vpliplv — Efvlip S Ju — vpliplvlis.

For the term b(v — E}’fv,p — qn), according to Lemma and by definition, we obtain

b(v - EBfv,p—qn) =— > / (p— qn) div(v — Ejv)dz < [Ip = gnllo.olv]is-
EeT, ' F

Summing up the results above and for any vy, € Vﬁ, qn € Qi_l, we obtain

Wh(v) = (f,v— Eﬁv) —a(u —vp,v — Eﬁv) —b(v — Eﬁv,p - qn)

S fls—1lvlin + |u —vp|inlvlin + P — anlloolv]is.
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Since vy, and g, are arbitrary, we set v, = Ipu and g = Hg_lp. Then Lemmas and

imply

Wi(v) S (B°|fls=1 + [u— Tyulip + lp = TR pllog)|v|n
5 hs(’u|s+l + |f|sfl + |p‘s)|v|1,h7
which concludes the proof. O

With the above preparations, we can obtain the following convergence theorems.
Theorem 6.2. Let w € HY(Q) N HH(Q) (0 < s < k) be the exact velocity solution
to problem (2.2) and wy be the virtual element velocity solution to problem (4.2). Let
p € LE(Q) N H*(Q) be the exact pressure solution to problem ([2.2)). Then, it holds that

|u - uh|1,h 5 hs(’u|s+l + |f‘s—l + |p‘s)'
Proof. Using the triangle inequality, we obtain
(6.4) \u—uhh,h < ]u—Ihu\17h+ \Ihu—uhh’h.
Let ¢ =uyp, — Ihu € V’fL. Since by, (up, qn) = 0 for any ¢, € Qﬁ_l, we obtain

bu(@, qn) = —bn(Ipu, qn) = Z / qn div Iyu dz
EeT, VE

= Z <—/ th-Ihud:c+/ Ihu-’l’LthdS>
E oF

(6.5) EcT;,

= Z <—/th-uda:+/ u-nthds>
E OE

EeTy,
= —b(u,q) = 0.
According to (6.5) and Lemma we obtain

P17
S an(é, @) = an(un, @) — an(lpu, @)
= (Fn, @) — bn(@,pn) — an(Ipu, @) = (1, @) — an(lnu, @)
=(fa—F0)+(F.0)— D af(lhu—ur @) — > a(ur —u, @) — a(u, ¢)

EeTy, E€Th
(66) = (fh_fa¢)+(fv¢) - Z GE(I}LU—UW,QZ)) - Z aE(uﬂ'_u7¢) _a(u7¢)
EeTy, E€Th

- b(¢7p) + b((b,p - H%—lp)

=(fn—F0) = | D a(hu—urd)+ > af(ur —u, ¢)

EcTy EcTy,

+ b(¢7p - Hg—lp) + ((.f? d)) - a’(uv ¢) - b(d)ap))
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For the first term on the right-hand side in , the inequality (4.1)) leads to

(Frn=F0) < If = Frllsldlin.

For the second term on the right-hand side in , the stability of af( -, +) implies

Z af, (Inu — U, @) + Z a”(ur —u, @) < (Ju— Ihulip + U — x| p)|@l1n
E€Th E€Th

For the third term on the right-hand side in , we have

bwm—namw:—Xjé@—nﬂmﬁm¢¢mam—nammmmm.
EcT;,

For the last term on the right-hand side in (6.6]), we let W,(¢) = (f, @) —a(u, @) —b(¢, p).

According to Lemma [6.1], we obtain

Wi(9) S h*(Julsta + [Fls—1 + [pls)|@l1n-

Summing up the results above and according to (3.5) and Lemma we have

|¢|ih S (lw = Lyl + |w = urlin + |1 F = Fulle + 0 = TR_1pllo.) [@l1n + Wi(e)
S h(|ulsr + [ Fls—1 + [pls)|Pl1.n-

So we have
[Plin S P (Julstr + [ Fls—1 +[pls)-
This, together with (6.4)) and Lemma leads to the desired result. O

Theorem 6.3. Let p € L(Q) N H*(Q) (0 < s < k) be the exact pressure solution to
problem (2.2). Let py € Qfl_l be the virtual element pressure solution to problem (4.2]).
Then, it holds that

1P = pull S P2 (|uls1 + [Fls—1 + [Pls)-
Proof. Using the triangle inequality, we obtain
lp = pall < llp = T_ypll + 1T _1p — pall.

Firstly, estimate ||ps, — IIY_ p||, and it is easy to see that p, —II{_,p € Qﬁ_l. According
to Lemma we have

by, (v — 119
(6.7) T P L N C iy S 1))
vaV;ﬁ,vh;ﬁO |'Uh’17h
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Let vy, be arbitrary, we estimate the term by (v, pp, — H%_lp):

br(vn, pn — 1) = bn(vn, i) — bn(vn, TI_1p)
= (£, vn) — an(wp, vy) — b (vp, 105 _1p)
= (fn— F,on) + (F,0n) — alw, vp) + a(u, vp) — ap(un, vp)
— b(vp, ) + b(vp, p) — by (vn, 11} _;p)
= (fn— F.on) + Walvn) + a(u, vi) — ap(up, vp)
+ (b(vn, p) — by (vp, I _1p)).

(6.8)

For the first term on the right-hand side in , according to (4.1)), we have

(6.9) (Fr. = Fron) SN = Frlllon

1,h < h5|f\s—1”vh\1,h~

According to Lemma [6.1], we have

(6.10)  Wy(vn) = (f,vn) — a(u,vp) = b(vp,p) S h*(|fls—1 + [u|st1 + [pls)|vn]h-

Considering the term a(u,vy) — ap(up, vy), for a polynomial u, € Py (E) with the esti-
mates (3.5)) and according to Lemma 4.2/ and Theorem we obtain

a(u,vp) — ap(up,vp) = Y (¥ (u,vn) — af) (un, vp))
EETh,
= Z (aE(u — ur,vp) — ay (up — Ur,v3))
(6.11) E€Th
(lw = ur|in + |un = uxlip)|onlin

1,h

S
S (v —urlin + [u —uplip)|vn
S WP ([wfss1 + [ fls—1 + [pls)|vnl1p-

For the last term on the right-hand side in , by the definition of H%_l, we obtain

b(vp,p) —bh('vh,Hg_lp) = — Z /pdivvhdm—{— Z / H%_lpdivvhdm
E E

E€Ty EcT;,
(6.12) == Z /(p—Hglp) div v, de
EeT, ' E

< e =1 ypllogalonlin

< P2 pls|vnl1n-
Substituting 1) into , we obtain

br(vn, ph — T3_1p) S h*([ulssr + [ Fls—1 + [pls)on

1,h-
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This, together with (6.7]), implies

lpn = TRyl S h*(Julssr + [ Flsmr + Ipls)-

So, by the triangle inequality and Lemma [4.1] we obtain

Ip =Pl S P (Jelsta + | Fls—1 + Ipls)- M
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