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On the Maximal Number of Maximum Dissociation Sets in Forests with

Fixed Order and Dissociation Number

Wanting Sun and Shuchao Li*

Abstract. Given a graph G with S C Vg, we call S a maximum dissociation set if
the induced subgraph G[S] contains no path of order 3, and subject to this condition,
the subset S has the maximum cardinality. The dissociation number of G is the
cardinality of a maximum dissociation set. Inspired by the results of [26]27] on the
maximal number of maximum dissociation sets, in this contribution we investigate
the maximal number of maximum dissociation sets in forests with fixed order and
dissociation number. Firstly, a lower bound on the dissociation number of a forest
with fixed order is established, and all extremal graphs are determined. Secondly, all
trees (resp. forests) having the largest and the second largest number of maximum
dissociation sets among trees (resp. forests) with given order and dissociation number
are completely characterized. Finally, we show that the results in [26}[27] can be

deduced by our results.

1. Introduction

We start by introducing the background information which will lead to our main results.

Our main results will also be given in this section.

1.1. Background and definitions

In this paper, we consider only simple, undirected and finite graphs. Let G = (Viz, E¢g) be
a graph, where Vg is its vertex set and Fg is its edge set. The order of G is the number
n = |Vg| of its vertices and its size is the number |E¢g| of its edges. Denote by P, and
K11 the path and the star on n vertices, respectively. For two graphs G and H we
define G U H to be their disjoint union. In addition, we use kG to denote the disjoint
union of k£ copies of G. Unless otherwise stated, we follow the traditional notation and
terminology (see also [28]).

For a graph G with a vertex subset S C Vi, denote by G[S] the subgraph of G
induced by S. For a vertex v € Vg, let Ng(v) be the neighborhood of v in G, and

Received June 25, 2022; Accepted February 22, 2023.

Communicated by Daphne Der-Fen Liu.

2020 Mathematics Subject Classification. 05C69, 05C35, 05C75.

Key words and phrases. dissociation set, dissociation number, tree, forest.

*Corresponding author.

647



648 Wanting Sun and Shuchao Li

Nglv] := Ng(v) U{v} be the closed neighborhood of v in G. Denote by dg(v) := |Ng(v)]
the degree of v in GG. Here, as elsewhere, we drop the index referring to the underlying
graph if the reference is clear. A vertex v is called a pendant vertez (or a leaf) of G if

dg(v) = 1. A vertex is called quasi-pendant if it is adjacent to some pendant vertex.

A subset S of Vi is a dissociation set if the induced subgraph G[S] contains no path
of order 3. A maximum dissociation set of GG is a dissociation set with the maximum
cardinality. The dissociation number of G, denoted by ¥(G), is the cardinality of a
maximum dissociation set in G. The problem of computing ¢(G) has been proposed by
Yannakakis [30] and was shown to be NP-complete for the class of bipartite graphs. It is
also known that the problem is NP-complete for planar graphs with a maximum vertex
degree of 4; see [24]. On the other hand, Cameron and Hell |7] showed that the problem
is polynomially solvable for chordal graphs, weakly chordal graphs, asteroidal triple-free
graphs, and interval-filament graphs. For more advances along this line, we refer the
reader to see |1,)5,22]. Note that a vertex subset S of G is a dissociation set if and only
if its complement Vi \ S is a 3-path vertex cover, i.e., a set of vertices intersecting every
path of order 3 in GG. The 3-path vertex cover problem is to find a minimum 3-path vertex

cover in a given graph, which was extensively studied; see [4}/6,14.29].

An independent set in a graph is a set of pairwise non-adjacent vertices. The in-
dependence number of a graph G, denoted by «(G), is the maximum cardinality of an
independent set. A maximal independent set is an independent set that is not a proper
subset of any other independent sets. An independent set in G is maximum if it has
cardinality a(G).

Around 1960, Erd6s and Moser raised the following well-known problems: What is
the maximum number of cliques in a graph with order n, and which graphs attaining
this value? Both questions were solved by Moon and Moser [21], and this classical result
initiates the study of the graphs with given order that have the maximum number of

(maximal, or maximum) independent sets.

Characterizing graphs with the extremal number of maximal independent sets (resp.
maximum independent sets) was extensively studied. Liu [18] and Li et al. [17] character-
ized the n-vertex bipartite graphs with the maximal number of maximal independent sets.
Ying et al. [31] determined the n-vertex graphs with at most r cycles having the largest
number of maximal independent sets. Jin et al. [10,|11] identified the trees (resp. general
graphs) having the second and third largest number of maximal independent sets. Zito [32]
determined the trees with the greatest number of maximum independent sets for n-vertex
trees. Jou and Chang [12] obtained the maximum number of maximum independent sets
of some families of graphs, such as trees, forests and triangle-free graphs. Alvarado et

al. [2] proved that every tree with independence number o has at most 297! 41 maximum
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independent sets.

In particular, the problem of identifying graphs of given order and independence num-
ber having maximal number of (maximal, or maximum) independent sets attracts much
attention. Mohr and Rautenbach [19] determined the maximum number of maximum
independent sets of trees with given order and independence number. In 2017, Lehner
and Wagner [15] investigated connected graphs with fixed order and independence num-
ber which maximize the number of independent sets of any fixed cardinality. Mohr
and Rautenbach [20] characterized all connected graphs with fixed order and indepen-
dence number which maximize the number of maximum independent sets. For more ad-
vances on the number of maximal (resp. maximum) independent sets, we refer the readers
to [3,94/13,,16,23.25] and the references cited therein.

Note that the dissociation set is a natural generalization of the independent set. Hence
it is interesting and challenging to consider the problems on the number of dissociation sets
as those of independent sets of graphs. Very recently, Tu, Zhang and Shi [27] characterized
all trees having the maximum number of maximum dissociation sets among the set of trees
with given order. Tu, Zhang and Du [26] determined all trees with the maximum number
of maximum dissociation sets among trees with fixed dissociation number.

Motivated directly by the results of [19,20] and those of [26,27], in this contribution we
consider the analogous problem of finding the maximal number of maximum dissociation
sets and the extremal graphs for trees (resp. forests) with fixed order and dissociation

number.

1.2. Basic notations and main results

In this subsection, we give some basic notation and then describe our main results. For a
graph G, denote by M D(G) the set of all maximum dissociation sets of G. Put ®(G) :=
MD(G)]

Our first main result establishes a lower bound on the dissociation number of a forest
with fixed order, and all the corresponding extremal forests are characterized. For each

positive integer i, we construct a sequence of trees R; with order 37 as follows:
(i) R1= Ps;

(ii) if ¢ > 2, then R; is obtained by adding an edge to connect a vertex of R;_; and a

vertex of Ps.

Theorem 1.1. Let F be a forest with order n. Then ¥(F) > 2n/3 with equality if and
only if each component, say T, of F' satisfies |Vr| =0 (mod 3) and T = Ryy,|/3-

For n < 2k + 1, denote by T;’k the graph obtained from the star K by attaching

a pendant edge to each of certain n — k — 1 non-central vertices of Ky . Let T1,...,T;
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be r nontrivial trees. For 1 < ¢ < r, choose a pendant vertex v; of T; such that the
degree of the unique neighbor of v; is maximal. Define Or, . 7, to be the tree obtained
from Ti,...,T,, by identifying vi,...,v,. We say the resulted vertex a major vertex of
Op,.1.. UThU---UT, = a1T;, U---Ua,T;, with a1 +---+a; = r, then O, 7, is denoted
Oa1y,,...arT;, - Let ol .,

major vertex of Oy, 7,

be the tree obtained by adding an edge to connect the

seesat T
17,_17%7;.: atnd an arbitrary vertex of the tree T. Let T(n,v) denote
the set of trees with fixed order n and dissociation number .

Our second result characterizes all trees with order n and dissociation number ¢ €
{n,n—1,n—2} having the largest and the second largest number of maximum dissociation

sets.
Theorem 1.2. Let T be in T(n,1)) with p € {n,n —1,n —2}.
(i) If Y =n, then T € {P, Py} and ®(T) = 1.

(i) If Yy =n—1, thenn > 3 and

3 ifn=3,
(T)< {2 ifn=4,
1 ifn>5.

Equality holds if and only if T € Ti(n,n — 1), where

{Ps} if n =3,
Ti(n,n —1) = { {Py} if n =4,
{Ihp:(n—1)/2<k<n-1} ifn>5.

Furthermore, if T ¢ Ti(n,n —1), then T = K13 and ®(T) = 1.

(iii) If Y =n —2, thenn > 6 and

6 ifn =6,
Q(T) <4 ifn=T,
3 ifn>8.

Equality holds if and only if T € Ti(n,n — 2), where

{Ps} if n =6,
{OP2,P3,P4a OP2,P3,K1,3} ifn="7,
{O7, 2Py ypy : 11 € {Py, K13} and x + 2y = n — 4}

HOp,,py 17, } if n > 8.

7-1(77‘7”_ 2) =
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Furthermore, if T ¢ Ti(n,n — 2), then ®(T') < f(2), where

5 ifn =06,
f(2)=43 ifn="1,
2 ifn>8.

Equality holds if and only if T € Ta(n,n — 2), where

(
{02P2,P47 02P2,K1,3} if n =6,
To(n,n —2) = {P77 Osp,,pys O3P2,K1,3} ifn="17,
{01 2Py ypy : 11 € {P5,T5 3} and x + 2y = n — 5}
\{Op,, P17, } ifn > 8.

The next result characterizes all trees with fixed order n and dissociation number

(< n—3) having the largest and the second largest number of maximum dissociation sets.

Theorem 1.3. Let T be a tree in T(n,y) withn > 9 and n — 1 > 3. Putt :=n — 1.
Then

3L+t +1 ifn=3t,
(1.1) O(T) < {31 +1 ifn=23t+1,
31 if n > 3t 4 2.

Equality holds if and only if T € Ti(n,v) (see Figure [1.1]), where

{OPS,(tfl)P4} an = 3t7
{OP,P,t’P,t—t’—lK OSt’gt—l} an:3t+1,
Ti(n, ) = 2, P53, Py, ( VK13
{Ozpz,yP:;,t’P4,(t—t’—1)K1,3 T+ 2y =n — 3t =+ 2
and 0 <t <t—1} if n > 3t + 2.

\

—eo—
—eo—

yn=3t+1 (c)n>3t+2

Figure 1.1: Trees in Ti(n, ).
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Furthermore, if T ¢ Ti(n,v), then ®(T') < f(t), where

314t if n = 3t,

31 if n =3t +1,
(1.2) f(t) =

2.37241 ifn=3t+2,

232 if n > 3t + 3.

Equality holds if and only if T € T2(n, 1)) (see Figure [1.2]), where

{Op;, (t-2)Py, K1 5} if n = 3t,
{Osp, Py (t—tr—1)K1 5 0 S <t =1} U {Op37p47T5*73} ifn=3t+1,
Ta(n,¥) = {Op,,py 12, 0Pyt —2)K1 5 1 0 ST < 8 =2} ifn=3t+2,
{05123[2,yP3,t’P4,(t—t’—l)K1,3 cr+2y=n-—3t+1-1,
0<t'<t—1landle{2,3}} if n >3t + 3.

(a) n =3t (b)n=3t+1 (d)n>3t+3

Figure 1.2: Trees in 7T3(n, ), and the ellipse in the last graph stands for Py with [ € {2, 3}.

Denote by §(n, ) the set of forests with order n and dissociation number 1, and each
of which does not contain P, or P, as a component (i.e., the order of each component is
at least 3).

Our last main result characterizes all the forests with the largest and second largest

number of maximum dissociation sets among §(n, ).

Theorem 1.4. Let F be a forest in §(n, 1) with at least two components and let t := n—1).
Then n > 6 and

3t if n = 3t,

2.3 ifn=3t+1,
4.372 ifn=3t+2,
31 if n > 3t + 3.
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Equality holds if and only if F € Fi(n,v), where

{tPs} if n = 3t,

PiU(t—1)Ps ifn=3t+1,
{2P, U (t — 2)Ps} ifn=3t+2,
{TUIP;:T €Ti(n—3l,p—20) and 0 <1<t} ifn>3t+3.

Furthermore, if F' € §(n,¥) \ Fi(n,), thenn > 7, t > 2 and the following hold:

(i) If t = 2, then ®(F) < h(2), where

3 ifne{7,8},
2 ifn>9.

(1.4) h(2) =

Equality holds if and only if F € Fa(n,n — 2), where

{K13U Ps} ifn="1,
Fan,m —2) = {TUPs: T € T1(5,4)} ifn =8,
{TUP:TeTiln—4,n—-5)} ifn>09.

(i) Ift > 3, then ®(F) < h(t), where

(9. gt-1 if n = 3t,

4-372 ifn=3t+1,
(1.5) h(t) = ¢ 3t-1 if n =3t +2,
8373 ifn=3t+3,
2372 ifn>3t+4.

Equality holds if and only if F' € Fa(n,v), where

Fa(n,v)
{Ps U (t—2)Ps} if n = 3t,
{TU({t—2)P3:T e Ti(7,5)}U{PsUPyU(t—3)P3} if n=23t+1,
{TUIP;: T € Ti(n—3l,¢ —2l) with 0 <1 < t} ifn=3t+2,
= { {3P,U(t — 3)Ps} ifn =3t +3,

{TUP,;UIPy:s€{2,3},T € Ti(n—2s—3l,p —s—20— 1)

and 1+ s <t}

U{TUIP;: T € Ta(n—3l,¢—2]) and 0 <l <t—1} if n > 3t +4.
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The remainder of this paper is organized as follows: In Section [2] we give the proof of
Theorem In Section [3] we present the proofs of Theorems[T.2] and In Section [4] we
give the proof of Theorem In the last section, we give some brief comments on our
findings and show that all main results in [26,)27] can be deduced by the results obtained
in this paper.

2. Proof of Theorem

In this section, we give the proof of Theorem which establishes a lower bound on
the dissociation number of a forest with fixed order, and all the corresponding extremal
graphs are characterized.

In a rooted tree with root r, the level of a vertex v, denoted by Il(v), is the length
of the unique path rTv from the root r to the vertex v. Fach vertex on the path rTv,
not including the vertex v itself, is called an ancestor of v, and each vertex with v as its
ancestor is a descendant of v. The immediate ancestor of v is its parent, and the vertices

whose parent is v are its children.

Proof of Theorem [1.1] In order to complete the proof, it suffices to show (T) > 2|Vr|/3
for each tree T. We prove this result by induction on the order n of a tree T'.

If 1 < n <6, then it is straightforward to check that ¢(T") > 2n/3 and the equality
holds if and only if T = Ry if n = 3 and T = R, if n = 6, as desired. Next, we assume
that the result is true for each tree with order less than n.

Now, let T' be a tree with order n (> 7). Change the tree T into a rooted tree by
choosing any vertex as the root. Assume u is a vertex such that all of its children are
leaves, and subject to this condition, the level of u is as large as possible. If [(u) = 0, then
T = Kiyn-1 and so (1) =n—1>2n/3, as desired. So, in what follows, we assume that
l(u) > 1.

If dr(u) > 3, i.e., u has at least two children, then let 7" be a tree obtained from T'
by deleting w and all of its children. It is routine to check that |Vp/| = n —dr(u) < n and
Y(T") = (T) — dr(u) + 1. By applying induction on 7", one has

2|Vr|

1) p(r) > 20,

The equality in (2.1)) holds if and only if [V7»[ =0 (mod 3) and T" = R}y, ,|/3. Therefore,

2n +dp(u) — 3 > 2£

3 -3’
and 9(T) = 2n/3 holds if and only if |V/| = 0 (mod 3), T" = Ry, /3 and dr(u) = 3,
which is equivalent to n =0 (mod 3) and T'= R,, /3, as desired.

Y(T) >
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We consider the rest case, i.e., dr(u) = 2. Let w be the parent of u. In view of
the proof as above, it is sufficient to consider that each children of w is either a pendant
vertex or a quasi-pendant vertex with degree two in 7. Let T = T — T,,, where T}, is a
subtree of T rooted at w. Put a; :== {v:v € N, (w) and dr,(v) = i} for i € {1,2}. It is
straightforward to check that [Vpv| =n—a; —2a3 —1 < n and Y(T") = (T) — a1 — 2as.
Applying induction on T” yields

2 11
(22) vy > 2V
The equality in (2.2) holds if and only if [Vr#| =0 (mod 3) and 7" = Ry, /3. It follows
that

>2n+a1—|—2a2—2 2n

Q/J(T) - 3 > ?a

the last inequality follows by a1 + 2a2 > 2a2 > 2. In addition, (T') = 2n/3 holds if and
only if [Vzv| =0 (mod 3), T" = R)y,,,|/3 and a1 + 2az = 2, that is to say, n =0 (mod 3)
and T'= R, 3, as desired.

This completes the proof. O

3. Proofs of Theorems and

In this section, we give the proofs of Theorems [I.2] and [I.3] which characterize trees with
the maximal number of maximum dissociation sets among T(n,v). All trees with order
at most 10 are listed in Appendix of [8]. Hence, we can use it to check the result of
Theorem [1.2{ii)—(iii) for trees with smaller orders.

Proof of Theorem [1.2] (i) Let t := n — . If t = 0, then each maximum dissociation set
contains all vertices of T'. Hence T does not contain any path of order 3. It follows that
n € {1,2}. Then the assertion follows immediately.

(ii) In view of Theorem one has n > 3t = 3. Let S be a maximum dissociation set
of T and let v be the unique vertex not in S. Hence G[S] = aP; UbP; for some nonnegative
integers a, b with a + 2b = n — 1. Therefore, T = Trt,a+b‘

If n =3, then T'= Py and ®(T') = 3. If n =4, then T' € {Py, K; 3}. Clearly, ®(T") =2
if 7'= Py and ®(T) =1if T = K;3. If n > 5, then either b = 2 or a + b > 3 holds.
Hence all maximum dissociation sets do not contain v. Therefore, Vr \ {v} is the unique

maximum dissociation set of T' and so ®(T") = 1.

(iii) Based on Theorem [1.1} one has n > 3t = 6. If T € T(6,4), then T € {Ps, O2p, p,,
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O2py ki1 5} Clearly, ®(O2p, p,) = ®(O2p, i, 5) =5 <6 = ®(F). If T € T(7,5), then

4 ifT e {OPQ,Pg,P47 OP27P3,K1,3}7
3 ifTe {P7, O3P2,P47 O3P2,K1,3}7
2 if T €{02p,p},

1

otherwise.

If T e €(8,6), then

3 ifT e {OTl,mpz,yPP, :Th € {Py, Kl,g} and x + 2y = 4} U {OP27P3,T5‘73}7
®(T) =92 if T €{Onapyp, : Ty € {P5,T53} and @ + 2y = 3} \ {Op, P17, },

1 otherwise.

Next, we consider n > 9. Let .S be a maximum dissociation set of 7" and assume that
{u,v} = Vp\ S. Then |S| = n — 2 and G[S] = aP; U bP, for some nonnegative integers
a, b with a +2b = n — 2. It is routine to check that T must be one of the following
graphs depicted in Figure Assume, without loss of generality, that Nz, (u) \ {v}
(resp. Nr,(v) \ {u}) contains a;; (resp. a;2) pendant vertices and b;; (resp. bj2) quasi-
pendant vertices with a;; + 2b;1 > a0 + 2b;a, here i € {1,2,3,4}.

Figure 3.1: All possible structures of T" if n — 1 = 2.

Assume that T' = T; for some i € {1,2,3,4}. If a;; + 2b;; > 4 or a;; = 3 and b;; = 0,
then each maximum dissociation set of T' does not contain u. Put 77 := T —T,,. Therefore,
®(T) = ®(T"). Note that |Vv| — (T') = 1. Together with (ii), one has ®(7") < 3 and
the equality holds if and only if 7" = P3. Hence ®(T) < 3 and the equality holds if and
only if T € Ti(n,n — 2). On the other hand, if 77 % Ps, then ®(7") < 2 and the equality
holds if and only if 7" = Py. It follows that if T' ¢ T1(n,n — 2), then ®(T) < 2 and the
equality holds if and only if T € Ta(n,n — 2), as desired.

Note that n > 9. So, in what follows, it suffices to consider that a;; = 1 and b;; = 1.
Clearly, T can not be the first graph 77 in Figure [3.1 If T = T5, then agss + 2bse = 3.
Therefore, ass = 3 and by = 0, or ass = 1 and by = 1. It is routine to check that
O(T) = 1.
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If T"= T3, then 2 < agg + 2b3o < 3. If ags + 2b3o = 2, then azo = 2 and b3y = 0, or
azo = 0 and bgo = 1. If ags + 2b3o = 3, then either agy = 3 and b3y = 0, or agy = 1 and
bsa = 1 holds. It is routine to check that, in all cases, ®(T") = 1.

If T = Ty, then by a similar discussion as above, we obtain ®(7") = 1.

Consequently, we infer that for n > 9, ®(7T") < 3 and the equality holds if and only if
T € Ti(n,n—2), and ®(T) < 2if T ¢ Ti(n,n — 2) and the equality holds if and only if
T € Ta(n,n —2).

This completes the proof. O

Next, we give the proof of Theorem which concentrates on trees with order n > 9
and dissociation number ¢y < n — 3. In the following discussion, we call a tree special if
it is isomorphic to a tree in the family 72(n,v) for ¢» < n — 2. For a graph G, denote by
t(G) := |Vg| — ¢(G). For a vertex v € Vg, let

®,(G)=|{Se MD(G) :v e S},
P3(G) = {S € MD(G) : v ¢ S},
dY(G)=|{S € MD(G) :v € S and das)(v) = 0},
PLG)=|{S € MD(G) :v € S and dars)(v) = 1}].

Proof of Theorem [L.3] 1t is straightforward to check that for a tree T € Ti(n,v), ®(T)
attains the upper bound in . By a direct calculation, we obtain that the upper bound
in is larger than f(¢) given in for t > 3. Hence, in order to prove the theorem,
it suffices to show that if " € T(n, ) \ T1(n, ), then ®(T") < f(¢) and the equality holds
if and only if T' € Ta(n, ¢).

Suppose, to the contrary, that the result is false. Among all the counterexamples,
choose Ty € T(n,v) \ Ti(n, 1) such that its order is as small as possible. Put ng := |Vz,|,
o = |[¥(To)| and tg := ng—1bp. Note that ng > 9 and ¢ty > 3. Since T} is a counterexample,
Ty satisfies

(i) either ®(Tp) > f(to);
(ii) or ®(Tp) = f(to) but Tp is not special.

To prove this theorem, we first develop several lemmas. In particular, for a path
Py =v1v2 ... v, we define v, /9) to be the major vertex of P. The subsequent result can

be checked directly, and we omit the detailed proof here.

Lemma 3.1. Let T be a tree in T(|Vr|,¢¥(T)) with t(T) > 1 and v be a vertex of T. Then
O5(T) <2 4f T = Op, py17,, and Oy(T) < 3411 otherwise. The equality holds if and
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only if v is the major vertex of T or any vertex of Ps. In addition, if v is not the major
vertex of T', then

3UD=2 L (T if |Vip| = 3K(T),
P5(T) < < 3UT)-2 4 1 if |Vr| = 3t(T) + 1,
34T =2 if |Vir| > 3t(T) + 2.

Lemma 3.2. Let T be a tree not in Ti(|Vr|,¥(T)) with |Vr| < |Vp| — 1. Assume that
t(T) > 1 and v is a vertex of T. Then

3111 if |Vr| = 3t(T) or 3t(T) + 1,

(3.1) P5(T) <
23412 if |Vp| > 3t(T) + 2.

In particular, if T = Py, then ®5(T) < 2 and the equality holds if and only if v is adjacent
to the major vertex of T'; if T = Opy p, 17, then O5(T) < 6 and the equality holds if and

only if v is a vertex with mazximum degree in T'.

Proof. Let v be a vertex of T. If ¢(T') = 1, then T' = K; 3 and ®5(T") < 1, as desired.
Next, we consider the case t(7) > 2. By the choice of T, we know that ®(T) < f(t(T))
with equality if and only if T is special. Hence holds for |Vp| =8, or |Vr| = 3t(T) +1,
or |Vr| > 3t(T) + 3. Next, we consider |Vp| = 3t(T) + 2 and |Vp| # 8. If T' is not special,
then the result holds immediately. If T is special, it is routine to check that each vertex is
contained in some maximum dissociation set of 7. Hence ®5(T) < &(T) —1 = 23412,

as desired.

Now, we consider the case |Vr| = 3t(T). If ®5(T") = 0, then we are done. If ®5(T") # 0,
then let 7" be a tree obtained from T by attaching a pendant vertex u to v. Then
O5(T) < ®(T"). In addition,

Vil = Vel +1<ng—1 and ¢(T') =(T) +1,

where ng = |V |. Hence t(T") = (T) and |Vp| = 3t(T") + 1. It T" € Ti(|Vr|, ¥ (T")),
then v is a quasi-pendant vertex of Op, p, y/p, (#(T)—#—1)K, 5 for some integer t' with 0 <
t" < #(T) — 1. That is to say, T is a graph obtained from Op, p; vp, (1(T)—t'—1)K1 5 DY
deleting the pendant vertex which is adjacent to v. It is straightforward to check that
O5(T) < 3UD=1 ) as desired. If T' ¢ T1(|Va|,4(T")), then by the choice of Ty, one has
O5(T) < O(T") < f(H(T")) = 34T)~1 | as desired.

IfT € {P7,Op,, p4,T5*3}, the results can be checked easily. This completes the proof. [



Maximal Number of Maximum Dissociation Sets in Forests 659

Lemma 3.3. Let u be a quasi-pendant vertex of Ty. Then uw has exactly one child.

Proof. Suppose that v has a children, where a > 2. Let w be the parent of u, and let
T' =Ty — (N[u] \ {w}). Hence |Vpr| =ng —a—1 < ng. Put ¢’ :=¢t(T"). We proceed by
distinguishing two possible cases.

Case 1: a = 2. In this case, |Vyv| =ng — 3 and ¢(T") = 99 — 2. Hence t' =ty —1 > 2.
Note that a maximum dissociation set of 7" containing w can be extended in a unique way
to a maximum dissociation set of T, and a maximum dissociation set of 77 not containing
w can be extended in exactly three ways to a maximum dissociation set of Ty. Note that

each maximum dissociation set in Ty must be the form as above. Thus,
O(Ty) = P (T') + 305 (T") = ®(T") + 205(T").

It 7" ¢ Ti(|Vp|,¥(T")), then by the choice of Ty, we know that ®(7") < f(¢') with
equality if and only if 7" is special. Together with Theorem (iii) and Lemma one

has

30072 g — 1423072 if ng = 3to,
3t072 2. 3t0*2 if = 3t 1,
(1) = B(T') + 20(T) < {° e
92.30-3 114 4.30-3 if ng = 3tp + 2,
2.3t—3 4 4.3t—3 if ng > 3ty + 3.

Hence, if ng = 3tg, then ®(Tp) < 3%~! + ¢9, a contradiction. If ng = 3ty + 1, then
®(Tp) < 3'~! and the equality holds if and only if 7" is special and ®(7") = 3f0—2. It
follows that w is the major vertex of 77 and 7" ¢ { P;, Op,, PiTE, }. Therefore, Ty is special,
a contradiction. If ng > 3tg + 2, then ®(Ty) < f(t9) and the equality holds if and only if
T’ is special with n/ # 8 and ®z(1") = 2 - 3%~3. Thus, w is the major vertex of 7”. That
is to say, ®(Tp) = f(to) holds if and only if T} is special, a contradiction.

Next, we assume that 7" € T1(|V|,(T")). If ng = 3tg, then in view of and

Lemma [3.1] one has
O(Ty) = B(T') + 205(T") < 3072 445+ 230072 = 3o~ ¢

and the equality holds if and only if ®z(T") = 3%~2 ie., w is the major vertex of 7.
It follows that T is special, a contradiction. If ng > 3tp + 1 and 77 % Op,, Py Tz, then
together with Ty ¢ T1(no, 1), we obtain that w is not the major vertex of 7. In view of

(1.1) and Lemma one has

3t0—2+1+2.3t0_3—{—2 lfn0:3t0+17

D(Tp) = O(T") + 205(T") < :
3to=2 4 9. 3to—3 if ng > 3tg + 2.
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Clearly, ®(Ty) < f(to) if ng > 3tp+1, which contradicts the choice of Ty. If T" = Opz,p&Tg’B,
then by Lemma one has ®(Tp) = ®(T") + 2P5(T") < 7 and the equality holds if and
only if w is the major vertex of T”, which implies that T} is special, a contradiction.

Case 2: a > 3. In this case, each maximum dissociation set of Ty contains all children
of u and hence does not contain u. Therefore, S is a maximum dissociation set of T" if
and only if SU(N(u)\ {w}) is a maximum dissociation set of Tp. That is, ®(Tp) = ®(17).
Furthermore, {(T") = g —a and t/ =t9 — 1 > 2.

If 7" ¢ Ti(|Vr |, ¥(T")), then by the choice of T and Theorem [1.2(iii), one has

O(Th) = B(T') <31 4#/ =302 445 — 1< 23072 < f(ty),

a contradiction.

If 7" € Ti(|Vr|,%(T")), then by (1.1)) we obtain
O(Tp) = ®(T") <31 +4/ +1=30"2 445 < 23072 < f(to),

and all equalities throughout hold if and only if ng > 3to + 3, to = 3 and |Vyv| = 3¢/, that
is, 7" = Py and ng > 12. This implies that ®(Tp) = f(to) holds if and only if Ty is a tree
obtained by adding an edge to connect a vertex of Ps and the center vertex of Ki p,—7
with ng > 12, i.e., Tj is special, a contradiction.

This completes the proof. O

It is easy to see that the diameter of Ty is at least 4. We root Ty at an end vertex of a
longest path in Ty. Let v be a leaf of maximum depth in Ty and vuwhs be a subpath of the
path from v to the root of Tj. In order to complete the proof, we need to characterize the
local structure of Ty by the following claims. The first one can be deduced by Lemma [3.3

immediately.
Claim 3.4. u has exactly one child in Tj.

Assume that w has ¢ children each of which is a leaf and p children each of which
is a quasi-pendant vertex. Let Q@ = {w' : w' € Np(w) with dp(w’) = 1} and P =
Vr, \ (Q U {w}). By Lemma each neighbor of w in P has exactly one child, in
particular, |P| = 2p.

Claim 3.5. p=1.

Proof. Suppose, to the contrary, that p > 2. Then all vertices in P U @ belong to all
maximum dissociation sets of Tj, and hence w is not in any maximum dissociation set of Tj.
Let 7" = T—(PUQU{w}). Thenn’ := |Vpv| = ng—2p—q—1and ¢’ := ¢(T") = 1ho—2p—q.
Thus, t' := t(T") = to — 1 > 2. Note that S is a maximum dissociation set of 7" if and
only if SU P U Q is a maximum dissociation set of Tp. It follows that ®(7p) = ®(717).



Maximal Number of Maximum Dissociation Sets in Forests 661

If 7" ¢ Ti(n', '), then by the choice of Ty and Theorem [1.2((iii), one has
D(Ty) = B(T") <302 +t9— 1< 23072 < f(ty),

a contradiction.

If T" € Ti(n',4’), then by (1.1)) we obtain

302 4 ¢y ifn/ =3¢/,
®(To) =D(T") < {30241 ifn/ =3¢ +1,
3to—2 if n/ > 3t + 2.

Hence ®(Tp) < 2-3%~2 < f(tg), and all the equalities throughout hold if and only if
n' = 3t', to = 3 and ng > 3tg + 3. That is, T = P and ng > 12. Hence Ty is special, a
contradiction.

This completes the proof of Claim O

Claim 3.6. ¢ = 0.

Proof. Suppose that ¢ > 1. Let 7" =T — (P UQ U {w}). We proceed by considering the
following two possible cases.

Case 1: ¢ = 1. In this case, n' := |Vpr| = ng — 4 and ¢’ := Y(T") = 1o — 3. Hence
t':=t(T") =ty — 1 > 2. In view of Theorem [1.1] we have

2n’  2(ng —4)
/
— 3 = > = - 7
Yo—3=9 = 3 3

That is, ng > 3ty + 1. Notice that a maximum dissociation set of 7" containing h can be
extended in a unique way to a maximum dissociation set of Tp, and a maximum dissociation
set of T' not containing h can be extended in two ways to a maximum dissociation set of

Ty. In addition, all maximum dissociation sets of Ty are of those forms. Thus,
O(Tp) = Op(T") + 205(T") = ®(T") + @5 (T7).

If T ¢ Ti(n',4’), then by the choice of Tp, Theorem [1.2(iii) and Lemma one

obtains

3072 4o — 1+ 3072 ifng = 3to + 1,
B(Tp) = B(T') + By(T') < { 3to-2 4 3to-2 ifno =3t +2,
2.30-3 4+ 142.3073 ifny > 3t + 3.

Hence ®(Tpy) < f(to), a contradiction.
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If 7" e Ti(n',¢'), then by (1.1) and Lemma we get

302 4 tg 43072 if ng = 3tg+ 1,
O(Tp) = S(T") + P5(T") < { 3002 4 14302 if ny = 3ty + 2,
3to—2 4 3to—2 if ng > 3ty + 3.

Therefore, if ng = 3ty + 1, then ®(Tp) < 2-3072 + ¢y < 3%~1 and all the equalities
throughout hold if and only if ®+(T") = 3'%~2 and ¢, = 3, which is equivalent to 7" = Py
and h is the major vertex of T’. It follows that Tj = Opg,p‘thyg, i.e., Ty is special, a
contradiction. If ng > 3ty + 2, then ®(Ty) < f(t9), and the equality holds if and only if
®4(T") = 32, which implies that h is the major vertex of 7" and 7" % Op,, Py Ty, Hence
Ty is special, a contradiction.

Case 2: q¢ > 2. In this case, all vertices in P U ) belong to all maximum dissociation
sets of Tp, and no maximum dissociation set of Tj contains w. By a similar discussion as
that of Claim we can get a contradiction.

This completes the proof of Claim O

Now, by Claims [3.5] and [3.6] and Lemma we obtain that each descendant of h has
degree at most 2. Assume, without loss of generality, that A contains x children each of
which has exactly two descendants, y children each of which has exactly one descendant,
and z children each of which is a leaf. Let X, Y and Z be the set of the x, y and z
children of h and all descendants of them, respectively. In particular, | X| = 3z, |Y| = 2y
and |Z| = z.

Claim 3.7. z = 0.

Proof. Suppose, to the contrary, that z > 1. Let 7" = Ty — X. Then n’ := |Vp/| = ng — 3z
and ¢ := (T") = ¢y — 2x. Hence t' := (T") = to — x. Note that diam(7") > 2.
Therefore, t > 1 and 2 < tg — 1. Bear in mind that z > 1. If S is a maximum
dissociation set containing h in 7", then dp/g(h) = 1. Thus, a maximum dissociation
set of T" containing h can be extended in a unique way to a maximum dissociation set of
Th; a maximum dissociation set of 7" not containing h can be extended in 3% ways to a
maximum dissociation set of Tjy. In addition, each maximum dissociation set of Tj is of

such a form. So,
(Ty) = p(T") + 3°@5(T") = ®(T") + (3° — 1)®5(T").

Firstly, we assume that 7" ¢ 7;(n’,v’). If z = to—1, then by Theorem [1.2(ii), we know
T' = K, 3. Therefore, ng = 3to + 1 and Ty is special, a contradiction. Hence = < to — 2.
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By the choice of Ty, we obtain that ®(7”) < f(¢') and the equality holds if and only if 7’
is special. Combining with Theorem (iii) and Lemma one has

(Th) = B(T") + (37 — 1)@y(T")

Blome=l 4 gy — 4 (3% — 1)3fo—==1 if n/ =3¢/,
< gto—a—1 4 (32 _ 1)3to—o-1 if n’ =3t' +1,
2.30—2=2 1 1 4 (3% —1).2.302=2 ifp/ =3t/ 4+ 2,
\2 Lglo—T=2 4 (3T _1).2. o2 if n/ > 3t' + 3.

Hence, if n’ = 3t', i.e., ng = 3tg, then ®(Tp) < 3071 +¢5 — 2 < 3071 + 5 = f(to), a
contradiction. If n’ = 3t'+1, i.e., ng = 3tp+1, then ®(Tp) < 30~ = f(¢y), and the equality
holds if and only if 7" is special and ®5(1") = 3'~*~1. Therefore, T" ¢ {Pr, Opy, Pz,
and h is the major vertex of T”. Hence Ty is special, a contradiction. If n’ = 3t' + 2, i.e.,
no = 3to + 2, then ®(Tp) < 2-3%~2 4+ 1, and the equality holds if and only if 7" is special
with n/ # 8 and ®;(1") = 2 - 3%~*"2_ Thus, h is the major vertex of 7" and so Tj is
special, a contradiction. If n’ > 3¢’ + 3, then by a similar discussion as above, we obtain
that ®(Tp) < f(to) and the equality holds if and only if Tj is special, a contradiction.
Next, we consider the case T € T1(n/,1)’). Clearly, h is a quasi-pendant vertex of T".
In addition, h is not the major vertex of T”. Otherwise, Tp is special if " = Op, P3. T and
To € Ti(ng, o) otherwise, which contradicts the choice of Ty. If n’ = 3¢/, then ng = 3ty.

By (L.1) and Lemma one has

O(Tp) = S(T") + (3" — 1)5(T") <3 "L ftg—x+ 1+ (3% — )31
=307 ptg — x4+ 1 <307 ¢,

and all the equalities throughout hold if and only if ®5(7") = 3"~*~! and z = 1. It follows
that h is the major vertex of T”, a contradiction.

If n = 3t' + 1, then ng = 3tg+ 1. If x =ty — 1, then T/ = Py and h must be its major
vertex, a contradiction. Hence x <ty —2 and ¢’ > 2. Together with and Lemma

one has
(D(TD) = (I)(T/) + (31' o ]-)@E(T/) S gtofxfl + 1 4 (3{2 o 1)(3t07:ﬂ72 + 1)

— 3t0—2 + 3:17 + 92. 3t0—1‘—2’

Let g(z) = 3972 4 3% 4+ 2. 3%07""2 he a real function in x for z € [1,to — 2]. It is
routine to check that the derivative function and the second derivative function of g(x)

are, respectively,

g (x)=(3*—2-30"""2)In3 and ¢"(z)=(3"+2-3°77"2)(In3)% > 0.



664 Wanting Sun and Shuchao Li

Hence

d(Ty) < g(z) < max{g(1),g(to — 2)} = max{5-3°73 43,2302 4 2}
=2.30072 1 9 < g0l

a contradiction.

If n’ > 3t' 42, then ng > 3to+2. If & = to—1, then 7" = O, p, pp, for some nonnegative
integers a, b with a+2b+1=mn' > 5 and b > 1 (since h is not the major vertex of 7”). It is
straightforward to check that Ty = OPvaP4’O(a+1)P2,(b—1)P3 and hence ®(Tp) =1 < 2- Jto—2,
a contradiction. Therefore, z < tg — 2 and ¢’ > 2. In view of and Lemma one

has

(Tp) = S(T") + (3" — 1)P5(T") < 307"~ 4 (37 — 1)3lo—=2
] 3t0—2 + 2. 3t0—1‘—2 S 5. 3t0—3 < 9. 3t0—27

a contradiction.

This completes the proof of Claim O
Claim 3.8. y = 0.

Proof. Suppose that y > 1. We proceed by considering the following two possible cases.

Case 1: y = 1. Let Ty = Tp — (X UY U{h}) and T, = Tp — (X UY). Then
ny = |VT1| = Ng —3%—3, 1/}1 = ’(/J(Tl) = 1/)0 — 2z — 2 and ng = |VT2| = Nng —3x —2
and Yy = P(Ta) € {¢o — 2z — 2,99 — 2x — 1}. Hence t; := t(Th) = tp —x — 1 and
to :=t(T) € {tg — x,tp — v — 1}. Note that x <ty — 1. If x = ¢y — 1, then ¢; = 0 and so
T, € {P, P»}. It follows that Ty € T1(no, o), a contradiction. Hence x < ¢ty — 2. Now,
we proceed by distinguishing the following two subcases.

Subcase 1.1: 1y = g — 2z — 2. In this subcase, the vertex h is in no maximum
dissociation set of Ty. Let 77" = Ty — X. Then n' := |Vpr| = ng — 3z and ¢/ := (T") =
o — 2x. Thus, t' := t(T") = tg — x > 2. In view of Theorem one has

2ny  2(n' —2)

2=y > 2 =200 7
(0 Py > 3 T

which is equivalent to n’ > 3t' + 2. Furthermore, the vertex h does not belong to any
maximum dissociation set of 7". Hence ®(T") = ®;(T"). Notice that every maximum
dissociation set of 7”7 not containing h can be extended in 3% ways to a maximum disso-
ciation set of Ty, and each maximum dissociation set in Ty is of such a form. It implies
that ®(Tp) = 3705 (T").

Firstly, we assume that 77 ¢ Ty(n/,4’). Since n’ > 3t' 4+ 2, one has ng > 3ty + 2.
Combining with Lemma we have ®(Tp) = 3°0(T") < 3%-2.3%07772 = 2.30072 < f(¢),
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and all the equalities throughout hold if and only if ng > 3to + 3 and ®;(T") = 2- Jto—z=2
which is equivalent to n’ > 3t + 3 and ®(7") = 2 - 3%0=%=2, In addition, by the choice of
Ty, we know that ®(T") < 2-3%07"=2 if n/ > 3¢’ 4 3, and the equality holds if and only if
T' is special. Hence ®(Tp) = f(to) holds if and only if 7" is special with n’ > 3¢’ + 3 and
h is the major vertex of T'. Therefore, Ty is special, which contradicts the choice of Tj.

Next, we consider the case T € Ti(n/,¢’) with n’ > 3t'+2. Recall that ®(T") = ®(T").
In view of Lemma one obtains that 7" 22 Op,, Py T3, and h must be the major vertex
of T'. Therefore, Ty € T1(no, o), a contradiction.

Subcase 1.2: 19 = 1pg — 2z — 1. In this subcase, Y9 = 171 + 1, which implies that
the vertex h belongs to all maximum dissociation sets of T5. Hence @y (T3) = ®(T>) and
To 2 P3. Note that to = tg —x — 1. If S is a maximum dissociation set of T5 such that
h € S and dr,(g(h) = 0, then it can be extended in x + 2 ways to a maximum dissociation
set of Tp; if S is a maximum dissociation set of T such that h € S and dp,(g(h) = 1, then
it can be extended in a unique way to a maximum dissociation set of Ty; and all maximum
dissociation sets of Ty containing h are of those forms. On the other hand, a maximum
dissociation set of 77 can be extended in 3% ways to a maximum dissociation set in Ty
that does not contain h, and each maximum dissociation set of Ty not containing h is of
that form. Therefore,

®(Tp) = @u(To) + P5(To) = (x + 2)@4(T2) + 4 (T2) + 370 (Th)

3.2
(32) = 3°®(Ty) + ®(Ty) + (x + 1)) (Tp) = 37°®(Ty) + (1) + (x + 1)D5(Tn).

If x =ty — 2, then t; = to = 1. Hence T5 = O,p, yp, for some nonnegative integers a,
b with a + 2b + 1 = ng. Notice that h is a pendant vertex of T5. Then Ty must be one
of the graphs as depicted in Figure Notice that T} ¢ { Py, P5, P3s}. Otherwise, either
Ty € Ti(ng, o) or Ty is special, a contradiction. Together with tl = 1 and Theorem [1.2(ii),
one has ®(77) < 2 and the equality holds if and only if 77 =

%3

Figure 3.2: All possible structures of Ty for x = tg — 2.

._

*—o—
.—.—

We first assume that Ty is the first graph in Figure If T = Py, then T; = Ty 3 and
ng = 3tg + 1. In view of (3.2)), we have

D(Ty) =2-3"+1+z+1=230"2 44 <3071 = f(t),
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and the equality holds if and only if ¢ty = 3, i.e., x = 1, which implies that ng = 10 and Tj
is special, a contradiction.

If Ty 2 Py, then ®(T) = ®(T2) = ®5(T2) = 1. Applying (3.2]) again yields that
O(Ty) =3"+ 14z +1=3""2+1, <2372 < f(ty),

and ®(Ty) = f(to) holds if and only if ¢y = 3 and ng > 3tg+3, i.e., z = 1 and ng > 3tp+3,
which also implies that Ty is special, a contradiction.

Next, we assume that Tg is the last graph in Figure [3.2} If 77 = Py, then ng = 3tg + 1
and Ty = P5. Hence ®(T) = 1 and ®5(T») = 0. Based on , we get

O(Tp) =2-3°+1=2-30"2 11 <3007 = f(¢),

a contradiction.

If Ty 22 Py, then ®(T7) = ®(72) = 1. In addition, ®5(71) = 0. Then (3.2) implies
O(Tp) =3"+1=3""241<2-3072 = f(t),

a contradiction.

So, in what follows, it suffices to consider the case x < tg — 3. Hence tg > 4 and
t1 = to > 2. Note that for each nonnegative integer ¢, if ng = 3ty + ¢, then n; = 3t; + 14
and ng = 3ty + ¢+ 1. In view of Lemmas and one has ®5(Ty) < 3%0~*=2, Together
with the choice of Tp, and , one obtains

37(307T72 4ty — ) + 307772 4 1 4 (x +1)307272 if ng = 3y,
(3.3) @(Tp) < {3%(3lo==72 4 1) + 3lo=2=2 4 (g + 1)3l0—2=2 if no = 3to + 1,
3% . 3lo—r=2 4 3lo—r=2 4 (7 4 1)3to—o—2 if ng > 3to + 2.

If ng = 3tp, then by (3.3) one has ®(Tp) < 3072+ 3%(tg — ) + (v +2)3%0~*"2 1 1. Let
g1(z) = 3072 4 3%(tg — ) + (z + 2)3"7=2 4 1 be a real function in z for x € [1,#y — 3].

It is routine to check that
gi(a:) = -3+ 395(150 — l’) In3+ glto—z—=2 _ ($ + 2)3150—:1:—2 n3

and
g/ (x) =n3(3%((ty — ) In3 — 2) + 37 2((z + 2) In3 — 2)) > 0.

Hence
®(Ty) < g1(x) < max{gi(1),g1(to — 3)} =2- 372+ 3tg — 2 < 307" + 4 = f(to),

a contradiction.
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If ng = 3to + 1, then by (3.3) one has ®(Tp) < 3972 + 3% + (z + 2)3%°0 "2, Let
go(x) = 31072 4 3% + (z + 2)3%07*=2 be a real function in z for x € [1,¢9 — 3]. It is
straightforward to check that ¢4 (z) > 0. Hence

®(Ty) < ga(z) < max{ga(1), ga2(to — 3)} = max{2 302 4+3,5.3073 4 3t; — 3}
< 3t0_1 = f(to),

a contradiction.
If ng > 3to + 2, then by (3.3)) one has ®(Tp) < 39072 + (z + 2)300=2=2, Let g3(z) =
30072 4 (2 +2)3~%=2 be a real function in x for x € [1,ty — 3]. It is routine to check that

g5(z) < 0 and hence g3(z) is decreasing in the interval = € [1,¢y — 3]. Therefore,
©(Tp) < g3() < g3(1) =2-3°72 < f(to),

and all equalities hold if and only if ®(T}) = ®(Tz) = ®5(Tz) = 3 "2 z = 1 and
ng > 3tg + 3. Together with the choice of T, we obtain that T € T1(ng,2) and s is its
major vertex. Thus, T is special, which contradicts the choice of Tj.

Case2: y>2. Let T = To—X. Then T 2% Op,, PyTE, and each maximum dissociation
set of Ty (resp. T') does not contain h. Therefore, ®(Tp) = @5 (Tp) and &(T") = @5 (T").
Furthermore, n’ := |Vp/| = ng —3z and ¢’ := ¢(T") = ¢p—2x. That is, ' := t(T") =ty —x.
Clearly, x < to — 1. In fact, x < ty — 2. Otherwise, x = tg — 1. Then ¢’ = 1 and
T = Oup, pp; for some nonnegative integers a, b with a +2b+1 = n' and b > 2. Note that
h is the major vertex of T”. Hence Ty € T1(ng, o), a contradiction. It follows that ¢’ > 2.

Let 7" =T — (Y U{h}). Then n” := |Vpu| =n' —2y — 1 and ¢" := (T") = ¢’ — 2y.
By Theorem [1.1] one has

, g 2n”  2(n'—2y—1)
v =2y=9y" > 3 - 3
which is equivalent to n’ > 3t' + 2y — 2 > 3t/ + 2.
On the other hand, a maximum dissociation set of T” can be extended in 3* ways to
a maximum dissociation set of T, and all maximum dissociation sets of Ty are of those
forms. Hence ®(Tp) = 3*®(T”) = 3*®5(1"). Note that h can not be the major vertex of
T it T € Ti(n',¢') \ {OP27P37T5*,3}. Otherwise, Ty € T1(no, o), a contradiction. Recall

that n' > 3t' + 2 and 7" 2 Op, p, 17 ,. Together with Lemmas and one has
@(TO) — Bm(bE(T/) S 31 . 2 . 3t0—$—2 — 2 . 3t0_2.

Hence ®(Ty) < f(to) with equality if and only if (1) = ®(T") = 2 - 3%~*"2 and
ng > 3tg + 3. Together with the choice of Tj), we obtain that T’ is a special tree with
n' > 3t'+3 and h is the major vertex. It follows that T} is special, which is a contradiction.

This completes the proof of Claim O



668 Wanting Sun and Shuchao Li

Now, we are ready to give the proof of Theorem [I.3]

Let T = Tp — (X U {h}) and Tp = Tp — X. Then ny := |Vp| = no — 3z — 1,
Y1 :=Y(Th) € {¢o — 2x — 1,909 — 2z}, and ng := |Vp,| = ng — 3z, g := Y(T2) = g — 2.
Hence t1 :=t(T1) € {to —x,to —x — 1} and tg := t(T) = to —x. If x = tg, then t3 = 0 and
Ty = Py. It follows that ng = 3t + 2 and Ty = Op, 4p,- Thus, ®(Tp) =1 < 23072 41,
a contradiction. Hence x < ty — 1. Next, let us consider the following two possible cases
regarding in the value of ;.

Case 1: 1 = g — 2z — 1. In this case, t1 = t9g — = and ¥ = 91 + 1. Then h
belongs to all the maximum dissociation sets of 75 and Ty. Hence ®(73) = &5, (1) and
®(To) = ®4(Tp). If S is a maximum dissociation set of Ty such that dr,(g(h) = 0, then it
can be extended in z + 1 ways to a maximum dissociation set of Ty; if S is a maximum
dissociation set of T such that dr,g)(h) = 1, then it can be extended in a unique way to
a maximum dissociation set of Tp. In addition, every maximum dissociation set of Ty is

the form described as above. Hence
B(Ty) = B4 (Th) = (& + D(Ty) + B} (Ty) = B(Ty) + 2 (Th) = B(Th) + 2s(Th).

Based on Theorem we have

277,1 2(712 — 1)
P2 P > 3 TR

which is equivalent to ne > 3ts + 1. It follows from Lemmas and that ®3(Ts) <
3to—==1 Tf ny = 3ty + 1, then ng = 3t + 1. Based on the choice of Ty and (I.1)), we obtain

(Tp) = B(T) + 2P5(Ty) < 301 414230771 = (z41)300— 71 4 1.

Let g(x) = (x + 1)3%=2~1 4 1 be a real function in x for z € [1,ty — 1]. It is routine to

check that the derivative function of g(z) is
g (z) =3t~ _3to==1(p 4 1) In3 =3°"2"1(1 — (z+1)In3) < 0.
Hence g(x) is a decreasing function in x for = € [1,ty — 1]. Therefore,
D(Ty) < g(x) < g(1) =232 +1 <3071 = f(tg),

a contradiction.
If ng > 3to + 2, then ng > 3ty + 2. By the choice of Ty and (1.1)), one has

B(Tp) = O(Ty) + 2®5(Tp) < 3007771 . glo—2=1 — (g 4 1)3f0—o~1,

By a similar discussion as above, we know that ®(Tp) < 23972 < f(tg), and all the
equalities throughout hold if and only if ®(73) = ®5(T) = 3°~*~1 x =1 and ng > 3to+3.
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It follows from the choice of Ty that T € T1(ng,¥2) with ng > 3ta + 3 and s is its major
vertex. Note that h is a pendant vertex of Th. Hence ®(Tp) = f(to) holds if and only if
Ty is special with ng > 3tg + 3, a contradiction.

Case 2: 1 = 19 — 2x. In this case, t| =tg —x — 1. If z =ty — 1, then ¢t; = 0 and
T, € {P1, P,}. Together with ty = 1, one has T} = P,. Therefore, Ty = Opy (to-1)Py» 1€,
Ty € T1(no, o), a contradiction.

Next, we assume = = tg — 2. Then ¢; = 1 and t3 = 2. Hence T1 = O,p,upp, for some
integers with a 4+ 2b+ 1 = ny. Since to = 2, one has ny > 6, b > 1 and s must be one of
the quasi-pendant vertices and their pendant neighbors in 77.

If ng = 3to, then ny =5 and T € {O2p, p;, O2p, }. It is straightforward to check that

30072 4 3tg — 2 if dpy (s) = 2,
O(To) = {3002+ tg+2 if Ty = Ogp, p, and dr, (s) = 1,
3072 4 2tg+ 1 if T1 2 Ogp, and dr, (s) = 1.

Hence ®(Tp) < 3%~! + ¢, a contradiction.
If ng = 3tg+ 1, then ny = 6 and T1 € {O3p, p,,Op, 2p, }. It is routine to check that

Jto—2 1 to if = 03p27p3,
(I)(TO) = {302 4 to+1 if Th = OPQ’QPS and dp, (S) =1,
307242t —1 if T4 2 Op, 2p, and dr, (s) = 2.

Hence ®(Tp) < 3%~1, a contradiction.

If ng > 3tg + 2, then ny > 7. It is straightforward to check that the major vertex of
Ty is not in any maximum dissociation set of Ty and hence ®(Ty) = ®(Op, (1,—2)p,) =
31072 4 ¢y < 2-3%72 < f(ty), and all the equalities throughout hold if and only if g = 3
and ng > 3tg+3, i.e., x = 1 and ng > 3tg+ 3. It follows that Ty is special, a contradiction.

In what follows, we only consider the case x < ty — 3. Then tg > 4. Recall that, in
this subcase, ¥ = 1. Thus, for every maximum dissociation set .S in T, one has s € S
and dry(5)(s) = 1. Let Np,(s) = {h1,...,hx}. Next, we are to prove that there exists a
vertex in Np, (s) such that it is in all maximum dissociation set of 7. Without loss of
generality, we suppose that there are two maximum dissociation sets, say S1 and Sy, of
T7 such that Ay € S1 and hy € Sy. Let Hy, ..., Hy be all the connected components of
T — s satistying h; € Vg,. It is easy to see that S; N Vp, is a maximum dissociation set of
H; and every maximum dissociation set of H; contains the vertex h;. Since So N Vy, is
a dissociation set of Hj not containing hi, one has |So N Vi, | < |S1 NV, |. Furthermore,
together with Ss is a maximum dissociation set of 77, we have |[So NV, | = |S1 NV, | — 1.
Let 8" = (S2\ ((S2NVr,)U{s}))U(S1NVg,). Then S’ is a maximum dissociation set of
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Ty and s ¢ ', a contradiction. Thus, there exists a vertex in N, (s), say hy, such that it
is contained in all the maximum dissociation set of T7.

If S is a maximum dissociation set in 77, then S = (S U {h}) \ {s} is a maximum
dissociation set of Ty such that dr,(5,)(h) = 0, and Sy = (S U {h}) \ {h1} is a maximum
dissociation set of Ty such that dp,(g,)(h) = 1. Furthermore, S is also a maximum disso-
ciation set in 75 that does not contain h, and every maximum dissociation set of T5 not

containing h is a maximum dissociation set of T7. Thus, we have
P(Tz) = ®(T1) < min{®}(T»), 5, (12)}.

On the other hand, note that ®(T%) = (1) +®% (T2)+®}, (T3). Hence ®4(T3) < ®(T)/3.

Notice that a maximum dissociation set of T5 not containing A can be extended in 3%
ways to a maximum dissociation set of Tj; a maximum dissociation set S of T such that
h € S and dp,(5(h) = 0 can be extended in x + 1 ways to a maximum dissociation set
of Tp, and a maximum dissociation set S of T» such that h € S and dg,(g(h) = 1 can
be extended in a unique way to a maximum dissociation set of Ty. Furthermore, all the

maximum dissociation sets of Ty are of those forms. So,

(Tp) = 3°@5(To) + (z + 1)P)(T3) + 01 (Tn)

= ®(Tp) + (3° — 1)D5(Tp) + 20 (T»)

= (1) + (3" = 1)Pp(Ta) + 2 ((T2) — @(T) — P4(T2))
(3.4) — (@ + VO(Ty) + (37 — 1 — 2)@y(Ty) — 2} (1)

< (x4 1)B(Ty) 4 (3% — 1 — 2) @5 (1) — 205 (T>)

= (z+1)®(T) + (3° —1— 2x)(I>h(T2)

< (24 D)D)+ o gy = I 25y

If ng = 3tg, then ng = 3tg. Together with the choice of Tp, ([1.1)) and (3.4)), one has

34+ x+2
3

=302 43" Mtg—a+ 1)+ 3" 2 (z +2) +

®(Top) < (B tg —z+1)

(z+2)(tg—z+1)
5 :

Let g1(z) = 3072+ 3" Ytg —x + 1) + 3072 2(x + 2) + (x + 2)(to — . + 1)/3 be a real
function in z for = € [1,to — 3]. It is straightforward to check that

to— 2z —1

gi(w) =37 Mtg 2+ 1)In3 =371 =30 a4 )3+ 30707 4 2

and

2
gl(@)= (3" ((to—z+1)In3—2)+ 3" ?((z+2)In3 —2)) In3 — 3>0.
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Hence

3073 g —1
®(Tp) < g1(x) < max{gi (1), g1(to — 3)} = max {2(3“—2 +0),13 ”}

3
= 2(3t0_2 + to) < glo—1 + 1o,

a contradiction.

If ng = 3ta + 1, then ng = 3ty + 1. Based on the choice of T, (1.1)) and (3.4), one has

37 2 2
7+; T2 (g1 4 1) = 302} 3o-1 4 glo—a-2(y 4 9) 4 x; .
Let go(x) = 3007243271 4-3007%72(3 4+ 2) + (2 +2)/3 be a real function in z for z € [1,#,—3].

It is straightforward to check that ¢ (z) > 0 for x € [1,ty — 3]. Hence
30073 45— 1 }

O(Tp) <

®(Tp) < ga(x) < max{ga(1),g2(to — 3)} = max {2(3t°_2 +1),10 3

=2(3072 4 1) < 3o~ 1,
a contradiction.

If ny > 3to + 2, then ng > 3ty + 2. In view of the choice Tp, and , one has
3 +x+2
3
Let g3(z) = 37072 4 3%0=2=2(x 4 2) be a real function in z for = € [1,ty — 3]. It is easy to

see that g4(z) < 0 for z € [1,¢y — 3]. Hence

(I)(To) S X 3t0—a€—1 — 3750—2 + 3t0—$—2($ + 2)

(Th) < gs(x) < ga(1) = 2- 3972 < f(to).

Furthermore, ®(Ty) = f(tg) holds only if ®(T3) = 3%~2~1 2 = 1 and ng > 3ty + 3.
Together with the choice of Ty, we deduce that Ty € Ti(ng,12) with ng > 3te + 3 and
x = 1. Note that h is the pendant vertex of 7. Then T must be one of the graphs
depicted in Figure Recall that Tj is not special. Hence Ty can only be the last graph
in Figure It is routine to check that ®(Tp) = 3%~2 < f(tg), which contradicts the
choice of Tj.

Figure 3.3: All possible structures of Ty if x = 1 and T, € Ti(ng,12) with ng > 3ts + 3.

This completes the proof of Theorem O
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4. Proof of Theorem

In this section, we give the proof of Theorem [1.4], which characterizes all the forests with
fixed order and dissociation number having the largest and the second largest number of
maximum dissociation sets. Recall that §(n, 1)) denote the set of forests with order n and

dissociation number v satisfying that each component of the forest has order at least 3.

Proof of Theorem [L4] 1t is straightforward to check that, for all forests F € Fy(n, 1),
®(F') attains the upper bound in . Clearly, the upper bound in is larger than
h(t) given in and for ¢t > 2. Hence, in order to prove the theorem, it suffices to
show that, if F' € §(n,v) \ Fi(n,¢), then n > 7, ¢ > 2 and ®(F) < h(t) with equality if
and only if F' € Fa(n, ).

Let F be a forest in §(n,v) \ Fi(n, ) such that F' contains at least two components
and ®(F) is as large as possible. Assume that 71,75,..., T are all the components of
F satisfying t; > to > --- > tg, where t; = n; — ; with n; = V1| and ¢; = (T3)
for 1 < i < k. Note that each component of F' is not isomorphic to P; and P,. Hence
t > 2 and n > 3t > 6 (based on Theorem . If n = 6, then F = 2P; € Fi(n,v), a
contradiction. So, n > 7.

It is routine to check that Fa(n,) C §(n,v) \ Fi(n,v), and the graphs in Fa(n, )
attain the upper bound in Theorem Hence ®(F') > h(t) holds.

(i) If ¢t = 2, then F' contains exactly two components such that ¢, = n; — 1 > 2 for
i € {1,2}. Hence T; = Og,p, b,y With a; +2b; + 1 = n; for i € {1,2}. Without loss of
generality, assume that n; > no.

Note that F' ¢ Fi(n,). If n =7, then n; =4 and ny = 3. Hence F = K;3U P3. If
n =8, then n; = ng =4 or n; = 5 and ng = 3. In the former case, F' € {P; UK, 3,2K; 3}
and so ®(F) < 2 < 3, a contradiction; in the latter case, by Theorem [L.2)(ii) one has
¢ (F') < 3 with equality if and only if F' = T'U P3, where T" € T1(5,4). If n > 9 and ny = 3,
then F' € Fi(n,1), a contradiction. If n > 9 and ny = 4, then Theorem (ii) implies
®(F) < 2, with equality if and only if F' = Og,p, p,p, U Ps. If n > 9 and ny > 5, then
applying Theorem [1.2(ii) again we obtain ®(F') < 1 < 2, a contradiction. Hence, if ¢t = 2,
then

{Ki13U P3} ifn=71,
Fel{TUP;:TeTi(54)} if n =8,
{TUPy:TeTi(n—4,n—-5)} ifn>0.

(ii) In what follows, we assume that ¢ > 3. Then Theorem implies n > 9. We
proceed by considering the following four cases.

Case 1: n = 3t. In view of Theorem one has n; = 3t; for 1 < i < k. Note that
F 2 tP;. Then k < t, i.e., t; > 2. In order to characterize the structure of F', we need the
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following claim.

Claim 4.1. t; =2 and to = --- =t = 1.

Proof. Firstly, we are to prove t; = 2. Suppose that ¢; > 3. Then in view of Theorems|[1.2
and one has

O(Ty) <3 14t +1<3-3"244)=d(PUT),

where T' € T1(n1 — 3,11 —2). Let F{ = PsUT UTy,U---UTj. Hence F} is disconnected
and ®(F) < ®(Fy). On the other hand, note that ¢(7) = ¢t; —1 > 2. Thus, F; €
§(n, ) \ Fi(n, ), which contradicts the choice of F. It follows that ¢; = 2.

Next, we show that to = --- = ¢, = 1. Suppose that to > 2. Based on Theorems [1.2

and one has
B(Ty) <3271 4ty +1 < 32 = Bt P3).

Let Fo =Ty UtaPsUT5U - UTy. Thus, F» is disconnected and ®(F) < ®(F;). Recall
that t4 = 2. Then F» € §(n,v) \ Fi(n,v), a contradiction. Hence t3 = 1 and so
t3 K R tk pu— 1.

This completes the proof of Claim O
In view of Claim we know that Th = --- = T, = P3 and k =t — 1. Together with

Theorem one obtains
®(F) = ®(Ty) 377 < 2.3,

and the equality holds if and only if T} = Py, i.e., F = Ps U (t — 2)Ps, as desired.

Case 2: n = 3t + 1. In this case, there exists exactly one j such that n; = 3t; + 1
for some j € {1,...,k}, and n; = 3¢t; for each i € {1,...,k} \ {j}. If £ = ¢, then
t1 =--- =ty = 1. It follows that T} € {Py, K13} and T; = P; for each i € {1,...,k}\ {j}.
Recall that FF % PyU (t—1)P3. Hence F = Ky 3U (t—1)P3 and so ®(F) = 371 < 4. 3171,
a contradiction. Thus, & <t — 1, that is, t; > 2. Similar to Case 1, we are to characterize

the structure of F' by the following claim.
Claim 4.2. t; =2 and to = --- =t = 1.

Proof. We first prove t; = 2. Suppose that t; > 3. If ny = 3¢, then by a similar discussion
as Claim [A.1] we get a contradiction. If ny = 3¢; + 1, then based on Theorems [I.2] and
one has

O(Ty) <31 +1<3-(3"24+1)=d(P3UT),

where T' € T1(n1 — 3,91 —2). Let F5 = PsUTUTyU---UT}. Hence F3 contains at least
two components and ®(F) < ®(F3). On the other hand, notice that ¢(T) = ¢, — 1 > 2.
Therefore, F3 € §(n, ) \ Fi1(n,1), which deduces a contradiction. Therefore, t; = 2.
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Next, we show that to = --- = t; = 1. Suppose that to > 2. If no = 3to, then
by a similar discussion as Claim 4.1} we get a contradiction. If no = 3ty + 1, then by
Theorems and we obtain

O(Ty) <3271 +1<2-327 = (P U (1 — 1)P).

Let Fy =T1 UP U (ta —1)PsUT5U---UTg. Then Fy is disconnected and ®(F) < ®(Fy).
Together with ¢; = 2, we get Fy € §(n,v) \ Fi(n, ), which contradicts the choice of F.
Hence to =1 andsot3=--- =1t = 1.

This completes the proof of Claim O

In view of Claim [£.2] we know that T} = Pj for each i € {2,...,k}\ {j}. If j =1, i.e.,
ni = 3t1 + 1, then together with Claim [4.2] and Theorem we get

O(F) < (371 +1)-371 =437

and the equality holds if and only if 71 € 71(7,5), i.e., F = T1U(t—2)P3 with T} € T1(7,5).
If j # 1, i.e., ny = 3t1, then applying Claim [4.2] and Theorem [1.2] again, one obtains

F) <B4t 41)- 351 41).370 7 = 4372

and the equality holds if and only if 77 = Ps and T = Py, ie., F = PsU Py U (t — 3)Ps.

Consequently, if n = 3t+1, then F € {TU(t—2)Ps : T € T1(7,5) }U{PsUP,U(t—3)Ps},
as desired.

Case 3: n = 3t+2. Assume that F' = T1U---UT, Ul P;Ul3K; 3 for some nonnegative
integers 7, 1 and ly with r+10; +1lo =k and >;_, t; + 11 + 1o = t, where T; ¢ {Py, Ky 3} for
1 <i<r.Hencely+ly < 2. Let F5 = T1U---UT,.. Then F5 € F(n—4(l1+12),v—3(l1+12))
and t(F5) =t — ({1 +12). Based on Theorems|1.2{and we know that if F5 is connected,
then

gi-tle) =t 4t Iy +1p) + 1 if |V | = 3t(F5),
(4.1) O(F5) < ¢ 3t—(itle)-1 49 if |[Vi| = 3t(F5) + 1,
3t=(htlz)—1 if V| > 3t(F5) + 2.

Next, we consider the following three possible subcases.

e [y + 13 = 2. Then together with Theorem [I.1] we have n; = 3t; for 1 < < r. If
l1 =2, then t; > 2 and t > 4. Otherwise, F' = 2P, U (t — 2) P3, a contradiction. Therefore,
F5€F(n—8,9%—6)\ Fi(n— 8,9 —6) and t(F5) =t — 2 > 2. Together with Case 1 and
, we have

O(F) =4®(F5) <4 -max{3"2 +t-1,2-3"73} =833 < 3171,
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a contradiction. If I; < 1, then in view of Case 1 and (4.1]), we get
O(F) < 20(F5) <2 -max{3"3 4+t 1,372} =2.372 < 3071,

a contradiction.
oli+ly =1. Then F5 € §(n—4,¢—3) and t(F5) = t—1. Therefore, |Vg, | = 3t(F5)+1.
Note that Py is not a component of F5 and so F5 2 Py U (t — 2)Ps. In view of Case 2 and

(4.1), one has
®(F) <28(F5) <2 -max{3"2+1,4-3"3} =8.373 < 31,

a contradiction.

e /1 + 12 = 0. Then there exists an integer j with 1 < j < r such that n; = 3t; + 2,
or there are two integers j; and j» with 1 < j; < jo < r such that n; = 3t; + 1 and
nj, = 3tj, + 1. For the former case, one has n; = 3t; if i € {1,...,r} \ {j}. Combining
Theorems [1.2] and [I.3] with Case 1, we obtain

O(F) = ®(T))®(F — Tj) < 3471 max{3"75 71 ¢ —; + 1,370} =371

and all the equalities throughout hold if and only if F = T; U (¢t — t;)P3, where T €
Ti(nj, ;). For the latter case, one has n; = 3t;ifi € {1,...,7}\{j1, jo} and min{¢; ,¢;,} >
2. By a similar discussion as Claim one obtains that t;, =t;, =2 and t; = 1 for each
ie{l,...,7}\{Jj1,j2}. Therefore, r =t —2 and T; = P for each i € {1,...,7}\ {j1,72}-
Applying Theorem [I.2] again, one obtains

O(F) = ®(Tj,)®(Tj,)®(F — Tj, = Tj,) < 1631 < 371,

a contradiction.

Therefore, we have shown that if n = 3t + 2, then F' = T U [P, where T' € T1(n —
3,9 —20) with 0 <[ < t.

Case 4: n > 3t 4+ 3. Assume that F* =T U---UT, Ul1 Py UK 3 UlI3P; for some
nonnegative integers r, l1, lo and I3 with r 4+ 11 + I3 + 13 = k and Z:Zl ti+li+la+1l3=t,
where T; ¢ {P3, Py, K13} for 1 <1i <r. We claim that {1 + [y < 3. Otherwise, {1 + {3 > 3.
Let Fg=T1U---UT,U(l1 +1l2 —3)P,UT Ul3P3, where T' € T1(12,9). Note that Fy is a
disconnected forest in §(n,v) \ Fi(n,). By a direct calculation, we obtain

T T
o(F) <2135 Ja(T) < 247935 [ &(T) = B(F),
=1 =1

which contradicts the choice of F'. In order to characterize the structure of F, we need
the following two claims.

Claim 4.3. There exists at most one j in {1,...,r} such that n; > 3t; + 2.
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Proof. Suppose that there are two components, say 7, and Tj,, with 1 < j; < jo <'r
such that nj, > 3t;, +2 and nj, > 3t;, +2. Then let F; = P,UT U (F —Tj, —Tj,), where
T € Ti(ng, +nj, — 4,4 +1j, — 3). Clearly, F7 contains at least two components and
F; € §(n,¢) \ Fi(n,v). On the other hand, combining with Theorems and one

has
O(F) <3071 34 T O(F = Ty, — Tjp) < 2- 30T 20(F - Ty, - Tj,) = ®(Fy),

which contradicts the choice of F'.
This completes the proof of Claim O

Note that if 1 4+ Iz > 0, then F' ¢ Fi(n,v). Together with Claim and by a similar
discussion as Claims [4.1] and we obtain the following claim immediately.

Claim 4.4. If I + 13 > 0, then » < 1. In addition, if » = 1, then ny > 3t + 2.

We firstly consider that I; + I3 = 3. Note that n > 3t + 3. If n =3t + 3, then r =0
(based on Claim[4.4). Thus, ®(F) < 8-3'~3 with equality if and only if F = 3P,U(t—3)P;.
If n > 3t + 4, then by Claim [£.4] one has r = 1 and n; > 3t; + 2. In view of Theorems [I.2
and we get

@(F) S 3t1—1 . 2l1 . 3t—t1—l1—12 S ] . 3t—4 <2. 3t—2’

a contradiction.
Next, we assume that 1 <1y + s < 2. Since n > 3t + 3, together with Claim one
obtains r = 1 and ny > 3t; + 2. Applying Theorems [1.2] and [1.3] yields

@(F) S 3t171 . 2[1 . Stftlfllflz S 9. 31572’

and all the equalities throughout hold if and only if FF = T} U Py U (t — t; — 1)P3 with
Ty € Ti(n1,v1).

Now, we consider the case [{ +1o = 0 and » = 1. Then ny > 3t1 + 3. Note that
F ¢ Fi(n,v) and so T1 ¢ Ti(n1,%¢1). In view of Theorems and one has ®(F) <
2.31=2.3= = 2.3'2 and the equality holds if and only if F = Ty U (t — t;)P3, where
Ty € Ta(ny, 1) with 2 < ¢ < t.

In what follows, we assume I1 +1Iy = 0 and r > 2. In view of Claim we obtain that
there exists at most one component, say T}, of F' with j € {1,...,7} and n; > 3t; + 2.
Note that T; ¢ {Ps, Py, K13} for 1 <i <r. Hence t; > 2 for each i € {1,...,7}\ {j}. By
a similar discussion as Claims and one has t; = 2 for each i € {1,...,7}\ {j}.

If F' contains exactly one component T; with n; > 3t; + 2, then r = 2. Otherwise,
suppose that I contains at least two components, say T, and T},, such that nj, < 3t;, +1
fori e {1,2}. If nj, = 3t;,, then ®(F) < 6-O(F-T},) < 9-®(F-Tj,) = P2P3U(F-Tj))).
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Obviously, 2P3 U (F — Tj,) € §(n,¢) \ Fi(n1,%1), we obtain a contradiction. If nj =
3t + 1, then ®(F) <4-®(F —T;,) < 6-O(F —T;,) = ®(P3U Py U (F —Ty,)). Clearly,
P3UPLU(F —Tj) € §(n,v) \ Fi(ni,v1), we also get a contradiction. It follows from
Theorems [[.2] and [[.3] that

@(F) < 3tj—1 .6 - 3t—tj—2 —9. 3t—2’

and all the equalities throughout hold if and only if F' = Ty U Ps U (t — t; — 2) P53, where
Ty € Ti(ny, Y1),
If each component T; of F satisfies n; < 3t; 4+ 1, then r > 3. Without loss of generality,

assume that n; = 3t; + 1 = 7. It follows that
O(F)<4-O(F—-T,) < ®(PsUP,U(F —1T1)).

Together with PsU Py U (F —T1) € §(n,v) \ Fi(ni, 1), we get a contradiction.

We can now derive the final conclusion of this case: if n = 3t + 3, then FF = 3P, U (t —
3)Ps; if n > 3t+4, then F=2TUP,UIPswithT € Ti(n—3l—4,—2l—3)and | < t—1,
or FETUIPywithT € To(n—3lL,p —2l) and 0 <l < t—1,or F 2T U PsUlPs with
TeTi(n—3l—6,—2l—4)and | <t —2.

This completes the proof. O

5. Concluding remarks

In this paper, we first establish a lower bound on the dissociation number of a forest with
fixed order, and all extremal forests are characterized. Then, we characterize all trees
(resp. forests) with the largest and the second largest number of maximum dissociation
sets among trees (resp. forests) with given order and dissociation number.

If we just fix the order n of a tree T" and its dissociation number is taken over all
possible integers, then in view of Theorems and we know that the upper bound
of ®(T) is decreasing with respect to ¢(T') for ¥(T") € [2n/3,n]|. The following result is
an immediate consequence of Theorems and which determines all trees with fixed
order having the largest and second largest number of maximum dissociation sets, and the

first part is obtained in [27].

Corollary 5.1. Let T a tree onn (> 4) vertices. Then

3%_1+%+1 ifn=0 (mod 3),
O(T)<{3"% 141 ifn=1 (mod3),
] 2

3% 1 ifn=2 (mod 3).
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Equality holds if and only if T € T1(n), where

{Op, (z-1)p, } ifn=0 (mod 3),

. -1 L
Ti(n) = {OP27P37t/P47(nT_l—t/_l)KL?) 0<t < B2 —1} difn=1 (mod3),

{OxPz,yPs,t’P4,(”T*2—t'71)K1,3 rr+2y =4
and 0 < t' < "32 — 13 U{Op,,p,17,} ifn=2 (mod 3).

Furthermore, if T ¢ T1(n), then

,

2 if n =28,
(T) < 35714 5 ifn=0 (mod 3),
B ERa ifn=1 (mod 3),
2.3"5 241 ifn=2 (mod 3) and n # 8.

Equality holds if and only if T € Ta(n), where

'{03P2,P5, O3p,,17 4 OPy, Py, s } ifn=38,
{02,115, Opy (2 —2) Py 1 5 } ifn=0 (mod 3),
Ta(n) = {O3P2,t'P4,("T*17t/71)K173 0t < nT_l -1}
U{Pr, Opy py 1y, } ifn=1 (mod 3),
{OPQ,Pg,T§73,t’P4,("T’2—t’—2)K1,3 10<t' <222} ifn=2 (mod3) andn # 8.

Next, if we just fix the dissociation number v of a tree T and its order n is taken over
all possible integers, then by Theorems and one obtains that the upper bound of
¢ (T) is increasing with respect to n for n € [1,31/2]. The subsequent result follows from
Theorems [1.2 and which characterizes all trees with fixed dissociation number having
the largest and second largest number of maximum dissociation sets, and the first part is

given in [26).

Corollary 5.2. Let T a tree with dissociation number 1. Then
7Vl if< s odd and ¥ > 1,
F-1 + % +1 if is even.

P

1
O(T)<<3
3

Equality holds if and only if T € T{(¢), where
{Pi} ifY=1,
T () = 4{0p, pvpy st vnyp, 0 ST < YL 1} if o s odd and ¢ > 1,

{OPS,(%A)PAL} if ¢ is even.
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Furthermore, if T ¢ T{ (1), then ) > 2 and

1 if =2,
O(T) <371 ife is odd,
351 + % if ¥ is even and ¢ > 2.

Equality holds if and only if T € T (), where

((Py) if =2,
T () = {03P2,t'P4,(%—t'—1)K1,3 0<t <P 1)
AP, Opy py1z, } if 1 is odd,
{O2p, Ky 55 OP37(%_2)P47K173} if ¢ is even and ¢ > 2.

Similarly, all forests with fixed order (resp. dissociation number) having the largest and

the second largest number of maximum dissociation sets can be deduced by Theorem

Corollary 5.3. Let F' be a forest on n > 6 vertices with at least two components, and
each component of F' has order at least 3. Then

33 ifn=0 (mod 3),
O(F)<{2.-3% 1 ifn=1 (mod 3),
4.3%5°72 ifn=2 (mod 3).

Equality holds if and only if F € Fi(n), where

{5 P} ifn=0 (mod 3),
Fi(n) =q{Pu(®FE -1)P} ifn=1 (mod 3),
{2PyU (%52 —2)Ps} ifn=2 (mod 3).

Furthermore, if F ¢ Fi(n), then n > 7 and

3 ifn="7,
2.3571  ifn=0 (mod 3),
4.3"5 2 ifn=1 (mod 3) andn # 7,

n—2

37 1 ifn=2 (mod 3).
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Equality holds if and only if F € Fa(n), where

{Ki3UPs} ifn=171,
{PsU (5 —2)Ps} ifn=0 (mod 3),
Fo(n) = q{TU(% —2)Ps: T € Ti(7)}
U{Ps U PyU (”T_l —3)P3} ifn=1 (mod 3) andn #7,
{TUIPy: T e Ti(n—3l) with1 <1< 5%} ifn=2 (mod 3).

Corollary 5.4. Let F be a forest with dissociation number ¢ > 4, and F' contains at least

two components each of which has order at least 3. Then

O(F) <

1

3% if ¥ is even,
2.3 1 ify is odd.

Equality holds if and only if F € Fj(v), where

Fl() = {%P?)} if V¥ is even,
1 (PU (%L —1)Ps} if 4 is odd.

Furthermore, if F ¢ F(v), then ¢ > 5 and

3 if Y =5,
P(F)<92.3271 if ¥ is even,
4.3 72 if o is odd and ¥ > T.

Equality holds if and only if F € F4(1)), where

{K13U P3} if v =5,
{Ps U (% —2)P3} if 1 is even,
{TU(%5* -2)P3: T € T/(5)}

U{PsUP U (YL —3)P}  if v is odd and 4 > 7.

Fo(¢) =

On the other hand, motivated by [10,|11}/17,/18,131], which characterized graphs with
the maximal number of maximal independent sets, it is interesting to characterize graphs
having the maximal number of maximal dissociation sets among some families of graphs.

We will do it in the near future.
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