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Topological Entropy of Free Semigroup Actions Generated by Proper Maps

for Noncompact Subsets
Xiaoyi Xie and Dongkui Ma*

Abstract. In this paper, we introduce three notions of topological entropy of a free
semigroup action generated by proper maps for noncompact subsets, which extends
the notions defined by Ju et al. [13] and Ma et al. [17]. By using the one-point
compactification as a bridge, we study the relations of the entropies between two
dynamical systems. We then introduce three skew-product transformations, and for a
particular subset, the relationship between the upper capacity topological entropy of
a free semigroup action generated by proper maps, and the upper capacity topological
entropy of a skew-product transformation is given. As applications, we examine the
multifractal spectrum of a locally compact separable metric space, and it is shown
that the irregular set has full upper capacity topological entropy of a free semigroup

action generated by proper maps.

1. Introduction

Topological entropy, which plays a significant role in topological dynamical systems, was
first introduced by Adler, Konheim and McAndrew [1]. Using spanning sets and separated
sets, Bowen [5] then defined topological entropy for a uniformly continuous map on a
metric space, which extended the definition of Adler, Konheim and McAndrew. After that,
Bowen [6] introduced the topological entropy on noncompact sets by using the approach
of the definition of the Hausdorff dimension.

The classical Carathéodory construction in the general measure theory was originated
by Carathéodory in [8]. Pesin [21] proposed a new structure extending the classical
Carathéodory construction, which we call Carathéodory—Pesin structure or C-P struc-
ture for short. The C-P structure is a powerful tool to study dimension theory and
dynamical systems, which produces various characteristics of dimension type. For exam-
ple, Hausdorff dimension, topological entropy, etc. Further, it is very helpful to study the

topological entropy of noncompact subsets. Topological entropy for noncompact sets can
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be used to investigate multifractal spectra, saturated sets and irregular sets of dynamical
systems, see, for example, [21|6,|10}21}23].

In recent years, people have paid more attention to the study of free semigroup actions.
On the one hand, it is needed by some other disciplines, such as in physics, sometimes it
is necessary to allow the system that describes the real events to readjust with time to
match the inevitable experimental errors [14]. On the other hand, some dynamic system
theories are closely related to it, for example in the case of a foliation on a manifold and a
pseudo-group of holonomy maps, such as the one studied by Ghys, Langevin and Walczak
in [12]. In [12], they introduced a notion of topological entropy for finitely generated
pseudo-groups of continuous maps. Bi$ [3] and Bufetov [7] introduced the notion of the
topological entropy for free semigroup actions on a compact metric space, respectively.
Related studies include [9,/16.[22,25.26], etc.

By using the C-P structure, Ma et al. [19] and Ju et al. [13] introduced topological
entropy of a free semigroup action in different ways, Xiao et al. gave two new notions of
topological pressure of a free semigroup action in [27] and [28] respectively, Bi$ et al. [4]

studied the topological entropy and upper Carathéodory capacity of a semigroup action.

For a topological space, Patrao [20] introduced the topological entropy of proper maps,
on this basis, Ma et al. [17] introduced three notions of topological entropy of proper maps
by using the C—P structure. Moreover, Tian et al. [24], Ma and Fan [18], Li et al. [15] and

so on further studied the topological entropy and topological pressure of proper maps.

Inspired by the above notions, the main purpose of this paper is to introduce the topo-
logical entropy, lower capacity topological entropy (LCTE) and upper capacity topological
entropy (UCTE) of a free semigroup action generated by m proper maps for noncompact
subsets by using the C—P structure. Moreover, some further properties of the topological
entropy, LCTE and UCTE for a locally compact separable metric space (LCSMS) are

studied. We also give some applications of these entropies.

This paper is organized as follows. In Section [2| we give some preliminaries. In Sec-
tion [3| by using the C—P structure we introduce the notions of the topological entropy,
LCTE and UCTE of a free semigroup action generated by proper maps for noncompact
subsets. Several of their properties are provided. In Section [4] we give some further prop-
erties of the topological entropy, LCTE and UCTE for an LCSMS. It is verified that the
topological entropy, LCTE and UCTE of an LCSMS coincide with those of its one-point
compactification. In Section bl three skew-product transformations are introduced. For
a particular subset, we then give the relationship between the UCTE of a free semigroup
action generated by proper maps, and the UCTE of a skew-product transformation. In
Section [6] we prove that the multifractal spectrum of an LCSMS is equal to that of its

one-point compactification, and it is shown that the irregular set has full UCTE of a free
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semigroup action generated by proper maps.

2. Preliminaries

2.1. C-P structure

Let X and S be arbitrary sets and F = {Us : s € S} a collection of subsets in X. Following
Pesin [21], we assume that there exist two functions 1,1 : & — R™ satisfying the following

conditions:

(A1) there exists s € S such that Us, = 0; if Us = () then n(s) = 1(s) = 0; if U # () then
n(s) > 0 and 1(s) > 0.

(A2) for any ¢ > 0 one can find € > 0 such that 7(s) < ¢ for any s € S with ¢(s) < e.

(A3) for any € > 0 there exists a finite or countable subcollection G C S which covers X
(ie.; Useg Us D X) and 9(G) := sup{¢(s) : s € G} < e.

Let £: S — RT be a function, we say that the set S, collection of subsets F, and the set
functions &, 7, ¢ satisfying Conditions (A1), (A2) and (A3), introduce the Carathéodory—
Pesin structure or C-P structure 7 on X and write 7 = (S, F,§,n, ¥).

Given a subset Z of X, a € R, and € > 0, we define

M(Z,a,¢e) = iIglf {Zf(s)n(s)a} ,

seg

where the infimum is taken over all finite or countable subcollections G C S covering Z
with ¢(G) < e. By Condition (A3) the function M(Z,a,¢) is correctly defined. It is

non-decreasing as € decreases. Therefore, the following limit exists:
m(Z,a) = lim M(Z, a,¢€).
e—0
It was shown in [21] that there exists a critical value a € [—00, 0] such that

0 a> oo
m(Z,a) =< ’
00, «a<ag.

We define the Carathéodory—Pesin dimension of the set Z by
dime Z = ac = inf{a : m(Z, ) = 0} = sup{a: m(Z, o) = oo}.
Then we have the following theorem.

Theorem 2.1. [21]
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(1) dimg 0 < 0.

(2) dime 72 < dimg Zy if Z1 C Zy C X.

(3) dimg (Uizo Zi) = sup;>o dime Z;, where Z; C X, 1=0,1,2,....
Now we assume that the following condition holds:

(A3") there exists € > 0 such that for any 0 < £ < e there exists a finite or countable
subcollection G C S covering X such that i(s) = e for any s € G.

Given a € R and € > 0, for any subset Z C X, define

R(Zv «, 8) = iIglf {Z 5(5)77(5)a} )

sEG
where the infimum is taken over all finite or countable subcollections G C S covering Z
such that v (s) = ¢ for any s € G. Set
r(Z,a) =liminf R(Z,a,¢), T(Z,«a)=limsup R(Z,a,¢).
=0 e—0
It was shown in [21] that there exists -, @c € R such that
o0, a< oo, oo, a<ac,

and T(Z,a) =
0, a>ac 0, a>ac.

r(Z,«a) =

Define the lower and upper Carathéodory—Pesin capacities of the set Z by
(Z ) a) = OO} )
(Z,a) = o0}

Cap.Z = ac = inf{a:r(Z,a) = 0} = sup{a:

=

=3

CapoZ =ac = inf{a:7(Z,a) =0} = sup{a:
Similar to Theorem [2.1] the following theorem is provided.
Theorem 2.2. [2]]
(1) Cap 0 <0, Capcd < 0.

(2) Cap . Zy < Cap_ Z> and CapcZy < CapcZo if Zy C Zy C X.

(3) CapC(UiZO Z;) > supssg Cap,Zi, CapC(Uz‘zo Z;) > supssoCapgZi, where Z; C
X,i=0,12,...

For any € > 0 and subset Z C X, put

AN(Z,¢e) = igf {Z&(S)} )

SEG
where the infimum is taken over all finite or countable subcollections G C S covering Z
such that v (s) = ¢ for any s € G.

Assume that the function 7 satisfies the following condition:
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(A4) n(s1) =n(s2) for any s1,s9 € S satisfying 1(s1) = 1(s2).

It was shown that the lower and upper Carathéodory—Pesin capacities admit the fol-

lowing description.

Theorem 2.3. [21] If the function n satisfies Condition (A4), then for any subset Z C X,

.. logA(Ze) — _ log A(Z,¢)
Cap .Z =liminf —————=, CapoZ = limsup ————=.
“apq e—0  log(1/n(e)) be 0T log(1/n(e))

2.2. Words and sequences

Denote by F,! the set of all finite words of symbols 0,1,...,m — 1. For any w € F}, |w|
stands for the length of w, that is, the number of symbols in w. We write w’ < w if there
exists a word w” € F,} such that w = w”w'. For w =14y ---i € F,}, denote W = iy, - - - 41.
Denote by X, the set of all two-side infinite sequences of symbols 0,1,...,m — 1, that
is,
Ym={w=_(..,w_1,w0,w1,...) |w; =0,1,...,m — 1 for all integer i}

A metric on X, is introduced by setting

1
d(w,w') = oF where k = inf{|n| : w, # w,}.

Obviously, ¥, is compact with respect to this metric. The Bernoulli shift o,,: 3, —

Ym is a homeomorphism of ¥, given by the formula
(omw)i = Wit1.

Assume that w € %,,, w € Ef

o, a, b are integers, and ¢ < b. We write w ‘[a = W if

W = WalWat1 "+ Wh—1Wp-

Let 3;b be the set of all one-side infinite sequences of symbols 0,1,...,m — 1:

»h ={w = (ig,i1,...) 1i; =0,1,...,m — 1 for all integer j}.

2.3. Proper map and admissible metric

Let X be a topological space and f: X — X be a proper map, i.e., f is a continuous map
such that the pre-image by f of any compact set is compact. A finite open cover U of X is
called admissible cover if for each A € U, the closure or the complement of A is compact.

If X is an LCSMS, we can associate X with its one-point compactification, which is
denoted by X. We know that X is defined as the disjoint union of X with {co}, where
oo is some point not in X called the point at infinity. The topology in X consist of the
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former open sets in X and the sets AU{oo}, where the complement of A in X is compact.
Let f: X — X be a proper map. Defining f: XX by
~ T), T # o0
iy = [1@ T,
00, T = 00.
It is easy to see that fis also a proper map, which is called the extension of f to X. Note
that the separability of X is equivalent to the metrizability of X.
Let (X, d) be a metric space and B(z,d) represents the open ball centered at = with

radius § > 0. The metric d is called admissible [20] if the following conditions are satisfied:

(1) If as = {B(x1,9),...,B(xg,0)} is a cover of X, for every ¢ € (a,b), where 0 < a < b,
then there exists . € (a,b) such that as, is admissible.

(2) Every admissible cover of X has a Lebesgue number.

Obviously, if (X, d) is compact, then d is automatically admissible.

3. Topological entropy, LCTE, UCTE and their properties

In this section, by using the C—P structure, we give the notions of the topological entropy,
LCTE and UCTE of a free semigroup action generated by proper maps for noncompact
subsets. Such works extend the previous notions defined by Ju et al. [13], Ma et al. [17],
Patrao [20] and Tian et al. [24]. Moreover, some basic properties of these entropies are

provided.

3.1. Notions of the topological entropy, LCTE and UCTE

Let X be a topological space, f;: X — X (i =0,1,2,...,m — 1) be proper maps and U
be an admissible cover of X. Suppose that G is the free semigroup acting on X generated
by {fo, f1,---, fm—1}. Consider a finite open cover U of X, let

Sns1U) == {U = (Uy,Un,...,Uy) : U; €U, i =0,1,...,n}.

For any string U € S,4+1(U), define the length of U to be L(U) := n + 1. We put
S =SU) =U,s0Sn(U). For any w = (i1,i2,...,0n,...) € L, n > 1, and a given string
U = (Up, Uy, ...,Up) € Sp+1(U), we associate the set

Xo(U)={zeX:xzecl,fijo---ofylx)cU;j=12,...,n}

If w= 1109ty = W ][Ojn_l]e Er

. we also denote X,,(U) by X, (U) for convenience.
Define

F={X,(U):UecSU) and w e X},
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and three functions &,7n,1: & — R* as follows:
§U) =1, 5(U) =exp(-L(U)), #(U)=L(U)"".

It is easy to see that the set S, collection of subsets F, and the functions &, n and
determine a C-P structure 7 = (S, F,&,n,9) on X. Given w € F,t | lw| = N, Z C X and
«a > 0, we define

My(Z,o,U,N) := inf{ Z exp(—aL(U))} ,
Y \UeGy
where the infimum is taken over all finite or countable collections of strings G,, C S(U)
such that L(U) > N + 1 for all U € G, and G, covers Z (i.e., for any U € G, there
exists wy € ;b such that wy ‘[O,Nfl]: w and Uyeg, Xwy(U) D Z, in other words, for
any U € Gy, there is wy € F;, such that W < Wy and Uyeg, Xwy (U) D Z).
Let

1
(3.1) M%““M:mNZ;%%%%M'

We can easily verify that the function M(Z, a,U, N) is non-decreasing as N increases.
Therefore the following limit exists

m(Z,oa,U) = lim M(Z,a,U,N).

N—o0

Furthermore, given w € F,/ and |w| = N, by the Condition (A3’) in Section we can
define

Ruw(Z,0,U,N) = inf{ > exp(—a(N + 1))} = Aw(Z,U, N) exp(—a(N + 1)),
Y \UeGuw

where Ay, (Z,U, N) = infg, {card(G,)}, the infimum is taken over all finite or countable

collections of strings G,, C S(U) such that L(U) = N + 1 for all U € G, and G,, covers Z

(i.e., UUegw X»(U) D Z).
Let

1
3.2 R(Z,a,U,N) = — Ry(Z,a,U,N),
(3:2) (Z,o,U, N) lelz—N (Z, )

1
MZUN) = —5 > Au(ZU,N).
|lw|=N

Then we have
R(Z,a,U,N) = AN(Z,U,N) exp(—a(N + 1)).
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Set
r(Z,a,U) = liminf R(Z,a,U, N) and 7(Z,a,U) = limsup R(Z,o,U,N).
N—oo N—oo

By the definition of C-P structure,we can define

hzU,G) =inf{a: m(Z,a,U) =0} = sup{a: m(Z,a,U) = oo},
Ch,U,G) =inf{a:r(Z,a,U) =0} =sup{a:r(Z, a,U) = o},
Chz(U,G) = inf{a : 7(Z,a,U) = 0} = sup{a : 7(Z,a,U) = co}.

Moreover, define

hZ(G) ‘= sup hZ(u7 G)7 @Z(G) = Sup@Z(uv G)? WZ(G) = Sume(ua G)7
u u u

where the supremum is taken over all admissible covers of X. We call the quantities
hz(G), Ch,(G) and Chz(G), respectively the topological entropy and lower and upper
capacity topological entropy of G with respect to Z.

Remark 3.1. (1) By the definition, hz(G) < Ch,(G) < Chz(G),VZ C X.

(2) If X is a compact metric space, the topological entropy, LCTE and UCTE in this
paper coincide with those defined by Ju et al. [13].

(3) If m =1, i.e., G is generated by {f}, then hz(G) = hz(f), Ch,(G) = Chy(f),
Chz(G) = Chyz(f), where hz(f), Chy(f) and Chz(f) are the topological entropy, LCTE
and UCTE defined by Ma et al. |[17]. If m > 1, there are several proper maps acting on X,

so each point has many orbits, which makes the system more complex and challenges us

in describing the complexity of the system. Indeed, M(-,-,-,-) in (3.1) and R(-,-,-,-)
in (3.2) have a different denominator m” which is equal to the number of orbits of length
N at a point, so M(-,-,-,-) and R(-,-,-,-) can be regarded as orbital averages.

3.2. Some properties of the topological entropy, LCTE and UCTE

Using the basic properties of the C—P structure, we give the following three properties.
Since they are special cases of Theorems respectively, we omit their proofs.

Proposition 3.2. (1) hy(G) =0.

(2) hz,(G) < hz(G) if Zy C Zo.

(3) hz(G) = sup;>; hz,(G), where Z =;5, Zi and Z; C X, i=1,2,....
Proposition 3.3. (1) Chy(G) = Chy(G) = 0.

(2) Chy, (G) < Chy,(G) and Chyz,(G) < Chyz,(G) if 7 C Za.
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(3) Chy(G) = sup;s Chy (G) and Chz(G) > supys; Chz,(G), where Z = Ui>1 Zi and
ZiCX,i=1,2,....

Proposition 3.4. For any admissible cover U of X and any set Z C X, we have

log A(Z N J— log A(Z N
Chy U, G) =liminfw, Chy(U,G) :nmsupw'
N—oco N N N
Remark 3.5. (1) By Proposition we get that
log A(Z N J— log A(Z N
@Z(G) = sup lim inf M, Chz(G) = sup lim sup M
U N—oo N U N-—ooo N

(2) Tt is easy to see that Chx(G) = h(fo,..., fm_1), where h(fo,..., fm_1) denotes

the topological entropy of a free semigroup action in [24].

Moreover, we can prove the following proposition.
Proposition 3.6. Let X, Xo be topological spaces, gi: X1 — X1, fi: Xo — Xo (i =
0,1,2,...,m—1) be proper maps. Suppose that G1 and Go are the free semigroups acting
on X1 and Xs, generated by {go, g1, .-, 9m-1} and {fo, f1,..., fm—1} respectively. There

exists a proper surjective map w: X1 — X9 such that mog; = fiom (i=0,1,...,m—1),
then for any Z C X, we have

hz(G1) > hrz(G2), Chy(Gy) > Ch,;(G2) and Chz(Gy) > Chyz(Gs).

Specifically, if (X1,g;) and (Xa, fi) topologically conjugate (i =0,1,...,m —1), i.e., w is

a homeomorphism, then
hz(G1) = haz(G2), Chy(Gy) = Ch,,(Gs) and Chz(Gy) = Ch,z(Gs).
Proof. Let Us be an admissible cover of Xo. Set
U = {n7U; : U; € Up}.

Then U; is an admissible cover of X;. For each string U = (Up, Uy, ..., Uy) € S(Us), let
771U = (77U, 771U, ..., 7 Ux), then 7='U € S(U;). On the other hand, for each
string V € S(Uy), there is a unique string U € S(Uz) such that V = 77 1U. We note that
for any w € F} with |w| = N,

L(U) = L(z—'U) = L(V).

By the commutativity,
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Thus
My (nZ,a,Us, N) = My (Z,o,Uy, N).
Then
M(nZ,0,Us, N) = M(Z, o,Uy, N),
and
m(nZ,o,Us) = m(Z, a,Uy).
Moreover,

hrz(Ga,Us) = hz(G1,U1) < hz(Gh).
According to the arbitrarily of Us,

hr7(G2) < hz(G1).

1

If 7 is a homeomorphism, 7=+ is a continuous surjection from X to X7, by the above

proof we have
hz(G1) < haz(Ga).

Therefore,
hz(G1) = hrz(G2).
The others can be obtained in a similar fashion. O

Based on Remark [3.1)(2), we can use the analogous method as that of [13, Theorems 3.3

and 3.6] to prove the following two propositions, so we omit their proofs.

Proposition 3.7. For any G-invariant set Z C X (i.e., fi_l(Z) =7 for all f; € G), we
have
Chy(G) = mZ(G)-

Proposition 3.8. Under Condition 3.5 of [13], for any compact G-invariant set Z C X,
we have
hz(G) = Ch,(G) = Chz(G).

Example 3.9. Let (X, d) be a metric space, and fy, fi, ..., fm—1 be uniformly continuous
transformations from X to itself. Suppose that G is the free semigroup acting on X

generated by {fo, f1,..., fm—1}. If the family G are equicontinuous, then
Chz(G) = Chz(G) = hz(G) =0, VZCX.

Proof. 1t was shown in [24] that
Chx(G) = 0.

According to Remark [3.1[(1) and Proposition [3.3|(2), we have
Ch;(G)=Chz(G) =hz(G)=0, VZcCX. O
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4. Topological entropy, LCTE and UCTE of an LCSMS

In this section, we assume that X is an LCSMS, thus it can be associated with its one-point
compactification X , which makes us better to study further properties of the topological
entropy, LCTE and UCTE in this paper. The following theorem describes the relations

of the entropies between two dynamical systems.

Theorem 4.1. Let X be an LCSMS. Suppose that G is the free semigroup acting on X
generated by {fo, f1,..., fm-1}, where fi: X - X (1 =0,1,...,m — 1) are proper maps.
Let d be the metric given by the restriction to X of some metric d on X. Then for any
Z C X, the following limits exist:

lim hz(U,G) = hz(G), lim Ch,(U,G)=Ch,(G), lim Chz(U,G)=Chz(G),
[U|—0 [U|—0 [U|—0

where U is any admissible cover of X.
Lemma 4.2. [20] Let X be an LCSMS, f: X — X be a proper map. Let d be the metric
given by the restriction to X of some metric d on )?, the one-point compactification of X.

Then d is an admissible metric and for any € > 0 there exists an admissible cover of X,

such that the diameter of this cover is less than €.

Proof of Theorem [£.1] We just need to prove that

lim hz(U,G) = hz(G).

U] =0
By Lemma for any € > 0, there exists an admissible cover V such that |V| < & and
supy hz(U,G) —e < hz(V,G). Let § be a Lebesgue number of ¥V and W be an admissible
cover of X with [W| < §. Then each element of W is contained in some element of V.

Thus for any w € F)} with |w| = N, we have
Mo(Z,0,V,N) < Mo(Z, 0, W, N).
Then
M(Z,0,V,N) < M(Z,a,W, N).

Letting N — oo, we have
m(Z, o, V) <m(Z,a, W).
Thus,
hZ(V7 G) < hZ(W) G)

Moreover,
suphz(U,G) —e < hz(V,G) < hy(W,G).
u
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Letting WW| — 0, we get that

SuphZ(uaG) —e < lim hZ(W7 G)
u [W|—0

According to the arbitrarily of ¢,

SuphZ(qu) < lim hZ(WvG)
u

W|—0
Therefore,
lim hz(u, G) = hz(G)
[U|—0
The existence of the two other limits can be proved in similar ways. ]

Remark 4.3. It is easy to see that the topological entropy is a generalization of the topo-

logical entropy defined by Ju et al. [13].

Theorem 4.4. Let X be an LCSMS, fi: X — X (i =0,1,...,m — 1) be proper maps
and fz (i = 0,1,...,m — 1) be its extension of f; to X. Suppose that G and G are
the free semigroups acting on X and X respectively, generated by {fo, f1,--., fm—-1} and
{fo,]?l, .. .,fm_l} respectively. Then for any Z C X,

hz(G) = hz(G), Chy(G)=Chy(G) and Chz(G) = Chz(G).
Proof. Let d be the metric given by the restriction to X of some metric d on X and
U ={Uy,Ui,...,Ux_1} be an admissible cover of X. Let U; = {y € X:3re Ui7£lv(x,y) <
U]} (0<i<k—1), thend = {Uy,...,Us_1} is an open cover of X and [U| — 0 implies
U| — 0. Given w € F; with |w| = N, assume G, C U,y Su(Uf) covers Z. For any
U = (U, Us,s ... Ui, ) € Gu, put U = (171-0,(71-1,...,(71-“,;) € S(U) and denote by G,

the collection of all these strings, then éw covers Z C X. Hence,

My(Z,a,U,N) :inf{ > exp(—aL(U))} =inf¢ > exp(—aL(U))

“ \Uegu, 9o | gea,,

> inf Z exp(—aL(U") 3 := My(Z,o,U, N),
9w uU'eg!

where the last infimum is taken over all finite or countable collections of strings G/, C S(U)
that covers Z. Then we have

M(Z,a,U,N) > M(Z,a,U,N).

Letting N — oo, we get
m(Z,o0,U) > m(Z,a,U).
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Moreover,
hy (U, G) > hy(U,G).

Applying Theorem and letting || — 0, it follows that

hz(G) > hz(G).

On the other hand, let ag/Q = {§(50,5/2), .. .,E(iﬁk,l,sﬁ)} be a cover of X, for any
e € (a,b), where 0 < a < b. Since X is dense in X, there exist {zo,...,xx_1} C X, such

that d(z;,7;) < ¢e/2 (0 <i < k—1). For any z € X, there is 7; € {Zo,...,Tk_1}, such

that, d(x,7;) < /2. Then we have

d(z,z;) < d(z,z;) + d(x;, T;) < e,

showing that {B(zo,¢),..., B(zk—1,€)} is a cover of X. By Lemma d is an admis-
sible metric, then there exists § € (a,b) such that Us = {B(x0,9),...,B(xk_1,0)} is an
admissible cover of X. Let a < &1 < § < b, given w € F with |[w| = N. Assume
Gw C Unsn Sn(ﬁel/g) covers Z. For any U = {E(@-O,slﬂ),...,E(@-p,sl/Q)} € Gy, put
U = {B(zi,9),...,B(r;,,0)} € S(Us) and denote by G,, the collection of all these strings,

then we can easily verify that G, covers Z. It follows that

M, (Z,a,ljel/g,N> = inf Z exp(—aL(U)) » = inf{ Z exp(—aL(U))}

Guw
UeGu * \uegu

w

> inf exp(—aL(U’ = My(Z,a,Us, N),
> ind U%ﬂ/ﬂ p(—aL(U)) ( 5, N)

where the last infimum is taken over all finite or countable collections of strings G, C S(Us)
that covers Z. Moreover,

hZ(u€1/27 G) > hZ(Z/{§, G)

Letting b — 0, then €1/2 — 0 and § — 0, thus we get

hz(G) > hz(G).

Therefore,

hz(G) = hz(G).

The other two equalities can be obtained in a similar fashion. ]

Remark 4.5. Tt was shown in [17] that hz(f) = hz(f), Chz(f) = Chz(f) and Chy,(f) =
Chy,(f), this is a special case of Theorem
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Let X be a metric space with metric d, f;: X — X (i = 0,1,...,m — 1) be proper
maps. Let w = dyig---ip € Ff, where ij = 0,1,...,m —1 for all j = 1,...,k. Let
Fo = Fufin- fins Fa = £ f o £ Obviously, fuuw = fufur-

To each w € F}, a new metric d,, on X (named Bowen metric) is given by
dw(l‘l, 332) = maﬁd(fw’ (551)’ Juwr (562))
w’' <w

Fix a number § > 0, given w € F,} and a point x € X, define the (w, §)-Bowen ball at
by
By(z,0) ={y € X : dy(x,y) < d}.

For any subset Z C X, w € F,f and € > 0, a subset £ C X is said to be a (w,¢, Z, fo, ...,
fm—1)-spanning set of Z [26], if for any = € Z, there exists y € F such that d,(z,y) < e.
Let B(w, e, Z, fo, ..., fm—1) denotes the minimum cardinality of any (w, e, Z, fo, ..., fm-1)-
spanning sets of Z.

A subset F' C Z is said to be a (w, e, Z, fo,..., fm—1)-separated set of Z, if z,y € F,
x # y implies dy,(x,y) > e. Let N(w, e, Z, fo,..., fm—1) denotes the maximum cardinality
of any (w,e, Z, fo, ..., fm—1)-separated sets of Z.

For any n > 1, let

B(nagazvf()v"'vfm 1 Z waevzvf()v"'vfmfl)?
lw|=n

N(nagazvf()a"'vfm 1 Z 7€7Z>f07"'>fm71)-
lw|=n

Obviously,

B(w,e/2,Z, fo,. . fm—1) = N(w,e,Z, fo,..., fm—-1) = B(w,&,Z, fo,..., fm—-1),
this implies that

B(n,e/2,Z, fo,. . fm—-1) = N(n,e, Z, fo,..., fm—-1) = B(n,e, Z, fo, ..., frm—1)-

Similar to [26], we can define
1
H(Z, fo,. ., fm-1) = hm limsup —log B(n, e, Z, fo, - fm—1)
=0 pooo N

= lim limsup — logN(n e, 2, foy vy fm—1)-

e—0 n—soco N

We write H(Z, fo,..., fm—1) as Hq(Z, fo, ..., fm—1) to emphasize the metric d if we need

to. Then we have the following variational principle.
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Theorem 4.6. Let X be an LCSMS. Suppose that G is the free semigroup acting on X
generated by {fo, f1,..., fm—1}, where f;: X — X (i =0,1,...,m — 1) are proper maps.
Then for any Z C X, we have

mZ(G) - mdian(Z7 f07 .. ~7fm—1)7

where the minimum s attained whenever d is the metric given by the restriction to X of

some metric d on X the one-point compacification of X.

Lemma 4.7. [17] Let (X,d) be a metric space, then every admissible cover of X has a

Lebesgue number.

Proof of Theorem [4.6] For every metric d induced the topology of X. Let U be an admis-
sible cover of X. Applying Lemma U has a Lebesgue number denoted by 4. Given
w € F} with lw| = n, let E C X be a (w,&,Z, fo,..., fm—1)-spanning set of Z such
that 2¢ < ¢, then {By(z,e) : * € E} covers Z. For any x € E, there exists a string
U € Sp41(U) such that By, (z,e) C X,y (U), it follows that

Aw(Z,Z/[,TL) S B(w,g, Z, fg, . ,fmfl).

Then
A(Z,Z/I,n) S B(n,s, Z, fo, .. .,fmfl).

By Proposition we get that

Chz(U,G) < limsupilogB(n,e, Z, [0y s frn—1)-

n—oo N

Letting € — 0, we have
mZ(“? G) < Hd(27 f07 ) fm—l)'

Hence
mZ((;) = Slz/l{me(uv G) S Hd(Za f07 ceey fm—l)'

By the arbitrarily of the metric d, we have

(4.1) Chz(G) < inf Hy(Z. fo, - fr-1):

On the other hand, if the metric d’ is given by the restriction to X of the d on X. By
Lemma d’ is an admissible metric, and for any € > 0, there exists an admissible cover
of X such that the diameter of the cover is less than €. Let & be an admissible cover

with |U] < +oo. Given w € F,} with |w| = n, assume G,, C Sp,11(U) covers Z. Fixing
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zu € Xuw(U), VU € G, and putting F := {zy : U € G, }, we can easily see that E is a
(w, U], Z, fo,-.., fm—1)-spanning set of Z. Moreover, we have that

B(w7 ‘uLZa fO?' . '7fm—1) S Aw(Z7u7n>7

and
B(n,|U|, Z, fo,- - fm-1) < ANZ,U,n).

By Proposition we get that

1
limsup —log B(n, [U|, Z, fo, ..., fm-1) < Chz(U,G).

n—oo N

Applying Theorem and letting |U| — 0, we obtain that

Hy(Z, fo,.. ., fm—1) < Chz(G).
Combining , we have
Hy(Z, fo,. .., fm-1) = Chz(G),
and the proof is complete. O

Remark 4.8. Indeed, Ma et al. [17] proved that Chyz(f) = ming Hy(Z, f), Patrao [20]
proved that Chx(f) = ming Hy(X, f). Then Theorem extends the results of Ma et
al. |[17] and Patrao [20].

5. Topological entropy and UCTE of skew-product transformations

In this section, three skew-product transformations of proper maps is considered. We first
study the relations of the entropies among these three skew-product transformations. For
a particular subset, we then give the relationship between the UCTE of a free semigroup
action generated by proper maps, and the UCTE of a skew-product transformation.

Let X be an LCSMS, and its one-point compactification is denoted by X. Let fi: X —
X (i=0,1,...,m—1) be proper maps and f; (1=0,1,...,m —1) be its extension in the
one-point compactification X of X. The skew-product transformation [7] associated with
fi (1=0,1,...,m —1) is defined as

F:Y,xX =Y, xX, F(w,x)=(onw, fu()).

Here f,, stands for fo if wg = 0, and for f1 if wyp = 1, and so on. The skew-product

transformation associated with ﬁ (1=0,1,...,m —1) is defined as

(Omw, fuo(2)), T # 00,

(omw, 00), T = oo.

F' S x X = S x X, F*(w,2) = (0mw, fu,(2)) =
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We can easily get that the extension of F'is

F:Spy XX =S, xX, Fwz)=

where Y, X X denotes the one-point compactification of ¥, x X and oco* is some point
not in X, x X. It was shown in [24] that F' is a proper map, then it is easy to see that F*
and F are also proper maps, thus we can study the relations of the entropies among these
three skew-product transformations. First, we give the following two lemmas, the first of
which generalizes Bowen inequality [5]. In the first lemma, by a topologically dynamical
system (X,7T) (TDS) we mean a compact metric space X with a continuous map 7" from
X into itself.

Lemma 5.1. [11] Let (X,T), (Y,S) be two TDSs, m: X — Y be a factor map between
two TDSs (i.e., 7 is a continuous surjective such that moT = Som ). Then for any E C X,

hag)(S) < hp(T) < hyg)(S) + ;‘gﬁrl(y)(s)-

Lemma 5.2. For any set Z C X, we have

h’zmxz(ﬁ) S hszZ(F*) S hEmXZ(ﬁ) -l—logm

—_——

Proof. Defining 7: ¥, X X 58, x X by

Then it is easy to see that mo F* = For. By Lemma we get that

hgmxz(ﬁ) < hzmxz(F*) < hzme(ﬁ‘> + sup mﬂfl(y)(F*)
YEXm X X

- hEmXZ(FV) +m7r*1(00*)(F*) = hmeZ(ﬁ) + log m,
and the proof is complete. 0

Theorem 5.3. Suppose that G is the free semigroup acting on X generated by { fo, f1,- ..,

fm—1}, then for any compact G-invariant set Z C X, we have

mz(G) < Chy, xz(F) < Chz(G) + logm.
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Proof. Z is a compact G-invariant subset of X, this implies that ¥,, X Z is a compact

F-invariant subset of ¥, x X and a compact F*-invariant subset of X, x X. According

to [21, Theorem 11.5] and [17, Theorem 4.1}, we have
hgmxz(F*) = ﬁgmxz(F*) and hgmxz(F) = mgmxz(F).

Since X is compact, by [13, Theorem 5.1] and Theorem [4.4) we have

Chy,, «z(F*) = Chz(G) +logm = Chz(G) + log m.
By Lemma [5.2] we get that
Chs,xz(F) = s, xz(F) < by, xz(F*) = Chy,,x7(F*) = Chz(G) + log m,
and

mz(G) + logm = ﬁgmxz(F*) = hgmxz(F*)

< hgmxz(F) + logm :mzmxz(F) + log m.

Hence
Chyz(G) < Chy,, xz(F) < Chz(G) + logm.

Moreover, by [17, Theorem 4.3], we have

Chs,, xz(F) = Chs,, xz(F).

Thus we obtain the result immediately.

O

Remark 5.4. Let X be a compact metric space and Z = X, Tian et al. [24] proved that

hx(G) < hy,, xx(F) < hx(G) + logm, this is a special case of Theorem [5.3]

6. Applications

In this section, we study some applications of the topological entropies proposed in this
paper when X is an LCSMS. We first prove that the multifractal spectrum of an LCSMS
is equal to that of its one-point compactification. Inspired by Zhu and Ma [29], then we

focus on the UCTE of the irregular set for an LCSMS.

6.1. Multifractal spectrum

The following general concept of multifractal spectra was introduced in [2]. Let X be a

set and let g: X — [—o00, +00] be a function. The level sets of g

Ki={reX:g(x)=a}, —-oo<a<+x0



Topological Entropy of Free Semigroup Actions 335

are disjoint and produce a multifractal decomposition of X, that is,

(6.1) x= |\J kK
—oco<a<+oo

Let F be a set function (i.e., a real function that is defined on subsets of X ), satisfying
that F'(Zy) < F(Z2) if Z1 C Zy. Define the function F: [—oo,+o0] — R by F(a) =
F(KY), we call F the multifractal spectrum specified by the pair of functions (g, F'), or
the (g, F)-multifractal spectrum.

It happens that the function g is defined only on a subset Y C X. In this case the
decomposition ([6.1)) should be replaced by

X= |J Kux\Y).
—oco<a<+00
We still call this decomposition of X a multifractal decomposition.
The function F captures an important information about the structure of the set X

generated by the function g. Then we have the following theorem.

Theorem 6.1. Let X be an LCSMS. Let fi: X — X (1=0,1,...,m—1) be proper maps
and ﬁ (i =0,1,...,m — 1) be its extension of f; to X. Suppose that G and G are the
free semigroups acting on X and )~(, generated by { fo, f1, ..., fm—1} and {ﬁ), f~‘1, . ,fm_l}
respectively. Let g: X — [—00,400| be a function and g: X > [—00, +00] be any extension
of g. If the set functions F and F are defined as F(Z) = hz(G) (VZ C X) and F(Z) =
hZ(C:’) NZ - )?) respectively, then X and X have the same multifractal spectrum specified
by (g, F) and (g, ﬁ) respectively.

Proof. Let o € [—00, +00], then
Ki={zeX:ga)=a}={zeX:g(x)=a}=KI,
Ki={zeX:gx)=a}={zeX:g)=a}U{cc} = KIU {0},

where oo is the point in the definition of X. Note that h{oo}(é) = 0, by Proposition (3),

we have

hyea () = hica (G).

By Theorem [£.4] we get that

higs(G) = hgs(G) = h,5(G),

KZ(

and the theorem is proved. ]
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6.2. Irregularity

Let X be a metric space with metric d and f;: X — X (i =0,1,2,...,m — 1) be proper
maps. G is the free semigroup acting on X generated by { fo, f1,..., fm—1}. Let p: X - R
be a continuous function, a point x € X is called to be p-irregular point of a free semigroup
action for ¢ [29] if there exists w = (iyiz--+) € ¥;7,, the limit limy, 0 = > i1 o(figin ()
does not exist. Let I,(G) denote the set of all ¢-irregular points of a free semigroup action.
The union I(G) = Ug&EC( X.R) I,(G) is called the irregular set of a free semigroup action.

We say that G has the specification property [22] if for any 6 > 0, there exists p(d) > 0,
such that for any £ > 0, any points z1,...,zr € X, any sequences of positive integers
ni,...,ny and any py,...,pr > p(d), and any we,y € F with |w, | = pj, wen,) € Ff
with |w(,,)| =nj, 1 < j <k, there exists z € X such that

d(fw(x)afw(xl)) <94, Vw< W(ny)s

and

d(fwfw(Pj—ﬂfw(njfl) T fw(pl)fw(nl)(x)afw(ljj)) < 5; Y w < w(nj), 2< ] < k.
With the above basic concepts, we give the following theorem.

Theorem 6.2. Let X be an LCSMS and fi: X — X (i =0,1,2,...,m — 1) be proper
maps. Let d be the metric given by the restriction to X of some metric don X. Suppose
that G is the free semigroup acting on X generated by { fo, f1,.-., fm—-1} and G has spec-
ification property. Let ¢ € C(X,R) be bounded and can be continuously extended to X.
Let 1,(G) denote the set of all p-irregular points of G, then either I,(G) =0 or

mlw(g)(G) = Chx(G) = hx(G).
Before proving this theorem, we give the following two lemmas.

Lemma 6.3. [29] Let X be a compact metric space. G is the free semigroup acting on
X generated by { fo, f1,-- -y fm-1}, where fi: X - X (1=0,1,...,m—1) are continuous,
and G has the specification property. Let ¢: X — R be a continuous function. Then either
I,(G) =0 or

Chy,)(G) = Chx(G) = hx(G).

Lemma 6.4. Let X be an LCSMS with metric d which is the restriction of some metric
d on X. Let fir X =X (i=0,1,...,m — 1) be proper maps andﬁ (i=0,1,....,m—
1) be its extension of f; to X. G and G are the free semigroups acting on X and X

respectively, generated by { fo, f1,--., fm—-1} and {ﬁ), ﬁ, cee fm_l} respectively. If G has
the specification property, then G also has the specification property.
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Proof. For any § > 0, there exists p(d) > 0, such that for any k& > 0, any points z1, ...,z €
X, any sequences of positive integers ny,...,n; and any p1,...,pr > p(d), and any Wp,) €
Fob with [we, | = pj, win,) € Fyy with |wg, )| = nj, 1 < j < k, there exists 2 € X such
that

d(fw(x)vfw($1)) <9, Vw< W(ny),

and

d(fwfw(pjfl)fw(njfl) T fw(Pl)fw(nl) (Jz')afw(l'])) < 5, Y w < U)(nj), 2 < j < k.

If z1,...,2 € X and Ty = 00, 1 < i < k. It is sufficient to consider the case of
i = 1. Putting p(d) = p(d/2), for any sequences of positive integers ni,...,n; and any
P15 Pk > P(9), and any w, ) €~F7J,g with [we, | = pj, we,) € 1*:,;: yith |u1nj)] = nj;,
1 < j <k, by the density of X in X and the uniform continuity of fy, f1,..., frn—1, there
exists £1 € X such that

d(fw(il)a fw(ml)) <

N| >

;o Vw < Wi,

For x1,%9,...,2; € X, and above nj, pj, W(n,), Wip), 1 < j < k, there exists a point
z € X such that
d(fuw(2), fu(z1)) <

~ 0
2 Vw < Wi,

and

~ - )
d(fwfw@j,l)fwwj,n o gy fary (2), Fu(@) < 9

Moreover,

~ 6 0
d(fw(z),fw($1))< §+§:57 ngw(m),

and

~ ) ,
d(fwfw(pjfl)fw(n;l) e fw(pl)fw(nl)(2)7fw($]’)) < 5 < 67 Y w < ’U)(nj), 2 < J < k.

J

Therefore, G has the specification property. O

Proof of Theorem [6.2. We just consider the case of I,(G) # (. Let fz be the extension of
fito X (1=0,1,...,m—1), then it is easy to see that ﬁ (1=0,1,...,m—1) are continuous.
Suppose that G is the free semigroup acting on X generated by {fo, fl, e ,fm_l}. By
Lemma G has the specification property. Let ¢ € C ()Z' ,R) be an extension of ¢, then

I5(G) = 1,(G) or I5(G) = I,(G) U {oo}. It is easy to see that

mIW(G)(G) = Ch[ (@) (G).

@
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By Theorem [£.4] and Lemma [6.3] we get that

Chi,(c)(G) = Chy,(6)(G) = Chy_(G) = Chg(G) = hg(G).
Moreover, combining the fact that X=XU {o0} and Theorem {4.4, we can easily verify
that

WX(G) = mx(G) and h)?(G) = h)((G)

Thus we get the result immediately. O

Remark 6.5. If X is a compact metric space, under the same conditions as that of The-
orem Zhu and Ma [29] proved Lemma Then Theorem is an extension of
Lemma [6.3]

By [29, Corollary 4.2] and Theorem we have the following corollary.

Corollary 6.6. Let X be an LCSMS and f;: X — X (i =0,1,2,...,m — 1) be proper
maps. Let d be the metric given by the restriction to X of some metric donX. Suppose
that G is the free semigroup acting on X generated by {fo, f1,..., fm—1} and G has spec-
ification property. Let I1(G) = U%C(XR) I,(G) be the irregular set of a free semigroup
action, then either I(G) =10 or

Chy)(G) = Chx(G) = hx(G).
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