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A Depth-dependent Stability Estimate in an Iterative Method for Solving a
Cauchy Problem for the Laplace Equation

Akari Ishida

Abstract. In this paper, we consider the Cauchy problem for the Laplace operator. We
construct approximate solutions by using the iterative method proposed by Bastay,
Kozlov and Turesson. In the iterative method, we solve the corresponding boundary
value problems repeatedly. Then, we show that we construct them more stably when
we choose the smaller domain where we consider the boundary value problems. Fur-
thermore, since the iterative method is applicable to the case where we know only

approximations to the exact data with error, we also deal with this case.

1. Introduction
In this paper, we consider the following Cauchy problem for the Laplace operator

Au =0 in Q,,
(1.1) u=¢ only,

%qu on I'y.

Here ., is a bounded domain in ]RQ, and its boundary is represented as 02, = I'g U Iy,
where I'g and Iy are closed and disjoint (see Figure , and v denotes the outward unit
vector normal of 9€),. There exist various methods for solving the problem . One
way is to use iterative methods, which were proposed by Bastay, Kozlov and Turesson [1].
We remark that this iterative method is reduced to the Landweber iteration. For the
Landweber iteration, see [3, Ch. 6, Sec. 1] for example. In [1], they discussed the iterative
methods for Cauchy problems for parabolic equations and mentioned that their methods
can be also applied to elliptic equations. The iterative methods for the elliptic equations
are also discussed in [6}[8], and the ones for the parabolic equations are also discussed
in [2.|7], for instance.

In the iterative method, we construct a sequence of approximate solutions to the
problem by solving the boundary value problems repeatedly. Here, we need to solve

the corresponding boundary value problems in the whole of domain 2, if we would like to
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construct the solution to the problem in Q,. However, if we would like to construct
the solution to the problem in Q* (C Q) near 'y, then we can also consider the
boundary value problems only in Q satisfying Q* C Q C Q. (see Figure . We then
expect that we can construct approximate solutions more stably when we choose smaller
domain 2. The aim of this paper is to show this property by giving explicitly the order
of convergence of approximate solutions. We remark that the order of convergence is not

given in [1]. In this paper, we give the order.

[y

Figure 1.1: The relationship of 2, 2* and 2.

In order to show it, we consider the following situation. Throughout this paper, we
shall use the following notation. Let r be a positive number. We shall donate by B, = {x €
R? | |z| < 7} (the circle of radius r centered at the origin) and 9B, = {z € R? | |z| = r}
(the circumference of radius r centered at the origin). We consider domains 2, Q* and Q
to be as annulus By \ B,,, B1 \ B, and By \ B, respectively, where 0 < p, < p < p* < 1
(see Figure [1.2)). Instead of the problem (1.1]), we consider the following Cauchy problem

Au=0 in B\ B,,,
(1.2) u=¢ onJdBy,
% =1 on 0Bi.

We give a strict definition of a solution to the problem (1.2]) in Definition

Iy

Figure 1.2: The relationship of annulus ,, 2* and 2.

Throughout this paper, we impose the following assumption.
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Assumption 1.1. Given positive numbers My and M. We suppose that ¢ and v are

real-valued functions with

(1.3) lli220m,) + 141220, < M3
We assume that there exists a solution u to the Cauchy problem (1.2)) in B \Bip* and its

restriction on 0B,, be in L?. We suppose that

(14) lull 2 om,.) < M-

We apply the iterative method in |1 to construct a sequence of approximate solutions
to the problem . As we describe in Section in the iterative method, we solve the
boundary value problem in B; \Fp at each iteration step. We now state our main theorem.
We here remark that, in Sections and we introduce an approximate solution ()

which appears in the following theorem.

Theorem 1.2. Let Assumption hold. Let u) be an approzimate solution obtained
by the iterative procedure with n© = 0 and v = p. Then, for ¢ > 2 and p € [px, P], the

following estimate holds:

- J log(p™ /px)
log£>mm{ 10g(1/p) 1}

0 _ 2 .
(15 1) =l ey < © (%
where a positive constant C' depends only on My, M, p. and p*.

Remark 1.3. We have

l * * *
frap) ) _ (B <0<
log(1/p) ’ 1 for £ < p < p*.

In addition, there exists no p such that p./p* < p < p* in the case where /p. > p*.

Namely, we have
log(p* /px)

]ogf Tog(1/p)

for any p in this case.

The larger p we choose, the larger the power % on the right-hand side of the
estimate ([1.5)) is. This means that we obtain the better stability as we choose p larger.
Moreover, with regard to the optimality of the estimate (1.5)), we have the following

theorem.

Theorem 1.4. Let € > 0 be given. Under the assumptions in Theorem there exists
no positive constant C depending only on My, M, p, and p* such that

log(p™ /px) te

[ul® — w2 <C <10g£> e

L2(B1\B,x) — ¢

holds for any ¢ > 2 and p € [ps, p*].
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By Theorem we know that the estimate is optimal in the case where p, <
p < p«/p*. Furthermore, the estimate is always optimal especially in the case where
Vx> ph

Since the Landweber iteration works with inexact data, the iterative method proposed
in 1] also works. We next consider the case where we know only approximations ¢’ and
¥° to the exact data with error § in L?(9B)-norm.

Assumption 1.5. We suppose that ©® and ¢° are real-valued functions with

(1.6) 1¢° — @lleomy <0, [0 — Ylr298,) <9

Theorem 1.6. Let Assumptions and hold. Let u'©® be an approzimation obtained
by the iterative procedure with n'© =0 and v = p for Cauchy data ©° and 1°. Then, for

0<d<1/e and p € [p«, p*], we have

p*/px)
~ 2 log( 1/p)+log( */p%) <
<G (621og §) for p < p < 2,

||u(f(5,p)) u” ,
L2(B1\B,*) (521 )1/2 forz—I pgp*,

where £(5, p) is the minimum integer satisfying £(d, p) > £o(6, p) with

2log(1/p) log(p* /px)
) o8 (L7p)+oa (o™ /o) (1Og%) log(1/p)+1oe(*/0x)  for p, < p < L
p <

*

1
60(57[)) = (6
% (log 5)1/2 for Z*

and a positive constant C depends only on My, M, p. and p*.

The rest of this paper is organized as follows. In Section [2] we introduce the iterative
procedure presented by Bastay, Kozlov and Turesson [1] and its properties. In Section
we give the explicit solution formulae to respective problems. In Section [ we prove the
estimate in Theorem |1 . Section |5 I 5 is devoted to the proof of Theorem (1.4} Finally,
we show Theorem [L.6] in Section [6l

2. The iterative method for the Cauchy problem

In this section, we introduce the iterative method proposed by Bastay, Kozlov and Tures-
son [1]. In [1], they proposed the iterative method for the Cauchy problems for parabolic
problems and mentioned that their methods can be also applied to elliptic equations.

In Section we prove lemmas from which it follows that the boundary value prob-
lem we solve in the algorithm is well-posed. This section corresponds to [1, Sec. 2]. In
Section we state the iterative procedure for the Cauchy problem . It is an analogy
to the iterative procedure in [1, Sec. 3.1.1]. In the iterative method, we solve the corre-

sponding boundary value problems repeatedly. Since we now consider the problem ([1.2)
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in the annulus, we can obtain the explicit solution formula to the boundary value problem
by introducing the polar coordinates. Then, Section is devoted to giving the explicit
solution formula to the boundary value problem. We describe its properties in Section
Finally, in Section we state iterative method for the problem more concisely.

2.1. A well-posedness for the boundary value problem

At each step in the algorithm, we solve the boundary value problem

Au=0 in Bl \?p,
(2.1) u=mn ondB,,
% =1 on 0Bj.

In this case, we observe that the adjoint equation to the Laplace equation is the same as
the Laplace equation.

We can define a weak solution v € L?(B; \ B,) to the problem for n € L*(0B,)
and ¢ € L*(0By).

Definition 2.1 (Weak solution). Assume that n € L*(9B,) and ¢ € L?(0B;). Then,
u € L*(By \ B,) is a weak solution to the problem (2.1) if u satisfies

(2.2) / ulAgdx + Ygdo — / 77@ do =0
B\B, 0B, oB, OV
for every g € H%(B1 \ B,) subject to

g=0 on 0B,

(2.3)
% =0 on dB;.

Here, v is the outward unit vector normal of 9(By \ B,). We remark that v on 0B,
points toward the center of B,, whereas v on 9B points outward.

We next show the problem is well-posed, that is, it has a unique solution that
depends continuously on the data. This proof is presented in Appendix [A]

Theorem 2.2. The problem (2.1) has a unique solution u that satisfies

(2.4) el 2 s\ < € (Inllz2@8,) + 1¥ll208y))-

Finally, using the Green function, we shall show that the restriction u exists and

0B1
is in L?(0B;). We now give a definition of the Green function.
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Definition 2.3 (Green function). A function G(x,y) is called the Green function for the
problem
Aw=f in By \ B,
w=n on 0B,
9w =+ on 9By
if G(z,y) satisfies
A;G(x,y) = —6(z —y), =€ B\ B,
G(z,y) =0, x € 0B,,
8C (2,y) =0, x € 0B,

Then, we have the following lemma.

Lemma 2.4. The solution to the problem (2.1) is given by

oG

(2.5) uz) = | w(u)Glxy)doly) - / W) g, (.9 doy).

oB, 0B,

It is also well-known that the Green function G(z,y) has the estimates

(2.6) 0 < G(z,y) < C"max {1, | log |x — yH}
and
O///
2.7 VG(z, < .
(27) VGl < T

We remark that the Green function G(z,y) is smooth for z # y. The second term of ([2.5))
has enough smoothness near 0B since gTGy($, y) is smooth for x near 0By and y € 0B,.

On the other hand, if n = 0, then the solution to the problem ({2.1)) is given by

u(z) = Y(y)G(z,y) do(y),
0B,

which has enough smoothness near 9B, since the Green function G(x,y) is smooth for =
near 0B, and y € 0B;. Thus, using the solution formula (2.5) and estimates (2.6) and
(2.7)), we obtain the following lemma.

Lemma 2.5. Let u be the solution to the problem (2.1). Then, the restriction u‘aBl is in

L?(dBy). Moreover, in the case where n = 0, the restriction %‘8&) is in L*(0B,).

We now give a strict definition of a solution to the Cauchy problem (|1.2]).

Definition 2.6. A solution u to the problem ([1.2)) is a weak solution to the problem (|2.1))
for some n € L?(0By) such that u 0B, = ¥-
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2.2. Description of the iterative method
We now state the iterative procedure.
- Choose an arbitrary function n(®) € L2(9B,).

- The first approximation u(?) to the weak solution u is obtained by solving the bound-
ary value problem ([2.1)) with = 1© on 0B,.

- Then, we find the auxiliary function v(?), which is given by the weak solution to the
problem (2.1)) with n =0 and ¢ = ¢, where ¢© =4 — ¢ on 4B;.

- When the solutions (=) and v¢~1 have been constructed, the approximation w9
is the weak solution to the problem (2.1 with n = ) on 0B,, where

81}(@71)
ov

n© = =1 4 o

and -« is a fixed positive number.

The auxiliary function v¥) is the weak solution to the problem (2.1)) with n = 0 and
11} = C(E)’ Where C(é) = u(g) — @ on aBl

Remark 2.7. Tt follows from Lemma that the functions 7®) and ¢(© are well-defined.
Moreover, we obtain n*) € L2(9B,) and ¢¥) € L?(9By).
2.3. The solution formula to the boundary value problem

Introducing the polar coordinates, we give the explicit solution formula to the boundary
value problem (2.1). We now make the change of variables

xr1 =rcosl, xo=rsind.
Let
7(0) == n(pcosh, psin) for n € L*(0B,)

and
P(0) := (cosb,sinf) for v € L?(9By).

They are periodic functions which repeat at intervals of 27 radians. Hence, they can be

expressed through Fourier series expansions as
70) = e, Pp0) = e’
keZ kEZ

and we have the following lemma.
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Lemma 2.8. The solution to the problem (2.1)) is given by

~ ke + ko™ 4 ke — Yrp” _k} k0
2.8 u(r,0) = { Y4 r T +1/Jlog
29 :0) gﬁ% Kok +p7%) k(p* +p7") TR

where u(r,0) = u(rcosf,rsinh).

Proof. Introducing the polar coordinates, the problem ({2.1)) is equivalent to

(%—i—%%—l—%%)ﬁ(rﬁ):@, p<r<1,0<6<2n,

ii(p,0) = 7(0), 0<6<om
94(1,0) = ¥(6), 0<6<2m
Then, we have the solution formula to the problem (2.1J). O

2.4. Reduction to the Landweber iteration

In accordance with |1, Sec. 3.1.2], we define operators in order to show that u® constructed
above converges to the solution u to the Cauchy problem (|1.2)).
We first introduce the operator K : L?(0B,) — L*(8By) through

2 .
(2.9) (Kn)(cosf,sinf) = Y M0,
keZ prtp

By (2.8)), we know that (2.9) corresponds to

(2.10) Kn for n € L*(0B,),

= Zl‘aBl

where z; is the solution to the boundary value problem (2.1)) with 1) = 0. It follows from
Lemma that 21}831 is in L?(0B;). Similarly, we define the operator Ki: L*(0B;) —
L%*(dBy) by

Yr(p™" — )zk9
(2.11) (K1) (cos b, sin §) e S — 1o log p.
kzﬂ k(¥ + p=F)

Then, using (2.8), we know that (2.11]) corresponds to
(2.12) K1 = 20|, for ¢ € L*(0By),

where z9 is the solution to the problem (2.1) with n = 0.

We here consider the equation

(2.13) Kn=¢— K.
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We remark that solving the equation ([2.13) is equivalent to solving the problem ([1.2)).
Indeed, if 1 is a solution to the equation (2.13]), the solution to the problem ([2.1)) satisfies
u = ¢ on 0B; and thus solves the problem (1.2]). Conversely, if u solves the problem ((1.2)),

then n = u’ op, 152 solution to the equation ([2.13]).
Correspondingly to [1, Sec. 3.1.2], we next see properties of the operator K.

Lemma 2.9. The operator K is injective.

Proof. We suppose that Kn = 0. Then, the solution to the problem (2.1 with ¢» = 0 also
solves the Cauchy problem

Au=0 in Bl \E,

u =0 on 0B,

% =0 on 0B;.
Using the uniqueness theorem (see [5, Theorem 3.2.1], for example), we have v = 0. Hence,
from the problem ([2.1)) with ¢» = 0, we obtain 7 = 0. O
Lemma 2.10. The adjoint K*: L>(0B1) — L*(0B,) to the operator K is given by

(2.14) (K*¢)(pcosb, psin @) :]%p(pm-kpk)e ko

Proof. We first show that we have

(2.15) K*C=— (ZD ‘83 for ¢ € L2(8By).

where v is the solution to the problem (2.1)) with 7 = 0 and ¥ = ¢. The formula (2.15]) is

equivalent to

ov
(K*C,m)r298,) = (—m)
L2(0By) ov L2(0B,)

for all n € L?(0B,). Since we have
(K*C,n)r2(om,) = (¢ Kn)r2(08y)s
it is enough to show

(2.16) (Kndo = —/ @77 do
0B, oB, OV

instead of showing (2.15)). Moreover, we remark that it is sufficient to prove (2.16) for
n € C*(0B,) and ¢ € C*(0B1). Now, let u be the solution to the problem ({2.1)) with
1) = 0. We here remark that we have

(2.17)
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by using the divergence theorem. Then, using (2.17) and equations which u and v satisfy,

we have

(2.18) 0 :/ uC do+/ 77@ do.
0B, oB, OV

Substituting (2.10|) into the first term on the right-hand side of (2.18)), we get (2.16)).
Moreover, it follows from (2.16|) that the relationship (2.15) holds. Furthermore, using

(2.8) and (2.15]), we obtain the formula (2.14)). O

Finally, using the Green function, we obtain the lemma about compactness.
Lemma 2.11. The operators K, K1 and K* are compact.
Proof. Using the solution formula (2.5) and the relationships (2.10)) and -, we have

oG
(2.19) k(o) = - | TG o)
Kip(x) = Y(y)G(z,y) do(y)
aBl 831
and
. oG
(2.20) K*((z) = — C(y )ay (z,y)do(y)
8B, g a8,

We first see 87(@6 y) in (2.19)). Since g—VGy € L*(8By x 0B,), see [4, (2.35) Claim], K is a
Hilbert—Schmidt integral operator. Hence, K is compact, see [4, (0 45) Theorem]|. Similar
to —(x y) in -, K* is compact. Finally, by the estimate , we know that K7 is
compact in the same way as the proof of |4 (3.11) Propos1t10n]. O

Similar to [1, Theorem 3.1], we have the following theorem.

Theorem 2.12. Let u € L*(B; \ B,) be the solution to the problem (1.2). We suppose
that v satisfies 0 < v < z

15 HLQ(aBPHLQ(aBﬁ
the iterative procedure. Then, we have

. Let u be the 0-th approzimate solution in

[ul® — u]\LQ(Bl\E) —0 asl— o0
for every initial data function n® € Lz(aBp).

Proof. From the algorithm described in Section and (2.15]), we obtain

n(é):u(e—n‘ +ry =1 ‘ 17(4 1)4_7( K*C(Z_l))
9B, v 9B,

=0 4 = K@Y =)y b =0T KN (K'Y 4 Ky — )
= (1 - yK K™Y + yK* (¢ — K19).

(2.21)
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Since the linear operator K is injective and compact from Lemmas [2.9) and 2.11] we know
that (2.21]) is the Landweber iteration for the equation (2.13)). Hence, we have

||77(e) - 77HL2(BBP) — 0 as/{ — oco.
We now remark that wu satisfies (2.1)). Using ([2.4), we obtain
[ul® — “HL?(Bl\E) < - Mlz2@m,) =0 as f— oo.
The proof is completed. O

We remark that our aim is to show the order of this convergence.

5. Reformulation of the iterative method

Based on above discussions, we would like to reformulate the iterative method. A function

n® in the iterative procedure is defined on 0B,; thus, let
;]?[)(9) = n(g)(pcos 6, psinf).

We express it as
— Z ng) k0
kezZ
by the Fourier expression. - -
We first give the explicit formula of u(®)(r,8), where u(¥) is an approximate solution
obtained by the iterative procedure. From the algorithm described in Section we

remark that u(9) is the solution to the boundary value problem (2.1) with n = 7 on 0B,.

Lemma 2.13. An approzimate solution u'® obtained by the iterative procedure is given

by

G
o + Prp k ]€77 wkp K 17
222)  uO(r,0) = 4 e 4l 1 g log -
(2.22) (),;){k(pﬂ?) Kb+ pF) 0TI,

Proof. Using (2.8)), we have (2.22]). O

We next state the reformulated procedure for the Cauchy problem (|1.2]).

- Fix a positive constant v and choose an arbitrary function n(®) e LQ(GBP).

Using (2.21), (V) € L%*(8B,) is defined.

- Then, we get the first approximation u!) € L?(B; \ B,) by (2.22 -

- When n*=1 has been defined, we find ¥ € L2(9B,) by using ([2.21).
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- Using (2:22)), we obtain the approximation u\¥) € L?(B; \ B,).

Remark 2.14. Since we now consider the annulus as a domain, it follows from the formu-
lae (2.9), (2.11)) and (2.14]) that the linear operators

K: H*0B,) — H*(0B1), Ki: H*(0B1) — H*"(0By)

and

K*: H®(0By) — H*(OB,)
are bounded for each a > 0. If o € HY/2(0B;) and ¢ € L?(0By), we get the approximation
u®) € H'(By \ B,) by choosing n(®) € H'/2(0B,) since each ') obtained by the iterative
procedure is in H'/2(9B,). Indeed, the solution u to the problem is in H'(By \ B,)
for o € HY/2(9B;) and v € L?*(0B).

3. Solution formulae

Since we consider the annulus as a domain, we can obtain the explicit solution formulae
to the problems by introducing the polar coordinates. In addition to 7(#) and QZ(Q) in
Section let ©(0) := ¢(cosf,sinf). Hence, it can be expressed through Fourier series
expansions as
2(0) = pre’™.
kEZ
We then have the following lemma.

Lemma 3.1. The solution to the Cauchy problem (1.2)) is given by

_ _ ko + vk g Kok — Uk 1\ ke
(3.1) u(r,@)—g()( ok v 4+ ok r e + ¢ + g logr,

where u(r,0) = u(rcosf,rsinh).

Proof. Introducing the polar coordinates, the problem (|1.2)) is equivalent to

(%—1—%%4—%%)5@0):0 pe <1 <1, 0<6< 2T,

u(1,0) = ¢(0) 0<6<2m,
94(1,0) = ¥(6) 0<6<2m
Then, we have the solution formula to the problem (|1.2]). O
We now assume 7(?) = 0. From (2.9)), (2.11)), (2.14)) and (2.21)), we obtain the recurrence
relation
() 4y (e-1) , (1)
3.2 n :{1—}77 + il
32) g p(pk +p=k)2 f 7 .

Solving (3.2]), we have the following lemma.
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(£)

Lemma 3.2. The Fourier coefficients n,,” are given by

E o, —k\2 ¢
o pl"+p7")? { 4y }
3.3 —__BFTe 1- 7 U _qf,
(3.3) Mk 4y Mg p(oF + p—F)2
where
1) ) 3o +1hologp) if k=0,
o=

2y M ;
plpk+p=F) {(p Tk (oF ) } if k#0.

2

HL2<aB )—=L2(8B1)

By Theorem [2.12) we have to choose 0 < 7 < G in order for 7 to

converge. We now find ||K||L2(6BP)HL2(331)'

Lemma 3.3. HKHL2(8B,,)—>L2(831) = %

Proof. Since we have

8”\7714!2
1Kl 208, = Z <2m ) |ml’ = *HU\ILZ (0B,)
= (pF +p7F =

from (2.9)), we obtain
| K| L2(0B,)—12(881) \7

On the other hand, since we have

1Kz o5,) = 27 I1lIz2(0m,) = 2

from (12.9)), we know that the equality holds. O

We here give the explicit formula of u(¥)(r,#), where u() is an approximate solution

obtained by the iterative procedure with n(© = 0.

Lemma 3.4. An approzimate solution u'® obtained by the iterative procedure with 7](0) =0

s given by
uO(r, )
_ 4 ¢ A
=—Z{ wkp P~ >}[{1_ k 7_“} IR PR
=z k(p* +pF) p(p* + p~F)
3.4 .
( ) Zk pfkrk:_pkrfk)elke
= k(" +p

)4
- (¢o+wologp){(l - 7) - 1} +eplog .
P p

Proof. Substituting (3.3) into (2.22)), we obtain (3.4]). O
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We now give the explicit formula of [|ul® — ul|? L2(BAE)

Lemma 3.5. Let u be a solution to the problem (1.2)) for real-valued Cauchy data ¢ and
P, and u® be an approzimation obtained by the iterative procedure with ?7(0) = 0. Then,

we have

20
g %
169~ gy =7 (1= 2) loo + valog {1 - (077}

4y > i(p—p )
+7T{1 N p(p+p1)2} 7!

+ —1

p+p
Ut~ p ) [
k(o + p~F)

*\—2(k—1) _ _(*\2(k+1)
x{(p) Loy 127 2((1/5411) }

2

Proof. Using (3.1)) and ( ., we have

y4
ul®(r,0) — = > wi(r" + 7)™ — (g0 + o log p) (1—’Y) :
k40 P

_ 1 vi(p® —p7") al ‘
o=yl S 1 e |

where

Then, we have

14 2
HU( ) — UHLQ(Bl\Bip*)

_ / 0O (2) — u(x)|? de
B

1\Bp*

1

21
_ / 1w (r, 0) — i(r, 6)*r drdo
0 Jp

*

2

1
/ rdr
p*
2

1
/ (rk + r_k)Qr dr
p*

l
(o + o log p) (1 - Z)

—27rZ|wk]2/ r* ) dr + 21
“ay]

k=0
B ¢
20 { wk(ﬂp + pp"“)) } {1 (o +4p"“)2}

2
+m <1 - Z) lp0 + o log p|* {1 — (p*)?}.

Since ¢ and v are real-valued functions, we have the formula (3.5)). O
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Substituting v = p into (3.5)), we have the following corollary.

Corollary 3.6. Under the assumptions in Lemma [3.5, if v = p, then we have

[u® — w2 {1 _ 4}% o1 M ’
L(BI\Byr) — (p+p1)? p+p!

X B —log p* — (p*)? {1 + i(p*)z}]

(3:6) = 4 # Ur(p® — o)
3 ) e

(pr) 2D —1 1— (p*)*+D)
V7 2k—1) 2k+ 1) (-

_l’_

2
wr +

1= (") +
Remark 3.7. We have

3.7 1- = = 4 tanh | klog —
37 (p* + pF)? <p’“ +p" ®p

and the hyperbolic tangent function is monotone increasing. Moreover, we have

4 J4
(3.8) Og{l_wp—k)z} <1.

Finally, we rewrite the conditions imposed in Assumption

Lemma 3.8. If real-valued functions ¢ and v satisfy (1.3]), then we have

> )
(3.9) > (el + le?) < Mo,
k=1
where Mo f Moreover, we have
G wk <Ll
1 — .
(3.10) ; 2 Tk =3 o

Proof. Since ¢ and 1 are real-valued functions, we have

o0
olEamm = 203 [gul? = 2 (zz ol w)

kEZ k=1

and

19113208, =27 D [el* =27 (22 |kl + !1/1012)

kEeZ =
Then, using (|1.3)), we have

o0
4> (Jowl® + vel?) < Mg
k=1
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Hence, we obtain (3.9). Moreover, using (3.9)), we have
k=1

Therefore, the lemma follows.

Lemma 3.9. If Assumption holds, then we have

(3.11) 3 % - ﬂ

k=1

2

> 3 Z (lrl? + [e]?) < %J\% :

or | U]
RN )
2

pi 2k < M2,

*

where M? = + MO .

27'('0*

Proof. Since we have

k‘ﬂk + VY W -
lullZ2om,,) = 2mps ( . % p ff + |00 + 1o log pa|?
k=
by . from , we remark that we get
oo 2 2
ko + k4 kor — Yk, M
3.12 M
(3.12) D T e r

k=1

Hence, using (3.10]) and (3.12)), we obtain

00 2 00 2 00 2
Yk VK| o kor + vk g kor — Yk, kok + vk i
P Yk <2 0y | Pk T Yk
2[5 | A SR g A Tt 2 |
k=1 k=1 k=1
M2 a2 —
< + ]\402 = M.
2.
We complete the proof.
4. Proof of Theorem
We would like to estimate ||u(?) u||L2(B \Er) which is given by (3.6)). Since
(pr) 2D -1 w2, L= (p)PrD (pr) 2D L _5 . ak-1)
1— < 1+-<2
sh=1y T gy ST g g s30)

holds for k£ > 2, we get

0 4 20
¢ 2
lu® — u”L2(Bl\BT*) =G Z {1 TF k)Q}
k=1

Yk +
(P +p
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where 5 1 5
C) = 7rmax{4 —logp* — (p*)* 1+ (P*)Q} ; } :

We now remark that we have

2:4‘<%+W>pk+<wk_w>p_k

- Ur(p® = p7*) ©k ? 1
“T k(R + R 2 2% 2 2k (p" +p7F)?
2
oe | Y|t ok, ok Yk|? o 1
<g||ZE 2k Tk Tk —
= (’ 2 2% +’ 2 2% ") (Fr R
Moreover, since we have
N2k k 2k
(p1) 20 ) p
kL —Ek\2 < (p )2 T % = 17 k Kk 17
(P*+p7%) p (p" +p7F)

we can estimate

(4.1) [ u®) —u||i2(Bl\B—p*) < 8Cy(I1 + I),
where y )
- 4 Zok—1) | Pk WUk
I = {1_} gy ~2k=1) | Ph Pk
; (p" +p7F)? ") 2 2k
and -
4 wk 2k
L= - .
’ ; { (o + p—k>2} T

Our proof is based on the idea in [9)].
We first evaluate I;. Let 0 < A < M be given. Let Nj be the minimum integer
satisfying (p*/p*)N1]\7 < A, namely

logV/31) _

(4.2) N1—1<m_

We now divide I; into two parts:

I :Nij{l _ 4}23( *)_Q(k_l) 2 % 2
= Rz 2 2%k
4.3 . 4 § |
- e {1 ) @upw} ()20 [ £ _ L
=: Iy + L2
We can estimate
LA % Pk %

2 2k

o
I < Z p*)—Qk — Z
k=N-

2 p 2k
(%)
(4.4) -

W 2Ny
< (P*) Z Pk 7k pT2 < (P*) M2 < )2
p* *

s P
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by (3.8)), (3.11)) and (4.2). On the other hand, using (3.7)), (3.10) and (4.2), we have
N —1 1\ ) 4

=Y {tanh (klog p)} (p7) 2D

k=1

1\ 4
< {tanh ((Nl —1)log >} 2(Ni=1) Z
P =1

1~2 N\ ¥
< §M0 (p*)~2(N—1) {tanh ((Nl - 1) logp>}

on Ui’
2 2k

ﬁ_%

49 1~2/1 211030//]71*)) log(A\/M) N\ T
—~ og(px/p
< =My <*> tanh L*logf
2 p log(p«/p*) "~ p
1\ " a\ )Y
=Y <p*> s {tanh (blog )\> }
ay—b —ayb\ 4
B _ a0 [NV —eT A
= CQ)\ ”{tanh(a — blOg )\)} = 02)\ ® <e‘lA_b—|—e_aAb> s
where
1 NG 2log(1 log(1
—_— lo */px * —_—
Cyi= =My <> T 2MsUIT) gy 1080/0) g i,
2 p log(p*/p+) log(p*/ps)
Combining (4.3] - ) and (4.5 , we obtain
where
ea)\fb _ efa)\b
4.7 F(\) = Co\ M| o — 22,
(47) () 2 <ea)\—b + e_a)\b> *
Now, let us choose A such that F'()) is as small as possible. We choose \g satisfying
40
ay—b —a\b
(4.8) ety —e A e
ey + emaN
that is, we define
w 1/(2b
- e (1 — =) /( )_ 1 g\ V@)
(4.9) )\0 - wq - M Y
140 I+

where we put Ji := ¢~ for short and define w1 > 0 later. Moreover, we remark that .J;

tends to 1 as ¢ — oo and J; < 1 for large enough ¢. We shall see the order of 1 — J;. Since

.
1-— Jl 1—(" w1
= - — asl— o0
log ¢ log ¢ 4 ’
¢ ¢
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we have

w1 log ¢ log ¢
=1-— .
Ji 17 —i—o( 7 as £ — 0o

Then, we get

1-J1 1 ﬂlogﬁ log ¢ _ wi logt
(4.10) 1+J1_2+0(){4 7 +O<€>}_8 €{1+()}

Therefore, using and -, we obtain

N 1/(2b 1/(2b)
(4.11) No =M (%) ! )(1‘}%5) {1+ 0(1)}1/),

Thus, using (4.7), (4.8) and (4.11), we get

F(X\g) = Cog" 0™t + N2

/(2b) [log £\ ~H/(2b)
— CoM- M(S) - <°§> {1+ o(1)}~H/ () g

— w1/ (log 0\ V/°
(1.12) ca () (250 oy
—n/(2b)

= M+ ( - ) =t () (10g 0) R D) 11 4 o(1)}

)" ()

Since we can choose sufficiently large wq, by using and -7 we obtain

log ¢ 1/
14

for ¢ > 2, where C5 depends only on M, My, p* and p.. We here remark that C5 can be

(4.13) I < F(ho) < C3 <

chosen independently of p due to the observation
log(1/p") _ log(1/p) _ log(1/px)
» <b= ” < » .
log(p*/px) log(p*/p«)  log(p*/p«)
We next evaluate I5. Let 0 < k < 1 be given. Let Ny be the minimum integer satisfying

p™N? < Kk, namely
log k
log p

(4.14) Ny—1< < Na.

We now divide I into two parts:

gl 4 low | v
A ¥ (ISR b
; (p* + p=F)? 2 2k
(4.15) N i - 4 20 ﬂ+%2p2k
(PF+p7F)? 2 2
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Then, using (3.8), (3.10) and (4.14), we have

1
(416) 122 S p2N2

—~ 2 1~2
< ZMy o2 < Z M R2
=39 0P =3 oK

On the other hand, by (3.7)), (3.10) and (4.14)), we obtain

No—1 1 "
k 2k
I, = tanh [ klog —
= 3 e (i)} [ 3
k=1
S tanh (Ng—l)log— Z i_i_i
) 2 2k
(4.17) k=1
1—~2 1\ *
< =M, {tanh <(N2 —1)log >}
2 P
4
1—~2 w l=2(rt—k
< 5 0 {tanh(— log H)} = iMo </§;_1—i-/€> .
Combining (4.15]), (4.16) and (4.17)), we obtain
(4.18) I, < G(k),
where
1 ~2 K1 —k 4
4.19 G(kr) := =M _ SN
(419) (x) = 3 3y {<+) +/~e}
Now, let us choose x such that G(k) is as small as possible. We choose k¢ satisfying
o 1 Ko 40
(4.20) <0> = {2,
K + Ko
that is, we define
1— Jy 1/2
4.21 =
(a.21) w=(157)
where we put Jo := ¢~ for short and define wo > 0 later. Then, we remark that Jo
behaves like J;. Therefore, from (4.21)), we have
12 (log £\ "/
(4.22) Ko = (%) ("f) {1+ o(1)}.

Thus, using (4.19), (4.20) and (4.22]), we get

1 ~—
G(Ho) = §M02(£_w2 + K,Q)
(4.23) 1 s
L [

wo log ¢

2L+ o).
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Since we can choose sufficiently large wa, by using (4.18) and (4.23), we obtain

log ¢

(4.24) IQ S G(Iﬁo) S 04 7

for £ > 2, where Cy depends only on Mj.
In the case where p, < p < p,/p*, we remark that we have 0 < 1/b < 1. Hence, using

(4.1), (4.13]) and (4.24)), we obtain

log ¢ 1/
¢ 2
[ ~ w7 < C< ‘ >

for £ > 2, where C' > 0 depends only on M, My, p, and p*. On the other hand, in the
case where p,/p* < p < p*, we remark that we have 1/b > 1. Hence, using (4.1)), (4.13])

and (4.24)), we obtain

< Clogf

l 2
||u( ) — uHLQ(B1\B7p*) = 7

for £ > 2, where C' > 0 depends only on M, My, p, and p*.

5. Proof of Theorem

As the Cauchy data, we especially choose

P(0) = ps(e™ + %), w(9) =0,
where s # 0,£1 and ¢ is a positive number. Then, we have
2.

(5.1) I3 (o5, = 4mles

Moreover, using (3.1]), we obtain the explicit solution formula to the Cauchy problem (/1.2)).
It is given by

(52) a(r,g) — %(’I"S + T—S)(eisg + e—is@)
and we have
(5.3) HUH%Q(E)BP*) = 7|5 pu (05 + p2%)°.

Furthermore, an approximate solution u() obtained by the iteration procedure with () =

0 and v = p is given by

(5.4) u®(r,0) = —% [{1 - ”} —1| (r* + T—S)(ezsa + e—zs@)‘
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‘We now choose s such that

log
(5.5) s > max {2 MO‘//T* } .

log p%

Then, we remark that we have
Y

5.6 Mt
>0 Tou(ps + pi®)E T Am

by using . We here put
M
ﬁﬁ@+ﬂW
Then, using , , and , we know that conditions and (| . are

satisfied.

On the other hand, since we have

(5.7) 0y =

s—1/2

M
SOS - 2\/>P* 9
using ([5.2)) and (5.4), we obtain

1— 2\ % ( *)—2(5—1) 1 1—( *)2(s+1)
(Z) _ 2 I 2 p 4 _ 1\ 2 p—
1™ =2 g5 7W%(1+p%> { -y T T

N (1 _ p25)4z (p*)—2(s—1) -1

14 p? 2(s—1)
o M2 o (1= P\ ()T - (0))
=g o\ 25
M?(p*)? oo L () (1= N\
= 1= (= 5% ) -
8P+ s\ p 1+p

2(,%)2
Since %{1— (p*)?} is independent of s, in order to see the optimality, it is sufficient

to show the following lemma.

Lemma 5.1. There exists no C > 0 such that
og(p* /p*)+2€

1/ p\* (1= P\ . (logt Tosas
(5.8) S (e P c(288)
S p* 1 _|_p23 f
for any s satisfying (5.5), £ > 2 and p € [p«, p*].

Proof. By taking the logarithm of both sides, (5.8]) is equivalent to

IN

X(4,5) <logC,
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where

X (4, s) := —logs+ 2slog p—i + 40{ log(1 — p**) — log(1 + p**)}
p

log(p*/p+) > log ¢
([ 2BLP) 9o ) 10g 2B
( log(1/p) ¢
We now show that
(5.9) X({,clogl) — o0 asl — oo

holds by taking ¢ such that

1 - 1 €
— < c< +
2log(1/p) 2log(1/p) ~ log(p*/p:)

for any € > 0. Since we have

(5.10)

1
log(1—t) —log(l+1¢t)> -3t for0<t<—,
g(1 —t) —log(1 +¢) 7
we get
X (¢, clogl) > —log(clog /) + 2clog {log p—: — 12¢0p%¢lost
p
log(p*/p+) } log ¢
— 94— +2¢log ——
{ log(1/p) l
2{elos G+ SET i+ ]
(5:11) = —logc + log ¢ ’ B — 12¢p¥lost

log(p* /px)
(]og€)1+ log(1/p) +2e

o 2 4 108(0* /px)
{108 2+ 8 P ve

- 12€1+2Elog o

= —logc + log

log(p*/px)
(log )" sty 12

. 1
for 0 < /)2‘310gZ < %, that is, £ > 34¢lee(1/p) | Since
14 2clogp <0

holds by (5.10f), the third term on the right-hand side of (5.11]) tends to zero as £ — .
On the other hand, the second term on the right-hand side of (5.11]) diverges to positive

infinity as £ — oo since
w1 -
Flog 2 og(p*/px)
p*  2log(1/p)

holds by (5.10). Hence, we obtain (5.9)).

Strictly speaking, both ¢ and s are natural numbers now. Then, let us take a natural

%\ 1/e
m>(P) .
Px

+e>0

number m such that
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Let ¢ = m4, where ¢ is a natural number. We remark that (5.10) is equivalent to

logm < Zlogm < logm elogm
2log(1/p) 2log(1/p) ~ log(p*/ps)’

elogm . ~ . . ~ .
where oglo /ps) > 1 holds. Hence, there exists ¢ satisfying (5.12]) such that clogm is a

natural number. Then, both £ = m? and s = ¢log { = cglog m are natural numbers, and

(5.12)

X(mi cqlogm) — oo as ¢ — oo.

Therefore, the lemma follows. ]

6. Proof of Theorem

We first remark that the condition (1.6]) is equivalent to

(6.1) 27lpf — pol* +4m Y o) — prl* < 8
k=1

and

(6.2) 2g — ol +4m Y [yf — wl* < 67

when we express

©%(cos 0, sin 6) Z et p9(cos 6, sin 0) Z Yletkd
keZ kEZ

)9 obtained by the iteration procedure

Moreover, using ([3.4)), an approximate solution u'
with 7(®) = 0 and v = p for Cauchy data ©% and ¢° is given by

—_—~—

u®:3(r, 0)

o il = ey [{1<p+4p>}1

vy -
+Zk7_k(/) k= pFr )™ 4 g + g log .
= k4 p7E)

(Tk + T—k)eikﬁ

Furthermore, we have

(6.4) ”U(Z) UHL2(31\B 5 = ||U - U(£)|’L2(31\Bfﬁ) + ||U(£) - U||L2(Bl\37p*)-

We now evaluate the first term on the right-hand side of (6.4)).
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Lemma 6.1. Under the assumptions in Theorem [1.6, we have

(65) HU(E) Z HLZ By \B ) < C(0652
where a positive constant @vo depends only on p*.
Proof. Using (13.4]) and ( -, we have
(6.6) JZ),/(T 0) —u 4) (r,0) Zw )etk?
keZ

where

_pk ¢

~3{el - +‘%“fﬁﬁ,§)}[{1—(w4§ky} —1}&k+r_h

wi(r) == _1_%@—19 b pkp—hy

@S — o + (Y3 — o) logr

Then, using , we have

67 O O ) = 27rz/ (@ () r dr + 27
k£0

We first evaluate |wy,(r)|? for k # 0. We have

g (r)]?
0 — il (0F — p )\ 4
(68) =3 %@k ol + kk@k+4fk) } !{1_(Pk+ﬁ’k2
|9 — il

—k, .k k,.—k
et )

Here, since
1—(1—s)"<ts

holds for 0 < s < 1, by (3.8), we remark that we have

4 ‘ 4
(09 1__{1__(pk+wf*72} =W

Moreover, using (3.8) and (6.9)), we have

1
|ﬂ)\0(7“)|27“ dr.
p*

(6.10)

4

et ¢ {1
(p+p (pF + pF)2
p

p+p

601

if k £ 0,
if k = 0.

—k)2
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Combining and (/6.10]), we obtain

B ; [ = Url(0* = p7) ) L0 4 )

’¢g _wk’2 —k,.k k,.—k\2
R o 0T

(6.11)
+2

for £ # 0. On the other hand, we get
(6.12) [@o(r)1? < 2{le} — wol® + [ — wol*(log )}

Then, using (6.7), (6.11) and (6.12)), since ¢, 1, ¢ and ¥ are real-valued functions, we
obtain

(6.13) (|l — \|L2 BB < D+ 2o+ Zs,
where
k —k\ Y 2
- 1
. 5 m Uil(p” —p )}
e Z {m k(" + pF) (p* + p=)?

(pr) 2D — oo 1= (p7)2+D)
8 { 20k — 1) Sl () 2(k + 1) }

wf—wp—p—l)}Q 1
(

+87r£{cp5—cp1 +
’ 1 | p+p‘1

x [i —log p* — (p*)? {1 + i(p*)QH :

o0 2 «\—2(k—1) _ 1 1 — (p* 2(k+1)
PR o km vl - {(p ) 24 (24 () p%}
k=2

2(pk 4 p~ 2(k—1) 2(k+1)
5 2
[V — ] [ L -

+ 87
(p+p1)?2

) =1+ (") = pPlog p*}
and
é 2 *\2 ) 2 1 %\ 2 *\2 * 1
Z3 :=2m|ph — pol?{1 — (p*)?} + 27wy — ol 5*(0) (log p*)* —log p +§ .

We first evaluate Z;. Since

e S L e o
TRy 2(k +1)
(p)~20=1) L5, o\ —2k=1)
S ———+l+-<3
< 5 +1+ 6= 3(P )
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holds for k£ > 2, we have

_ 2 2(k 1)
Zl<C’01€Z{ 90+(wk ¥i) (" p }

p k(p* + p* (p* + p*
< 200152 ’(Pk 90k|2 + |¢k V| )( )2k((pk )
(6.14) k=1
[ee]
<2C010 > (leh — enl* + 10} — vnl?)
k=1
- 2 2
<2000 <5 + 5) Cln =0 ps2
4w Ar

by (6.1)) and (6.2)), where

1
Co1 := 87rmax{?1 —log p* — (p*)? {1 + 4([)*)2} ) 2} )

We next evaluate Zs. Since

(p*)fQ(kfl)_l ok (*)2(k+1
AL —, |
sh—1) + (p*)? + 30kt 1) P
1 o\ 1
< w2 [ M *\2 —2k
<P (5) 0P g
L, 2 w2 1 _op D _ogp
<= - <=
_2(p)+(p)+6p <3P
holds for k£ > 2 and we have
1 *\4 *\ 2 2 * 1 1_(/)*)4 2 *\ 2 4 1
@{1—(0) J=14(p")? = p’logp =p2[4—p {1-0)%} +p log

we get,

W’k @bk‘Q —2k 2
Z2<0022mp <C Z‘wk wk‘m

(6.15) =1

C
< Con Z v — vl* < =20

k=1
by (6.2)), where

— 1 1
Co2 := 87rmax{4 —|—logp g}

Finally, we evaluate Z3. Since we have

>

)

F-

(log p*)? —lo *+}— lo 1 2-I-1
gp g p 9~ gp 9 4
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we get,

1 3
(6.16) Zs < 2m|pf — ol + 7|y — ol §52+§52 = 552

by (6.1)) and (6.2)). Therefore, combining (6.13)), (6.14]), (6.15)) and (6.16)), we obtain

C’ C’
[ul® —u®]2, (BABE 01552 = 52 + 52 < Cyts?
for £ > 1, where -
~  Cor  Co2 3
Co = v + 4 * 2
The proof is completed. O

Lastly, we prove Theorem [1.6]

Proof of Theorem [1.6] We first consider the case where p, < p < p,/p*. Using (L.5)), (6.4)
and (6.5)), we have

0),0 0), J4 J4
Hu( )0 u”i?(Bl\Bip*) < 2(”u( 10—y )”12(31\37;)*) + ||u( ) — uHiQ(Bl\Bip*))
(6-17) log(p™ /px)

log(1/p) —
< 200082 +2C (IO§£> s < C11H(0),

where C1p := Zmax{avo,C} and

log(p*/px)

log ¢ log(1/p)
Hy(0) = 6% + (05 ) o

Let ¢ = £(6, p), where the definition of ¢(d, p) is given in Theorem We now remark

that we have

14
(6.18) 5 <{—1<l(.p) <t
for £ > 3, and
1 1
(6.19) 0 <loglog 5< log 5

log(p™ /px)
We also remark that ¢y(d, p) is monotone decreasing for 0 < § < e 2ls(1/p) . Hence, we

have
2log(1/p) log(p™ /px

0o(0, p) > Lo(e™3, p) = (&) Toe/p) Floa(o™/ox) 3log<1/p>+1og<p*/p*> >3

since we now consider 0 < § < e~3. Then, we obtain ¢ > 4. Therefore, using (6.18) and
(6.19), we obtain

log(p* /px)

14 1\ Tos(1/p)+log(p™/px)
(6.20) (8° = 256% < 200(3,p)5” =2 <52 log 5) sy
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and
log ¢ < log ¢(9, p)
e = 00,0
0g(1/p)
(6.21) 2log(1/p) + log(p*/p+) <52 log 1> o1 F g 7777)
log(1/p) + log(p*/ p+) o
1\1 (1/1(33(11/’]()*/ )
2521 7ogpogpp*‘
< < og5>

Using (6.17)), (6.20) and (6.21]), we have

log(p* /) 1\ T T
0,6 9 — in Pk 9 og(1/p)+log(p*/px
Il < O (2425057 ) (10

log(p* /px)
—~ 9 1\ log(1/p)+log(p* /px)
<Ci|d logg

)

where

— — log(p* /px)
Cl = Cll <2 + 2 log(1/px) ) .
We next consider the case where p./p* < p < p*. Similarly, using (1.5)), (6.4) and
(6.5), we have

£),8 £),6 / /¢
Hu( )0 UH%Q(Bl\Bip*) < 2(”U( )0 u( )Hi?(Bl\Bip*) + Hu( ) — uHiQ(Bl\Bip*))

(6.22) _ __
< 2C,06% + 20# < Co1Ha(¢),

where 6’;1 = Qmax{aa,C} and

log ¢
Hy(f) = 082 + %.

Let £ = £(5, p). We remark that £4(d, p) is monotone decreasing for 0 < < y/e. Hence,
we have

lo(5,p) = Lo(e™3, p) = V3e? > 3

since we now consider 0 < § < e~3. Then, we obtain ¢ > 4. Therefore, using (6.18) and
(6.19), we obtain

1/2
(6.23) 06% = 2552 < 200(6,p)0% =2 <52 log ;)

and

logl _loglo(s,p) 3 (. 1\
24 < 2 ).
(6.24) = 00, < 5 0% log
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Using (6:22), (6:23) and (6:2), we have

s 1\ /2
0),0 2
||u( )6 _ u||L2 BB S < Cy <5 log 5> )

where

The proof is completed. O

A. A solvability of the weak solution

In this appendix, we prove the solvability of the weak solution.

Proof of Theorem [2.2] Let us first assume that n € C*°(dB, ) and ¢ € C*°(0B1). Then,
the boundary value problem (2.1)) has a solution v € C*(B; \ B,). Moreover, u also
solves the problem in the Weak sense defined in Definition Indeed, multiplying
the equation in the problem by g and using and the divergence theorem, we

arrive at ([2.2)).

We first prove the inequality (2.4]). Denote by g the solution to the equation
(A.1) Ag=wu in B\ B,
subject to (2.3). This problem has a unique solution g € H?(B; \ B,) which satisfies

(A.2) HQHHQ(BI\E) < C1llullp2s,\5,):

We now take g as a test function in . By (2.2 ., we have

(A.3) / uAgdr = — Vg do —i—/ na do.
B\B, o8, oB, OV

Moreover, from , we get

A4 / ulAgdr = / u? dx U .

(A1) . [t = Wl

Using the Cauchy—Schwarz inequality, we have

(A5) / bgdo < [¥llz2050 9208
0B1
and
dg dg
(A.6) / 9 4o < Inll 2o ] .
Tov @Bp) || 51 12(08,)
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Hence, combining (A.3)), (A.4), (A.5) and (A.6), we obtain

dg
(A7) 72 535 < 1 lz20m0 9l z20m,) + Ill2om,) ‘8” :
L2(0By)

From the well-known trace inequality for g, we have
(A.8) 91l z2081) < Callgll p2(m\55)
and
(A.9) H Sy —

12(0B,) H?(B1\B))
Therefore, combining (|A.7] , and , we obtain
(A.10) lull22 ) < Callllizom) + Il sz, 9l 2

where

C) = max{Cy, C4}.
Thus, the inequality (2.4) follows from (A.2) and ( , where C" := C{C}.

To handle the general case, we approximate n and @ZJ in the appropriate L?-norm by
smooth functions n; € C*°(9B,) and ¥; € C*°(0B), that is,

(A.11) Inj —nll208,) — 0 asj — oo,
and
(A.12) 2y — 1/}HL2(831) —0 asj— oo.

Let u; be the solution to the problem ({2.1) with data 7n; and ;. We then note that we

have

(A13) luill 2minm) < O (Ijllzz@s,) + 195l 208:))-

Using (A.11)), (A.12)) and (A.13)), we get

(A14) luj = upll 2 g5 < C (05 = mellz208,) + 14 — Yellz208,) =0 as j,k — oo

It follows from (A.14) that {u;}32, is a Cauchy sequence in L*(B;y \ B,). Hence, {ui}se,

converges to u € L2(31 \ B,). Moreover, we remark that we have

(A.15) / ujAgdx + Vigdo —/ Nj5—do =0
BI\B, 0B, oB, ~ Ov
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for every g € C*(By \ B,) subject to (2.3)). By the Cauchy-Schwarz inequality, we have

/ (uj —u)Agdx
Bi\B,

Evaluating the second and third terms on the left-hand of (A.15)) in the same way, we
have ([2.2). Furthermore, since {u;}32, is a Cauchy sequence, we have

< luj — uHLQ(Bl\E)”Ag”LQ(Bl\E) —0 asj— oo

Thus, using (A.11), (A.12), (A.13) and (A.16]), we obtain (2.4).
We finally show that the solution to the problem ({2.1)) is unique. Let u; and wuy be

solutions to the problem (2.1). We now put u = uj; — ug. Then, by linearity, we have (2.1))
with n = ¢ = 0. Hence, it suffices to show that if

(A.17) / uAgdr =0
Bi\B,

for all test functions g, then w = 0. Now, let g be the test function that we used earlier.

It follows from ({A.17) that

0 :/ uAgdr = ||ul|? = -
o (-

Therefore, we obtain u = 0. O
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