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Blow up and Decay for a Class of p-Laplacian Hyperbolic Equation with

Logarithmic Nonlinearity

Ying Chu*, Yuqi Wu and Libo Cheng

Abstract. In this paper, we study an initial boundary value problem for a p-Laplacian
hyperbolic equation with logarithmic nonlinearity. By combining the modified poten-
tial well method with the Galerkin method, the existence of the global weak solution
is studied, and the polynomial and exponential decay estimation under certain condi-
tions are also given. Moreover, by using the concavity method and other techniques,

we obtain the blow up results at finite time.

1. Introduction
In this paper, we study the following problem

ut — Apu — Aug = |u|92ulog |ul, (x,t) € Q x (0,T),
(1.1) u(z,t) =0, (x,t) € 02 x (0,T),
u(x,0) =up(z), uz,0)=ui(z), =€,

where Q@ C R" (n > 1) is a bound domain with smooth boundary 02, p, ¢ are constants
and they satisfy 2 < p < ¢ < p(1+2/n).

During the past decades, many papers have been devoted to the study of qualitative
properties of solutions for hyperbolic equation, with many remarkable results. We can
refer to [1},4,5,9,[124/14,16-18, 21,24, 125] and the references therein.

The semilinear hyperbolic equation
(1.2) u — Au = f(u),

was introduced by D’Alembert [1] to model the propagation of waves along vibrating
elastic string. Sattinger [21] first established a method of potential wells to deal with
the global existence of solutions to the problem (1.2]). Payne and Sattinger [18] showed
that the solution blows up in finite time. In [9], the model was studied by Lian et
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al., where f(u) = uln |u|*, they modified the potential well method and combined with
logarithmic Sobolev inequality to obtain the global existence of the solution and the blow
up result under the condition of different initial energy. Later, in the case of nonlinearity
f(u) = |ulP Inu, the problem is also considered by Lian et al. [10], and they establish
the global existence and finite time blow up of solutions.

For the classical strongly damped hyperbolic equation
(1.3) uy — Au — Auy = f(u),

Webb [24] gave the existence, uniqueness and the asymptotic behavior of the solution. In
the case of nonlinearity f(u) = ulog |u|?, the model was studied by Ma and Fang [14],
they proved the existence of global weak solutions, derived the energy decay estimates and
blow up at infinity.

In [26], Xu and Su studied the parabolic equation with strongly damped term

ug — Auy — Au = uP,

where p > 1, they proved global existence, asymptotic behavior and finite time blow up of
solution with initial energy J(ug) < d. Moreover, they also obtained finite time blow up
with high initial energy J(ug) > d by comparison principle. The relevant equations have
also been studied in [11,23].

For the initial boundary value problem of strongly damped hyperbolic equation
(1.4) uy — Au — wAuy + puy = f(u),

where w > 0, p > —wA1, A1 is the first eigenvalue of the operator —A under homogeneous
Dirichlet boundary conditions. In the case of nonlinearity f(u) = |u[P~%u, Gazzolaa
and Squassina [4] investigated the problem , obtained the existence of global weak
solutions by the potential well method, and also proved the blow up results at finite time.
In the case of nonlinearity f(u) = wln |u|, Lian and Xu [9] proved the local existence of the
weak solution by the contraction mapping principle, and under the framework of potential
well, studied the energy decay and global existence, and the blow up result of the solution
at infinite time.

In recent years, the p-Laplacian parabolic equation with logarithmic nonlinearity is
studied extensively. Le et al. [7] studied the following p-Laplacian parabolic equation with
logarithmic source term

wr — Agu = [uP"2ulog Jul,

they obtained results of existence or nonexistence of global weak solutions and finite time

blow-up. Moreover, the large time decay of global weak solutions was studied.
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For parabolic equations with strongly damped and logarithmic source terms
(1.5) wy — Auy — Apu = |u|??ulog |ul.

In the case where p is equal to ¢, Nhan and Truong |15] obtained results of global existence
and finite time blow up of the weak solution by using the potential well method and
logarithmic Sobolev inequality (see [19,20]) to the problem (L.5). When 2 < p < ¢ <
p(1 + 2/n), He et al. [6] investigated the decay and finite time blow up of the weak
solutions. When 1 < p < ¢ < p*, the problem (1.5) was studied by Ding and Zhou in [2],
they mainly discuss the properties of global existence, blow up at infinity, and finite time
blow up.

As shown in the previous works, the research on the properties of solutions of p-
Laplacian parabolic equations is relatively perfect. There are not much literature for
strongly damped p-Laplace hyperbolic equations with logarithmic source term. For the
problem , the appearance of p-Laplacian operator Apu and logarithmic source terms
|u|?"2ulog |u| bring some difficulties, so that we cannot use Sobolev inequality as in ref-
erence [14]. Here, we modify the potential well method and combine with the concavity
method to obtain the global existence of the weak solution, energy decay estimate, and
the blow up result of the solution at a finite time.

The paper is organized as follows. In Section [2 some useful lemmas and main results
are included. Section[3]is devoted to discussing global existence and energy decay estimate
for the problem . In the last section, we prove the blow up theorem and give the lower

and upper bounds for blow up time.

2. Preliminaries and main results

To get the main results of this paper, we first introduce some notations, definitions, and

lemmas. For convenience, we let
Xo = {(u,ue) | uw e Wy (Q)\ {0}, u € L2(Q) \ {0} }.

Throughout this paper, we denote the norm of L*(2) for 1 < s < oo by || - ||s and the
norm of Wol’p(Q) by || - |l1,p- That is, for any u € L*(Q),

(o \u(x)|sdx)1/s if 1 <s < oo,
lulls = llullLs ) = .
esssup,cq |u(x)| if s = oo,

and for any u € W, ?(),

1
el p = el gy = (ull? + [Vul5) 7.
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We denote the dual space of W&’p(Q) by Wo_l’p/(Q), where p' = p/(p—1). For (u,u;) € X,

let us introduce some functionals and sets as follows:
1 1 1 1
E(t) = Sllullz + = Vulb - / lu|?log |u| dz + — [[ull?,
2 2 p p qJq q2 q
7w = 2Vl = [ Jullog ul da + 5
u) = —[|Vulll — = w|?log |u|dx + = ||ul|Z,
p g g @

I(u) = | Vull2 - /Q fu] log |u] d,
N = {ue WyP(Q)\ {0} | I(u) = 0},

(2.1) d= uien)go {ililg J()\u)} = ul»lelj{/' J(u),

Wi ={(u,ut) € Xo | E(t) <d}, Wa={(u,us) € Xo| E(t)=d}, W=WUWy,

Wi = {(u,u) € Wy [ I(w) >0}, W ={(u,ur) € Wa | I(u) >0}, WT=W;UW,,

Wi = {(u,ut) € Wy | I(u) <0}, W5 ={(u,us) € Wa | I(u) <0}, W~ =W, UW,.
By the definition of J(u) and I(u), we get that

1 1 1 1
2.2 Ju) = =-1I(u +<—> Vull? + —||ul|4.
(2.2) (u) . (u) P [Vullp q2H I

We give the definition of the weak solution to the problem (|1.1)) as follows:

Definition 2.1. We define a function v € L*°(0, T} Wol’p(Q)) with u; € L?(0,T; H} () to
be a weak solution of problem ([1.1f) over [0, 77, if it satisfies the initial condition u(z,0) =
ug € Wy () \ {0}, we(w,0) = uy € L3(Q) \ {0}, and

t
(ug, w) + / (IVul[P~2Vu, V) dr + (Vu, Vw)
0
t
= (u1,w) + (Vug, Vw) +/ (Jul?2ulog |u|,w) dr
0

for any w € W,*(Q), and for a.e. t € [0,T].

For a fixed u € Wol’p(Q) \ {0}, we consider the function j(\) = J(Au) for A > 0. This
map was introduced by Drabek and Pohozaev [3]. We list some properties of j in the

following lemma.

Lemma 2.2. Let u € Wol’p(Q) \ {0}, then the following results hold:
(1) limy o+ j(A) = 0, limy— 400 j(A) = —00;
(2) There exists a unique A > 0 such that j'(\.) = 0;

(3) j(A) is increasing on X € (0, \y), decreasing on A € (A, +00);
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>0, A€ (0,\),
(4) I(A\u) ( ) and I(Au) =0
<0, A€ (A, +0),

Proof. For u € WyP(Q) \ {0}, by the definition of 5, we have

) AP 4 A\ log)\
i) = 2 wupp - A / ol g [u] dxr —
p q JQ

lullg + HUIIZ,

it is obvious that (1) holds due to |lul|q # 0. Through direct calculation, we get
F'(A) = At <HVuH£ — /\q_p/Q |u|?log |u| dz — ATP log AHuH%) )

Let k(A) = A17P57()\), we have

K()) = -7 (<q ~9) [ fultlog ul s + (s~ p)log Alull + Huug) .

Hence, by taking

(¢ —p) Jolul?log |u| dz + IUI|3> 0

A1 = exp (
! (v — q)[Julld

such that &'(A) > 0on (0, A1), ¥’ (A) < 0on (A1, +00) and k'(A1) = 0. Since limy_,o+ k(A) =
[Vau|lb > 0, limy 1 k(A) = —o0, there exists one A, > 0 such that k(\.) = 0. So the
statements of (2) and (3) can be shown easily. The last property is only a simply corollary
of the fact I(Au) = Aj'(\). The proof of the lemma is complete. O

Now, Lemma (4) shows that the Nehari manifold N is not empty. So the depth d
defined by (2.1) is meaningful. From (2.2)) and the definition of N and d, it follows that
d > 0. In the following lemma, we prove that d is positive and is obtained by some u € N.

Lemma 2.3. d is positive and there is a positive function uw € N such that J(u) = d.

Proof. Now, we only need to prove that there is a positive function © € N such that

J(u) = d. Let {ur}32; C N be a minimizing sequence for J. That is,
lim J(u) = d.
k—ro0

It is simple to show that {|ug|}?, C A is also a minimizing sequence for J. Thus, without
loss of generality, we assume that u; > 0 a.e. in Q for all k € N. Since {J(uy)}2, is
bounded and I(u;) = 0, by ([2.2), we infer that {u}°, is bounded in Wol’p(Q). Let
i > 0 be sufficiently small such that ¢ + u < p* = np/(n — p). Then the embedding
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W, P(Q) — LITH() is compact, so there exist a function u and a subsequence {uy, }5°,
of {ug}72 such that

up, —u  weakly in Wy (Q),

ug, — u  strongly in LITH(Q),

ug, = u a.e.in Q.

Thus, u > 0 a.e. in 2. By the dominated convergence theorem, we have

(2.3) / |u|?log |u| dz = lim / lug, |?log |ug, | dz,
Q 1= JO
(2.4) /u\qdm: lim / |ug, |7 d.
0 10 JO)
By the weak lower semicontinuity of || - ||1,, we have
(2.5) [Vullp < liminf |[|[Vug,|| .
1—00 p

Combining (2.3)—(2.5) and the definition of J(u), it follows that

(2.6) J(u) < liminf J(ug,) = d.

1—00
Combining (2.3)), (2.5 and the definition of I(u), we get

(2.7) I(u) < liminf I'(u,) = 0.

1—00

Since uy, € N, we have I(ug,) = 0. So, by using the fact 7 #logx < (eu)~! for z > 1 and

the Sobolev embedding inequality, we obtain

IV |2 = / gy |9 Lo [ug, | d < / g, | log [ug, | de
Q {weQifuy,|>1}

< (eu)_l/ Jur, |77 dae < (epn) ™l 1§17 < Clep) ™[V 15,
{ze:|uy,[>1}
where C' is the Sobolev constant satisfying ||ug,||q+, < C||Vuy,|lp. This implies that

_p
/Quki|q log |Uk1’d{L‘ = Hvuk’z”ﬁ > (%) qtu—p ‘

Combining the above inequality with (2.3)), we get

P
/ |u|?1og |u| dz > (%) e
Q C

Thus, we have u # 0.



Blow up and Decay for Wave Equation with Logarithmic Term 747

If I(u) < 0, then by Lemma[2.2] there exist a A, such that 0 < A, < 1 and I(A.u) = 0.

Therefore, we have

1 1 1
1 1 1
=t {(G- 1) ivulg+ Ziotg)
1 1 1
< N Tlim -z 1P 4 e |19
< timint { (3= 1) [V 3+ 5o 3}
= AP liminf J(uy,)
1—00

— 7.

Since AL < 1, the above formula contradicts the fact that d > 0. Then, by (2.7)), we have
I(u) = 0. So, u € N. From (2.6) and the definition of d, we obtain J(u) = d. O

Theorem 2.4. Let 2 <p < q < p(l+2/n), if (up,u1) € W7, then the problem (1.1 has
a global weak solution u € L>®(0,T; Wy P () with u; € L2(0,T; HE () and (u,u;) € W
for 0 <t < oo. Meanwhile, u satisfies the energy inequality

t
(2.8) E(t) +/ |Vug||3dr < E(0), 0<t< oo.
0

Furthermore, there exists a positive constant Ky such that the energy functional E(t)

satisfies the following polynomial decay estimate
E(t) < Ko for all t € [0,400)

In particular, if E(0) < min {d, %(%) ‘1+5—P}, I(up) > 0 and 0 < p < p* — q, then

there exist positive constants K1 and Ko, such that the E(t) satisfies the exponential decay
estimate as follows:

E(t) < Kie™™2t for allt € [0, +00).

Theorem 2.5. Assume that (up,u1) € W~ and 2 < g < p*, then the weak solution u of
the problem (1.1)) blows up in finite time, that is, there exists a T* > 0 such that

t
lim <Hu||%—l—/ | Vu||? d7'> = +o0.
t—T*~ 0

Moreover, the upper bound for blow up time T can be estimated by

2073 + 2||ug|3
(¢ —2) (bTo + [, wour dzr) — 2||Vugl[3’

where b and Ty are defined in (4.5) and (4.6]).

T <
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Theorem 2.6. Assume that all the conditions of Theorem [2.5] hold and 2 < ¢ < 1+
n/(n —p), then the weak solution u of the problem become unbounded at finite time
t=1T" with
lim_[Jugl|3 + | Vul) = +oo.
t—T*

Moreover, the lower bound for blow up time T* can be estimated by

T ,
e e e o R e

where 0 < p < (2n — p)/(n —p) — ¢ and F(0) = §||u1]3 + %HVU()Hg.

3. Global existence and energy decay estimate

In this section, we focus on proving Theorem which is divided into 5 steps.
Step 1: Global existence for the case of (ug,u1) € W;". By the definition of F(t) and
(2.2), we know that 0 < J(ug) < E(0) < d, then we have respectively

(i) If E(0) = 0 and I(ug) > 0, then this implies that (up,u1) = (0,0), which is trivial

case;

(ii) If 0 < E(0) < d and I(up) = 0, then it contradicts with the definition of potential
depth d.

Therefore, we only need to consider the case of 0 < E(0) < d and I(ug) > 0.
First, we select {w;(x)} as the orthogonal basis of W, (§2) and construct the approx-
imate solution u,,(x,t) of problem (1.1]) as follows:

Zg] w;( m=1,2,...,

which satisfy

t
(Ui, wy) + /0 (V[P 2V, Vw;) dr + (Vim, Vwy)
t
= / (|| T2t L0g ||, w;) dT + (wim, wj) + (Vtgm, Vw;)  for j =1,2,...,m,
0

(3,2) Uom, = um x, 0 ZQJ —> ug strongly in W&»P(Q),

(3.3) Ul = Ume (2, 0) Zgﬂ ) = uy  strongly in L*(€).
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Now, differentiating of (3.1)) with respect to ¢, multiplying the obtained equation by g7} (t),

summing for j, and integrating over [0, ¢], we can compute

t
(3.4) E(tpm,, Umt) —i—/ |Vt |3 dT = E(ugm, uim) < d, 0 <t < 400
0

for sufficiently large m.

Next, we will show that
(3.5) (U, umt) € Wi, 0<t < +oo

for sufficiently large m. Arguing by contradiction, if it is false, then there exists t, €
[0, +00) such that (um(ts), ume(ts)) € OW;, so

(3.6) E(tm (), ume(t,)) = d,
(3.7) I(um(t,)) = 0.

Nevertheless, it is clear that (3.6 could not occur by (3.4). If (3.7) holds, then by the
definition of d, we have

E(um(ty)) > J(um(ts)) > d,
which is also contradictive with ([3.4). Therefore, (3.5)) is valid. Thus, (um,umt) € Wi
such that
d > E(Up, umt) > J () = }I(u )+ <1—1> |Vu Hp—i-lHu I
my Ymit m q m p q milp q2 milq

for sufficiently large m and 0 <t < 400. So it follows that

d
(3.8) IVl < 225 flunll? < ¢2d,

t
(3.9) / Ve |2 dr < d.
0

By (3.8)), (3.9)), there exist functions u, x and a subsequence of {u,,}7°_; which we still
denote it by {um }o°_; such that

(3.10) Uy — u  weakly star in L°°(0, oo; Wol’p(Q)),
(3.11) Ut — ug  weakly in L2(0, 00; HE (),
(3.12) Vg P2V, =y weakly star in L (0, 00; Wy 1P ().

By Aubin-Lions-Simon Lemma (see [22, Corollary 4]), we get

Uy — u  strongly in C/(0, co; L?(Q)),
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SO Up, — u a.e. (x,t) € Q x [0,00), m — +o0. This implies
(3.13) |t |92 U J0g ([t |) = |u|92ulog(|u])  ae. (x,t) € Q x [0, +00).

Furthermore, since 2 < g < p(1+2/n) < p*, we can choose p > 0 such that (¢— 14 pu)q’ <
p*, where ¢’ = q/(q — 1). Therefore, through direct calculation, we get

/ Gl d = / Gl dz + / | da
Q {zeQ:|um|<1} {ze:|um|>1}

< (elq—1))77|2] + (6#)_"'/ [

(3.14) {rei|um[>1})
< (e(q - 1))7‘1/\(2] + (eu)*qlC(q*HH)Q'||vum”](gqfl+u)q’
d (a=1+p)q
/! / / P
< (elg = )10 + (e (L) T

where ¢ = |um|? ! 1og |uy|, C is the optimal Sobolev constant satisfying ||uml|(g—14p)q <
C||Vup||p. Hence, from (3.13)), (3.14) and Lions Lemma (see |13, Lemma 1.3, p. 12]), we

have

(3.15) [t |9 2t 108 |tgn| — |u|92ulog [u|  weakly star in L°(0, o0; LY (£2)).

By (3.10)—(3.12) and (3.15), passing to the limit in (3.1)—(3.3) as m — +oo, it follows
that u satisfies the initial condition u(x,0) = ug in Wol’p(Q)7 uy(z,0) = up in L?(2), and

t t
() + / (x, Vo) dr + (Vu, Vo) = (ur, w) + (Vaug, Vaw) + / (Iul*2ulog |u], w) dr
0 0

for all w € WyP(Q) and for a.e. t € [0, +00).
Finally, by the method of Browder and Minty in the theory of monotone operators,

we obtain
¥ = [Vl Vu,

which implies
t
(ug, w) + / (IVul[P~2Vu, V) dr + (Vu, Vw)
0
t
= (u1,w) + (Vug, Vw) +/ (Jul?2ulog |u|,w) dr
0

for all w € Wol’p(Q) and for a.e. t € [0, +00).

Finally, since (ug,u1) € Wfr , by a standard contradiction argument it is easy to show
that (u,u;) € Wy for 0 <t < +o0.

Step 2: Global existence for the case of (ug,u1) € W2+ We will prove this step by
considering two cases E(0) = d, I(ug) =0 and E(0) = d, I(ug) > 0.
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(1) E(0) =d, I(up) = 0: From the definition of d, we have J(ug) > d. However,
1
Sz + 7 (o) = E(0) = d,

it follows that J(up) < d. So Case (1) is impossible.
(2) E(0) =d, I(up) > 0: In order to prove the global existence result of problem (|1.1)),
we first choose a sequence {v,,}2°_; C (0,1) such that lim,, o0 ¥m = 1. Then we consider

the following problem

uy — Apu — Aug = [ul?%ulogu, (z,t) € Q2 x (0,7),
(3.16) u(z,t) =0, (z,t) € 9Q x (0,7),

u(x,0) = upm, u(x,0)=uy, =€,

where ugy, = Ymuo, Uim = Ymu1. Since I(ug) > 0, it follows from Lemmathat Ay > 1.

Hence, we get

I(upm) = I(ymuo) >0,  J(uom) = J(ymuo) < J(uo),

and
1 1
0< E(uom,ulm) = §||u1m|]§ + J(U[)m) < §||U1H§ + J(UO) = E(O) =d.

Using the similar arguments as previous Step 1, we find that problem (3.16) admits a

global weak solution w,, which satisfies
U € L(0,00; Wy (),  ume € L(0, 00; H}(2))
with initial data

Um (2,0) = upm — up  strongly in Wol’p(Q),

Umt(x,0) = U1y, — w1 strongly in LQ(Q),
and
t
(e, V) + / (|Vum|p_2Vum, VU) dr 4+ (Vuy,, Vv)

0

¢

= (u1m,v) + (Vugm, Vv) + / (|um|q_2um log ||, U) dr
0

for any v € WyP(2), and for a.e. 0 < ¢ < oo.

The remainder of the proof can be processed similarly as previous Step 1. We derive
t
(ug,v) + / (|VulP~?Vu, V) dr + (Vu, Vo)
0

t
= (u1,v) + (Vug, Vv) +/ (Ju|?ulog |ul,v) dr
0
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for fixed v € W[}’p(Q), for a.e. 0 < ¢t < oo. Hence, u is a global weak solution for
problem . From (ug,u1) € I/V2Jr , by a standard contradiction argument it is easy to
show that (u,u;) € W5 for 0 < t < +o0.

Step 3: Energy inequality. Now, we show that the weak solution satisfies the energy
inequality . First, we prove

hm /\um\qlog]um]dac—/ |u|?log |u| dz,

lim /|um|qdfv:/|u|qd:p.

In fact, by Hoélder inequality, for each fixed ¢t > 0, we have

and

[tttz o = [ ult1oguldo
Q Q

< [ Jlum{t10g ] ~ ful*logu] do
Q

< /Q lalor]" log 1] + ]9 |l — ]| d

/

/ 1/a
= </Q ler[ tog il dm) lu = tmlly + lpall§ ™l = wmllg

< Cllu — upllg = 0,

and

< [ Nlmtt = ult| o < g [ lgalt ™= o
Q Q

< allp2ll lu = umlly < Cllu —umllg =0,

‘/ |um|qdﬂs—/ |u|? dx
Q Q

where p; = u+ Oium,, 0 < 6; <1 (i=1,2).
On the other hand, making use of Fatou Lemma and (3.4]), we deduce

1 1 ¢
lual+ 2 Ivulg + / IVadll3 dr

1
ihmlanuthQ fhmmf HVume—l—hmmf/ |Vttt |13 dr

= lim inf [E(uom,ulm) + / |um|? log |um | dx — 2/ |um|qdm}
m=eo q4.Jo 4 Jjq

1 1
+/ |u\qlog|u]dx—2/ |ul? dx.
q4.Jo qa Ja

Hence, (2.8)) hold.
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Step 4: Polynomial decay estimate of energy for the case of (ug,u;) € WT. Since
(uo,u1) € W, a standard contradiction argument shows (u,u:) € W for each t. First,
from the definition of energy functional E(t), (2.2) and I(u) > 0, we derive

t
+/ | Vg ||% dr
0

1 1 qg—0p 1 t
(3.17) = fIIUtH% + fl(u) + illvul\p + 7llullq +/ V|3 dr
> flludlﬁ IIV I+ 2IIuII‘“r/ Va3 dr.

A combination of (3.17) and E(0) < d, we get

t 5 1 t 5 d
(3.18) /mmmg/wwmms,
0 A1 Jo A

where \; is the first eigenvalue of the following problem

~Ag(x) = Ao(x), TEQ,
o(x) =0, x € 09

for ¢(x) € HE(Q).
Next, multiplying the first equation of problem (1.1]) by v and integrating over 2x (0, ¢).

Using Young inequality, we have

/Otf(u)dT:—/Ot(utt,u)dT—/Ot(Vut,Vu)dT

t
1 1
—/utudq:—l—/uluod:c—i—/ ||ut|]%d7'+fHVuo||%—fHVqu
(3.19) @ @
1
§HUIIH1+ IIUtlb /\UtllszvL Ju )3 + IIUOHH1
<0Hw%p+Hm@+/Hwﬁm+wﬂ?%Hth
= 2 WP T 0 2 2!V H,

where C stands for the best constant in the embedding WP (Q) — H{ (). Using (3.17),
(3.18)) and u € L>(0, T} Wol’p(Q)), then (3.19) implies that

t
(3.20) / I(u)dr < C for 0 <t < +oo.
0

From I(u) > 0, we know that there exists a A\, > 1 such that I(A.u) = 0. This implies

(3.21) at{ (5= 2 ) I9ul+ Sl = ) = .

p
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Combining (2.2)) and ([2.8)), we have
1

(3.22) < - ) IVl + S5 lully < Jw) < B < BO) <.

b

It follows from (3.21)) and (3.22) that

On the other hand, we have

0= I(\) = A2[[Vulff — XS / [u] log [u] d — A log Al
Q

= A (u) — (A = A) [Vl — A log Aululld.

Hence, we obtain

1
I(u) = (1 — )\f{_p> [Vul[) + log A ||ul|2.

Combining the above equation with (3.20)), we obtain

t
(3.23) / IVuldr < C,
0
and
t
(3.24) / Jull¢ dr < C.
0

Differentiating F(t) and using (1.1)), we can compute
E'(t) = —/ |Vug)? dz < 0.
Q

Since

d
dt

then integrating (3.25)) over (0,t), we can have

(1+1)E( /E
(3.26) / gl dr + = / I(u) dr
+ /0 Julld dr.

(3.25)

— [+ 0E®)] =1 +t)E'(t) + E(t) < E(t),

+(3-1) / IVul dr



Blow up and Decay for Wave Equation with Logarithmic Term 755

Thus, applying E(0) < d, (3.18), (3.20), (3.23) and (3.24) to (3.26), we can derive that

there exists a positive constants Ky such that the energy functional E(t) satisfies the

following polynomial decay estimation
K
E(t) < 1—_‘: for all ¢t € [0, +00).

Step 5: Ezponential decay estimate of energy for the case of E(0) < min {d
X () 4+Z—P} and I(ug) > 0. We define

’pq

L(t):E(t)+s/uutdx+€/ Vu|? dz,
Q 2 Ja

where ¢ is a positive constant to be specified later.
By the Young inequality, we can easily know that there exist two positive constant oy

and as such that
(3.27) a1E(t) < L(t) < agE(t) for all t € [0, +00).

That is to say, L(t) and E(t) are equivalent.
Now, differentiating L(t) and using (|1.1)), we have

L'(t) :E'(t)+e/ |ut]2dx+5/ uuttd:p+5/ VuVu dz
Q Q Q

—/ |Vut\2da:+€/ |ug |2 dx—l—s/u[Apu—i—]u\qzulogmH dx
0 0 0

—/ |Vut\2dm+6/ ]ut\zdx—e/ \Vu|pdx+5/ |u|?log |u| dz
Q Q Q

9
(3.25) = =B () + Sl + X1Vl = 25 [ uttog fulde -+ 22 ul

—/ ]Vut|2d:1:+s/ |ut|2d:r—s/ |Vu|pd:n+5/ |u|?1og |u| dz
Q Q Q

<m0+ (5 +e-n) hulg+ (2 - <) 1vulp

+ (8— > / |u]qlog\u|dx+ pe ||u|]q

By virtue of the Sobolev embedding inequality and (3.17]), we obtain

/ |u|?1og |u| dz S/ lu|?1og |u| dz < (eu)_l/ |u|TTH da
Q {zeQ:|u|>1} {zeQ:|u|>1}

(3.29) < (ep) " lullgifs < (ep) ™ T Vul g

gtp—p

IVaullp,

< urione
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and

q—p
EO)\ »
(3.30) lul? < €7 Vuls < C7 <m_<)> " vl

where C' is the Sobolev constant satisfying |[ul/q1+, < Cl|Vullp, ||ully < C||Vulp. Inserting
(3.29) and (3.30) into (3.28)), it follows that

L(t) < —BeB(t) + (55 feo Al) el

2
atp—p gtp—p
(3.31) + 5{5 tiais (pqE(0)> oo <pqE(0)> ’
p el q—p q cu q—7p
q9—pP
EW0)\ »
() e
Since E(0) < 22 (Cf;’iu)‘”ﬁfp, we get
tu—p
Cotr (pgB(0)\ "
— = —-1<0.
en ( q—Dp
By choosing 5 > 0 small enough such that
+up—p a—p
crti (pgB(0)\ " E(0)\ 7
S () e () e
Then, choosing € small enough such that
% +ée— )\1 < 0.

Hence, a combination of (3.27)) and (3.31)) yields

(3.32) L'(t) < —BeB(t) < _—BgL(t).
€5

Finally, integrating (3.32) over (0,t), we can deduce that there exist K; = L(0)/a; and
Ko = fe/ag such that

E(t) < Kie™®2t forall t € [0, +00).

This completes the proof of Theorem

4. Blow-up in the finite time

In this section, we mainly prove Theorems [2.5] and
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First, (ug,u1) € W™, by Faedo-Galerkin methods (see [4,12,[13]), it is not difficult to
obtain a local solution u of problem ([L.1]) satisfying the energy inequality

t
(4.1) E(t) +/ [Vug||3dr < E(0) <d, 0<t<T
0

where T* is the maximal existence time of the solution wu.
Next, we introduce the following lemmas which plays an important role in proving our

main results.
Lemma 4.1. Assume that (ug,u1) € W, then we have (u,ut) € W~ for any t > 0.

Proof. To prove (u,u;) € W~ for any t > 0. We suppose on the contrary that (u,u;) ¢ W~
on t = tg, then there exists a sequence {t,}, t, — t;, such that I(u(t,)) < 0, E(u(t,)) < d.
By the weak lower semicontinuity of I(u(t,)) and E(u(ty,)) in WO1 P(Q1), we have

I(u(ty)) < liminf I(u(t,)) <0, E(to) < liminf E(u(t,)) < d.

n—oo n—oo

By the assumption of (u,u:) ¢ W~ on t = to, then I(u(tg)) > 0 or E(u(to)) > d.
Case 1. I(u(tp)) > 0 is impossible, because of the weak lower semicontinuity of
I(u(ty)). If I(u(tg)) = 0, by the definition of d, E(t) and J(u), we can obtain
d= inf J(u) < J(u(to)) < E(u(to)) < d.

ueN

Obviously, the above formula is contradictory.

Case 2. E(u(tp)) > d is obviously impossible. This contradicts the weak lower semi-
continuity of E(u(t,)) in Wy (Q).
Thus, (u,ur) € W~ for any ¢t > 0. O

Lemma 4.2. [8] Let M(t) be a positive C? function, which satisfies, for t > 0, inequality
M$)M"(t) = (1 +a)[M' (1)) > 0

for some a > 0. If M(0) > 0 and M'(0) > 0, then there exists a time T* < M (0)/(aM’(0))
such that lim;_,p«— M(t) = oo.

Proof of Theorem [2.5. We define
t
MO = el + [ IFulf dr+ (7 = 0 Fuoll + bt +T0)%

where b and Tj are positive constants, which will be described later.
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By calculating the first-order differential and second-order differential of M(t), we
obtain that

t
(4.2) M'(t) :2/ uug da:+2/ /VuVut dxdr + 2b(t + Tp),
Q 0 Jo
M”(t):2/ |ut\2da:+2/uttuda:—2/uAutda;+Qb
Q Q Q
:2/ |ut\2d:c+2/ u[Apu + [u|T 2 log u|] dz 4 2b
Q Q
:2/ |ut|2dx—2/ |Vu|pdx—|—2/ |u|?log |u| dz + 2b
Q Q Q

= 2/ lug|? da — 21 (u) + 2b.

Combining (4.2)) with (| -, we get
q+2
M(E)M"(t) = == [M' ()]

t) </ |ut\2dm’—/ |Vu\pda:+/ |u]qlog|u|dx+b>
Q Q Q

(4.4) —(¢+2) (/Q g do + /Ot /Q VuVuy dedr + b(t + To)>2

=2M(t) </ |ut\2daﬁ—/ ]Vu\pda?+/ |u!qlog|uldm+b>
Q Q Q

+a+2) |60 - 010 - = 01Twld) (Julf + [ 19ulgar+o)].

where

t t
a(t) = (nun% + [ Ivuldr+ b<t+To>2) (||ut|% -/ uwtn%dwb)
0 0

t 2
— (/ uu dx + / / VuVu dedr + b(t + TO)> .
Q 0o Ja

Using Holder inequality and Young’s inequality, it is easy to testify that G(¢) > 0. There-
fore, by (4.4) and G(t) > 0, we can get the following inequality
qg+2
M(t)M"(t) — =~ [M'(t)]* = M(£)&(t),
where

t
£(t) = —dqllurl3 — 2Vl + 2 /Q ] log [u] dz — (g +2) / Vsl dr — gb.
0

By the definition of E(t) and (4.1]), we have
2q 2 ¢
€(t) = —2gE () + (p - 2) IVl + 2l — (a-+ 2 /0 IVl dr — gb

2q 2 t
> —2qd + (p - 2) [Vullp + glluHZ + (¢ — 2)/0 IV u||5 dr = gb.
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Since (ug,u1) € W~ and Lemmald.1}, we have (u,u;) € W~ for any t > 0, i.e., I(u) < 0.
Using Lemma then there exists a A, € (0,1) such that I(A,u) = 0. Hence, by the
definition of d and (2.2)), the following formula holds

1 1 1 1 1 1
(p - q) IVl + 5l > (p - q) NIVl + ALl = T O) > d

taking b small enough, which satisfies

~2qd + (2 2) [ Vall} + 2ull§ + (¢ - 2) L IVarl3dr

(4.5) 0<b< )
q
thus, we can see that £(t) > 0.
Through the above discussion, we get that
2
MM () - TE ) 2 0,

By the definition of M (t), M (0) = |luo||3+T||Vuol|3+bT > 0, we choose Tp large enough,

which satisfies

(7 —2)(lluoll3 + llull3) + 4l Vuoll3
2(q —2)b ’

(4.6) To >

thus, M’(0) = 2bTp + 2 [, uour dz > 2bTp — |Juol|3 — [Jus[|3 > 0.
According to Lemma M(t) — oo (t = T%), T™ satisfying

pr < AM©O) 2005+ 2]ju|)3 + 27 Vuoll3
T (q=2)M'(0)  (q¢—2)(bTo + Jquourdz) ’
that is,
e AMO) W73 + 2]uol}
T (q=2)M'(0)  (q—2)(bTp + Jouowr dz) — 2||Vug||3’
lim;_, 7+~ M(t) = co. This completes the proof of Theorem O

Proof of Theorem [2.6] We define the function
1 1
F(t) = 5“%”% + EHVUH%
by calculating the first-order differential of F'(t), we get
F'(t) = / uptyy dr + / \Vu]p_QVuVut dx

Q Q
(4.7) = / up (Aug + lu|7%ulog |ul) dx

Q

= —|| V|3 +/ut|u|q2ulog\u|dm’.
Q
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Due to 2 < g < 1+ n/(n — p), we choose p > 0 small enough such that ¢ — 1+ u <
n/(n — p). By the Young inequality and Sobolev inequality, we have

/ ug|u|?2ulog |u| dz
Q

1 1
< / |ut]2d$+/ Hu|q_2ulog|u\‘2dx
2 Ja 2 Ja

1 1 1

= —[juel|3 + / |[u|"2ulog \u|‘2 dx + / |[u|72ulog |uH2 dx
2 2 J{zeq:ul<1} 2 J{zeq:u>1}
1 1 1

(48) < —flugll3 + 5 (e(g — 1) 7%1Q0 + (6#)2/ [uf @1 da

2 2 2 {zeQ:|ul>1}
1 2 1 -2 1 -2 1 -2 plg—1+p)

< = ull3 + 5 (ela — 1)) + = (ep) 212 + 5 (en) 2 | Jul da
2 2 2 2 Q
1 1 1 1

< S llurll3 + (e = 1) 2100+ 5 (o) IR0 + 5 (ep) 2O Tupla= 140

1 1 1
< (1) + 5 (ela = 1) 19] + 5 (e) 210 + 5 (ep) 2OPa— =50 (pyo i,

where we used |29 logz| < (e(q — 1))~ for 0 < # < 1 while 7 #logz < (ep)™* for
x> 1, p >0, and C is the Sobolev constant satisfying ||ul],q—14,) < Cl|Vullp. By (4.7)
and (4.8), we obtain

1 1 1
F'(t) < F(t) + 5 (elq = 1) 7219 + 5 (en) (9 + 5 (ep) 2OV HHRpI i (g)a-tte,

Integrating the above inequality over (0,t), we see that

<t
F) ¥+ 3(elq—1)72Q] + 5(ep) ~2(Q + §(ep)2CPa- 14w pa—1tnya—1+n

Applying Theorem [2.5, we get lim;_,7+- F'(t) = +o00. Hence, we obtain a lower bound for
T* estimated by

T > / 1 1 dy 1 :
Fo) ¥+ 3(e(q = 1)) 72(Q] + 3(ep) 72| + 5(ep) 2CPU—IHmpa=Ttuya=ttn

The proof is complete. Here, it needs to noted that C in the text is constant, and the C'

in each row and even in the same row is different. O
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