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On Sobolev-type Inequalities on Morrey Spaces of an Integral Form

Takao Ohno* and Tetsu Shimomura

Abstract. We prove Sobolev-type inequalities for modified Riesz potentials of functions
in Morrey spaces of an integral form over non-doubling metric measure spaces. Our
results are new even for the doubling metric measure setting. In particular, our results

extend the previous results in Morrey spaces of an integral form in the Euclidean case.

1. Introduction

For 0 < av < N and a locally integrable function f on RY the Riesz potential U, f of order
« is defined by

Uaf@) = [ o=l ) do

The classical Sobolev inequality says that the Riesz potential U, f of order a with f €
LP(RM) belongs to LP" (RY) when 1 < p < oo and 1/p* = 1/p — a/N > 0 (see, e.g. [2,
Theorem 3.1.4(b)]). Morrey spaces were introduced by C. B. Morrey [17] in 1938 to
study the existence and regularity of partial differential equations. Sobolev’s inequality
for Morrey spaces was studied by D. R. Adams [1]. We also refer to [4,12H141|18]22], etc.

In [15], the second author and Mizuta studied a Sobolev-type inequality for U, f for

locally integrable functions f on R satisfying

do dr 1/p
3 v—N -
(1) veC </0 e (/B(xﬂ") ot dy) " ) -

where 0 < v < N, G is a bounded open set in RV, dg = sup{d(z,y) : 2,y € G} and ¢
is positive monotone functions on the interval (0, co) satisfying the conditions (¢) and (i)
in [15].

We denote by (X, d, ;1) a metric measure space, where X is a bounded set, d is a metric
on X and p is a nonnegative complete Borel regular outer measure on X which is finite in
every bounded set. We often write X instead of (X, d, u). For z € X and r > 0, we denote
by B(x,r) the open ball in X centered at x with radius r and dx = sup{d(z,y) : z,y € X }.
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We assume that dx < oo, pu({z}) =0 for z € X and 0 < u(B(z,r)) < oo for z € X and
r > 0 for simplicity. We do not assume that p has a so-called doubling condition. Recall
that a Radon measure g is said to be doubling if there exists a constant ¢ > 0 such that
w(B(x,2r)) < cop(B(z,r)) for all x € supp(p) (= X) and r > 0 (see [3]). Otherwise u
is said to be non-doubling. For examples of non-doubling metric measure spaces we refer
to [21,]26]. In connection with the 5r-covering lemma, the doubling condition had been
a key condition in harmonic analysis. However, Nazarov, Treil and Volberg showed that
the doubling condition is not necessary by using the modified maximal operator [19}20].
In this paper, we show that this is the case for the modified Riesz potential operator.

For @ > 0 and 7 > 1, we define the (modified) Riesz potential of order « for a locally
integrable function f on X by

B d(z,y)*f(y)
Iorf(x) = /X w(B(z,7d(z,y)))

(e.g., see 61/16,23,26]). Note here that we can not reduce the number 7 any more (see [25]),
which is based on the idea of Stempak [27]. This is equal to U,f when X = R" and

i = dx. In the doubling metric measure setting, we use I,,1f. For another type of Riesz

du(y)

potentials like »
_ Iy
W@ = | ey

see [5,,/10].
To obtain general results, we consider a weight function w(r): (0,00) — (0,00) satis-

fying the following conditions:
(w0) w(-) is continuous on (0, c0);
(wl) w(-) is almost increasing on (0, c0), namely there exists a constant ¢; > 1 such that

w(r) < ciw(rz) whenever 0 < r; < ry < 00;
(w2) there exists a constant ¢a > 1 such that

& tw(r) < w(2r) < Gw(r) whenever r > 0;
(w3) there exist constants wg > 0 and ¢3 > 1 such that

Eglrwo <w(r)<es forall 0 <r<2dy.
Example 1.1. Let 0 < 0 < wg and 8 € R. Then
w(r) = r°(log(e 4+ 1/7))?

satisfies (w0), (wl), (w2) and (w3).
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Recall that f is a locally integrable function on X if f is an integrable function on all
balls B in X. Let p > 1 and 6 > 1. In connection with (1.1]), given w(r) as above, we
define the £P*? norm by

|1l 2oy = inf { A> 0.

o ([ s (o (B2 i) ) <1}

The space of all measurable functions f on X with [|f|zpwex) < oo is denoted by
LP<?(X). The space LP#¥(X) is called a Morrey space of an integral form. Here note
that 2dx can be replaced by kdx with k > 1.

Our aim in this paper is to give a general version of Sobolev-type inequality for Riesz
potentials I, - f of functions in Morrey spaces L£P«0(X) of an integral form over non-
doubling metric measure spaces X (see Theorem[3.3)), as an extension of [15, Theorem 5.4]
in the Euclidean case. Our results are new even for the doubling metric measure setting.
To this end, we apply Hedberg’s trick [8] by the use of the Hardy—Littlewood maximal
operator M) adapted to our setting (see Theorem . See Section |2| for the definition of
M), and Remarks [2.1] and [2.2] on the number .

2. Boundedness of the maximal operator

Throughout the paper, we let C' denote various constants independent of the variables in
question and C(a,b,...) be a constant that depends on a,b, ... only.

For a locally integrable function f on X and A > 1, the Hardy—Littlewood maximal
function M) f is defined by

1
Myf(x) = ?218 W(B(z, ) /B(m) |f ()] du(y).

For A > 1, we say that X satisfies (M) if there exists a constant C' > 0 such that

(21) plle € X M f(@) > kD < § [ 1701 duty
X

for all measurable functions f € L'(X) and k > 0.
Remark 2.1. In (2.1]), we can not reduce the number A\ any more (Stempak [27]).
As for the precise value of A\, we know the following.

Remark 2.2. By a covering argument, Nazarov, Treil and Volberg [19,[20] proved that X
satisfies (M3) if X is a separable metric space. Meanwhile X satisfies (M) for any A > 0
if pu satisfies the doubling condition (see |9]). Terasawa [29] showed that X satisfies (M \)
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for A\ > 2 if p(B(z,r)) is continuous in the variable r > 0 when z € X is fixed. In [24],
Sawano showed that X satisfies (M) for A > 2 if X is a separable metric space. Another
remarkable example of the Poincaré disc can be found in |28] where with A =1 is
established despite the fact that the corresponding Riemannian volume g is non-doubling.
As in [7, Appendix], the Euclidean space RY, endowed with yu = el2® dz, fails to satisfy
(M1).

We know the following result.

Lemma 2.3. Let 1 < pg < oo and let A > 1. Suppose X satisfies (MN). Then there exists
a constant C' > 0 such that

/ (M f ()} dy() < C
X

for all measurable functions f on X with || f|| Lro(x) < 1.
Now we are ready to show the boundedness of the maximal operator M.

Theorem 2.4. Let 1 < 6y < 0y and A > 01(02 + 1)/(02 — 01). Assume that X satisfies
(MX). Further suppose

(w1") r = r~=tw(r) is almost increasing in (0,dx]| for some g1 > 0.
If p > 1, then there is a constant C' > 0 such that

[Mxfll ootz () < ClLF Il gowoon (x)
for all f € LP91(X).

Proof. Let f be a nonnegative measurable function on X with [|f|zpwe(x) < 1. Let
z€ X and 0 < r < 2dx. For k1 = 63/6, > 1, write

f(y) = f(y)XB(Z,HN“) (y) + f(y)XX\B(z,mlr) (y) = h (y) + f2(y>7

where x g is the characteristic function of F.
By Lemma [2.3| and (w2), we have

g/%xzeﬂ(/%fl ¥ duly )>d:
<o [ iy (nor o) ¥
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2dx » dr
(2.2) < C/ z 927”)) (/B(z,mr) f(y) du(y)) 7
2k1dx w Kjl 17“) P ﬁ
<C/ i) (/BW) f) du(y)> r

2dx » dr
< C/ G 011”)) (/BW) f(y) du(y)> -

Next we treat fo. Let

Then note that x9 > 6 and

(2.3) B(z, kod(z,y)) C B(x, Ad(z,y))

for x € B(z,r) and y € X \ B(z, k1r). Indeed, when w € B(z, k2d(2,y)), we have
dw,z) < d(w,z) +d(z,z) < kod(z,y) + Klld(z,y) =) (1 - 1> d(z,y)

K1
< <1 - ;) <1 - ;) ey = ().

For ~v = /<;2c91_1 > 1, let jo be the smallest integer £1770/2r > dy. For = € B(z,r) and
0 < e < g1, we see from Holder’s inequality and (2.3)) that

1
M fa(x) = ig%M/B(x,p) f2(y) du(y)

1/p
1 p

1 1/p
¢ </X\B(z,mr) w(B(z, Ad(g;,y)))f(y)p du(y)>

1
¢ <»/X\B(z,fﬂr) M(B(Zv K’Zd(z7 y)))

IN

IN

1/p
fy)? du(y)> :

We decompose

Jj=1

Jo ) 1/p
M <C Pd
ok (x) N Z /B(z,f@l’yj/zr)\B(z,/ﬂ’yU1)/2r) N(B(Z7 KJ?d(Zv y))) f(y) Iu(y)
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& 1 1/p
<C / .
>~ o ( B(z ,ﬂ}yg/2 N\B(z m’y(] 1)/2 7) M(B(Z, :‘igd(z,y)))f(y) M(y)>
Jo 1/p
24 <C / 0 g
> Jj=1 (“ (2 “1“2’7] D72 r)) B(z,k199/2r) 1) M(y))
Jo 1/p
=C / b
Jj=1 ('u z Ry ]+1)/291T)> B(z,k173/2r) f(y) M(y)>
Jo 1/p'
<C (k17 2r)Pw(k1y9?r)~ 1/17)17’)
=1

(]
1/p
J0 /2 j/2
(1Y’ “w(k1y )/ )
d
(Z z Ry ]+1)/291T)) B(z,k17v1/?r) f(y) M(y)

by Holder’s inequality, where 1/p 4+ 1/p’ = 1. Here note from (w1’) that

Jo v
(Z ((,Ql,yj/%)E/pw(m,Yj/?T)—l/p)P )
j=1
(2.5)

, 1/p
jo

< Cre /Py ()P (Z(KW]’/??«)(E/pm/p)p’) < CrelPuw(r)~ 1P
j=1

for 0 < € < ;. Further note from (w2) that

i (fiwj/gr)_sw('fwj/%)/ Fy)P du(y)
= 1(B(2, sy UH2017) S (e mryirar) e

)1y (G+1)/2

jO r t—z’:‘w(t) . @
(2 6) < CJ; \/K/l’yj/21” m (/B(th) f(y) du(y)) ;
) vauty) )
<C rkaiyl/2r m </B(z,t) f(y) du(y)) ;

2dx t—¢w » dt
<c/’ zeﬁ)<é@”ﬂmdmw>t.

By , and , we have

2dx  4—e,, 1/p
My fo(x) < CrélPu(r)~H/P </ M (/3( t)f(y)pdu(y)) it) .
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Hence, we obtain

2dx w(r §
/ M((Z(gﬂ)) </B( JDSa{@)} duly )) ‘i
2dx 2d x ﬂ ) ﬂ ﬂ
< C/ (/ w(B(z,01t)) </B(z,t) () du(y)) p ) -
(2.7) 2 ew(t) » L _dr\ dt
: C/ W ( /B(z’t)f(y) dﬂ(@/)) ( /0 . ) &
2dx ) N
<c / eiex ) ( L., W d,L(y)) i

Thus, in view of (2.2) and (2.7]), we complete the proof. O
Remark 2.5. Note that (wl1’) implies (wl). Let w(r) = r7(log(e + 1/7))? be as in Exam-
ple Then note that (w1l’) holds for 0 < &1 < 0.

3. Sobolev-type inequality

We recall the following lemma.

Lemma 3.1. [11, Lemma 5.1(3)] Set
wl(r) =sup{s > 0| w(s) <r}

forr > 0. Then

wwr) =r
for all v > 0 with w™(r) < .
We consider the following condition:
(war) for @ > 0, there exist constants eo > 0 and A; > 1 such that
52T (1) TP < AyrS2 T () TP
whenever 0 < 1| < rg9 < dx.

Lemma 3.2. Let 1 < 60 < 7. Assume that (wa) holds. Then there exists a constant C' > 0
such that

d(z,y)*f(y) ooy (5)-1/p
/X\B<x 5 u(B(z, md(z,y))) du(y) < C3%w()

forallz € X, 0< 6 < dx/2 and nonnegative f € LP<?(X) with [ fllzpwoxy < 1.
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Proof. Let f be a nonnegative measurable function with || f||zp.w.e(x) < 1. Let € X and
0 < <dx/2. We find by (wa)

d(z,y)*f(y)
/X\B(m@ W(Bw, rd(z,y)) MY
d(l’,y)a wld(x —1/p
S/X\B@,@ (B, rd(z, g~ W) )

dzy)*fly)  fr!
! /X\B(z,6> w(B(z,7d(z,y))) w(d(z,y))~@E-1/P

d(x7y)a wld(x —1/p
S/X\B@@ W(Ba, rd(a gy~ ) )

@, —-1/p w(d(x,y)) D
OOl [ B e

du(y)

=1L +Cl.

Let jo be the smallest integer such that 770§ > dx. By (wl), (w2) and (wa), we have

3 dw,p)*
" ‘E/B@W\B(Wla) H(B e, (e, gy ) A)

<CZT]5 (r75) 1/P<c/ p) i 4P
P

dx
<C /5 p%(p)—l/?’dp < C6%(8) P,

Next, for v = 701 > 1, let j; be the smallest positive integer such that 171/2§ > dx.
Then we have by (wl) and (w2)

J1
_ d(z,y))
I = C6%w(8) /P / ! fW)? duly

/2§
@ —-1/p ’Y] ) p
< Co%w E B, A0 D/208)) /B(mj/%) fy)? du(y)

(G+1)/25
o / ! 7) dt
< C5%w(5)! pz/ms B ) (/ e t)f(y)pdu(y)> -

5

N B vdx w(t) dt
I, < C6%w(8)~'P /7 25 B(B(o.00) ( /B - f(y)” du(y)) n

2dx
< C5°‘w(5)_1/p/0 ;L(B(:(zst,)et)) (/B(x’t) fy)P dﬂ(!/))

< C6%(8) /P

Hence

~&
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since we have by (wl) and (w2)

- w(t) dt
/2dx u(B(x,01) </B<x,t> U du@)) <
w(dx) )
=) /Xf(y) dp(y)
2dx w(t) B
= m ([ soram)

2dx » dt
<c / s ( [ 1 du(y)) =

when v > 2. Thus we obtain the required result. O

Before stating the main theorem we give the assumptions for the function in Sobolev-

type inequalities. We consider a function

U(t): [0,00) — [0,00)
satisfies
(¥1) ¥(.) is continuous on [0, c0);

(P2) t — W(t)/t is almost increasing on (0,00), namely there exists a constant Ay > 1
such that
‘l’(tl)/tl < Az‘lf(tg)/tg whenever 0 < t1 < to;

(¥3) there exists a constant Az > 1 such that

U(tw H(t7P)*) < Ast? for all t > 1.

We write ¥ (t) = supg,<¢(¥(s)/s) and

for ¢ > 0. Then ¥(-) is convex and

U(t/2) < U(t) < A¥(1)

for all t > 0.
Let 6 > 1. Given ¥(t) and w(r) as above, we define the £Y*¢ norm by

7]l g x) = inf { >0

o ([ s (L P ) ) <1
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The space of all measurable functions f on X with [|f]lzvwex) < oo is denoted by
LYwd(X).

As an application of M), we establish a Sobolev-type inequality for I, - f of functions
in £P9(X) in the non-doubling setting.

Theorem 3.3. Let X be a non-doubling metric measure space. Let 1 < 01 < 6y and
01(62+1)/(02 — 01) < X\ < 7. Assume that X satisfies (M) and (wl') and (wa) hold. If
p > 1, then there exists a constant C > 0 such that

o fll gowos(x) < CISll cowor (x)
for all f € LP91(X).

Proof. Let f be a nonnegative measurable function on X such that || f|] creor(x) < 1. Let
rx€ X and 0 <9 <dx/2 If Myf(x) <1, then

B d(z,y)* f(y)
o f(z) = /B (wdy) H(B(@,Td(z,y)))

by A < 7 (see [21, p. 134]). If o' ({ M\ f(2)}P) > dx /2 and M, f(z) > 1, then

_ d(z,y)*f(y)
Ioqf(x) = /B(a:,dx) W(Blz,rd(@. 1)) dp(Y) X yex: My f(y)>1}(T)

du(y) < Cdx My f(x) < C

< Cdx My f(z)X{yex:M, fy)>1}(T)
< CMyf(z)w™! ({Mf(2)} ) "X gyex:ny fm)>13 (T)-

By Lemma |3.2] we find

B d(z,y)*f(y) d(z,y)*f(y)
Lorflo) = /B@,(;) (B, rd(z, y)) /X\BM Bz, rd(z,1)))

< C{8° M, f(x) + 6% (8) 1P},

du(y)

If w ({Myf(z)}7) < dx/2 and M f(z) > 1, then take § = w™*({Myf(z)} 7). Then
we have
Lorf(z) < CMyf(@)w ™ ({Maf(2)} ) Xpyexaty fy) =13 (2)
by Lemma [3.1] Therefore we obtain
Iom-f(x) < Ci max {Mkf(x)w_l ({M)\f(x)}_p)aX{yEX:MAf(y)Zl} ($)7 1}7
so that by (¥2) and (¥3), we have

\I/(Ia,Tf(m)/Ci) < C{\I’(M)\f(w)wil({M)\f(x)}ip)a)X{yEX:MAf(y)zl} (1’) + 1}
< C[{Myf(z)}P +1].
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Therefore we obtain by Theorem [2.4]

- L T ! T ﬁ
/0 w(B(z,027)) (/B(Z,T)‘I’(Iaﬁf( )/C1) dp( )) .

2dx CL)(T’) NP N @ Qder @
sc{ | e < [, sy i >) w <>T}

<C

for all z € X since

2dx d 2dx d 2dx d
/ w(r) o / rtw(r) - ret & < C’/ rer &0 <C
0 r 0 r 0 r

by (wl’) and (w3). This completes the proof of the theorem. O

As in the proof of Theorem we can prove the following theorem for the doubling

metric measure case.

Theorem 3.4. Let X be a doubling metric measure space. Assume that (wl’) and (wa)
hold. If p > 1, then there exists a constant C > 0 such that

a1 fllzwenxy < Cllfllcownx)

for all f € LP*1(X).

4. Corollaries

In this section, we give consequences of Theorems [3.3] and
Let

w(r) =r7(log(e + l/r))ﬂ

be as in Example [I.1] and set
w(t) = {t(og(e + )"/},

where 1/p* = 1/p —a/o. If 1 < p < o/a, then w(r) satisfies condition (wa) and ¥(¢)
satisfies condition (U3).

Example 4.1. Let X; = {(z,0) € R?: 0<z < 1} and Xo = {(z,y) € R? : |z| < 1,21 <
0} and define (X, d, u) = (X1,d2, m1) U (X2, d2, ma), where da denotes the 2-dimensional
Euclidean distance and m; denotes the i-dimensional Lebesgue measure. It is easy to show

that p is non-doubling. Since X is a separable metric space, X satisfies (M) for A > 2

(see Remark [2.2).
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Let # > 1 and p > 1. Consider the function

f(y) = da2(0,y) " "xx, (y)

for @ < min{2/p,o/p}. Then note that

town) : dr
/0 R ( / ) cm(y)) )

P dar
<o s ( I du(y)> -

<C/ 2“”@
w&r r

< C/ 7% (log(e + 1/1))? dr < 00
0 T

for all # € X since u(B(x,0r)) > Cr? for all x € X and 0 < 7 < 4. Therefore f €
LP<P(X), so that LP<f(X) # {0}.

Corollary 4.2. Let X be a non-doubling metric measure space. Let 1 < 61 < 62 and
01(62+1)/(02 — 61) < A < 7. Assume that X satisfies (MN). If 1 <p < o/a, then there
exists a constant C' > 0 such that

Harfll pwosxy < Cllfll cowon x)
for all f € LP#91(X).

Corollary 4.3. Let X be a doubling metric measure space. If 1 < p < o/, then there
exists a constant C' > 0 such that

a1 fllgvwrxy < Cllfllzrwnx)

for all f € LP*1(X).
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