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Boundedness of Solutions in a Fully Parabolic Quasilinear Chemotaxis Model

with Two Species and Two Chemicals

Aichao Liu and Binxiang Dai*

Abstract. This paper deals with a chemotaxis model with nonlinear signal production
in a smoothly bounded domain. When there is no logistic growth source, the solutions
of the system are globally bounded. This is also true if the logistic damping effect is
strong enough. We extend recent research on single-species and one stimulus obtained
by Tao et al. (2019, J. Math. Anal. Appl.) to two species chemotaxis system with
two chemicals by creating an extra subtle inequality. We also partially extended some
other related work.

1. Introduction

Chemotaxis refers to the guided migration of cells under the guidance of chemical gradi-
ents, which is crucial for a variety of biological processes. Chemotaxis has been confirmed
in many processes: including patterning of the slime mold Dictyostelium, embryonic mor-
phogenesis, wound healing, and tumor invasion (see |32] and therein). Continuous models
of chemotaxis have been developed to describe many such systems.

The following classical Keller—Segel model [20] was originally used to describe the

accumulation of Dictyostelium discotylum [21]

up = Au— xV - (uVv), e, t>0,

T = Av — v +u, reQ, t>0,
(1.1)

%:%:07 x e, t >0,

(u, 7v)(x,0) = (up(x), Tv9(x)), =€ Q,

where u represents the density of Dictyostelium discotylum, v stands for the chemical
concentration of an attractant or repellent. Here Q@ C R™ (n > 1) is a smoothly bounded
domain and 7 > 0. The first equation of system (|1.1]) implies that the cell movement is

directed toward (i.e., x > 0) the increasing chemoattractant concentration or away from
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(i.e., x < 0) the increasing chemorepellent concentration. The parameter y measures the
strength of the attraction or repulsion. The second equation of system states that the
chemoattractant or chemorepellent is produced by cells and undergoes decay. Model
is the basis of chemotactic models and has been studied deeply in the past four decades. To
the best of our knowledge, the results seem quite complete (see, for example, [2,[14,[16,47]).
The important results are listed below: no blow-up in one dimensional [15,131.52] except
for some extreme nonlinear diffusion models [3,/6], critical mass blow-up in two dimensional
[14.|16] and generic blow-up in higher dimensional [47].

Since the blow-up is an extreme case, a large amount of efforts were devoted to revising
the model such that the modified models allow global bounded solutions and thus
produce patterns suitable for reality. Subsequently, various mechanisms such as adding
logistic dampening [24,|30}45], nonlinear variants with chemotactic sensitivity and diffu-
sivity (see [38] and references therein) as well as the volume-filling effect [41|33,46], have
been introduced into the system to prevent the finite-time blow-up. Therefore, some

scholars have studied the following chemotaxis model for two coupled equations

ug =V - (Dw)Vu) = V- (S(u)Vv) + f(u), z€Q,t>0,

(1.2) Tor = Av — v+ g(u), z e, t>0,
gu = v =, z €00, t>0,
(u, 7v)(x,0) = (up(z), TV0(T)), x € Q.

Here 7 € {0, 1}, the positive function D(u) and nonnegative function S(u) stand for the
diffusivity and chemotactic sensitivity of the cells respectively, the functions f(u) and g(u)
indicate the growth of u and production of v respectively as well as the term S(u) Vo refers
to the cell movement towards the higher concentration gradient of the chemical signal. It
is worth mentioning that Painter and Hillen |33| initially emphasized the importance of
both nonlinear diffusion D(u) and sensitivity S(u). For chemotaxis models like (L.2)),
one of the most important problems is whether solutions remain bounded or blow up in
finite/infinite time.

In the case of g(u) = u and there is no source (i.e., f = 0), when 7 = 1, Horstmann and
Winkler [17] proved that there exist radially symmetric solutions which blow up under the
condition that D(u) = 1, S(u) > cou® with cg > 0and o > Z as wellas Q C R™ (n > 2) isa
ball. Subsequently, Winkler [46] showed that there exist solutions which blow up in either
finite or infinite time if % grows faster than un as u — oo and some further technical
conditions are fulfilled. Cieslak and Stinner [7] showed that there exist solutions which
blow up in finite time if S(s) is non-decay for any s > 0 and some extra conditions are
satisfied; meanwhile there exist solutions which blow up in infinite time if both D(s) and

S(s) decay (i.e., in the sense of lims_, o, D(s) = 0 and lims_,o, S(s) = 0) and are confined to
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some other conditions. In the same year, Tao and Winkler [38] showed that solutions are
bounded under the conditions that (( )) < cu® witha < 2 = as well as (2 is a convex domain.
Subsequently, Ishida et al. [19] generalized the result in |38] to non-convex domain. When
there exists logistic source, Zheng [60] showed all solutions are global and bounded under
the conditions that D(u) = (1 +u)~%, S(u) = u(1 4+ )’ and f(u) = r — pu* as well as
0 < a+f < max {k -1+ aq, %} or B =k —1 and pu is large enough. In addition, there
are some studies on 7 = 0 [51,59]. In the case of general g(u) and there is no source,
Liu and Tao [25] obtained the global boundedness of system (1.2)) with 7 = 1 under the
conditions that D(u) =1, S(u) = u and g(u) = u” with 0 < v < 2. Subsequently, when
7 =0and Q C R” is a ball as well as D(u) = 1 and S(u) = u, Winkler [49] showed
the solution is global and bounded under the conditions that g(u) < Ku? with v < %
and K > 0; meanwhile the solution blows up in finite time under the conditions that
g(u) > ku” with v > % and k£ > 0. When there is logistic kinetics, the case with 7 = 0
and D(u) = 1 has been investigated |10L|18,/62]. However, there is little literature on
system with 7 = 1. On Q C R?, for functions (D, S, g) € (C%([0,00)))? fulfilling
D(s) > cps™ L, S(s) < x05®, g(s) < kos® and f(s) = rs — ps? with ¢g > 0, xo > 0,
ko >0, meR, a>0,0¢€ (0,1, r>0and u > 0, Zheng et al. [63] obtained the global
existence of bounded solutions under the conditions that m > 2«a, 8 € (0,1]. Recently, on
Q CR” (n > 2), for functions (D, S) € (C?([0,00)))?, f € C°([0,00)) and g € C([0, 00))
satisfying do(1 +8)™% < D(s) < di(1+8)71, 0 < S(s) < s18(1 +5)77L, f(s) < rs— us”
and 0 < g(s) < 187 with dyp > 0,d; > 0,51 >0, 0 e R, e R, e R, reR, >0,
g1 >0,v>0and k > 1, Tao et al. [37] obtained the global existence of bounded solutions
under the conditions that f =0, v € (0,1], a+ 5+~ < 1—1—% or f#£0,8+~v<kor
f#£0, B4+~ =k, u> po for some py > 0. In addition, there are some papers on the

asymptotic behavior, to name a few, see [5,8,26,54].

In nature, populations always interact with each other. Studies have confirmed that
interactions of several populations via chemotactic mechanisms play an important role
in various biological processes [1334]. So far, existing literature is scarce and mainly
focuses on the case where there are two species and the two species produce the same
signal [1}129,136,/40,/57]. In order to understand the chemotactic interaction in presence
of several chemicals, Tao and Winkler [39] considered the following model involving two

species and two signals,

ur = Au—xV - (uVv), Tvr=A0v—0v+w, (x,t) € Q x (0,00),

(1.3) wr=Aw —&V - (wVz2), Tz =0z—2+u, (x,t) € Q x (0,00),
Gu = Qv — Qv = 92 — z,t) € 00 x (0,00),
(u, 7v,w,72)(x,0) = (uo(x), TV0(2), wo(x), T20(x)), x €
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Here 7 € {0,1}, u(x,t) and w(x,t) denote the densities of the two species and the chem-
icals produced are z(x,t) and v(z,t) respectively. That is, besides diffusions of the two
species themselves, one species produces a chemical signal to affect the motion of the
other. The signs of x € R and £ € R determine the types of interactions, attraction or
repulsion. Model can describe the chemotaxis driven cell sorting process [32], the
spatio-temporal evolution of two populations whose individuals move according to ran-

dom diffusion, and chemotactically directed motion leading to an interaction in a circular

manner.
When 7 = 0, Tao and Winkler [39] showed that system (1.3 possesses a unique
bounded classical solution whenever y = —1 and n < 3 or £ = —1 and n < 3; and under

the cases of xy = & = 1 and n = 2, the similar result holds if max {||uo||1(q), Hw0||L1(Q)} <
C;#N; in addition, blow-up may occur if n = 2 and min {||Jug||11(q), [wollL1 )} > 4.
Subsequently, some scholars obtained the boundedness criteria and blow-up criteria of
solutions in lower dimensional space [23}55,61]. However, in a varying biological envi-
ronment, according to the classical Lotka—Volterra kinetics [28], cells may proliferate and
compete for resources and space in order to survive. Therefore, proliferation and competi-
tion ingredients are incorporated into system . At that moment, most of works in this
direction mainly investigated the boundedness, stability, and convergence rate of solutions
when the logistic damping effect is strong enough (for example, see, [35,41-43,56,58,64]).

In a changing biological environment, the movement of cells involved in two species
and two chemicals should be described by nonlinear functions similar to the system .
As far as we know, for model , there is no similar work as system due to technical

difficulties. This inspires us to consider the following system

ug =V - (D(u)Vu) = V- (S(u)Vv) + f(u), x,t) € QX

) € Q% (0,5)
v =Av—v+gw), (z,t) € Q x (0,00),
14 wy =V - (Dw)Vw) — V- (S(w)Vz) + f(w), (z,t) € Qx (0,00),
2t =Nz — 2+ g(u), (x,t) € Q x (0,00),

Ou_ Py _ Qu_0_ x,t) € 00 x (0,00),

v — ov T v
(u,v,w, 2)(x,0) = (up(x), vo(x),wo(x), z0(x)), x €.

For the convenience of research, throughout this paper, we assume that the nonnegative
initial data (ug,vo,wo, 29) satisfy
(1.5) (g, vo, wo, 20) € CO(Q) x CHQ) x C°Q) x C1(Q), wug#0, wyZ0.
The functions D, S, D, S € C2([0,00)) satisfy S(0) = 0 and S(0) = 0 as well as
do(14+u)"* < D(u) <di(1+u)", 0<S(u) < spu(l+u)’ 1,

(1.6) N T N B N _
do(14+w) @ <DW)<di(1+w)™,  0<8w)<Fw(l 4w !
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for all u,w > 0 with some do,dl,sl,c%,cﬂ,gl >0 and o, a1, 3, a, 621,56 R. Moreover, we
assume that f, f € C2([0,00)) with f£(0), f(0) > 0 and g,§ € C2([0, 00)) fulfill

@ flu) <ru-— uu , 0<g(u) < )\1u7 for all u > 0,

1.7 - -
f(w) < 7w — fwk, 0 < g(w) < \w? for all w > 0,
where 7,7 € R, p, /\1,7,[251,% > 0 and k‘,% > 1.

The goal of this paper is to establish global existence and boundedness of classical solu-

tion of system (|1.4]) under the assumptions (|1.5)—(1.7)). Precisely, we obtain the following

main results.

Theorem 1.1. Let Q C R"™ (n > 2) be a bounded domain with smooth boundary, f = fz 0
as well as nonnegative initial data (ug,vo,wo, 20) satisfy (L.5)). Suppose D, S, IN), S and
g, g fulfill (1.6) and (1.7) respectively. If v, € (0,1] and an = a1 as well as

~ 2 ~ 2
a:a<; and a+max{ﬁ+7,ﬁ+7}<1+g,

then problem (1.4) admits a nonnegative classical solution (u,v,w,z) which is globally
bounded.

Theorem tells us that nonlinear variants involved in diffusivity, chemotactic sen-
sitivity and signal production are beneficial to the global existence of the solution when
there is no growth source. T heorem also extends the study in [61] to the fully parabolic

quasilinear chemotaxis model.

Theorem 1.2. Let n > 2 and nonnegative initial data (ug,vo,wo, 20) satisfy . Sup-

pose D, S, D S and 7, f, g, g fulfill (1.6} . and . 1.7) respectively, if k = k: 8 = ﬁ and
one of the following is true

(1

max{y,7} <k — B;

)
2) fy<fy:k_6;/j’>2k+1817ﬁ>fcvp;
)
4) v

(
(B) v <A=k—B, p>cp p>2"15;
( =5=k— 0, ,u>max{2k+151,cp}, /7>max{2k+1§1,5p},

then problem (L.4]) possesses a nonnegative classical solution (u,v,w,z) which is globally
bounded. Here c, and ¢, are defined in (3.41) and (3.39) respectively.

Theorem shows that strong logistic damping effect is conducive to the global exis-
tence of solutions. Theorem coincides with that in [37] when two species and signals
are exactly the same in system (|[1.4]).

Before we prove the main results in the third Section, we first show the local existence
of a classical solution to and provide some preliminary results. The paper ends with

a brief summary and discussion.
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2. Local existence and preliminaries

The proof of the local existence of solutions in time is similar to those in [24],37], which
is achieved by employing a fixed point theorem. Though we will not give the detail, for
readers’ convenience, we cite some used knowledge related to the Neumann heat semigroup.
We state it here (for instance, see [17,/44]). The operator A =: —A+1 is sectorial in LP(2)
and therefore admits closed fractional powers A?, 6 € (0,1) with dense domain D(A?).

Two basic and useful properties of A? are listed below.

(P1) If m € {0,1}, p € [1,00] and ¢ € (1,00) with m — % < 20 — ¢, then there exists some

positive constant C' such that

(2.1) pllwmo(y < Cl|A?@| Ly for all ¢ € D(A?).

(P2) For p < oo, the Neumann heat semigroup (e*®);>¢ maps LP() into D(A?) in any
of the space L1(f2) for ¢ > p, and there exist C' > 0 and p > 0 such that

1

(22) A% A ooy < CEOTEGTDe g Loy for all ¢ € LP().

Proposition 2.1. Let n > 1 and nonnegative initial data (ug,vo,wo, z0) satisfy (1.5)).

Suppose D, S, ﬁ, S and fs f, g, g fulfill and respectively. Then system (|1.4))
admits a monnegative local-in-time classical solution (u,v,w,z) € (C%Q x [0, Tmaz)) N
C*>H(Q x (0,Tmaz)))*. Here Tpae denotes the mazimum existence time. Moreover, if
Tinaz < 00, then

tliHTlSUP (HUHLOO(Q) + vl oo (@) + llwll oo (@) + ||Z||L<><>(Q)) = 00.
—dmax—

The following result shows some fundamental properties of solution (u, v,w, z) to prob-
lem (|1.4]) without logistic source.

Lemma 2.2. Letn > 1, f = fvz 0 and nonnegative initial data (ug,vo,wo, 20) satisfy
(1.5). Suppose D, S, D, S and g, § fulfill (1.6) and (L.7)) respectively, then the mass of u

and w 1s conserved in the sense that

(2.3) lull L) = llwolloi@),  Nwllzi@) = llwollzi)  for all t € (0, Tinax)-

Moreover, if v € (0,1] and 5 € (0,1], then for any s € [1, ﬁ) N [1, (nﬁ%lh)’ there
exist positive constants C; = C1(s,v) and Cy = Ca(s,7) such that

(24) HUHWLS(Q) < Cl and ||Z||W1,s(Q) < 02 fOT all t € (O,Tmax).

Here ¢, = max{s,0}.
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Proof. Integrating the first and third equations in (1.4]) over 2, we deduce % Jou =20
and % Jqw = 0 which imply (2.3). The assertion (2.4) can be obtained on the basis of a

method of Neumann semigroup estimates [22,37,53], so we will not give the detail. ]

Next, the following Lemma plays an important role in removing convexity of domains.
2(0) ¢ 02 —
Lemma 2.3. [27] Let n > 1 and ® € C*(Q), if W‘aﬂ =0, then

o|Vo|?
ov

< 2HQ‘V@’2 on 09,
where kg > 0 is an upper bound for the curvatures of 0f).

Then, we follow the ideas of [38, Lemma 3.1] and [17, Lemma 4.2] to establish the

following result which plays an important role in proving Proposition (3.1

Proposition 2.4. Assume p € (0,1) and o € (0,1) as well as p+ 0 < 1, then for any
m > 0 and ny > 0, there exists some positive constant C = C(n1,n2, p, 0) such that

a’b® < ma+ b+ C,
where a > 0 and b > 0.

Proof. Firstly, for any 1 > 0 and n > 0, applying Young’s inequality to the terms a”b?

and bT-s respectively produces

P

15 o e 1—
afb? <ma—+(1—p) <771> " p7%  and b < S/ A (p+0)
P L—=p L—=p

e
n 1=t

Next, we insert the second inequality into the first inequality to get

P P

Ppe < m T m T 1-p -
a’b? <ma + Y onb + Y [1—(p+o)ln T—Cta.

P
Finally, substituting n = %2 (%) 1-¢ into the above inequality yields

P o
T 1-(pto) T 1-(p+o)
a%ggma+mb+<?> -<?> [I=(p+0)]=ma+mnb+C,

where C' = ("—pl)_l—(Zﬂ” : ("—;)_1—<ﬁ+9) -[1 = (p+ 0)]. Hence, the proof is complete. O

We also recall the following Gagliardo—Nirenberg’s interpolation inequality, which will

be used frequently in the proof of our main results.
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Lemma 2.5. [9] Letl and k be two integers satisfyingl € [0, k). Suppose that q,r € [1, 0],
p>0andae [é, 1] such that

(2.5) 1—l=a<;—z>+(1—a)i

Then, for any ¢ € Wk’q(Q) NL"(R2), there exist two positive constants c1 and cy depending
only on Q, q, k, r such that

(2.6) 1Dl o) < 1l D*@l|Fa(oy 0l Loy + c2lldllr oy

with the following exception: If ¢ € (1,00) and k — 1 — % is a non-negative integer, then

(2.5)) holds only for a € [%, 1). Here D¢ is expressed as Fréchet derivative of order k. In
particular, if | =0, k =1 and q¢ = 2, we deduce from (2.6

(2.7) 18]l e () < 1llVOllT2q H¢H () T 2llollrr ),

where a € (0,1) satisfying

%:a(g—1>+§(1—a).

Finally, we give a result referred to as a variation of maximal Sobolev regularity.

Lemma 2.6. [12, Lemma 3.1] Let o > 1. Consider the following evolution equation
Zy=NZ —Z+h, (x,t)eQx(0,T),
9z —, (z,t) € 9Q x (0,T),
Z(x,0) = Zy(x), x €.

Then for each Zy € W%°(Q) (o0 > n) with BZD

there exists a unique solution

‘BQ =0 and any h € L7((0,T); L7 (Q2)),

Z € W ((0,7); L7(Q)) N L7((0,T); W2 ().

Moreover, there exists positive constant C,, such that if to € [0,T), Z(-,tg) € W>7(Q)
(o > n) with 82 to =0, then

o0 =

T T
/ / e2"|AZ]7 < CU/ / e27|h|7 + Cre2[||Z( -, t0) |90 + [|AZ( -, t0)[|5-]-
to Q to Q

3. Boundedness

We divide this section into two subsections to prove the boundedness of the solution.
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3.1. Boundedness without logistic source

The goal of this subsection is to establish uniform-in-time boundedness for ||ul[zs(q) and
|wlLr(q) as well as [|Vv||La(q) and [|Vz||fqa(q) for arbitrarily large p and q.

In order to prove Theorem we need some preparations. We first employ trace in-
equality, Holder’s inequality, Gagliardo-Nirenberg’s inequality, Proposition[2.4]and Young’s

inequality to establish the following useful proposition.

Proposition 3.1. Let n > 2 and nonnegative initial data (ug,vo,wo, z0) satisfy (1.5)).

Suppose D, S, D, S and g, § fulfill (1.6) and (L.7) respectively. If 4,5 € (0,1] and
a1 = ay as well as

-~ 2
a=a< —
n

~ 2
and a—l—max{ﬁ—i—y,ﬁ—i—v} <1+ﬁ’

then for all p,q € [1,00), there exists positive constant C = C|(p, q,a,al,,@,g,fyﬁ) such
that

lull Lo () @l o )s VUl Lag@), V2] La@) < C for all t € (0, Tinax)-

Proof. The Sobolev embedding theorem conveys to us that the lower order |[ul|zrq) and
|wl| Lr () as well as || Vo[ La(q) and ||V 2| a(q) can be controlled by the higher order ||ul|zr(q)
and ||wl|[zp() as well as ||[Vo|req) and ||Vz||Leq) respectively. Therefore, we only need

to prove that for sufficiently large numbers p and ¢ there exists positive constant C' =
C(p7 q,q, 0, ,3, 6, Y, ?) such that

lull oy lwll o )s VOl La(), V2l ey < € for all ¢ € (0, Tinax)-
To quantify sufficiently large numbers p and ¢, for the sake of the proof we find the

lower bounds p and g of numbers p and ¢ respectively as follows:

Under the assumptions 7,75 € (0,1] and o = a3 as well as o = a < % and o +

s 2

max{5+’y,5+7} <1+ 2, wecan fix s € [1,%) N [1,%) such that
1 1 1 ~ 1 1 1 ~

(3.1) y——<-<l4+4=——(a+p) and F——<-<1+4+——(a+p).
n s n n s n

Next, we can pick some a, a, b, b fulfilling

n s n 1 ~ n 1
3.2 a 1, mi b -, — b —, = .
(3.2) a’a€<’mm{n—2’(s—2)+}>’ >max{2,27}, >max{2,2ﬁ}

Then, we can select p and § large enough satisfying

2
(3.3) p>max{1,1—i—a—a1,1+oz+} and §>1+§
s



294 Aichao Liu and Binxiang Dai

as well as

<P+a+28-2
<P+a+28-2,

QU= |

n nq a’
n—2 2y 1 n—2 275 1
n p—a < b n p—a < b’
q < %S

Finally, it is easy to check that

—2 2 -1 -2 28—2 1
34 = [1+ (a+ 5 )}:” prat25-2 1 959
n pP—« n p—« a
and
2 1 -2
(3.5) 1-“<-<1-12 ,
s a ngq
n—2 2y 1 2
3.6 : <-<=
(36) n p—a b n’
—2 2 B—1 —2 28—2 1 ~
37 = 4 2Hotp )]:” prat2-2 1 o ieFoo
n p— n p— a
2 1 —2
(3.8) 1-“<-<1-1"
s a ng
as well as

9 95 1 2
(3.9) DT 2 2 f
n p—a p n

hold for all p > p and ¢ > §g. What we need to keep in mind is that when p > To and ¢ > q,

. . hold, which will guarantee that all of 6, 6, 6, 6, 0 5 5 in - fall
in the interval (0,1).

With the above preparations at hand, we define

_ [ [P Ao _ [k
R A e O A e A

It is easy to check that the assumption p > 1+ a — a3 in (3.3)) ensures that ¢ and 1
are well-defined and nonnegative. Multiplying the first equation in (1.4) by ¢(u) and

integrating by parts over €2, we can deduce

iAgﬁ(u): /¢” (w)|Vul* + /¢” u)Vu - Vo

_ up—a—Q U2 up—a—2 S(u) w- Vo
_/Q<1+> \VH/Q(H) Dy VY

< — / (14 u)p_o‘_Q\Vu]2 + % / (1+ u)p+ﬁ_2]Vu\ - [Vl
Q 0

1 s -
< [ 2 [ e

(3.10)
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where we have used Young’s inequality in the last two inequalities. Rewriting (3.10)

produces

d 52 _
g G [ o+ = [ 190 < o K

A straightforward calculation shows A|Vv|? = 2|D?*v|? 4+ 2Vv - VAv. Applying the second
equation in (1.4) and the pointwise estimate |Av|? < n|D?v|?, we can easily get

2
(3.12) (|IVo?): + E‘AUF 4 2|Vo]? < A|Vo|* 4+ 2V - Vg(w).

Multiplying (3.12) by |Vo[*@ Y and applying Lemma we can find some positive
constant C; = C1(q) such that

/|W|2q /|vu\2<q1>|m|2+2/ V|2
th Q )

S/ |Vo|?a=b) A\VU\Q—FQ/ Vo2V - Vg(w)
Q Q

2
(ql)/ |VU‘2(q_2)|V|V’U|2|2+/ |vv|2(q_1)3|Vv|
Q o9 ov

—2(q — 1)/Q|Vv\2(q2)V|Vv|2 Vo - g(w) — 2/Q Vo2 Ap - g(w)

<12 |Vv|2(q_2)|V\Vv]2|2+2/<aQ/ Vol
Q

(3.13)
2 [ [woPaDiaeR + [2g- 1+ 5] [ 90PN )
nJao
:_2(q21)/|vvuyq\2+2m/ Vo[22
q Q
+2/ |Vv\2(q_1)|Av]2+[ (¢g—1)+ /!Vv[Qq b (w)
nJq
-1
< |2+01/ V|2
q Q
g 2(¢g—-1) 2 _ 2(g— 1
+2 [ [9uPoblaf + [ - 1) /yw ®
n.Jjo

for all ¢t € (0,Tmax), where we have used the trace inequality (see |37, Proposition 3.1]
and |11, Propositions 4.22 and 4.24])

2| Al122 o0 \|Vh||L2 + Cl|l[2aq) for all h e WH2(Q).
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Collecting (3.13]) and (|1.7)) leads to
i [ 1vekt+ o [ 9vap
th q2 Q

(3.14) <M [2(q -1+ —} / w? Vo2 4 (Cy - 2)/ |Vv|2

21 Ja 0
<A [2a-1) + ] /(1 + W) Vo@D 4 () - 2)/ Vo,

21 Jq Q

A linear combination (3.11]) and (3.14)) results in

;/Q{gz)(u)+;|vv|2q}+@_20[)2/Q|V(1+u>”2“|2+q

<o [P TR Gy [ (TP 4Gy [ (140 TuP,
Q Q Q

‘ 2

(3.15)

where positive constants C7 > 2 and Cy = max{2d2,)\2[ ( -1+ ”] Ci— 2}. Performing
similar operations on the third and fourth equatlons of (1.4) produces

d 1 2 2 522 q
< Q{i/}(w)+q|Vz\ Q}+M/Q|V(1+w) 24

<O [P BT 4 Gy [ Va4 8y [ (TP,
Q Q Q

| 2

(3.16)

where positive constants 6’2 = max{ L )\2[ (g —1)+ %],6’1 — 2} and 6’1 > 2. A

2d3’
combination and ( - yields

(3.17)

d 1o 1 2 pa

2 / pa g 4
+—= [ VA+w) T+
(p—a)? Q| ( ) |
< 02/(1+u)p+a+25—2|vv|2+62/(1+w)p+a+2,§—2’vz‘2+c2/(1+w)27‘vv‘2(q—1)

Q 0 Q

’2+q ‘2

+52/(1+u)27v2|2<q—1>+02/ |Vv|2q—|—5'2/ V220,
Q Q Q

In order to control the first four integrals on the right hand by the last four integrals on
the left hand side, we use Holder’s inequality four times to estimate the integrals on the
right hand side of (3.17)) as follows

(3.18) /(1+u)p+a+2ﬁ2|vv|2 < {/(1+u)(p+a+252)a}a {/ ]Vv|2a} 7
Q Q

2=
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(3.19) /Q(l +w) 2| Vo[ < {/Q(l +w 2’”?} {/ |V 2= } :
[aropesiangp < { [aropessamt® { ] gl
[avwwspen<{ [avwm}t L] |Vz|2<q—1>3’}£',

where all of a, b, a, 5 satisfy (3.2). And then we get o/ = -% > 1, b/ = b_Ll > 1,

a = =4 > 1, V= E > 1. In view of Lemma 2| and (| ., applying the Gagliardo—
N 1renberg s inequality . ) results in

m\»-A
9\1‘,_.

Sl

(3.20)

1

{/(1 +u)(p+a+2ﬁ—2)a}a
Q

p—a 2(pt+a+28-2)
=T +u) = | 211(1;1(;+2672)
L p—a Q
2(p+a+28-2)60 2(p+a+28—2)(1—-0) p+oc+2ﬁ 2(p+a+28-2)
<03{||V(1+U) 2 o) " la+w)= , 7 (L +u) 2| }
Lr—a(Q) Lr— a(ﬂ)

(p+a+2B8-2)6
—a p—a
§C4{/ |V(1+u)pz|2} + Cy,
Q

where positive constants C5 = C’g (p, ) and Cy = Cy(p, o, B); the assumptions p > 1 and

[

pP—o p—
(3.4) guarantee § = -2 72‘“”‘”2’3 2 ¢ (0,1). We use Lemma and the Gagliardo—

pP—«
2+

Nirenberg’s inequality (2.7]) once again to obtain

2
{ | o } ~ 10l
q
25 2(1-9)

28 2
q|l 4 q q ql|l e
(321) < G { IV 190 gy IVl 7, -+ 9ol

Li(Q)
k)
gcﬁ{/ ywwqy?} + Cg,

8-

where positive constants C5 = C5(q, s) and Cs = C4(q, s, a,y); the assumptions and
q l
g > 1+ 3 in (3.3) warrant 6 = j+2f+q (0,1). Inmserting (3.20) and (3.21)) into (|3.18|)7

we can ﬁnd some positive constant C7 C7(p,q, o, B, a,s,) fulfilling

02/(1+u)p+a+2ﬁ2’vv|2
Q

(p+a+28-2)0

(3.22) §C7{[/Q|V(1+u)p2a2} e [/ |vyvuyq\2]

(p+a+28-2)0

o] e fae] ).
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Similarly, (3.6) and Lemma along with the Gagliardo—Nirenberg’s inequality (2.7))
indicate that

{/Quw)%b} =1+ >2|L;ﬂ;_ {/Wlw |2} =

2 1 2(q 1 , (Q*ql)g
{ [ o } = IVl )scg{ PR } e
q (9]

where the positive constants Cg = C’g(p,a b, 'y) and Cy = Cy(q, s, b, ’y) P > 1 in (3.3)

p—a
and b > 5 'y in (3.2) as well as ”TQ 27 < 1 in (3.6) ensure 6 = % (0,1); (3.8)

and

warrants % > ZT_;; qg>1 —1—% in (3.3 guarantees s < (qill); in the same Way, g > an

q
+
and s < M as well as % < % < %—F%(l— %) ensure 0 = <" 1>2b+5(q Uoe (0,1).

Inserting the above two inequalities into (3.19) gives us

n

C / (1 4+ w)2 |V Ha-D)
Q

52 <cm{[/\v +w)'E 2} [/vaquﬁ] »
Lo =[] )

where positive constant C19 = Cio(p, ., b,7,q,s). In precisely the same manner, we get

(g—1)8

there exist positive constants 5’7 and 510 such that

Cy / (1 + w)PHet28=2|y, 2
Q

(p+o¢+2§72)§

(3.24) §C~'7{[/Q|V(1+w)p_2a|2] Uﬂmvzyqﬁ]

(p+a+2§72)§

| [ivasw=e] T | [ e
52/(1+u)2ﬂvz|2q—1

23 <Cuf| [ Va0 |2] [ / |V1Vz|Q|2]
[ ]

Qo)

Qo

8

as well as
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Here positive constant Cip = élo(p, a,g, %, q, s); 3.7) and p > 1 in (3.3 ensure 0 =

p—c P~

T Tprerain . 5 itas—3
2 (P:p+§ﬁ 2 ¢ (0,1); (3.8) and g > 1435 in (3.3) guarantee § = ﬁ €(0,1);p>1
p—a_p-o
in (3.3) and b > % in (3.2)) as well as ";2~ 27 <1 > in (3-9) warrant 9= iliﬁ € (0,1);
n 2 2

L n-2, 5 2b(g—1) . 1
(3.8) warrants ¢ > %ng: 4> 1+35in (3.3) guarantees s < =5 g
q

~ +—L -1
as well as % <2<zl 2) 4y (39) ensure § =~ 27D € (0,1).

n —n n I.4q
q 2+s

Next, if the following four inequalities hold

pra+28-2 6 27§+q—17

0+ - <1, 5 <1,
— X — X
(3.26) b ¢ P 1
28—-2~ 6 2~6 — 1=
MM <1, V0 L a=15
p—« q p—« q

then applying Young’s inequality to (3.17]), we can find some positive constant Cjg such
that

% o {(b(u) +Y(w) + $|Vv|2q + (1]Vz|2q} + /Q {(b(u) +(w) + %|vv|2q + 2|VZ|2q} < Chs.

To this end, we define H;(q) (i = 1,2,3,4) as follows

+a4286-2 1 1, 1 _ 1
Hyg = Ptot26=2,, 0 " — 5 sta—s
1) = p— q_ l_l+ﬂ l_l+ﬂ’
n 2 2 n 2 s

2~0 — 1= _ 1 ﬂ_‘_i_l

Ha(q) = Y +q 5= . 71 2bp_a sl 12b q27

p—a 1 T R R
= < pra+28-2 1 1, 1 1
H()_p+a+2ﬂ—25+§_paz “ % s T
S\ p—a g L1_lipa T 1 _1_ 9
n 2 2 n 2 s

=~ 1 qg—1 1 1

2’)/9 q—1~ 7_;5 ?4‘2*5—5

H4(Q)_ — -1 1 p—a+ 1 1 q

p q T2tz wTaTs

Let q(p) = 5%s, then

p+oa+28-—2 1 1+L_l p+a+2,8—2_l+l

2 2 2 2
Hi(q(p)) = 1 1 p—aa 18 la p—a 1_1, p-a .
nT2t w2t n T2t

Thanks to the assumption a < ﬁ in (3.2), we derive

2 2 1 2
(p+a+2ﬁ—2)—1—|—g>(ﬁ+a+26—2)—1+;>5—1+g>0,

hence, %—%—F% > 0. From ({3.3)), we deduce p > p > 1+a+% > 1+a—%, which

implies £ — 2 + 222 > 0. It is easy to verify that £ < 1+1 — (o + 3) in ensures

n

Hy(q(p)) < 1. Similarly, we will obtain % > v — l in (3.1) guarantees Ha(q(p)) < 1;

n



300 Aichao Liu and Binxiang Dai

<1+l —(a+ B3) in warrants Hz(q(p)) < 1; 2 > 5 — 1 in guarantees
Hy(q(p)) < 1.

Similar to the proof in [37], by a continuity argument, for any p > P, there exists
q € [g,q(p)) close to q(p) satisfying H;(q) < 1 (i =1,2,3,4), which together with the fact
q(p) — oo as p — oo guarantees for all p>pand ¢ > q.

We define the following parameters

1 qg—1
€= ~ . e= s,
2(C7 4+ Cho)(p — @)? 4(C7 + Cro)g?
1 qg—1
€3 = €4 =

B 2(67 + Cl())(p — Oz)27 B 4(5’7 + 510)(]2'

With Hi(¢) < 1 at hand, we see the exponent ’Hoﬁ#& € (0,1) and g € (0,1) as
well as %9 + g < 1. Applying Proposition to the first term on the right-hand

side of (3.22)) produces

(p+a+28-2)8 )
q

a{ [wavzel T v

<Cy {61/ V(l—i—u)p_2al2+62/ ]V\Vv\q\z}—i-c*l.
Q Q

Using Young’s inequality to the second and third terms on the right-hand side of (3.22)

gives us
(p+a+28-2)6

{/\V(Hu)”z“F} T ca [IVOrwTR G
Q Q

s
{/ ywwm}q g@/ IV |Vo|?? + C).
Q Q

Here all of 51, 51 and 6’1 are positive constants. Repeating the process over and over

again for (3.23])—(3.25)), and inserting these results into (3.17)), a straightforward calculation
shows there exist positive constants C! (i = 1,2,3,4) such that

and

Loy 4 Lo, 2 £ )
{oa+ v+ 2ivepr ivaprh s 2 [ w040

dt Ja

2 p—a q—l 2 q—l 2
+7/V1+w = |2+ /qu + /VVz’I
p—a)? Q| ( )2 = Q| |Vol?| = Q| V2|7

< Cy {el/ \v<1+u)?|2+eg/ |V|Vv|q|2+el/ |v<1+u)¥|2+62/ |va|fI|2+c;}
Q Q Q Q
+ Cio [eg |V(1+w)%|2+62/ |V|Vv|q|2+63/ |V(1+w)%|2+62/ |V|V1}|q2+0§]
Q Q Q Q

s [63/ |v<1+w)%\2+e4/ \V\Vz|q|2+63/ |V(1+w)%|2+64/ |V|Vz|‘1|2+04
Q Q Q Q
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+Cho [61 V(1 +u) 2+ 64/ V[T + 61/ V(1 +u) 2+ 64/ V[V 212 + 04
Q Q Q Q
+ Cg/ |Vo|22 4 5'2/ |V 2|2
Q Q
Meanwhile, a simple rearrangement leads to there exists some positive constant C1 such

that

d

u {¢<>+w<> + Lo+ |Vz2q}

22 w%Q

q 1 q2 q_l/ q|2
+ 4 /|W|| o Qmwu

gcg/ yw|24+02/ V22 4 Oy,
Q Q

In view of the assumption o < 7, we obtain “— p ~ < 1, and then there exists some positive

constant C3 such that

1 P _ 1 %pz—*pa
/Q<z><u>sdop(p_1)/<1+u> e (U

po

(3.28) < Cs {/ V(1+ u)’”z”‘F}p_a +Cy
Q

1 p—a 9
<7
< (p_a)Q/Q]V(l—i—u) 2 1? + Ci,

p—a p—a
where 0 = +2+—2+ € (0,1) and positive constants C12 = Ci2(p, @) as well as we have

applied Young’s inequality to the integral [ [, |V(1 + u)¥\2] =3 Following the same

argument as u(x,t), we obtain there exists some positive constant 613 such that
1 p=a ~
(3.29) /w(w) < / V(L +w)"2 P + .
Q (p—a)? Jo

Applying the Gagliardo—Nirenberg’s inequality (2.7)) once again, we get there exist positive
constants Ci4 and Cq5 such that

1 o
(3.30) <q+02)/\vu12qs014 [/ |V|Vv|‘1]2} + Oy <
Q Q

where o = +

|2 +Cl57

€ (0,1). Following the same argument as v(z, t), we deduce there exists

positive constant 515 such that

1~ —1 -
(3.31) (+02>/|v22% ‘12/ V|V2%? + Cs.
q Q 2¢= Ja
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Collecting (3.27)—(3.31), a simple rearrangement leads to
d 1 oo 1 1 oo 1
— d(u) + ¥(w) + = Vo™ + = V2] 5 + o(u) + (w) + = Vo™ + =|Vz| p < Cig,
dt Jo q q Q q q

where positive constant Cig = Ci1 + Ci3 + C~'13 + Ci5 + 515. By an ODE comparison

argument, we derive

1 2 L 2
/Q¢<u>+/ﬂw(w>+q/gwwq+q/9|Vz|q

1 2q } 2q }
Smax{/9</>(uo)+/ﬂl/f(wo)+q/QWUo\ +q/ﬂ|v:/:o| Cig b

Obviously, with the definition of ¢(u) and ¥ (w) at hand, we obtain there exist positive
constants C17 and 517 such that

(1+u)Pr = < Cir[p(u) +u+1] and (1+w)P™™ ™ < Cirih(w) + w + 1].

And then, we can find some positive constant Cig satisfying
/(1 + u)PTTY < O, /(1 + w)PT=® < (g, / IVol*? < Chs, / IV2|* < Cis
Q Q Q Q

for all t € (0, Tinax)- Substituting p with p + o — ay produces

sup /(1 +u) <oo and sup /(1 + w)? < 0.
t€(0,Tmax) /2 t€(0,Tmax) 4 Q

Using the Sobolev embedding L?(€2) < L?7~1() leads to

sup / Vo1 <00 and sup / V2271 < 0.
te(O’Tmax) Q tE(O,Tmax) Q

As summarized above, we arrive at the desired estimate. O

Now, we are in the position to complete the proof of Theorem our proof reads as

follows.

Proof of Theorem [1.1] We first take py > max{1,1+ «a — a1, Bq1} large enough fulfilling
(A.8)—(A.10) in [38] (Here, g1 is chosen as follows). With Proposition [3.1] at hand, we can
find some positive constant C19 = C19(5,7,7) satisfying

sup  [|ullzro(a) < Cho, sup |lwlzro() < Cro.
t€(0,Tmax) t€(0,Tmax)

Next, Choosing ¢q; > n + 2 such that

S(u)Vv € L®((0, Tmax), L7 (), S(w)Vz € L((0, Tax), LT ().
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In fact, when B < 0, we will see S(u) < s1(1+u)? < 51 and
1S(w)Vo( -, ) pa (@) < s1lIVollpa ) < oo forall t € (0, Tiax);

when § > 0, note that S(u) < s1(1 4 u)?. Using Hélder’s inequality yields

B
[1S(w) Vo pa (o) < s1l]1+ uHLpO(Q) . "V”||Lp§1%°q1 @ < oo forallte (0, Tax)-

Following the same argument, we derive ||S(w)Vz|| a1 (@) < ooforallt € (0, Tiax). Finally,
with the aid of a Moser-type iteration method [38, Lemma A.1], we deduce there exists

some positive constant Cyg = Co(8,7,7) such that

sup |lul[pee() < C2o and sup |lwl| oo () < Coo.
te(omiax) te(omiax)

Note that v(z,t) solves

v —Av+v=gw), (x,t)€Qx(0,Thax),
v —0, (z,t) € 3 x (0, Tmax),
v(x,0) = vo(x), x € Q.

Applying the variation-of-constants formula to v(z,t) and the solution estimates for the

heat equation with zero Neumann boundary condition [17,[22,44] leads to

t
v(z,t) = e Dyy + / =D gz, 5)).
0

Meanwhile, choosing 6 € (22(211), 1-— 721((72:;)7 we obtain from ([2.1) and (2.2)) there exists

some positive constant C such that

[vllwree @) < C||A0v||Ln+1(Q)

t
< C|A% A D[ s () + C/ | A% =)A= g (w) | L o
0

t _
< Ot ¢ |ug|| iy + O / (¢ — ) E eIl
0
-1
<clrtyr(1-9-27 for all ¢ € (0, Tinax),
2n+1
where I'(-) denotes the Gamma function. Especially, we get
o] <clrtsr(i—o-"7"Y <ol yr(1-g- "1
Uliwee(@) = on+1)| =" | 2n 1 1

for all t € (to, Tmax). This leads to supye(y 700 IVllLo(@) < Co1. It is obvious that
SUPyeo,40] |Vl Lo (@) < oo by Proposition Therefore, we get supyc(o,1;,.,) 1VllL=(@) <
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oo. Similarly, applying the variation-of-constants formula to z(z,t), following the same
argument as v(z,t), we can also infer sup;c 1y, 12w~ @) < Cyi. In particular, we

get SUDye(0,Tpnay) 121l Lo (@) < Ch1. As summarized above, we get

sup (HUHLOO(Q) + vl zee @) + llwll oo () + HZHLOO(Q)) < 0.
t€(0,Tmax)

By Proposition we have Tjax = 0o. This completes the proof. O

3.2. Boundedness with logistic source

In this subsection, we first employ the variation-of-constants formula and maximal Sobolev

regularity to establish the following useful proposition.

Proposition 3.2. Let n > 2 and nonnegative initial data (ug,vo,wo, z0) satisfy (1.5]).
Suppose D, S, D, S and f, f, g, § fulfill (11.6) and (1.7) respectively. If k = k, B=3

and one of the following conditions holds
(1) max{y,7} <k —B;
(2) F<y=k—B u>2Hsy, i >3
(3) y<F=k—B, u>cp, i >215;
(4) y=7=k— B, p>max{2* sy, ¢,}, i > max{2"+13,,¢,},

then for any p € [1,00), there exists some positive constant C = C(p, 8,7, p, k,7, i) such
that
lu(-, e <O, lw(-,O)llr) < C  for allt € (0, Tinax)-

Here ¢, and ¢, are defined in (3.41)) and (3.39) respectively.

Proof. We only need to prove that for p satisfying p > max{1,2 — 8} there exists some

positive constant C' such that
lu(-,)llr@) < O, [[w(+,D)llpo) < C for all t € (0, Tinax)-

Let ¢g := min {1, %Tmax} and p > max{1,2 — 8} as well as t € (o, Tmax). Multiplying the
first equation in (T.4) by (1 + u)P~!, then (1.6) and (I.7)) lead to that there exists some
positive constant C1 = C1(p,r, 1) such that

1d

C [arwr === [ a+uwr2D) v

Q
-+@—1%éﬂ+uﬁ2SWWM-VU+A¥1+UV1f@)



(3.32)

Let m = p+k 1

k—
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<(p-1) / (1+ w)P2S(u)Vu - Vo + r/ (14w
Q Q

_ WP Lk
M/Q(1+ )
<(p-1) /Q(l 4+ u)P2S(u)Vu - Vo + r/ (1+u)Ptu

Q

~ gt [ [t
2 Q Q

< (p—1)/9(1+u)pQS(u)Vu.vu+2r+/Q(1+u)P

— —2#_1 (1 +u)Pt=1 40y
Q

positive constant Cy = CQ(p, r, U, k) such that

(3.33)

Let

1d m
1 o™ [ p
ol (—I—u) +2p/g( + u)

<(-1 /Q(l + u)P72S(u)Vu - Vo + (727; + 2r+> /9(1 + u)P

_ 2’57_1 (1 + u)erkfl + Cl
Q

<=1 [+ tS@Tevo- & [ arurtlic

¢
¢1(C):(p—1)/0 (1+0)P72S(0) for ¢ > 0.

Thanks to the assumption (1.6)), we derive

Dueto k> 3, wesee p+—1=(m

si(p—1)

+6_1(1+<)p+5‘1, ¢>0.

0<1(¢) <

over §2, we therefore infer that there exists some positive constant C'5 such that

(3.34)

(p—1) /Q(l +u)P728(u)Vu - Vo

1(p—1) B—1
/V<Z>1 Vv<p+ﬁ_1/(1-i-u)pJr | Av]
< K

<-£ 1+up+k‘1+Cg/Avm,
st [+ [ 180

305

, based on as well as Young’s inequality, we get there exists some

—1)(k — ) > 0 implies m > 1. Integrating by parts

+6-1
where C5 = Cs(p, 8,1, k) = (piép:ﬁ)(;i_k@l) [2“#131 -pﬁ;il]pk*ﬁ . Inserting (3.34) into
(13.33]) produces

1d

pdt

(1+u)p+m/(1+u)p< B (1—|—u)p+k1—|—03/ |Av|™ + Cs.
Q 2p Jo Q

2k+1
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Along with the variation-of-constants formula, we deduce there exists some positive con-
stant C4 such that

(3.35)
1
1+up§_// 2(t8)1+up+k1+0// Q(tSA’Um
K o i N
+02/ e~ 28 4 1e EAe to)/(1+u(t0))
Q

= k+1// U1 )Pt 4 Oge //628]Av\m+04,
2 to to

where Cy =: % + % Jo(1 4+ u(to))? = Cy(p,r, p, k, 5). In view of Lemma and ({3.35)),
we get there exist positive constants C,, and C5 such that

1 m(
P/(1+up§_2k+1// TR 4wt
Q
+Cng/ /e?(ts)/\inwm'y(s)
to JQ

(3.36) + C3Cme™ 20 [, t0) [ Fon ey + 140+, t0) [ e ] + Ca

t
H / / — 2 (t—s) p+k—1
< —— e 2 14+u
2k+1 to Jo ( )
t
+ Cng)\Tf‘/ / e 2 ()™ () + O,
to JQ

Cs(p, 7, p, k, B). Similarly, from the third and fourth equations of (1.4]), we
deduce there exist positive constants 63, ém and C~'5 such that

1 —2(t—s) k—1
p/9<1+w < 2k+1/t / F-9)(1 4 w)P*
(3.37) 0
+ CyC i / / =B =) (5) 1
to JQ
5’5(]9,5, i, k, 3). Summing up (3.36) and (3.37) leads to
1 1
/(1+u) + - /(1+w)p
< 2k+1/ / — 5 (t—s) +u)P+k 1+CgC Al / /e—g(t—s)umﬁ(s)_i_af)
2k+1/ / (=5) (1 4 )P 4 CyChAT? / /e—?<t—s>wm(s)+o5.
to

To obtain the boundedness of [,(14u)? and [,(1+w

where C5 =

where C~’5 =

M\S

)P, we subdivide the relationship
between m~y and p+ k — 1 as well as m7¥ and p + k — 1 into four cases as below
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Case 1. When m7y < p + k — 1 and my < p + k: 1, applying Young’s inequality to
the integrals j;to foe” 2 9um(s) and ft Joe” 2=9wm(s), we derive there exists some

positive constant Cf such that

1/(1+u)p+1/(1+w)1’§06.
pPJa D Ja

Case 2. When m? <p+k—1and my =p+k — 1, applying Young’s inequality to
the integral ft Joe~ 7 (t=s) u™(s), we can see there exists some positive constant Cy such
that
(3.38)

1 1 " _mes -
p/§2(1+u)p+p/g(1+w)p<_|:2k+l C5C,, )\1:|/to/ 5 (1= )(1+w)10+k 1_}_07‘

Thanks to the assumption p > 25t1s;, we deduce

C3C N2k

p+B—1 p+B—1

_1 2k+1 k—pB —1 k—
(3'39) = 2k+10m/\;7151(k - B) (p 4 /3 _pl)(p + k- 1) ( H Sl) (pik—1> ﬁ

<2 C AP s (k — B) == G = G(k, B,p).

By virtue of 1 > ¢, collecting (3.38)) and (3.39) results in there exists some positive

constant Cg such that
1 1
/(1+u)p+/(1+w)f’ < Cs.
P Ja P Ja

Case 3. When my¥ =p+k —1 and my < p+ k — 1. By the same procedure to Case 2,
we deduce there exists some positive constant Cy such that

(3.40)
1

1 SRS .
_ P = P |2 m — 2 (t—s) p+k—1 )
p/ﬂ(l—l—u) —i—p/ﬂ(l—i—w) <~ [557 - GG /t/Qe 30=)(1 4 )Pl 4 gy

Thanks to the assumption i > 25715, we have

C3Cpp N2k H
p+p—1 p+B—1

1 2k‘+1~ k—pB —1 k—
(3.41) 2k+1C’ >\1 s1(k—p) w5 _pl)(p+ k—1) ( ﬁ81> <}L{:4> B

< 2FHC A5 (k- B) = ¢p = cp(k, B, p).

In view of p > ¢,, combining (3.40) and (3.41]) shows that there exists some positive
constant C7g such that

1

1
/(1+u)p+/(1+w)p§01o.
b Ja P Ja
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Case 4. When my =p+ k — 1 and my = p+ k — 1. Following the same argument as

in Cases 2 and 3, we obtain there exists some positive constant C1; such that

1 1 I m _
- P P < |- (t—s) p+k—1
p/Q(l—{—u) +p/9(1 +w) {2k+1 CgC )\1 /to/ 3 ( (1+w)

=" [2k+1 CsCm /\1]// TEE Wt O,
to

With the assumptions p > max{2¢*1s;,¢,} and fi > max{2**+15;,¢,} at hand, we derive

3

S

there exists some positive constant C19 such that

1 1
/(1+u)”+/(1+w)1’§012.
pJo P Ja

As described above, we arrive at the desired result. O
With Proposition at hand, we can prove Theorem as follows.

Proof of Theorem [1.2 We first take py > max{1,2 — 8} large enough fulfilling (A.8)-
(A.10) in [38]. With Proposition [3.2at hand, we can find some constant C13 = C13(8, 7, ,
Wy k, 7,7, 1) > 0 satisfying

sup lullpro) < C13 and  sup  ||wl|peo(q) < Cis.
te(Omiax) te(O,Tmax)

Next, choosing ¢ > n+ 2 and g2 > ”+2 such that

(S(w) Vv, S(w)V2) € (L=((to, Tmax), LT (2)))?,

(3.42) Z
(f(u), f(@)) € (L=((to, Timax), L=(2)))*.

In fact, in one case, note that sup;c (1, lwllLr+1(0) < oo, we apply the variation-of-

constants formula once more to v(z,t) as the proof of Theorem to get

sup  [[v]fren) < oo and sup  [|z][w1eeo(q) < 0.
te(t07Tmax) tE(tO,Tmax)

And then when 8 < 0, we infer
1
[15(w) V]| Lar () < 51l VO]l oo () |21 <00 for all ¢ € (to, Tinax);
meanwhile when 8 > 0, we can see

[S(u) V| pa (@) < s1l|Voll ooy lll + ull? < oo forall t € (to, Tinax)-

LPa1(Q)

In summary, we deduce S(u)Vv € L% (Q) for all ¢t € (o, Timax). Similarly, we obtain
S(w)Vz € L (Q) for all t € (to, Tmax). In another case, note that f(u) < ru — puf, we
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easily get || f(u)| o) < rllullpe @) + uHuHIquQ(Q) < oo for all ¢ € (0, Tinax). Similarly we

have || f(w) || faz(q) < oo for all t € (0, Tiax). Finally, with (3.42)) at hand, with the aid of
a Moser-type iteration method [38, Lemma A.1], we get

sup |Jullp=(q) < Ca, sup  [|wllpee () < Cla,
te(t():Tmax) te(t07Tmax)
where C1q = C14(B,7,7, 7,7, 1, fi, k). It is obvious that supycpo ) [[ullLe@) < oo and
SUPyefo,t] Wl Lo (@) < oo by Proposition In summary, with the aid of the above

estimates, we infer

sup ||UHL<>O(Q) < 00, sup ||WHL<>°(Q) < 0.
te(ovaax) t6(07,TmaX)

As described above, we deduce

sup  (l|lull ooy + vl o) + lwll oo () + 121l oo (@)) < 0.
t€(0,Tmax)

Now Tinax = oo follows from Proposition 2.1 and hence the proof is complete. ]

4. Conclusion

In this article, we studied a fully parabolic quasilinear chemotaxis model with nonlinear
signal production. When there is no growth source, nonlinear variants with diffusivity,
chemotactic sensitivity and signal production ensure the global existence of the solutions.
We also showed that strong logistic damping effect warrants the global existence of the
solutions.

It is necessary to point out that under the cases of

Flu) = ru -, flw) = Fw — ik, Glu) =gt g(w) = g,

the stabilities of the solutions remain open. We guess that the bounded solutions warranted
by Theorem have the property

1
k—1 k—1
u—<r+> -0, |[z—q1 <T+> — 0,
[ [

L= (%)

Lo ()

If it is true, we can study the convergence rate of the solutions, but unfortunately, we do not
make a clear answer to this guess. It is worth mentioning that for single-species chemotaxis

systems involving linear diffusion and logistic-type terms, results on large time stabilization
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have already been obtained by Winkler for £ = 2 in [48] and substantially smaller k

in [50]. In addition, for a fully parabolic quasilinear single-species chemotaxis model

involving general logistic source and signal production, result on large time stabilization

has already been achieved by Ding et al. [8]. These may be very helpful to solve our guess.

We leave it for future work.
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