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Canonical Comultiplication and Double Centraliser Property

Nan Gao*, Jing Ma and Juxia Zhang

Abstract. In this paper, we show the existence of the attached comultiplication struc-
ture on Homea.(eA, D(Ae)) if an (eAe, A)-bimodule eA has the double centraliser
property over an algebra A with the idempotent e. Then we apply it on gendo-
Gorenstein algebras. As applications, we give a sufficient and necessary condition for
a gendo-Gorenstein algebra to be Gorenstein, and give a bocs-theoretic characterisa-

tion of the double centraliser property.

1. Introduction and main results

The double centraliser property is a frequent phenomenon in mathematics. It means that
the endomorphism algebra of A-B-bimodule M as a left A-module M is B, while the
endomorphism algebra of M as a right B-module M is A. The famous Schur—Weyl du-
ality is a special case of the double centraliser property. It refers in particular to the
double centraliser property of bimodules of classical Schur algebras and group algebras of
symmetric groups [7]. Soergel [9] gave Schur—Weyl duality of BGG-categories on complex
semisimple Lie algebras. The general double centraliser property is also called general-
ized Schur—Weyl duality in the literature. With this property, there is a close connection
and comparison method. Konig—Slungard—Xi [8] exhibited algebraic structures behind the
double centraliser properties, which can be used to prove the classical Schur—Weyl duality
between Schur algebras and group algebras of symmetric groups or Soergel’s structure
theorem for blocks of category 0. What’s more, they studied double centraliser prop-
erties on projective-injective modules and tilting modules respectively. Fang-Koénig [5]
constructed from the double centraliser property a comultiplication on gendo-symmetric
algebras. Brundan—Kleshchev [2] gave the applications of the double centraliser property
in higher Schur—-Weyl duality, and there are examples of the double centraliser property
in quantum affine Schur—Weyl duality in [3].
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Gao and Konig [6] introduced gendo-d-Gorenstein algebras, which are as correspon-
dents of Gorenstein algebras under a Morita—Tachikawa correspondence. It is known that
the double centraliser property plays a key role in defining gendo-d-Gorenstein algebras.
They described the double centraliser property in terms of grade, which is also described
via dominant dimension.

In this paper, we will show the existence of the comultiplication structure attached to
the double centraliser property, and based on it, we will give a sufficient and necessary
condition for a gendo-Gorenstein algebra to be Gorenstein. We will give a bocs-theoretic
characterisation of the double centraliser property. Inspired by the comultiplication, we
will characterise the dominant dimension.

Our main results are the following.

Definition 1.1. (see Definition There is a canonical comultiplication A on
Homee(eA, D(Ae)) attached to the (eAe, A)-bimodule eA with the double centraliser
property up to an invertible central element of A.

In particular, if moreover (A4, e) is gendo-Gorenstein, we call A the associated comul-

tiplication on (A4, e).

Theorem 1.2. (see Theorern Let A be a finite-dimensional k-algebra and e an idem-
potent of A such that Homa.(eA,eAe) = Ae. The canonical bimodule associated to A is
defined to be the A-bimodule

V := Hom4 (D Homeac(eA, D(Ae)), A).
Then the following are equivalent.

(i) The (eAe, A)-bimodule eA has the double centraliser property.

(ii) There is a comultiplication and counit such that (A, V) is a bocs.

The paper is organised as follows. In Section [2, we show the existence of the attached
comultiplication structure for a gendo-Gorenstein algebra, and using it, a sufficient and
necessary condition is given for a gendo-Gorenstein algebra to be Gorenstein. We also
prove that gendo-Gorenstein algebras with the attached comultiplication are preserved
under Morita equivalences. In Section [3| we give a bocs-theoretic characterisation of the

double centraliser property.

2. Canonical comultiplications on gendo-Gorenstein algebras

In the section, we show the existence of the comultiplication structure for a gendo-
Gorenstein algebra, and moreover, give a sufficient and necessary condition for a gendo-
Gorenstein algebra to be Gorenstein. We also show that gendo-Gorenstein algebras are

preserved under Morita equivalences.
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2.1. Canonical comultiplication attached to the double centraliser property

In this subsection, we aim to exhibit a closed structure with double centraliser property.
We will derive the existence of a comultiplication from homological properties of finite-
dimensional algebras.

Let A be a finite-dimensional k-algebra over a field k£ and e an idempotent of A. Let
D: A-mod — A°P-mod be the duality. Then we have an A-bimodule isomorphism

D(Ae ®cpe €A) = Homege(eA, D(Ae)).
So there is the induced A-bimodule isomorphism
v: Ae ®@epe €A = D Homeae(eA, D(Ae))

such that
V(ae @ eb)(f) = f(eb)(ae)
for a,b € A and f € Homca.(eA, D(Ae)).

Lemma 2.1. The following are equivalent.

(i) The (eAe, A)-bimodule eA has the double centraliser property.

(ii) There is an A-bimodule isomorphism

(2.1) End4 (D Homeac(eA, D(Ae))) = A.

(iii) There is an A-bimodule isomorphism

Hom 4 (D Hom,4.(eA, D(Ae)), A) = A.

Proof. (i) < (ii) Note that there is a series of A-bimodule isomorphisms induced by the
isomorphism ~:
End4 (D Homeac(eA, D(Ae)))

>~ Endg(Ae ®cac €A) = Homege(eA, Hom g (Ae, Ae ®cac €A))

= Homege(eA, eAe ®cae €A) = Endege(eA).
This implies the desired result (i).

(i) & (iii) Since there are the following A-bimodule isomorphisms induced by the
isomorphism -:
Hom 4 (D Hom,4.(eA, D(Ae)), A)
>~ Homy(Ae ®eae €A, A) = Homege(eA, Homy(Ae, A)) = Endeac(eA),

it follows that the (eAe, A)-bimodule eA has the double centraliser property if and only
if Hom 4 (D Home4.(eA, D(Ae)), A) = A. O
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Now we are going to construct the comultiplication on Home4¢(eA, D(Ae)) hidden in
the double centraliser property.

Notice that there is an isomorphism

D Homege(eA, D(Ae)) ®4 D Homeac(eA, D(Ae))

ToEA (Ae @eac eA) @4 (Ae @eac ) 2 Ae @eac eA % DHomeac(eA, D(Ae)).

Let m be the composition of the canonical morphism D Hom,.(eA, D(Ae)) ®y
DHomeac(eA, D(Ae)) — D Homeac(eA, D(Ae))®4 D Homeac(eA, D(Ae)) with the above

isomorphism, i.e.,
m: DHomec(eA, D(Ae)) @ D Homeae(eA, D(Ae)) — D Homeac(eA, D(Ae)).
Dualising m yields the map
A: Homeyc(eA, D(Ae)) — Homeae(eA, D(Ae)) @k Homeac(eA, D(Ae))

such that (¢ ® ©)A(f) = m(e ® ¢)(f) for any ¢, € DHomeac(eA, D(Ae)) and f €
Home 4. (eA, D(Ae)).

Now we assume that the (eAe, A)-bimodule eA has the double centraliser property.
Then from Lemma (iii) we consider the isomorphisms

Hom 4 (v,A)
—0 %

(2.2) Hom 4 (D Hom,4.(eA, D(Ae)), A) Hom g (Ae ®cqe €A, A) = A.

Let 6: DHomeyc(eA, D(Ae)) — A be the inverse image of 1 € A under the isomorphism
(2.2). Then 6 is an A-bimodule morphism with (6 o 7)(ae ® eb) = aeb for a,b € A, and
e = Ide A-

In the following, we represent an element ¢ in D Homea.(eA, D(Ae)) by v(ae ® eb) for
some a,b € A as vy is an isomorphism for simplicity. Then by definition of m we have the

equalities
m(y(ae ® eb) @ v(ce ® ed)) = y(ae ® eb ® ce @ ed) = y(aebce @ ed)
for any a,b,c,d,x,y € A.
Lemma 2.2. The map m satisfies
m(l@m)=m(m®®1)

as k-morphisms from D Homeac(eA, D(Ae)) ®; D Homeac(eA, D(Ae)) @k D Home g, (€A,
D(Ae)) — DHomeac(eA, D(Ae)), and for any ¢, € D Homeac(eA, D(Ae)),

0(m (o ® ¢)) = 0(0)0(¢)-
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Proof.
m(1 ®m)(vy(ae ® eb) ® y(ce ® ed) @ y(xe ® ey))
= m(y(ae ® eb) ® y(cedre ® ey)) = y(aebcedre ® ey),
m(m @ 1)(y(ac © eb) @ 1(ce & ed) @ 1(we @ €y))
= m(y(aebce @ ed) ® y(ze @ ey)) = y(acbcedxe ® ey)
and

(0 om)(v(ae ® eb) @ y(ce ® ed)) = 0(y(aebce ® ed)) = aebced = (aeb)(ced). O

Lemma 2.3. Let A: Homeg.(eA, D(Ae)) — Homege(eA, D(Ae)) @ Home g (e A, D(Ae))

be as above. Then we have the following.
(i) A is an A-bimodule morphism.

(ii) As k-morphisms from Homeac(eA, D(Ae)) — Homeac(eA, D(Ae)) @, Homeac(eA,
D(Ae)) Rk HomeAe (€A> D(Ae));

(1®A)A = (A® A,

(iii) ImA = {szl’@)fl” | Yuflax fl =3 fl®afl \Vae A}.

Consequently, the map A is a coassociative comultiplication on the A-bimodule
Home4.(eA, D(Ae)).

Proof. (i) For a,b,c,d,z,y € A and f € Homeac(eA, D(Ae)), we have the equalities

(v(ae ® eb) @ y(ce ® ed))A(xzfy) = m(vy(ce ® ed) @ y(ae @ eb))(z fy)
= 7y(cedae ® eb)(x fy)
= f(ebx)(ycedae),

(v(ae ® eb) @ y(ce ® ed))((xA(f))y) = (v(ae ® ebx) @ y(yce ® ed)) A(f)
=m(y(yce ® ed) ® y(ae @ ebx))(f)
= v(ycedae ® ebx)(f)
= f(ebx)(ycedae),

(v(ae @ eb) @ y(ce ® ed) ) (x(A(f)y)) = (v(ae ® ebx) @ y(yce ® ed)) A(f)
= v(ycedae ® ebx)(f)
= f(ebx)(ycedae).

So A(zfy) = zA(f)y, i.e., A is an A-bimodule morphism.
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(ii) For any u € Homeac(eA, D(Ae)) and ¢, p, 9 € DHomeac.(eA, D(Ae)), let A(u) =
S uh @l where ul, v € Homeae(eA, D(Ae)). Then

(@ e@y)(1eA)A(u)

=(p@pY)(1®A) (Zu ®u"> Z¢ (o @ Y)A(u])
—qu m(yh ® ¢)(u) = (¢®m(w®s0))A()= m(m(¢ @ @) ® ¢)(u),
(@ e@Y)(A®1)A(u)

=(¢pReeY)(A®1) (Zu ®u”> = (6@ @) Alu)p(uy)

i

sz(<ﬁ®¢ up)p(uf) = (mp ® ¢) @ Y)A(u) = m( @ mp ® ¢))(u).

Thus it follows from Lemma [2.2 that (1 ® A)A = (A ® 1)A.

(i) Let S = { S, flo ff | Sifla® f = X, fl@af!,Va € A}. Then ImA C %.
Indeed, for any f € Homeac(eA, D(Ae)), let A(f) = >, f/ @ fI'. Then for any ¢,¢ €
DHomeac(eA, D(Ae)) and a € A,

(p @) (Zfa@f”) (ap @) (Zf ®f”> (ap @ P)A(f) = m(d @ ap)(f),

(p® ) (Zf ®af”) (¢ ® va) (Zf ®f”) (o ® Ya)A(f) = m(pa @ ¢)(f).

By definition of m, there is an equality m(y ® ap) = m(va @ ¢). Thus A(f) € X.

Conversely, on the one hand, for each f = >, f/ ® f/ € X, there is a k-linear
map D Homeac(eA, D(Ae)) — Homeac(eA, D(Ae)), denoted by f, such that f(ap) =
Yoio(fOfl for any ¢ € DHomeac(eA, D(Ae)). Since Y, fla® f' = >, fl ® af] for
any a € A, it follows that

Flaw) =3 ()N =Y w(fia)f! =D _e(faf! = af(p),

i

fis aleft A-module morphism, i.e., f € Homy (DHomeac(eA, D(Ae)), Homeac(eA, D(Ae))).

This means that we define an injective map
Y — Homy (D Homeac(eA, D(Ae)), Homeac(e A, D(Ae)))
by sending f to f On the other hand, we have a series of isomorphisms

HomeAe(eAv D(Ae)) = HomeAe(eAa HomeAe(eAe7 D(Ae)))
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=~ Homeac(eA, Homy(Ae, Hom, 4. (e A, D(Ae))))
=~ Homy(Ae ®eae €A, Hom4.(eA, D(Ae)))
=~ Hom 4 (D Home e (eA, D(Ae)), Home 4.(eA, D(Ae))).

Thus we obtain from A being injective that > C Im A. This completes the proof. O

Lemma 2.4. Let
A: Homeac(eA, D(Ae)) — Homeae(eA, D(Ae)) @) Homg . (eA, D(Ae))

be a k-linear map satisfying all conditions in Lemma [2.3} Then there exists an invertible
central element z of A such that
A=Aoz.

Proof. Note that A induces a map
w: DHomeac(eA, D(Ae)) ®; D Homegc(eA, D(Ae)) — D Homege(eA, D(Ae))

such that for any ¢, p € DHomeac(eA, D(Ae)) and f € Homeac(eA, D(Ae)),
(6 ® ©)(f) = (p ® HA(S).

By assumption p induces an A-bimodule isomorphism
D Homeye(eA, D(Ae)) ®4 D Homeae(eA, D(Ae)) — D Homeac(eA, D(Ae)).

This means that there exists an A-bimodule isomorphism w € End4(Hom,4.(eA, D(Ae)))
such that A(f) = A(w(f)) for all f € Homeae(eA, D(Ae)). Therefore there is an invertible
central element z € A from (2.1)), so that A(f) = A(fz) for all f € Homeac(eA, D(Ae)).

O

Definition 2.5. We call A the canonical comultiplication on Hom, 4.(e A, D(Ae)) attached
to the (eAe, A)-bimodule eA with the double centraliser property up to an invertible
central element of A. In particular, if moreover (A, e) is gendo-Gorenstein, we call A the

associated comultiplication on (A4, e).

Remark 2.6. Let (A, e) be a gendo-symmetric k-algebra. Then Home4.(eA, D(Ae)) = A
as A-bimodules, and so the above map A: A — A ®;, A is exactly the comultiplication on
A in the sense of Fang and Konig [5].

Now let A be the canonical comultiplication on Hom,4.(e¢A, D(Ae)). If B is Morita
equivalent to A, then there is a projective generator P in A-mod such that B = End 4(P)°P,
and

M — HomA(P,A) QRaAM s P

defines an equivalence F' from A-bimod to B-bimod. It follows that F(Ae ®c4. €A) =
Homy (P, A) ®4 Ae ®caec eA®@4 P = Homy(P, Ae) @cac eP.
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Lemma 2.7. Let f be an idempotent of B corresponding to B-module Hom 4 (P, Ae). Then
F(A) is the canonical comultiplication on (fBf, B)-bimodule fB.

Proof. By assumption Homy (P, Ae) ®cac eP = Bf @¢ps fB. Then by Lemma (iii)

there are the isomorphisms
B = F(A) = Homp(F(Ae ®cac €A), B) = Homp(Bf ®spy fB,B) = Endsps(fB).

Thus we obtain that the (fBf, B)-bimodule fB has the double centraliser property, and
moreover, F'(A) is the canonical comultiplication attached to the (fBf, B)-bimodule fB.
O

Proposition 2.8. Let A be a finite-dimensional k-algebra and e an idempotent of A such
that the (eAe, A)-bimodule e A has the double centraliser property. Then the following hold.

(i) Let E/k be any field extension. If (A, e) is gendo-Gorenstein, then Ap = A®y E is

gendo-Gorenstein with the associated idempotent e ® 1.

(ii) Let B be Morita equivalent to A via the functor F. Use the notation in Corollary 2.7
If (A,e) is gendo-Gorenstein, then (B, f) is gendo-Gorenstein with the associated
comultiplication F(A).

Proof. (i) Since E/k is a field extension, we have that eApe = eAe ®; E. Since eAe is a
Gorenstein algebra, it follows that eAge is a Gorenstein algebra.

Note that each Ag-module is of the form M ®; E, where M is an A-module, and also
for any A-modules M, N,

Homy, (M ®; E,N ®; E) = Homa(M,N) ® E.
From this view,
EDdeAEe(eAE) > Endg(ed) @ F = AR, E = Ag,

and for all n > 1,
Extgy,.(eAp, eApe) = Extgy (eA, ede) = 0.

It follows that the (eAge, Ag)-bimodule e A has the double centraliser property, and eAg
is a Gorenstein projective left eAge-module. Thus Ag is gendo-Gorenstein.
(ii) By Lemma the (fBf, B)-bimodule fB has the double centraliser property and

F(A) is the canonical comultiplication on fB. Since there are the isomorphisms

fBf =Endp(Bf) = Endg(Hom4 (P, Ae)) = End4(Ae) = eAe,
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and
Extlp;(fB, fBf) = Extl, (A, eAe) =0,

we get that fBf is a Gorenstein algebra and fB is a Gorenstein projective left fBf-
module. Thus (B, f) is gendo-Gorenstein with the associated comultiplication F(A). O

In the last of this subsection, we give a sufficient and necessary condition for a gendo-

Gorenstein algebra to be Gorenstein by the above comultiplication.

Proposition 2.9. Let A be the coassociative comultiplication on Homg a.(eA, D(Ae)) such

that A = Aoz for an invertible central element z.

(i) (Homege(eA, D(Ae)),A) has a counit if and only if there is an A-bimodule isomor-
phism
D Hom,g.(eA, D(Ae)) = 1 A,,

where o: A — A is an A-bimodule isomorphism induced by z.

(ii) If (A, e) is a gendo-Gorenstein k-algebra, then (Homeac(eA, D(Ae)), A) has a counit
if and only if A is Gorenstein.

Proof. (i) If ¢ € DHomeac(eA, D(Ae)) is a counit of (Homeac(eA, D(Ae)),A), then for
any y(ae ® eb) € DHomeac(eA, D(Ae)) and f € Homeae(eA, D(Ae)),

m(y(ae ® eb) ® €)(f) = (¢ @ v(ae @ eb)) A(f) = v(ae ® ebz™)(f)

and
m(e ®y(ae ® eb))(f) = (v(ae ® eb) ® &) A(f) = v(2~ ae @ eb)(f).

Let O(¢) = v. Then 0(m(v(ae ® eb) ® €)) = §(y(ae ® ebz™)) implies
aebv = aebz™

for any a,b € A by Lemma Since the (eAe, A)-bimodule eA has the double centraliser
property, we get that AeA is a faithful right A-module. Hence 6 is surjective as an A-
bimodule morphism and thus an isomorphism by Lemma Therefore

D Homeyc(eA, D(Ae)) = 1 A,.

Conversely, if D Homea.(eA, D(Ae)) = 1A, we write this isomorphism by 3:
D Home4.(eA, D(Ae)) — 1A,, then

BTHB(@)B(W)) = 27 B7H(B(m(p @ ¥))) = 2" m(p @ )
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for all ¢, € DHomeac(eA, D(Ae)). Let ¢ = 2= 871(1). Then

Bm(p @ e)) = B(y),

that is,
m(pRe)=poz", mlERp)=poz .

So ¢ is a counit of (Homeac(eA, D(Ae)), A). The second part is verified if we take z = 14.

(ii) Since A is gendo-Gorenstein, we get from the definition that eAe is Gorenstein.
Since D Homeac(eA, D(Ae)) = A as A-bimodules if and only if A/AeA = 0 if and
only if A and eAe are Morita equivalent. It follows that A is Gorenstein if and only
if DHomeae(eA, D(Ae)) = A as A-bimodules. Thus the desired result follows from (i) in
which z = 14. ]

3. Bocs-theoretic characterisation

In the section, we will give a bocs-theoretic characterisation of the double centraliser

property.
As we have seen, given an algebra A and an idempotent e, the A-bimodule

Hom 4 (D Hom,4.(eA, D(Ae)), A) is crucial in characterisations of the double centraliser
property.

3.1. Associated canonical bimodule

In this subsection, we study the properties of this bimodule, and utilize them to provide
new characterisations of the (eAe, A)-bimodule eA having the double centraliser property

and dominant dimension of A-modules.

Definition 3.1. Let A be an algebra and e an idempotent of A. The canonical bimodule
associated to A is defined to be the A-bimodule

V := Homu (D Homeac(eA, D(Ae)), A).
The following result collects some properties of the canonical bimodule.
Lemma 3.2. (i) Homyu(V, D(eA)) = D(eA) as a left A-module.
(ii)) eV = eA as a left e Ae-module.

(iii) DHomeac(eA, D(Ae)) @4V @4 D Homeae(eA, D(Ae)) = D Homeac(eA, D(Ae)) as

an A-bimodule.

(iv) There is the A-bimodule isomorphism V = End4 (V).



Canonical Comultiplication and Double Centraliser Property 49

(v) If F: A-mod — B-mod is a Morita equivalence between algebras A and B, then the

induced equivalence from A-bimod to B-bimod preserves the canonical bimodules.
Proof. (i) We have the isomorphisms of left A-modules

Homy (V, D(eA)) = Homa(Hom4 (D Homeac(eA, D(Ae)), A), D(eA))
=~ Hom 4 (Hom 4 (Ae ®cac €A, A), D(eA))
=~ Hom gop (e A, D Hom 4 (Ae ®cac €A, A))
>~ D(eA®4 Homg(Ae ®cqe €A, A))
>~ DHomg(Ae, A) = D(eA).

(ii) Note that as a left eAe-module,

eV = eHomu (D Homeyc(eA, D(Ae)), A) =2 Hom4 (D Homea.(eA, D(Ae))e, A)
=~ Hom (D Hom, 4. (eAe, D(Ae)), A) = Hom 4 (Ae, A) = eA.

(iii) We have the following A-bimodule isomorphisms by (ii)

D Homegc(eA, D(Ae)) @4V ®4 D Homeae(eA, D(Ae))
= Ae Qepc €V @4 Ae Repe €A = Ae @cpe €A R4 Ae Repe €A = Ae Repe €A.

(iv) We have the following A-bimodule isomorphisms by (ii)

End4 (V) =2 Homy (D Homeac(eA, D(Ae)) @4 V, A)
>~ Homg(Ae ®@epe A R4V, A)
>~ Homg(Ae ®@cpc €A, A) =V.

(v) By Lemma we know that F': A-bimod — B-bimod is an equivalence given by
M +— Homa(P,A) ®4 M ®4 P, where B = End}’(P). It follows that F(Ae ®cac €A) =
Homy (P, A) ®4 Ae ®cae €A @4 P = Homy (P, Ae) ®cae eP. Let f be an idempotent of
B corresponding to B-module Hom 4 (P, Ae). This implies that Hom 4 (P, Ae) ®cac eP =
Bf @y fB. Thus the result follows from the isomorphisms

F(V(A)) = Homp(F(Ae ®cac eA), B) = Homp(Bf ®;py fB, B)
~ Homp(D Homy g (f B, D(BS)), B) = V(B). O

In the following, we give a bocs-theoretic characterisation of the double centraliser

property. Before doing this, we recall the notion of the bocs.

Definition 3.3. Let A be a finite dimensional algebra and W an A-bimodule. Then
the pair (A, W) is called a bocs if there are A-bimodule maps p: W — W @4 W (the
comultiplication) and e: W — A (the counit) with the following properties: (lyy @ 4€)p =

Ly, (e®alw)p = 1w and (1 ®4 p)pu = (L ®@a 1)p.
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Theorem 3.4. Let A be a finite-dimensional k-algebra and e an idempotent of A such
that Home 4.(eA, eAe) = Ae. Then the following are equivalent.

(i) The (eAe, A)-bimodule eA has the double centraliser property.
(ii) There is a comultiplication and counit such that (A,V) is a bocs.

Proof. If the (eAe, A)-bimodule eA has the double centraliser property, then from Lemma
that V= A, and thus (A, V) is a bocs.

Now assume that (A, V) is a bocs with comultiplication p and counit . By definition,
the comultiplication u: V' — V ®4 V is injective. Since there is the A-bimodule isomor-
phism V' = Ends(V) =2 D(V ®4 D(V)) by Lemma comparing the dimension, we
obtain that p is an isomorphism, and furthermore, V' = A. Thus the (eAe, A)-bimodule
eA has the double centraliser property. O

Notice that Lemma [3.2] exhibits the use of the canonical bimodule V in characterising

the D(eA)-dominant dimension of A-modules.

Lemma 3.5. Let A be a finite-dimensional k-algebra over a field k and e an idempotent of
A. Let F' and G be the endofunctors on A-mod such that F/(M) = Hom,4.)op (Hom 4 (M,
D(eA)),D(eA)) and G(M) = Homeae(eA,eM) for M € A-mod. Then there exists a
natural equivalence n: F = G on A-mod. In particular, if the (eAe, A)-bimodule eA has
the double centraliser property, then F(V) = A.

Proof. For each M € A-mod, by the isomorphisms

F(M) = Hom(eAe)OP (HomA(Ma D(GA))7 D(GA))
= Hom(eAe)"P (D(eM)a D(GA)) = Hom(eAe) (eAz GM) = G(M)7

we obtain a natural isomorphism 7: F = G.
If the (eAe, A)-bimodule eA has the double centraliser property, then by Lemma

F(V) = Homeae(eA, eV) = Homege(eA) = A. 0

Theorem 3.6. Let A and F be as in Lemma [3.5 Let M be a finitely generated A-module
and n > 2 an integer. Then D(eA)-domdim M > n if and only if F(M) = M canonically
and R'F(M) = 0 for 1 <i <n—1, where R'F denotes the i-th right derived functor of
F.

Proof. If D(eA)-domdim M > n, then by definition, there is an exact sequence

0— M — D(eA)! = D(eA)? = --- — D(eA)"



Canonical Comultiplication and Double Centraliser Property 51

with all D(eA)’ € add D(eA). Since n > 2, it follows from [1, Proposition 2.1] that
F(M) = M canonically. Applying F to the exact sequence, we get from the isomorphism
F(D(eA)) = D(eA) that RRF(M) =0for 1 <i<n-—1.

Conversely, FI(M) = M canonically implies that D(eA)-domdim M > 2 again by |1}

Proposition 2.1]. Take a minimal injective resolution of M,
O-M—-I'—>IPP-sDP . I

To show that D(eA)-domdim M > n, we prove by induction that I',..., I"™ above are in
add D(eA). Assume that I',... I' are in add D(eA) for t <n — 1. Since R'F (M) = 0 for
1 <i<n-—1,it follows that 0 — F(M) — F(I') = F(I?) — --- — F(I") is exact. This
means that I*t! — F(I**1) is a split monomorphism.

On the other hand, the eAe-module Hom 4 (I, D(eA)) is finitely generated. So we

have an eAe-projective presentation
Hom 4 (D(eA)™, D(eA)) — Homy(D(eA)", D(eA)) — Hom (I, D(eA)) — 0.

Applying the functor Homeage(—, D(eA)) to this sequence, we get the following exact
sequence
0 — F(I'™) = D(eA)™ — D(eA)™.

It follows that I't! € add D(eA). O

Proposition 3.7. Let A be a finite-dimensional k-algebra over a field k and e an idempo-
tent of A. Let M be a finitely generated A-module and n > 2 an integer. If D(eA)-domdim
M > n, then we have the (restricted) first quadrant Grothendieck spectral sequence:

EY? = Ext?, (eA,eM) == RPF(M), Y0<p<n-—1.
Proof. Since D(eA)-domdim M > n, there is an exact sequence
0 — M — D(eA)! = D(eA)? = --- — D(eA)"

with all D(eA)? € add D(eA). Since eA ®4 D(eA) is an injective e Ae-module, and more-
over, eA ®4 D(eA) is Homege(eA, —)-acyclic for 1 < i < n — 1 by Theorem [3.6] we get
from [4, Lemma 4.3] and Lemma the (restricted) first quadrant Grothendieck spectral

sequence:
EP? = Ext?, (eA, Torl(eA,M)) = RPMIF(M), VO<p+qg<n-—1.

Since Tor?, (eA, M) = 0 for all ¢ > 1, we get the (restricted) first quadrant Grothendieck

spectral sequence:

EP? = Ext?, (eA,eM) = RPF(M), Y0<p<n-—Ll -
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