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Traveling Waves for a Discrete Diffusion Epidemic Model with Delay

Jingdong Wei*, Zaili Zhen, Jiangbo Zhou and Lixin Tian

Abstract. This paper is concerned with traveling wave solutions in a discrete diffusion

epidemic model with delayed transmission. Employing the way of contradictory dis-

cussions and the bilateral Laplace transform, we obtain the nonexistence of nontrivial

positive bounded traveling wave solutions. Utilizing the super-/sub-solutions method

and the fixed point theory, we derive the existence of nontrivial positive traveling wave

solutions with both super-critical and critical speeds. Our results indicate that the

critical speed is the minimal speed.

1. Introduction

Considering the environment which individuals live in can be divided into countably dis-

crete niches and the influence of latent period of the disease, we investigate a discrete

diffusion epidemic model with delay

(1.1)


dSn(t)
dt = ds[Sn+1(t) + Sn−1(t)− 2Sn(t)]− βSn(t)In(t−τ)

Sn(t)+In(t−τ)+Rn(t) ,

dIn(t)
dt = di[In+1(t) + In−1(t)− 2In(t)] + βSn(t)In(t−τ)

Sn(t)+In(t−τ)+Rn(t) − (γ + δ)In(t),

dRn(t)
dt = dr[Rn+1(t) +Rn−1(t)− 2Rn(t)] + γIn(t), n ∈ Z,

where Sn(t), In(t) and Rn(t) refer to the densities of susceptible, infected and recovered

individuals in time t and niches n, respectively. The coefficients ds, di, dr > 0 denote the

diffusion rates of each class, β > 0 stands for the transmission rate, γ > 0 represents the

recovery rate, δ ≥ 0 is the disease-induced death rate and τ ≥ 0 is the latent period.

Model (1.1) with standard incidence βSI/(S+ I+R) describes that individuals can move

freely in a patchy habitat and a part of infected individuals will be removed from the

community due to disease-induced death, while other recovered individuals will return

into the population, which capture the dynamical behavior of disease propagation.

In mathematical biology, traveling wave solutions can describe the phase transition

that an epidemic transmits geographically with a constant speed from the initial state to
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the final state. The main purpose in this paper is to explore the existence and the minimal

speed of traveling wave solutions for (1.1). By a traveling wave solution with a constant

speed c of (1.1), we mean that it is in the form of

(Sn, In, Rn)(t) = (S, I,R)(ξ), ξ = n+ ct,

which satisfies the following ordinary differential system

(1.2)


cS′(ξ) = ds[S(ξ + 1) + S(ξ − 1)− 2S(ξ)]− βS(ξ)I(ξ−cτ)

S(ξ)+I(ξ−cτ)+R(ξ) ,

cI ′(ξ) = di[I(ξ + 1) + I(ξ − 1)− 2I(ξ)] + βS(ξ)I(ξ−cτ)
S(ξ)+I(ξ−cτ)+R(ξ) − (γ + δ)I(ξ),

cR′(ξ) = dr[R(ξ + 1) +R(ξ − 1)− 2R(ξ)] + γI(ξ), ξ ∈ R,

with the asymptotic boundary conditions

(S, I,R)(−∞) = (S1, 0, 0) and (S, I,R)(+∞) = (S2, 0, γ(S1 − S2)/(γ + δ)),

where S1 > 0 is a given constant and the constant S2 ∈ [0, S1) will be proved to exist.

In the last several decades, many theoretical issues concerning local-diffusion (or

nonlocal-diffusion) epidemic models with (or without) time delay have been attracted

considerable attention. Particularly, the existence and nonexistence of traveling waves for

these models have been well-studied because these information can forecast whether or

not an epidemic transmit in the crowd and how fast the epidemic invades geographically.

In recent years, Wang et al. [20] studied a local-diffusion epidemic model

(1.3)


∂tS = d1∂xxS − βSI/(S + I +R),

∂tI = d2∂xxI + βSI/(S + I +R)− (γ + δ)I,

∂tR = d3∂xxR+ γI,

where S(x, t), I(x, t) and R(x, t) are the densities of susceptible, infected and recovered

individuals in location x and time t, respectively. For the biological interpretation of

model (1.3) and its coefficients, one can refer to [20]. They proved that if R0 = β/(γ+δ) >

1, c > c∗ = 2
√
d2(β − γ − δ) and d3 < 2d2, then (1.3) has a nontrivial nonnegative

traveling wave solution satisfying S(−∞) := S−∞ > S(+∞) := S∞ ≥ 0, I(±∞) = 0,

R(−∞) = 0 and R(+∞) = γ(S−∞ − S∞)/(γ + δ); if 0 < R0 ≤ 1 or c < c∗, then

(1.3) admits no nontrivial nonnegative traveling waves. In reality, latent period of many

diseases seems to be inevitable. Removing the unnatural condition d3 < 2d2, He and

Tsai [12] obtained the existence of nontrivial nonnegative traveling wave solutions with

both super-critical and critical speeds for a discrete delayed version of (1.3). For the

investigation of other local-diffusion epidemic systems, we suggest the readers to see [1,
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6–8, 10, 13, 14, 22, 23, 25, 28, 32, 37–40, 43]. To describe a long range process in a spatially

continuous environment, Yang et al. [34] explored the nonlocal version of system (1.3)

(1.4)


∂tS = d1(J ∗ S − S)− βSI/(S + I +R),

∂tI = d2(J ∗ I − I) + βSI/(S + I +R)− (γ + δ)I,

∂tR = d3(J ∗R−R) + γI,

where “∗” is the standard convolution with respect to spatial variable, J ∈ C1(R), J(x) =

J(−x) ≥ 0,
∫
R J(y) dy = 1 and J is compactly supported. They showed that when

R0 = β/(γ + δ) > 1, there is a constant c∗ > 0 such that for every c > c∗, system (1.4)

admits a nontrivial nonnegative traveling wave solution with S(−∞) := S−∞ > S(+∞) :=

S∞ ≥ 0, I(±∞) = 0 and R(−∞) = 0. Moreover, R(+∞) = γ(S−∞ − S∞)/(γ + δ) if

lim supξ→+∞R(ξ) < +∞. When 0 < R0 ≤ 1 or 0 < c < c∗, system (1.4) has no nontrivial

nonnegative traveling waves. Very recently, Wei et al. [25] investigated a nonlocal delayed

version of model (1.4) and derived the existence of nontrivial positive traveling waves with

super-critical and critical speeds. For more study of nonlocal diffusion epidemic systems,

we refer to [2, 3, 9, 15–19, 21, 33, 35, 41, 44]. To study the nonlocal process in a spatially

discrete environment, the present authors [26] proposed a two-component discrete diffusion

epidemic model with delay

(1.5)


dSn(t)
dt = d1[Sn+1(t) + Sn−1(t)− 2Sn(t)]− βSn(t)In(t−τ)

Sn(t)+In(t−τ) ,

dIn(t)
dt = d2[In+1(t) + In−1(t)− 2In(t)] + βSn(t)In(t−τ)

Sn(t)+In(t−τ) − γIn(t), n ∈ Z,

and established the existence and nonexistence of traveling wave solutions for this sys-

tem. Let us recall the proof strategy in [26]. Firstly, we constructed a pair of super-

/sub-solutions on the real line and defined an invariant cone of a functional space with

weighted norm by this pair of super-/sub-solutions. Secondly, we applied Schauder’s fixed

point theorem to prove that (1.5) has a traveling wave solution with super-critical speed.

Thirdly, by analysis method we obtained the asymptotic boundary, positiveness and other

properties of the traveling wave solution. Fourthly, utilizing the similar way as for the

super-critical traveling wave solution, we still derived the critical traveling wave solu-

tion via another pair of super-/sub-solutions. Finally, for the nonexistence theorems, we

mainly used the way of contradictory arguments and the bilateral Laplace transform to

achieve the goal. The results in [26] are summarised as follows. If β > γ, then there is

some constant c∗ > 0 such that for each c ≥ c∗, model (1.5) admits a nontrivial positive

bounded traveling wave solution. If β ≤ γ or c < c∗, then (1.5) has no nontrivial posi-

tive bounded traveling wave solutions. For other progress of discrete diffusion epidemic

models, see [5, 11,24,30,36,42].
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We should point out that the difference-differential epidemic models in the existing

references [5,11,24,26,30,36,42] are two-component systems, while (1.1) is indeed a three-

component system and we need to overcome some difficulties. Due to the deficiency of

monotonicity for (1.1), it is hard to obtain the exact boundaries of S-component and

R-component at plus infinity. However, by analysis technique, we still derive the exis-

tence of the limits for S-component and R-component at plus infinity under the condition

lim supξ→+∞R(ξ) < +∞. Because of the appearance of second order difference operators,

it seems difficult to deduce a priori estimate of R-component, which is a key estimate for

using the method of the bilateral Laplace transform to prove the nonexistence results.

Herein, we construct a nonnegative bounded smooth cut-off function and make full use

the structure of system (1.2) to obtain this a priori estimate.

Now we sketch our ideas and organization as follows. Section 2 is devoted to stat-

ing some preliminaries. In Section 3, we apply the reduction to absurdity together

with the bilateral Laplace transform to establish the nonexistence of nontrivial positive

bounded traveling wave solutions in (1.1). In Section 4, to explore the existence of a

super-critical traveling wave solution in (1.1), we first construct a pair of super-/sub-

solutions for (1.2); secondly, we introduce a convex cone ΩX of initial functions defined

in a large bounded closed interval [−X,X], whose elements sandwich between super-

solution and sub-solution; thirdly, we define a nonlinear operator O on ΩX and present

that O : ΩX 7→ ΩX is completely continuous with respect to the supremum norm in

C([−X,X],R3); fourthly, we use Schauder’s fixed point theorem on this cone to obtain

the existence of a fixed point for O, which guarantees that the existence of a solution for

(1.2) on [−X,X]; fifthly, by a limiting method we extend the existence of the solution

on [−X,X] to the unbounded spatial domain R; finally, by delicate analysis we show the

positiveness and asymptotic boundaries of the traveling wave solutions. In Section 5, to

investigate the existence of a critical traveling wave solution in (1.1), we construct another

pair of super-/sub-solutions for (1.2) and utilize the analogous manner as for the super-

critical traveling wave solution to reach our goal. Then we further deduce some properties

concerning the traveling wave solutions.

2. Preliminaries

Let us start with the definition of the super-/sub-solutions for (1.2). In the sequel,

D[u](ξ) := u(ξ + 1) + u(ξ − 1)− 2u(ξ).

Definition 2.1. The nonnegative continuous function pairs (S+, I+, R+)(ξ) and (S−, I−,
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R−)(ξ) are named as a pair of super-/sub-solutions for (1.2) if they satisfy

dsD[S+](ξ)− cS′+(ξ)− βS+(ξ)I−(ξ − cτ)

S+(ξ) + I−(ξ − cτ) +R+(ξ)
≤ 0,

diD[I+](ξ)− cI ′+(ξ) +
βS+(ξ)I+(ξ − cτ)

S+(ξ) + I+(ξ − cτ) +R−(ξ)
− (γ + δ)I+(ξ) ≤ 0,

drD[R+](ξ)− cR′+(ξ) + γI+(ξ) ≤ 0,

dsD[S−](ξ)− cS′−(ξ)− βS−(ξ)I+(ξ − cτ)

S−(ξ) + I+(ξ − cτ) +R−(ξ)
≥ 0,

diD[I−](ξ)− cI ′−(ξ) +
βS−(ξ)I−(ξ − cτ)

S−(ξ) + I−(ξ − cτ) +R+(ξ)
− (γ + δ)I−(ξ) ≥ 0,

drD[R−](ξ)− cR′−(ξ) + γI−(ξ) ≥ 0,

except for finitely many points on the whole real line.

Now we establish a couple of lemmas which will be utilized to prove our main results.

Lemma 2.2. Let R0 := β/(γ + δ) > 1 and

F (ρ, c) := di(e
ρ + e−ρ − 2)− cρ+ βe−ρcτ − γ − δ.

Then there exists a pair of positive real numbers (ρ∗, c∗) such that

(2.1) F (ρ∗, c∗) = di(e
ρ∗ + e−ρ

∗ − 2)− c∗ρ∗ + βe−ρ
∗c∗τ − γ − δ = 0

and

(2.2) Fρ(ρ
∗, c∗) = di(e

ρ∗ − e−ρ∗)− c∗ − βc∗τe−ρ∗c∗τ = 0.

Moreover, the following statements are valid.

(i) If c ∈ (0, c∗), then F (ρ, c) > 0 for ρ ∈ [0,+∞).

(ii) If c ∈ (c∗,+∞), then the equation F (ρ, c) = 0 admits two positive roots ρ1(c) := ρ1

and ρ2(c) := ρ2 with ρ∗ ∈ (ρ1, ρ2) such that F (ρ, c) > 0 for ρ ∈ [0,+∞) \ [ρ1, ρ2] and

F (ρ, c) < 0 for ρ ∈ (ρ1, ρ2).

Proof. It follows that F (+∞, c) = +∞ for each c > 0 and F (ρ,+∞) = −∞ for each

ρ > 0. Since R0 > 1, we compute that

F (0, c) = β − γ − δ > 0, Fc(ρ, c) = −ρ− βρτe−ρcτ < 0, ∀ ρ > 0,

F (ρ, 0) = di(e
ρ + e−ρ − 2) + β − γ − δ ≥ β − γ − δ > 0,

Fρ(0, c) =
(
die

ρ − die−ρ − c− βcτe−ρcτ
)∣∣
ρ=0

= −c− βcτ < 0, ∀ c > 0
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and

Fρρ(ρ, c) = die
ρ + die

−ρ + βc2τ2e−ρcτ > 0.

By these calculations, we show the rough graphs of function F (ρ, c) for each c > 0 in

Figure 2.1.

Figure 2.1: F (ρ, c) when 0 < c < c∗, c = c∗ and c > c∗, respectively.

In view of this figure, we obtain the desired results of this lemma.

Lemma 2.3. Let

G(ρ, c) := cρ− dr(eρ + e−ρ − 2).

Then for each c > 0, there exists a constant ρ3 > 0 such that G(ρ, c) > 0 with ρ ∈ (0, ρ3).

Proof. Elementary computations give that G(0, c) = 0, Gρ(0, c) = c > 0, Gρρ(ρ, c) =

−dr(eρ + e−ρ) < 0 and G(+∞, c) = −∞ for each c > 0. With the aid of the above com-

putations, we present the rough graph of the function G(ρ, c) for each c > 0 in Figure 2.2.

Figure 2.2: G(ρ, c) when c > 0.

By the virtue of this figure, we end the proof.
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Lemma 2.4. Suppose that (S, I,R)(ξ) ∈ C1(R,R3) is a nontrivial positive solution of

(1.2) with the wave speed c > 0 and satisfies

S(−∞) = S1, sup
ξ∈R

S(ξ) ≤ S1, I(±∞) = 0, R(−∞) = 0, sup
ξ∈R

R(ξ) < +∞,

where S1 > 0 is a given constant. Then

(2.3)

∫
R

S(ξ)I(ξ − cτ)

S(ξ) + I(ξ − cτ) +R(ξ)
dξ < +∞

and

(2.4)

∫
R
I(ξ) dξ < +∞.

Proof. Integrating the first equation in (1.2) over [x, y] gives∫ y

x

βS(ξ)I(ξ − cτ)

S(ξ) + I(ξ − cτ) +R(ξ)
dξ

= ds

∫ y

x
D[S](ξ)− c

∫ y

x
S′(ξ) dξ

= ds

∫ y

x

∫ 1

0
S′(ξ + θ) dθdξ − ds

∫ y

x

∫ 1

0
S′(ξ − θ) dθdξ − cS(y) + cS(x)

= ds

∫ 1

0
[S(y + θ)− S(x+ θ)] dθ + ds

∫ 1

0
[S(x− θ)− S(y − θ)] dθ − cS(y) + cS(x)

≤ (2ds + c)S1, (since sup
ξ∈R

S(ξ) ≤ S1 and S(ξ) > 0 on R),

which together with the positiveness of S(ξ), I(ξ) and R(ξ) on R implies that (2.3) holds.

Since I(ξ) ∈ C1(R) is nontrivial, positive and I(±∞) = 0, there is some constant C0 > 0

such that I(ξ) ≤ C0 on R. Then an integration of the second equation in (1.2) over [η, ζ]

yields

(γ + δ)

∫ ζ

η
I(ξ) dξ

= di

∫ ζ

η
D[I](ξ)− c

∫ ζ

η
I ′(ξ) dξ +

∫ ζ

η

βS(ξ)I(ξ − cτ)

S(ξ) + I(ξ − cτ) +R(ξ)
dξ

≤ di
∫ ζ

η

∫ 1

0
I ′(ξ + θ) dθdξ − di

∫ ζ

η

∫ 1

0
I ′(ξ − θ) dθdξ − cI(ζ) + cI(η) + (2ds + c)S1

= di

∫ 1

0
[I(ζ + θ)− I(η + θ)] dθ + di

∫ 1

0
[I(η − θ)− I(ζ − θ)] dθ

− cI(ζ) + cI(η) + (2ds + c)S1

≤ (2di + c)C0 + (2ds + c)S1.

This combined with the positiveness of I(ξ) on R ensures that (2.4) holds. The proof is

finished.
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3. Nonexistence of traveling waves

This section is to establish the nonexistence of nontrivial positive bounded traveling wave

solutions to (1.1).

Theorem 3.1. For a given constant S1 > 0, if (R0, c) ∈ (0, 1]×R ∪ (1,+∞)× (−∞, c∗),
then system (1.1) has no nontrivial positive traveling wave solutions (S, I,R)(ξ) satisfying

(3.1) S(−∞) = S1, sup
ξ∈R

S(ξ) ≤ S1, I(±∞) = 0, R(−∞) = 0, sup
ξ∈R

R(ξ) < +∞.

Proof. By the reduction to absurdity, we assume that (S, I,R)(ξ) ∈ C1(R,R3) is a non-

trivial positive traveling wave solution of (1.1) satisfying (3.1). Then we divide the proof

into three cases.

First case: R0 ≤ 1 and c ∈ R. An integration of the second equation in (1.2) over R
yields that

(γ + δ)

∫
R
I(ξ) dξ = di

∫
R
D[I](ξ) dξ − c

∫
R
I ′(ξ) dξ +

∫
R

βS(ξ)I(ξ − cτ)

S(ξ) + I(ξ − cτ) +R(ξ)
dξ

=

∫
R

βS(ξ)I(ξ − cτ)

S(ξ) + I(ξ − cτ) +R(ξ)
dξ (by (2.4) and I(±∞) = 0)

< β

∫
R
I(ξ − cτ) dξ (by the positiveness of S, I, R on R)

≤ (γ + δ)

∫
R
I(ξ) dξ (since R0 ≤ 1).

A contradiction appears.

Second case: R0 > 1 and 0 < c < c∗. It follows from (3.1) that

(3.2)
βS(ξ)

S(ξ) + I(ξ − cτ) +R(ξ)
→ β as ξ → −∞.

By (3.2) and R0 > 1, we have that there is a constant ξ∗ � 0 such that

(3.3)
βS(ξ)

S(ξ) + I(ξ − cτ) +R(ξ)
>
β + γ + δ

2
for ξ < ξ∗.

Then from (3.3) and the second equation in (1.2), we deduce that

(3.4) cI ′(ξ) ≥ diD[I](ξ) +
β + γ + δ

2
[I(ξ − cτ)− I(ξ)] +

β − γ − δ
2

I(ξ) for ξ < ξ∗.

Using (2.4) we define the improper integral

H(ξ) :=

∫ ξ

−∞
I(η) dη for ξ ∈ R.



Traveling Waves for a Discrete Diffusion Epidemic Model with Delay 839

Integrating (3.4) over (−∞, ξ] gives

(3.5)
β − γ − δ

2
H(ξ) ≤ cI(ξ)− diD[H](ξ)− β + γ + δ

2
[H(ξ − cτ)−H(ξ)] for ξ < ξ∗,

where we have used I(−∞) = 0. By dominated convergence theorem and H(−∞) = 0,

we obtain ∫ ξ

−∞
D[H](ξ) dη

= lim
z→−∞

∫ ξ

z
[H(η + 1)−H(η)] dη + lim

z→−∞

∫ ξ

z
[H(η − 1)−H(η)] dη

= lim
z→−∞

∫ ξ

z

∫ 1

0
H ′(η + θ) dθdη − lim

z→−∞

∫ ξ

z

∫ 1

0
H ′(η − θ) dθdη

= lim
z→−∞

∫ 1

0
[H(ξ + θ)−H(z + θ)] dθ − lim

z→−∞

∫ 1

0
[H(ξ − θ)−H(z − θ)] dθ

=

∫ 1

0
[H(ξ + θ)−H(ξ − θ)] dθ

(3.6)

and ∫ ξ

−∞
[H(η − cτ)−H(η)] dη = lim

z→−∞

∫ ξ

z
[H(η − cτ)−H(η)] dη

= −cτ lim
z→−∞

∫ ξ

z

∫ 1

0
H ′(η − cτθ) dθdη

= −cτ lim
z→−∞

∫ 1

0
[H(ξ − cτθ)−H(z − cτθ)] dθ

= −cτ
∫ 1

0
H(ξ − cτθ) dθ,

(3.7)

which guarantee that H(ξ + 1) +H(ξ − 1)− 2H(ξ) and H(ξ − cτ)−H(ξ) are integrable

on R. Thus integrating (3.5) on (−∞, ξ] and utilizing (3.6) and (3.7) yield that

β − γ − δ
2

∫ ξ

−∞
H(η) dη + di

∫ 1

0
[H(ξ + θ)−H(ξ − θ)] dθ

≤ cH(ξ) +
cτ(β + γ + δ)

2

∫ 1

0
H(ξ − cτθ) dθ for ξ < ξ∗.

(3.8)

Note that H(ξ) is strictly increasing on R due to the positiveness of I(ξ) on R. Then it

follows from (3.8) that

(3.9)
β − γ − δ

2

∫ ξ

−∞
H(η) dη ≤

[
c+

cτ(β + γ + δ)

2

]
H(ξ) for ξ < ξ∗.

From (3.9) and the monotonicity of H(ξ), we obtain that there is a large enough constant

η0 > 0 such that

η0(β − γ − δ)
2

H(ξ − η0) ≤
[
c+

cτ(β + γ + δ)

2

]
H(ξ) for ξ < ξ∗,
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which implies that

(3.10) H(ξ − η0) ≤ σH(ξ) for ξ < ξ∗,

where σ ∈ (0, 1) is a small enough constant. Denote

(3.11) µ0 :=
1

η0
ln

1

σ
and J(ξ) := H(ξ)e−µ0ξ.

We infer from (3.10) and (3.11) that

J(ξ − η0) = H(ξ − η0)e−µ0(ξ−η0) ≤ σH(ξ)e−µ0(ξ−η0) = J(ξ) for ξ < ξ∗,

which coupled with J(ξ) > 0 ensures that J(−∞) exists. Also it is easy to see that

J(+∞) = 0. Hence there exists a constant J0 > 0 such that

(3.12) J(ξ) ≤ J0 for ξ ∈ R.

Obviously, one can have from the second equation in (1.2) that

(3.13) cI ′(ξ) ≤ diD[I](ξ) + βI(ξ − cτ)− (γ + δ)I(ξ).

Integrating (3.13) over (−∞, ξ] leads to

(3.14) cI(ξ) ≤ diD[H](ξ) + βH(ξ − cτ)− (γ + δ)H(ξ).

Then it follows from (3.12)–(3.14) that

(3.15) sup
ξ∈R

{
I(ξ)e−µ0ξ

}
< +∞ and sup

ξ∈R

{
I ′(ξ)e−µ0ξ

}
< +∞.

Let υ(ξ) ∈ C∞(R, [0, 1]) be a nondecreasing function such that υN (ξ) = υ(ξ/N) for

N ∈ N and

υ(ξ) =

0 if ξ ∈ (−∞,−2],

1 if ξ ∈ [−1,+∞).

Multiplying the third equation in (1.2) by e−νξυN (ξ) and integrating the resultant equation

over R, we obtain

(3.16) c

∫
R
R′(ξ)e−νξυN (ξ) dξ = dr

∫
R
D[R](ξ)e−νξυN (ξ) dξ + γ

∫
R
I(ξ)e−νξυN (ξ) dξ.

By direct calculations, we deduce that

(3.17)

∫
R
R′(ξ)e−νξυN (ξ) dξ = ν

∫
R
R(ξ)e−νξυN (ξ) dξ −

∫
R
R(ξ)e−νξυ′N (ξ) dξ
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and ∫
R

[R(ξ + 1) +R(ξ − 1)]e−νξυN (ξ) dξ

=

∫
R
R(ξ + 1)e−νξυN (ξ) dξ +

∫
R
R(ξ − 1)e−νξυN (ξ) dξ

= eν
∫
R
R(ξ)e−νξυN (ξ − 1) dξ + e−ν

∫
R
R(ξ)e−νξυN (ξ + 1) dξ

≤ (eν + e−ν)

∫
R
R(ξ)e−νξ dξ,

(3.18)

since υN (ξ − 1) ≤ 1 and υN (ξ + 1) ≤ 1 for ξ ∈ R. Plugging (3.17) and (3.18) into (3.16)

yields

(cν + 2dr)

∫
R
R(ξ)e−νξυN (ξ) dξ − dr(eν + e−ν)

∫
R
R(ξ)e−νξ dξ − c

∫
R
R(ξ)e−νξυ′N (ξ) dξ

≤ γ
∫
R
I(ξ)e−νξυN (ξ) dξ.

(3.19)

Recall that G(ν, c) = cν + 2dr − dr(eν + e−ν) > 0 for each ν ∈ (0, ρ3) (see Lemma 2.3).

Then passing to the limits in (3.19) as N →∞ gives∫
R
R(ξ)e−νξ dξ ≤ γ

G(ν, c)

∫
R
I(ξ)e−νξ dξ for ν ∈ (0, ρ3).

Hence by (3.15) we obtain that

(3.20)

∫
R
R(ξ)e−νξ dξ < +∞ for ν ∈ (0, µ) with µ := min{µ0, ρ3}.

It follows from (3.15) and (3.20) that

(3.21)

∫
R
e−ρξ

I(ξ − cτ)[I(ξ − cτ) +R(ξ)]

S(ξ) + I(ξ − cτ) +R(ξ)
dξ < +∞ for ρ ∈ (0, µ0 + µ).

By (3.15) and the boundedness of I(ξ) on R, we define the two-sided Laplace transform

of I(ξ) by

L(ρ) :=

∫
R
I(ξ)e−ρξ dξ with 0 < Re ρ < µ0.

Note that the second equation in (1.2) can be rewritten as

(3.22) diD[I](ξ)− cI ′(ξ) + βI(ξ − cτ)− (γ + δ)I(ξ) =
βI(ξ − cτ)[I(ξ − cτ) +R(ξ)]

S(ξ) + I(ξ − cτ) +R(ξ)
.

By taking the two-sided Laplace transform on (3.22), we have

(3.23) L(ρ)F (ρ, c) =

∫
R
e−ρξ

βI(ξ − cτ)[I(ξ − cτ) +R(ξ)]

S(ξ) + I(ξ − cτ) +R(ξ)
dξ.
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One can see that L(ρ) on the left-hand side in (3.23) is well-defined for ρ ∈ (0, µ0), while∫
R
e−ρξ

βI(ξ − cτ)[I(ξ − cτ) +R(ξ)]

S(ξ) + I(ξ − cτ) +R(ξ)
dξ

on the right-hand side is well-defined for ρ ∈ (0, µ0 + µ) (see (3.21)). According to the

property of Laplace transform [29], we obtain that these two integrals are analytical on

the whole right half plane; see the analogously discussions in [12,20,22,23,26,27,40,41,44].

Due to F (ρ, c) → +∞ as ρ → +∞ (see the proof in Lemma 2.2), a contradiction occurs

in (3.23).

Third case: R0 > 1 and c ≤ 0. From (3.8), we get

β − γ − δ
2

∫ ξ

−∞
H(η) dη + di

∫ 1

0
[H(ξ + θ)−H(ξ − θ)] dθ

≤ cH(ξ) +
cτ(β + γ + δ)

2

∫ 1

0
H(ξ − cτθ) dθ for ξ < ξ∗.

(3.24)

With aid of the positiveness and monotonicity of H(ξ) on R, we conclude that inequal-

ity (3.24) does not hold under the conditions R0 > 1 and c ≤ 0, since the left-hand side

in (3.24) is greater than zero, while the right-hand side in (3.24) is less than or equal to

zero. A contradiction appears. Combining the above three cases, we finish the proof.

4. Existence of super-critical traveling waves

In this section, we shall prove the existence result under the conditions R0 > 1 and

c > c∗. For this purpose, recalling the definition of ρ1 in Lemma 2.2, we select a constant

ρ4 ∈ (0, ρ1) to be small enough such that

(4.1) M1 := S1 +
βe−ρ1cτ

ds(2− eρ4 − e−ρ4) + cρ4
> S1,

where S1 > 0 is a given constant. Then choose a constant σ1 > 0 such that the following

algebraic equation

S1 −M1e
ρ4ξ = σ1e

−β
c
ξ

admits two negative roots and we denote the bigger one by ξ1. Set

ξ2 :=
1

ρ1
ln[(R0 − 1)S1] and ξ3 :=

1

ε1
ln

1

M2
,

where the constants ε1 ∈ (0,min{ρ2 − ρ1, ρ3, ρ4}) is chosen to be sufficiently small and

M2 � 1 such that

(4.2) ξ3 < ξ2, ξ3 < ξ1 and S1 −M1e
ρ4ξ3 ≥ S1/2.
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Also we pick the constant

(4.3) M3 ≥ max

{
γe(ρ1−ε1)ξ2

G(ε1, c)
,
γ(R0 − 1)S1e

−ε1ξ2

G(ε1, c)

}
,

where G( · , · ) is defined in Lemma 2.3. By the choices of above parameters, we construct

the following nonnegative continuous functions on R.

S+(ξ) := S1, S−(ξ) :=

S1 −M1e
ρ4ξ, ξ < ξ1,

σ1e
−β
c
ξ, ξ ≥ ξ1,

I+(ξ) :=

eρ1ξ, ξ < ξ2,

(R0 − 1)S1, ξ ≥ ξ2,
I−(ξ) :=

eρ1ξ −M2e
(ρ1+ε1)ξ, ξ < ξ3,

0, ξ ≥ ξ3,

R+(ξ) := M3e
ε1ξ, R−(ξ) := 0.

In order to describe that the parameters are admissible, we show Figures 4.1, 4.2 and 4.3.

Figure 4.1: S+(ξ) and S−(ξ) when R0 > 1

and c > c∗.

Figure 4.2: I+(ξ) and I−(ξ) when R0 > 1

and c > c∗.

Figure 4.3: R+(ξ) and R−(ξ) when R0 > 1 and c > c∗.
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Lemma 4.1. The functions S±(ξ), I±(ξ) and R±(ξ) satisfy

dsD[S+](ξ)− cS′+(ξ)− βS+(ξ)I−(ξ − cτ)

S+(ξ) + I−(ξ − cτ) +R+(ξ)
≤ 0, ξ ∈ R,(4.4)

diD[I+](ξ)− cI ′+(ξ) +
βS+(ξ)I+(ξ − cτ)

S+(ξ) + I+(ξ − cτ) +R−(ξ)
− (γ + δ)I+(ξ) ≤ 0, ξ 6= ξ2,(4.5)

drD[R+](ξ)− cR′+(ξ) + γI+(ξ) ≤ 0, ξ ∈ R,(4.6)

dsD[S−](ξ)− cS′−(ξ)− βS−(ξ)I+(ξ − cτ)

S−(ξ) + I+(ξ − cτ) +R−(ξ)
≥ 0, ξ 6= ξ1,(4.7)

diD[I−](ξ)− cI ′−(ξ) +
βS−(ξ)I−(ξ − cτ)

S−(ξ) + I−(ξ − cτ) +R+(ξ)
− (γ + δ)I−(ξ) ≥ 0, ξ 6= ξ3,(4.8)

drD[R−](ξ)− cR′−(ξ) + γI−(ξ) ≥ 0, ξ ∈ R.(4.9)

Proof. From the definitions of S+(ξ), I−(ξ) and R±(ξ) on R, we obtain that inequali-

ties (4.4) and (4.9) hold naturally. Subsequently, we give the detailed proofs of inequali-

ties (4.5)–(4.8).

Proof of (4.5). If ξ < ξ2, then I+(ξ) = eρ1ξ, I+(ξ−1) = eρ1(ξ−1), I+(ξ− cτ) = eρ1(ξ−cτ)

and I+(ξ + 1) ≤ eρ1(ξ+1). It follows from Lemma 2.2 that

diD[I+](ξ)− cI ′+(ξ) +
βS+(ξ)I+(ξ − cτ)

S+(ξ) + I+(ξ − cτ) +R−(ξ)
− (γ + δ)I+(ξ)

≤ diD[I+](ξ)− cI ′+(ξ) + βI+(ξ − cτ)− (γ + δ)I+(ξ)

≤ eρ1ξ
[
di(e

ρ1 + e−ρ1 − 2)− cρ1 + βe−ρ1cτ − γ − δ
]

= eρ1ξF (ρ1, c) = 0.

If ξ > ξ2, then I+(ξ) = I+(ξ + 1) = (R0 − 1)S1, I+(ξ − 1) ≤ (R0 − 1)S1, I+(ξ − cτ) ≤
(R0 − 1)S1, S+(ξ) = S1 and R−(ξ) = 0. A direct computation leads to

diD[I+](ξ)− cI ′+(ξ) +
βS+(ξ)I+(ξ − cτ)

S+(ξ) + I+(ξ − cτ) +R−(ξ)
− (γ + δ)I+(ξ)

≤ βS1(R0 − 1)S1

S1 + (R0 − 1)S1
− (γ + δ)(R0 − 1)S1 = 0.

Proof of (4.6). By the definitions of I+(ξ) and R+(ξ) on R, we derive from Lemma 2.3

and (4.3) that

drD[R+](ξ)− cR′+(ξ) + γI+(ξ)

= dr
[
M3e

ε1(ξ+1) +M3e
ε1(ξ−1) − 2M3e

ε1ξ
]
− cM3ε1e

ε1ξ + γeρ1ξ

= M3e
ε1ξ

[
dr(e

ε1 + e−ε1 − 2)− cε1 +
γe(ρ1−ε1)ξ

M3

]

≤M3e
ε1ξ

[
γe(ρ1−ε1)ξ2

M3
−G(ε1, c)

]
≤ 0 for ξ < ξ2
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and

drD[R+](ξ)− cR′+(ξ) + γI+(ξ)

= dr
[
M3e

ε1(ξ+1) +M3e
ε1(ξ−1) − 2M3e

ε1ξ
]
− cM3ε1e

ε1ξ + γ(R0 − 1)S1

= M3e
ε1ξ

[
dr(e

ε1 + e−ε1 − 2)− cε1 +
γ(R0 − 1)S1e

−ε1ξ

M3

]
≤M3e

ε1ξ

[
γ(R0 − 1)S1e

−ε1ξ2

M3
−G(ε1, c)

]
≤ 0 for ξ ≥ ξ2.

Proof of (4.7). If ξ < ξ1, then S−(ξ) = S1 −M1e
ρ4ξ, S−(ξ − 1) = S1 −M1e

ρ4(ξ−1),

S−(ξ+ 1) ≥ S1−M1e
ρ4(ξ+1), I+(ξ− cτ) ≤ eρ1(ξ−cτ) and R−(ξ) = 0. By (4.1) we compute

that

dsD[S−](ξ)− cS′−(ξ)− βS−(ξ)I+(ξ − cτ)

S−(ξ) + I+(ξ − cτ) +R−(ξ)

≥ dsD[S−](ξ)− cS′−(ξ)− βI+(ξ − cτ)

≥ ds
[
2M1e

ρ4ξ −M1e
ρ4(ξ+1) −M1e

ρ4(ξ−1)
]

+ cM1ρ4e
ρ4ξ − βeρ1(ξ−cτ)

= eρ4ξ
[
M1ds(2− eρ4 − e−ρ4) + cM1ρ4 − βe(ρ1−ρ4)ξ−ρ1cτ ]

≥ eρ4ξ
{
M1

[
ds(2− eρ4 − e−ρ4) + cρ4

]
− βe−ρ1cτ

}
≥ 0 for ξ < ξ1,

where we have used the fact that e(ρ1−ρ4)ξ < 1 for ξ < ξ1 < 0. If ξ > ξ1, then S−(ξ) =

σ1e
−β
c
ξ, S−(ξ + 1) = σ1e

−β
c

(ξ+1) and S−(ξ − 1) ≥ σ1e
−β
c

(ξ−1). We obtain that

dsD[S−](ξ)− cS′−(ξ)− βS−(ξ)I+(ξ − cτ)

S−(ξ) + I+(ξ − cτ) +R−(ξ)

≥ dsD[S−](ξ)− cS′−(ξ)− βS−(ξ)

≥ ds
[
σ1e
−β
c

(ξ+1) + σ1e
−β
c

(ξ−1) − 2σ1e
−β
c
ξ
]

+ βσ1e
−β
c
ξ − βσ1e

−β
c
ξ

= dsσ1e
−β
c
ξ
(
e−β/c + eβ/c − 2

)
≥ 0 for ξ > ξ1.

Proof of (4.8). By (4.2) we get for ξ < ξ3 that

(4.10)

I−(ξ) = eρ1ξ −M2e
(ρ1+ε1)ξ, S−(ξ) = S1 −M1e

ρ4ξ ≥ S1/2 and R+(ξ) = M3e
ε1ξ.

For ξ < ξ3, we deduce from (4.10) that

− βI−(ξ − cτ) +
βS−(ξ)I−(ξ − cτ)

S−(ξ) + I−(ξ − cτ) +R+(ξ)

= −
βI2
−(ξ − cτ) + βI−(ξ − cτ)R+(ξ)

S−(ξ) + I−(ξ − cτ) +R+(ξ)
≥ −

βI2
−(ξ − cτ) + βI−(ξ − cτ)R+(ξ)

S−(ξ)

≥ −2β

S1

[
e2ρ1ξ +M3e

(ρ1+ε1)ξ
]
,

(4.11)
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since I−(ξ − cτ) ≤ I+(ξ) = eρ1ξ for ξ < ξ3. Recalling that ε1 ∈ (0,min{ρ2 − ρ1, ρ3, ρ4}),
we have for ξ < ξ3 < 0 that

(4.12) e(ρ1−ε1)ξ < 1, F (ρ1, c) = 0 and F (ρ1 + ε1, c) < 0.

Noting that M2 � 1 and using (4.11) and (4.12), we derive for ξ < ξ3 that

diD[I−](ξ)− cI ′−(ξ) +
βS−(ξ)I−(ξ − cτ)

S−(ξ) + I−(ξ − cτ) +R+(ξ)
− (γ + δ)I−(ξ)

= diD[I−](ξ)− cI ′−(ξ) + βI−(ξ − cτ)− (γ + δ)I−(ξ)− βI−(ξ − cτ)

+
βS−(ξ)I−(ξ − cτ)

S−(ξ) + I−(ξ − cτ) +R+(ξ)

≥ eρ1ξF (ρ1, c)−M2e
(ρ1+ε1)ξF (ρ1 + ε1, c)−

2β

S1

[
e2ρ1ξ +M3e

(ρ1+ε1)ξ
]

= −e(ρ1+ε1)ξF (ρ1 + ε1, c)

[
M2 −

2βe(ρ1−ε1)ξ + 2βM3

−S1F (ρ1 + ε1, c)

]

≥ −e(ρ1+ε1)ξF (ρ1 + ε1, c)

[
M2 −

2β(1 + 2M3)

−S1F (ρ1 + ε1, c)

]
≥ 0.

If ξ > ξ3, then I−(ξ) = 0 and inequality (4.8) holds immediately. The proof of this lemma

is finished.

Now we introduce a non-empty, bounded, closed and convex subset of C([−X,X],R3)

ΩX :=
{

(φ, ϕ, χ)(ξ) ∈ C([−X,X],R3)
∣∣ φ(−X) = S−(−X), ϕ(−X) = I−(−X),

χ(−X) = R−(−X), S−(ξ) ≤ φ(ξ) ≤ S+(ξ),

I−(ξ) ≤ ϕ(ξ) ≤ I+(ξ), R−(ξ) ≤ χ(ξ) ≤ R+(ξ)

for any ξ ∈ [−X,X]
}
,

which is endowed with the usual supremum norm, where X � l := max{|ξ3|, cτ, 1}. On a

closed interval [−X−l,X+l], we construct the following nonnegative continuous functions

φ̂(ξ) :=


S−(ξ), ξ ∈ I1,

φ(ξ), ξ ∈ I2,

φ(X), ξ ∈ I3,

ϕ̂(ξ) :=


I−(ξ), ξ ∈ I1,

ϕ(ξ), ξ ∈ I2,

ϕ(X), ξ ∈ I3,

χ̂(ξ) :=


R−(ξ), ξ ∈ I1,

χ(ξ), ξ ∈ I2,

χ(X), ξ ∈ I3,

where I1 = [−X − l,−X], I2 = (−X,X), I3 = [X,X + l] and (φ, ϕ, χ)(ξ) ∈ ΩX . For any

ξ ∈ [−X − l,X + l], one can check that

(4.13) S−(ξ) ≤ φ̂(ξ) ≤ S+(ξ), I−(ξ) ≤ ϕ̂(ξ) ≤ I+(ξ) and R−(ξ) ≤ χ̂(ξ) ≤ R+(ξ).
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Consider an initial value problem

(4.14)

cS′(ξ) = ds
[
φ̂(ξ + 1) + φ̂(ξ − 1)− 2S(ξ)

]
− αS(ξ) + αφ(ξ)− βφ(ξ)ϕ̂(ξ−cτ)

φ(ξ)+ϕ̂(ξ−cτ)+χ(ξ) ,

cI ′(ξ) = di
[
ϕ̂(ξ + 1) + ϕ̂(ξ − 1)− 2I(ξ)

]
+ βφ(ξ)ϕ̂(ξ−cτ)

φ(ξ)+ϕ̂(ξ−cτ)+χ(ξ) − (γ + δ)I(ξ),

cR′(ξ) = dr
[
χ̂(ξ + 1) + χ̂(ξ − 1)− 2R(ξ)

]
+ γϕ(ξ),

S(−X) = S−(−X), I(−X) = I−(−X), R(−X) = R−(−X),

where ξ ∈ [−X,X] and the constant α > β. The general theory of ordinary differential

equations guarantees that initial problem (4.14) has a unique solution (SX , IX , RX)(ξ) ∈
C1([−X,X],R3). Also the solution of (4.14) can be written by the following integral form

(4.15)


SX(ξ) = e−

2ds+α
c

(ξ+X)S−(−X) + 1
c

∫ ξ
−X e

2ds+α
c

(η−ξ)H1(φ, ϕ, χ)(η) dη,

IX(ξ) = e−
2di+γ+δ

c
(ξ+X)I−(−X) + 1

c

∫ ξ
−X e

2di+γ+δ

c
(η−ξ)H2(φ, ϕ, χ)(η) dη,

RX(ξ) = 1
c

∫ ξ
−X e

2dr
c

(η−ξ)H3(φ, ϕ, χ)(η) dη,

where

H1(φ, ϕ, χ)(η) = dsφ̂(η + 1) + dsφ̂(η − 1) + αφ(η)− βφ(η)ϕ̂(η − cτ)

φ(η) + ϕ̂(η − cτ) + χ(η)
,

H2(φ, ϕ, χ)(η) = diϕ̂(η + 1) + diϕ̂(η − 1) +
βφ(η)ϕ̂(η − cτ)

φ(η) + ϕ̂(η − cτ) + χ(η)
,

H3(φ, ϕ, χ)(η) = drχ̂(η + 1) + drχ̂(η − 1) + γϕ(η).

Note that since α > β, H1(φ, ϕ, χ) is decreasing with respect to ϕ and is increasing in

both φ and χ; H2(φ, ϕ, χ) is decreasing with respect to χ and increasing in both φ and ϕ;

H3(φ, ϕ, χ) is increasing in both ϕ and χ.

By (4.15) we define a nonlinear operator O = (O1,O2,O3) : ΩX 7→ C1([−X,X],R3) as

follows.

O1(φ, ϕ, χ)(ξ) := SX(ξ), O2(φ, ϕ, χ)(ξ) := IX(ξ) and O3(φ, ϕ, χ)(ξ) := RX(ξ).

In the next two lemmas, we will prove that the operator O is completely continuous

which maps ΩX into itself.

Lemma 4.2. The operator O satisfies O(ΩX) ⊆ ΩX .

Proof. For any (φ, ϕ, χ)(ξ) ∈ ΩX , we only need to show that

S−(ξ) ≤ O1(φ, ϕ, χ)(ξ) ≤ S+(ξ), I−(ξ) ≤ O2(φ, ϕ, χ)(ξ) ≤ I+(ξ)

and

R−(ξ) ≤ O3(φ, ϕ, χ)(ξ) ≤ R+(ξ) for ξ ∈ [−X,X].
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By the monotonicity of H1(φ, ϕ, χ), we obtain from (4.4), (4.7) and (4.13) that

ds
[
φ̂(ξ + 1) + φ̂(ξ − 1)− 2S+(ξ)

]
− cS′+(ξ)− αS+(ξ) + αφ(ξ)

− βφ(ξ)ϕ̂(ξ − cτ)

φ(ξ) + ϕ̂(ξ − cτ) + χ(ξ)

≤ dsD[S+](ξ)− cS′+(ξ)− αS+(ξ) + αS+(ξ)− βS+(ξ)I−(ξ − cτ)

S+(ξ) + I−(ξ − cτ) +R+(ξ)

≤ 0 for ξ ∈ [−X,X]

(4.16)

and

ds
[
φ̂(ξ + 1) + φ̂(ξ − 1)− 2S−(ξ)

]
− cS′−(ξ)− αS−(ξ) + αφ(ξ)

− βφ(ξ)ϕ̂(ξ − cτ)

φ(ξ) + ϕ̂(ξ − cτ) + χ(ξ)

≥ dsD[S−](ξ)− cS′−(ξ)− αS−(ξ) + αS−(ξ)− βS−(ξ)I+(ξ − cτ)

S−(ξ) + I+(ξ − cτ) +R−(ξ)

≥ 0 for ξ ∈ [−X, ξ1) ∪ (ξ1, X].

(4.17)

Inequalities (4.16) and (4.17) are equivalent to

cS′+(ξ) + (2ds + α)S+(ξ) ≥ H1(φ, ϕ, χ)(ξ) for ξ ∈ [−X,X]

and

cS′−(ξ) + (2ds + α)S−(ξ) ≤ H1(φ, ϕ, χ)(ξ) for ξ ∈ [−X, ξ1) ∪ (ξ1, X],

which imply that

S+(ξ) ≥ e−
2ds+α
c

(ξ+X)S+(−X) +
1

c

∫ ξ

−X
e

2ds+α
c

(η−ξ)H1(φ, ϕ, χ)(η) dη

≥ e−
2ds+α
c

(ξ+X)S−(−X) +
1

c

∫ ξ

−X
e

2ds+α
c

(η−ξ)H1(φ, ϕ, χ)(η) dη

= O1(φ, ϕ, χ)(ξ) for ξ ∈ [−X,X]

and

S−(ξ) ≤ e−
2ds+α
c

(ξ+X)S−(−X) +
1

c

∫ ξ

−X
e

2ds+α
c

(η−ξ)H1(φ, ϕ, χ)(η) dη

= O1(φ, ϕ, χ)(ξ) for ξ ∈ [−X, ξ1) ∪ (ξ1, X].

In analogous manners, one can have that

I+(ξ) ≥ O2(φ, ϕ, χ)(ξ) for ξ ∈ [−X, ξ2) ∪ (ξ2, X],

I−(ξ) ≤ O2(φ, ϕ, χ)(ξ) for ξ ∈ [−X, ξ3) ∪ (ξ3, X]
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and

R−(ξ) ≤ O3(φ, ϕ, χ)(ξ) ≤ R+(ξ) for ξ ∈ [−X,X].

By the continuity of (S±, I±, R±)(ξ) and the operator O on [−X,X], we complete the

proof.

Lemma 4.3. The operator O is completely continuous with respect to the supremum norm

in C([−X,X],R3).

Proof. Since (SX , IX , RX)(ξ) ∈ C1([−X,X],R3) satisfies (4.15), for (φ, ϕ, χ)(ξ) ∈ ΩX , we

get that S′X(ξ), I ′X(ξ) and R′X(ξ) are bounded on [−X,X]. Then applying Arzela-Ascoli

theorem gives that the operator O is compact.

For any Φi(ξ) := (φi, ϕi, χi)(ξ) ∈ ΩX , i = 1, 2, we deduce that

|H1(φ1, ϕ1, χ1)(ξ)−H1(φ2, ϕ2, χ2)(ξ)|

≤ ds|φ̂1(ξ + 1)− φ̂2(ξ + 1) + φ̂1(ξ − 1)− φ̂2(ξ − 1)|+ α|φ1(ξ)− φ2(ξ)|

+

∣∣∣∣ βφ1(ξ)ϕ̂1(ξ − cτ)

φ1(ξ) + ϕ̂1(ξ − cτ) + χ1(ξ)
− βφ2(ξ)ϕ̂2(ξ − cτ)

φ2(ξ) + ϕ̂2(ξ − cτ) + χ2(ξ)

∣∣∣∣
≤ 2ds sup

ξ∈[−X,X]
|φ1(ξ)− φ2(ξ)|+ α sup

ξ∈[−X,X]
|φ1(ξ)− φ2(ξ)|+ 2β sup

ξ∈[−X,X]
|φ1(ξ)− φ2(ξ)|

+ 2β sup
ξ∈[−X,X]

|ϕ1(ξ)− ϕ2(ξ)|+ β sup
ξ∈[−X,X]

|χ1(ξ)− χ2(ξ)|

≤ (2ds + α+ 5β) sup
ξ∈[−X,X]

|Φ1(ξ)− Φ2(ξ)|.

Then we derive that

|O1(φ1, ϕ1, χ1)(ξ)−O1(φ2, ϕ2, χ2)(ξ)|

≤ 1

c

∫ ξ

−X
e

2ds+α
c

(η−ξ)|H1(φ1, ϕ1, χ1)(η)−H1(φ2, ϕ2, χ2)(η)| dη

≤ 2ds + α+ 5β

c
sup

ξ∈[−X,X]
|Φ1(ξ)− Φ2(ξ)|

∫ ξ

−X
e

2ds+α
c

(η−ξ) dη

≤
(

1 +
5β

2ds + α

)
sup

ξ∈[−X,X]
|Φ1(ξ)− Φ2(ξ)|.

Similarly, one can obtain that

|Oj(φ1, ϕ1, χ1)(ξ)−Oj(φ2, ϕ2, χ2)(ξ)| ≤ C sup
ξ∈[−X,X]

|Φ1(ξ)− Φ2(ξ)| for j = 2, 3,

where the positive constant C depends on di, dr, β, γ and δ. This ends the proof.
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Applying Lemmas 4.2, 4.3 and Schauder’s fixed point theorem yields that the operator

O has a fixed point, which is a solution of the system

(4.18)


cS′X(ξ) = dsD[SX ](ξ)− βSX(ξ)IX(ξ−cτ)

SX(ξ)+IX(ξ−cτ)+RX(ξ) ,

cI ′X(ξ) = diD[IX ](ξ) + βSX(ξ)IX(ξ−cτ)
SX(ξ)+IX(ξ−cτ)+RX(ξ) − (γ + δ)IX(ξ),

cR′X(ξ) = drD[RX ](ξ) + γIX(ξ),

such that

S−(ξ) ≤ SX(ξ) ≤ S+(ξ), I−(ξ) ≤ IX(ξ) ≤ I+(ξ)

and

R−(ξ) ≤ RX(ξ) ≤ R+(ξ) for ξ ∈ [−X + l,X − l].

Lemma 4.4. If R0 > 1 and c > c∗, then system (1.2) admits a solution (S, I,R)(ξ) on R
such that

(4.19) S−(ξ) ≤ S(ξ) ≤ S+(ξ), I−(ξ) ≤ I(ξ) ≤ I+(ξ) and R−(ξ) ≤ R(ξ) ≤ R+(ξ).

Proof. Select an increasing sequence {Xn}n∈N satisfying Xn � l for each n and Xn → +∞
as n → ∞. Let (SXn , IXn , RXn)(ξ), n ∈ N, be the solution of (4.18) with X = Xn. For

any fixed N ∈ N, since R+(ξ) is bounded on [−XN , XN ], we have that the sequences

{SXn(ξ)}n≥N , {IXn(ξ)}n≥N , {RXn(ξ)}n≥N and

{
SXn(ξ)IXn(ξ − cτ)

SXn(ξ) + IXn(ξ − cτ) +RXn(ξ)

}
n≥N

are uniformly bounded on [−XN , XN ]. By (4.18) with X = Xn, we get that the sequences

{S′Xn(ξ)}n≥N , {I ′Xn(ξ)}n≥N and {R′Xn(ξ)}n≥N

are uniformly bounded on [−XN + l,XN − l]. Differentiating (4.18) with X = Xn, we

obtain that the sequences

{S′′Xn(ξ)}n≥N , {I ′′Xn(ξ)}n≥N and {R′′Xn(ξ)}n≥N

are uniformly bounded on [−XN + 2l,XN − 2l]. Utilizing Arzela-Ascoli theorem and a

standard diagonal extraction argument, we deduce that there is a subsequence which is

still denoted by (SXn , IXn , RXn)(ξ) such that

SXn(ξ)→ S(ξ), IXn(ξ)→ I(ξ), RXn(ξ)→ R(ξ) in C1
loc(R) as n→∞.

Moreover, there holds

S−(ξ) ≤ S(ξ) ≤ S+(ξ), I−(ξ) ≤ I(ξ) ≤ I+(ξ) and R−(ξ) ≤ R(ξ) ≤ R+(ξ) for ξ ∈ R.

The proof of this lemma is finished.
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Based on Lemma 4.4, we will proving the following result.

Theorem 4.5. For a given constant S1 > 0, if R0 > 1 and c > c∗, then system (1.1) has

a nontrivial positive traveling wave solution (S, I,R)(ξ) satisfying

(i) 0 < S(ξ) < S1, 0 < I(ξ) < (R0 − 1)S1 and R(ξ) > 0 for ξ ∈ R.

(ii) (S, I,R)(−∞) = (S1, 0, 0). If ξ → −∞, then I(ξ) = O(eρ1ξ).

(iii) I(+∞) = 0, S(+∞) := S2 exists and S2 < S1.

(iv) (γ + δ)
∫
R I(ξ) dξ = β

∫
R

S(ξ)I(ξ−cτ)
S(ξ)+I(ξ−cτ)+R(ξ) dξ = c(S1 − S2).

(v) If lim supξ→+∞R(ξ) < +∞, then R(+∞) = γ(S1−S2)/(γ+δ) and S′(ξ), I ′(ξ), R′(ξ)

→ 0 as ξ → ±∞.

Proof. (i) By (4.19), we have that S(ξ) > 0 on R. Suppose that I(ξ̃1) = 0 for some ξ̃1 ∈ R,

then I ′(ξ̃1) = 0. It follows from the second equation in (1.2) that

I(ξ̃1 + 1) = I(ξ̃1 − 1) = 0.

By induction we obtain that

I(ξ̃1 − n) = 0 for n ∈ Z,

which contradicts that I(ξ) ≥ I−(ξ) > 0 for ξ ∈ (−∞, ξ3). Hence I(ξ) > 0 on R. Assume

that R(ξ̃2) = 0 for some ξ̃2 ∈ R, then R′(ξ̃2) = 0. From the third equation in (1.2),

we deduce that I(ξ̃2) = 0, a contradiction appears. Thus R(ξ) > 0 on R. Suppose that

S(ξ̃3) = S1 for some ξ̃3 ∈ R. Then S′(ξ̃3) = 0. By the first equation in (1.2), we have that

0 = dsD[S](ξ̃3)− cS′(ξ̃3)− βS(ξ̃3)I(ξ̃3 − cτ)

S(ξ̃3) + I(ξ̃3 − cτ) +R(ξ̃3)

≤ − βS1I(ξ̃3 − cτ)

S1 + I(ξ̃3 − cτ) +R(ξ̃3)
< 0,

which yields a contradiction. So S(ξ) < S1 on R. Assume that I(ξ̃4) = (R0 − 1)S1 for

some ξ̃4 ∈ R. Then I ′(ξ̃4) = 0. Using the second equation in (1.2), we get that

0 = diD[I](ξ̃4)− cI ′(ξ̃4) +
βS(ξ̃4)I(ξ̃4 − cτ)

S(ξ̃4) + I(ξ̃4 − cτ) +R(ξ̃4)
− (γ + δ)I(ξ̃4)

<
βS1(R0 − 1)S1

S1 + (R0 − 1)S1
− (γ + δ)(R0 − 1)S1 = 0,

which leads to a contradiction. Therefore, I(ξ) < (R0 − 1)S1 on R.
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(ii) Applying squeeze rule in (4.19) yields that

(S, I,R)(−∞) = (S1, 0, 0) and I(ξ) = O(eρ1ξ) as ξ → −∞.

(iii) We claim that I(ξ) is integrable on R. Integrating the first equation in (1.2) over

[x, y] yields∫ y

x

βS(ξ)I(ξ − cτ)

S(ξ) + I(ξ − cτ) +R(ξ)
dξ

= ds

∫ y

x
D[S](ξ)− c

∫ y

x
S′(ξ) dξ

= ds

∫ y

x

∫ 1

0
S′(ξ + θ) dθdξ − ds

∫ y

x

∫ 1

0
S′(ξ − θ) dθdξ − cS(y) + cS(x)

= ds

∫ 1

0
[S(y + θ)− S(x+ θ)] dθ + ds

∫ 1

0
[S(x− θ)− S(y − θ)] dθ − cS(y) + cS(x)

< (2ds + c)S1 (since 0 < S(ξ) < S1 on R),

which together with the positiveness of S(ξ), I(ξ) and R(ξ) on R implies∫
R

S(ξ)I(ξ − cτ)

S(ξ) + I(ξ − cτ) +R(ξ)
dξ < +∞.

Note that 0 < I(ξ) < (R0 − 1)S0 for ξ ∈ R. Then an integration of the second equation

in (1.2) over [η, ζ] gives

(γ + δ)

∫ ζ

η
I(ξ) dξ

= di

∫ ζ

η
D[I](ξ)− c

∫ ζ

η
I ′(ξ) dξ +

∫ ζ

η

βS(ξ)I(ξ − cτ)

S(ξ) + I(ξ − cτ) +R(ξ)
dξ

< di

∫ ζ

η

∫ 1

0
I ′(ξ + θ) dθdξ − di

∫ ζ

η

∫ 1

0
I ′(ξ − θ) dθdξ − cI(ζ) + cI(η) + (2ds + c)S1

= di

∫ 1

0
[I(ζ + θ)− I(η + θ)] dθ + di

∫ 1

0
[I(η − θ)− I(ζ − θ)] dθ

− cI(ζ) + cI(η) + (2ds + c)S1

< (2di + c)(R0 − 1)S0 + (2ds + c)S1.

This together with the positiveness of I(ξ) on R ensures that∫ ∞
−∞

I(ξ) dξ < +∞.

Recall that 0 < S(ξ) < S1, 0 < I(ξ) < (R0 − 1)S1 and R(ξ) > 0 for ξ ∈ R. Then it

follows from the second equation in (1.2) that I ′(ξ) is uniformly bounded on R. Hence
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I(+∞) = 0. Now we investigate the existence of S(+∞). Assume for the contrary

that lim supξ→+∞ S(ξ) > lim infξ→+∞ S(ξ). Then applying Fluctuation Lemma [31,

Lemma 2.2] yields that there are two sequences {ξn}n∈N and {ηn}n∈N satisfying ξn, ηn →
+∞ as n→∞ such that

(4.20) lim
n→∞

S(ξn) = lim sup
ξ→+∞

S(ξ) := m1 and lim
n→∞

S(ηn) = lim inf
ξ→+∞

S(ξ) := m2 < m1.

Denote

Sn(y) := S(ηn + y), In(y) := I(ηn + y) and Rn(y) := R(ηn + y), y ∈ R.

We infer from I(+∞) = 0 that In(y) → 0 in Cloc(R) as n → ∞. By (4.19) and the

first equation in (1.2), we deduce that S(ξ), S′(ξ) and S′′(ξ) are uniformly bounded on

R. Then there exists a subsequence {nk} by a diagonal extraction process, which is still

denoted by {n}, such that Sn(y)→ S∞(y) in C1
loc(R) as n→∞. Note that S∞(0) = m2.

From (4.20) and the first equation in (1.2), we have that

(4.21) cS′n(y) = dsD[Sn](y)− βSn(y)In(y − cτ)

Sn(y) + In(y − cτ) +Rn(y)
, y ∈ R.

Passing to the limits in (4.21) as n→∞ gives that

(4.22) cS′∞(y) = dsD[S∞](y), y ∈ R.

With the aid of [4, Theorem 3.1 and Remark 3.1], we get from (4.22) that

(4.23) S∞(y) = a1 + a2e
νy, y ∈ R,

where a1, a2 are constants and ν is the unique positive root of ds(e
ν + e−ν − 2)− cν = 0.

Then by the boundedness of S∞(y) on R and (4.23), we derive that a2 = 0. Thus

S∞(y) = a1 = S∞(0) = m2, which ensures that

(4.24) lim
n→∞

S(ηn + y) = m2 in C1
loc(R).

Analogously,

(4.25) lim
n→∞

S(ξn + y) = m1 in C1
loc(R).

By the similar arguments as that in Lemma 2.4, one can deduce that∫
R

S(ξ)I(ξ − cτ)

S(ξ) + I(ξ − cτ) +R(ξ)
dξ < +∞,

which leads to

(4.26) lim
n→∞

∫ ξn

ηn

S(ξ)I(ξ − cτ)

S(ξ) + I(ξ − cτ) +R(ξ)
dξ = 0.
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Integrating the first equation in (1.2) over [ηn, ξn] and using (4.24)–(4.26) and dominated

convergence theorem, we obtain that

0 < c(m1 −m2)

= c lim
n→∞

[S(ξn)− S(ηn)]

= ds lim
n→∞

∫ ξn

ηn

[S(ξ + 1)− S(ξ)] dξ + ds lim
n→∞

∫ ξn

ηn

[S(ξ − 1)− S(ξ)] dξ

− lim
n→∞

∫ ξn

ηn

βS(ξ)I(ξ − cτ)

S(ξ) + I(ξ − cτ) +R(ξ)
dξ

= ds lim
n→∞

∫ ξn

ηn

∫ 1

0
S′(ξ + θ) dθdξ − ds lim

n→∞

∫ ξn

ηn

∫ 1

0
S′(ξ − θ) dθdξ

= ds lim
n→∞

∫ 1

0
[S(ξn + θ)− S(ηn + θ)] dθ − ds lim

n→∞

∫ 1

0
[S(ξn − θ)− S(ηn − θ)] dθ

= 0.

A contradiction appears. Hence S(+∞) exists and we denote it by S2. Then we present

S2 < S1. Since S(ξ) < S1 on R, we have S2 ≤ S1. Assume that S2 = S1. An integration

of the first equation in (1.2) over R yields∫
R

S(ξ)I(ξ − cτ)

S(ξ) + I(ξ − cτ) +R(ξ)
dξ = 0,

which contradicts that fact that∫
R

S(ξ)I(ξ − cτ)

S(ξ) + I(ξ − cτ) +R(ξ)
dξ > 0.

Therefore, S2 < S1.

(iv) Integrating the first two equations in (1.2) over R, respectively, and using the

asymptotic boundaries of S(ξ) and I(ξ), we have

(4.27) (γ + δ)

∫
R
I(ξ) dξ = β

∫
R

S(ξ)I(ξ − cτ)

S(ξ) + I(ξ − cτ) +R(ξ)
dξ = c(S1 − S2).

Suppose that lim supξ→+∞R(ξ) > lim infξ→+∞R(ξ). Then there exist two sequences

{ζn} and {ϑn} satisfying ζn, ϑn → +∞ as n→∞ such that

lim
n→∞

R(ζn) = lim sup
ξ→+∞

R(ξ) := m3 and lim
n→∞

R(ϑn) = lim inf
ξ→+∞

R(ξ) := m4 < m3.

By the analogous arguments as that in (iii), one can obtain that

lim
n→∞

R(ζn + y) = m3 and lim
n→∞

R(ϑn + y) = m4 in C1
loc(R).
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Hence integrating the third equation in (1.2) over [ϑn, ζn] and taking n→∞, we get

0 < c(m3 −m4)

= c lim
n→∞

[R(ζn)−R(ϑn)]

= dr lim
n→∞

∫ ζn

ϑn

[R(ξ + 1)−R(ξ)] dξ + dr lim
n→∞

∫ ζn

ϑn

[R(ξ − 1)−R(ξ)] dξ

+ lim
n→∞

∫ ζn

ϑn

γI(ξ) dξ

= dr lim
n→∞

∫ ζn

ϑn

∫ 1

0
R′(ξ + θ) dθdξ − dr lim

n→∞

∫ ζn

ϑn

∫ 1

0
R′(ξ − θ) dθdξ

= dr lim
n→∞

∫ 1

0
[R(ζn + θ)−R(ϑn + θ)] dθ − dr lim

n→∞

∫ 1

0
[R(ζn − θ)−R(ϑn − θ)] dθ

= 0.

This contradiction guarantees that the existence of R(+∞). Integrating the third equation

in (1.2) and utilizing (4.27), we obtain that

R(+∞) =
γ(S1 − S2)

γ + δ
.

Passing to the limits in (1.2) as ξ → ±∞, respectively, and employing the asymptotic

boundary of (S, I,R)(ξ), we get

S′(ξ), I ′(ξ), R′(ξ)→ 0 as ξ → ±∞.

The proof is completed.

Remark 4.6. In Theorem 4.5(v), we make use of a condition lim supξ→+∞R(ξ) < +∞
to prove the existence of R(+∞). From the view of mathematical biology, this condition

may fit reality. However, we do not obtain it by rigorous analysis. We leave it for future

investigation.

5. Existence of critical traveling waves

In this section, we will prove the existence result under the conditions R0 > 1 and c = c∗.

For this, we set

M4 :=
(R0 − 1)S1ρ

∗eρ
∗+1

ρ∗ + 1
and ξ5 := − 1

ρ∗
− 1,

where ρ∗ > 0 is defined in Lemma 2.2 and S1 > 0 is a given constant. Choose a sufficient

small constant ρ5 ∈ (0, ρ∗) and a suitable constant σ2 > 0 such that ρ−1
5 � S1 and

S1 − ρ−1
5 eρ5ξ = σ2e

− β
c∗ ξ
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has two negative roots and we select the bigger one as ξ4. By the choice of ρ5, one can

deduce that

(5.1)

ξ4 < ξ5 and ρ−1
5 ds(2− eρ5 − e−ρ5) + c∗ + βM4(ξ − c∗τ)e(ρ∗−ρ5)ξ−ρ∗c∗τ ≥ 0 for ξ < ξ4.

We choose suitable constants M6 > 0 and ε2 ∈ (0,min{ρ3, ρ
∗}) such that

(5.2)

−G(ε2, c
∗) +

γ(R0 − 1)S1e
−ε2ξ5

M6
≤ 0 and −G(ε2, c

∗)− γM4

M6
ξe(ρ∗−ε2)ξ ≤ 0 for ξ < ξ5.

Notice the fact that

2M2
4 (−ξ)3/2(ξ − c∗τ)2eρ

∗(ξ−c∗τ) − 2M4M6(−ξ)3/2(ξ − c∗τ)eε2ξ → 0 as ξ → −∞,

then there exists a sufficiently large constant |ξ∗| with ξ∗ < 0 such that

(5.3)

2M2
4 (−ξ)3/2(ξ−c∗τ)2eρ

∗(ξ−c∗τ)−2M4M6(−ξ)3/2(ξ−c∗τ)eε2ξ <
(c∗τ)2

16
S1 and 1+

c∗τ

ξ
> 0

for ξ < ξ∗. Define ξ6 := −M2
5 /M

2
4 and take the constant M5 � 1 such that

(5.4) ξ6 < ξ4, ξ6 < ξ∗ and S1 − ρ−1
5 eρ5ξ6 ≥ S1/2.

With the choices of above parameters, we introduce the following nonnegative contin-

uous functions on R.

S∗+(ξ) := S1, S∗−(ξ) :=

S1 − ρ−1
5 eρ5ξ, ξ < ξ4,

σ2e
− β
c∗ ξ, ξ ≥ ξ4,

I∗+(ξ) :=

−M4ξe
ρ∗ξ, ξ < ξ5,

(R0 − 1)S1, ξ ≥ ξ5,
I∗−(ξ) :=


[
−M4ξ −M5(−ξ)1/2

]
eρ

∗ξ, ξ < ξ6,

0, ξ ≥ ξ6,

R∗+(ξ) := M6e
ε2ξ, R∗−(ξ) := 0.

To illustrate that the parameters are admissible, we give Figures 5.1, 5.2 and 5.3.

Figure 5.1: S∗+(ξ) and S∗−(ξ) when R0 > 1

and c = c∗.

Figure 5.2: I∗+(ξ) and I∗−(ξ) when R0 > 1

and c = c∗.
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Figure 5.3: R∗+(ξ) and R∗−(ξ) when R0 > 1 and c = c∗.

Lemma 5.1. The functions S∗±(ξ), I∗±(ξ) and R∗±(ξ) satisfy

dsD[S∗+](ξ)− c∗(S∗+)′(ξ)−
βS∗+(ξ)I∗−(ξ − c∗τ)

S∗+(ξ) + I∗−(ξ − c∗τ) +R∗+(ξ)
≤ 0, ξ ∈ R,(5.5)

diD[I∗+](ξ)− c∗(I∗+)′(ξ) +
βS∗+(ξ)I∗+(ξ − c∗τ)

S∗+(ξ) + I∗+(ξ − c∗τ) +R∗−(ξ)
− (γ + δ)I∗+(ξ) ≤ 0, ξ 6= ξ5,

(5.6)

drD[R∗+](ξ)− c∗(R∗+)′(ξ) + γI∗+(ξ) ≤ 0, ξ ∈ R,(5.7)

dsD[S∗−](ξ)− c∗(S∗−)′(ξ)−
βS∗−(ξ)I∗+(ξ − c∗τ)

S∗−(ξ) + I∗+(ξ − c∗τ) +R∗−(ξ)
≥ 0, ξ 6= ξ4,(5.8)

diD[I∗−](ξ)− c∗(I∗−)′(ξ) +
βS∗−(ξ)I∗−(ξ − c∗τ)

S∗−(ξ) + I∗−(ξ − c∗τ) +R∗+(ξ)
− (γ + δ)I∗−(ξ) ≥ 0, ξ 6= ξ6,

(5.9)

drD[R∗−](ξ)− c∗(R∗−)′(ξ) + γI∗−(ξ) ≥ 0, ξ ∈ R.(5.10)

Proof. It is easy to verify that (5.5) and (5.10) hold under the definitions of S∗+(ξ), I∗−(ξ)

and R∗±(ξ) on R. The rest of the proof is devoted to proving inequalities (5.6)–(5.9).

Proof of (5.6). When ξ < ξ5, we get that I∗+(ξ) = −M4ξe
ρ∗ξ, I∗+(ξ − c∗τ) = −M4(ξ −

c∗τ)eρ
∗(ξ−c∗τ), I∗+(ξ − 1) = −M4(ξ − 1)eρ

∗(ξ−1), I∗+(ξ + 1) ≤ −M4(ξ + 1)eρ
∗(ξ+1) and

(I∗+)′(ξ) = −M4e
ρ∗ξ(1 + ρ∗ξ). Then by (2.1) and (2.2), we compute that

diD[I∗+](ξ)− c∗(I∗+)′(ξ) +
βS∗+(ξ)I∗+(ξ − c∗τ)

S∗+(ξ) + I∗+(ξ − c∗τ) +R∗−(ξ)
− (γ + δ)I∗+(ξ)

≤ diD[I∗+](ξ)− c∗(I∗+)′(ξ) + βI∗+(ξ − c∗τ)− (γ + δ)I∗+(ξ)

≤ di
[
−M4(ξ + 1)eρ

∗(ξ+1) −M4(ξ − 1)eρ
∗(ξ−1) + 2M4ξe

ρ∗ξ
]

+ c∗M4e
ρ∗ξ(1 + ρ∗ξ)− βM4(ξ − c∗τ)eρ

∗(ξ−c∗τ) + (γ + δ)M4ξe
ρ∗ξ

= −M4ξe
ρ∗ξF (ρ∗, c∗)−M4e

ρ∗ξFρ(ρ
∗, c∗) = 0.

When ξ > ξ5, we have that I∗+(ξ) = I∗+(ξ + 1) = (R0 − 1)S1, I∗+(ξ − c∗τ) ≤ (R0 − 1)S1,
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I∗+(ξ − 1) ≤ (R0 − 1)S1, S∗+(ξ) = S1 and R∗−(ξ) = 0. Then we infer that

diD[I∗+](ξ)− c∗(I∗+)′(ξ) +
βS∗+(ξ)I∗+(ξ − c∗τ)

S∗+(ξ) + I∗+(ξ − c∗τ) +R∗−(ξ)
− (γ + δ)I∗+(ξ)

≤ βS1(R0 − 1)S1

S1 + (R0 − 1)S1
− (γ + δ)(R0 − 1)S1 = 0.

Proof of (5.7). By the expression of I∗+(ξ) and R∗+(ξ) on R, we obtain from Lemma 2.3

and (5.2) that

drD[R∗+](ξ)− c∗(R∗+)′(ξ) + γI∗+(ξ)

= dr
[
M6e

ε2(ξ+1) +M6e
ε2(ξ−1) − 2M6e

ε2ξ
]
− c∗M6ε2e

ε2ξ − γM4ξe
ρ∗ξ

= M6e
ε2ξ

[
dr(e

ε2 + e−ε2 − 2)− c∗ε2 −
γM4ξe

(ρ∗−ε2)ξ

M6

]

= M6e
ε2ξ

[
−G(ε2, c

∗)− γM4ξe
(ρ∗−ε2)ξ

M6

]
≤ 0 for ξ < ξ5

and

drD[R∗+](ξ)− c∗(R∗+)′(ξ) + γI∗+(ξ)

= dr
[
M6e

ε2(ξ+1) +M6e
ε2(ξ−1) − 2M6e

ε2ξ
]
− c∗M6ε2e

ε2ξ + γ(R0 − 1)S1

= M6e
ε2ξ

[
dr(e

ε2 + e−ε2 − 2)− c∗ε2 +
γ(R0 − 1)S1e

−ε2ξ

M6

]
= M6e

ε2ξ

[
−G(ε2, c

∗) +
γ(R0 − 1)S1e

−ε2ξ5

M6

]
≤ 0 for ξ ≥ ξ5.

Proof of (5.8). When ξ < ξ4, S∗−(ξ) = S1 − ρ−1
5 eρ5ξ, S∗−(ξ − 1) = S1 − ρ−1

5 eρ5(ξ−1),

S∗−(ξ+ 1) ≥ S1− ρ−1
5 eρ5(ξ+1), I∗+(ξ− c∗τ) = −M4(ξ− c∗τ)eρ

∗(ξ−c∗τ) and R∗−(ξ) = 0. Then

it follows from (5.1) that

dsD[S∗−](ξ)− c∗(S∗−)′(ξ)−
βS∗−(ξ)I∗+(ξ − c∗τ)

S∗−(ξ) + I∗+(ξ − c∗τ) +R∗−(ξ)

≥ dsD[S∗−](ξ)− c∗(S∗−)′(ξ)− βI∗+(ξ − c∗τ)

≥ ds
[
2ρ−1

5 eρ5ξ − ρ−1
5 eρ5(ξ+1) − ρ−1

5 eρ5(ξ−1)
]

+ c∗eρ5ξ + βM4(ξ − c∗τ)eρ
∗(ξ−c∗τ)

= eρ5ξ
[
ρ−1

5 ds(2− eρ5 − e−ρ5) + c∗ + βM4(ξ − c∗τ)e(ρ∗−ρ5)ξ−ρ∗c∗τ ]
≥ 0 for ξ < ξ4.

When ξ > ξ4, S∗−(ξ) = σ2e
− β
c∗ ξ, S∗−(ξ + 1) = σ2e

− β
c∗ (ξ+1) and S∗−(ξ − 1) ≥ σ2e

− β
c∗ (ξ−1).

Then we have that

dsD[S∗−](ξ)− c∗(S∗−)′(ξ)−
βS∗−(ξ)I∗+(ξ − c∗τ)

S∗−(ξ) + I∗+(ξ − c∗τ) +R∗−(ξ)
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≥ dsD[S∗−](ξ)− c∗(S∗−)′(ξ)− βS∗−(ξ)

≥ ds
[
σ2e
− β
c∗ (ξ+1) + σ2e

− β
c∗ (ξ−1) − 2σ2e

− β
c∗ ξ
]

+ βσ2e
− β
c∗ ξ − βσ2e

− β
c∗ ξ

= dsσ2e
− β
c∗ ξ
(
e−β/c

∗
+ eβ/c

∗ − 2
)

≥ 0 for ξ > ξ4.

Proof of (5.9). By (5.4) we have for ξ < ξ6 that

S∗−(ξ) = S1 − ρ−1
5 eρ5ξ ≥ S1/2,

I∗−(ξ) =
[
−M4ξ −M5(−ξ)1/2

]
eρ

∗ξ,

(I∗−)′(ξ) =

[
−M4 +

1

2
M5(−ξ)−1/2

]
eρ

∗ξ +
[
−M4ρ

∗ξ −M5ρ
∗(−ξ)1/2

]
eρ

∗ξ,

I∗−(ξ − 1) =
[
−M4(ξ − 1)−M5(−ξ + 1)1/2

]
eρ

∗(ξ−1),

I∗−(ξ − c∗τ) =
[
−M4(ξ − c∗τ)−M5(−ξ + c∗τ)1/2

]
eρ

∗(ξ−c∗τ),

I∗−(ξ + 1) ≥
[
−M4(ξ + 1)−M5(−ξ − 1)1/2

]
eρ

∗(ξ+1).

(5.11)

Applying Taylor’s formula, we deduce for ξ < ξ6 that

(−ξ + 1)1/2 ≤ (−ξ)1/2 +
1

2
(−ξ)−1/2,

(−ξ − 1)1/2 ≤ (−ξ)1/2 − 1

2
(−ξ)−1/2,

(−ξ + c∗τ)1/2 ≤ (−ξ)1/2 +
c∗τ

2
(−ξ)−1/2 − (c∗τ)2

8
(−ξ)−3/2 +

(c∗τ)3

16
(−ξ)−5/2.

(5.12)

Noting that I∗−(ξ − c∗τ) ≤ I∗+(ξ − c∗τ) = −M4(ξ − c∗τ)eρ
∗(ξ−c∗τ) for ξ < ξ6, we get from

(5.11) that

− βI∗−(ξ − c∗τ) +
βS∗−(ξ)I−(ξ − c∗τ)

S∗−(ξ) + I∗−(ξ − c∗τ) +R∗+(ξ)

= −
β(I∗−)2(ξ − c∗τ) + βI∗−(ξ − c∗τ)R∗+(ξ)

S∗−(ξ) + I∗−(ξ − c∗τ) +R∗+(ξ)
≥ −

β(I∗−)2(ξ − c∗τ) + βI∗−(ξ − c∗τ)R∗+(ξ)

S∗−(ξ)

≥ −2β

S1

[
M2

4 (ξ − c∗τ)2e2ρ∗(ξ−c∗τ) −M4M6(ξ − c∗τ)e(ρ∗+ε2)ξ−ρ∗c∗τ ] for ξ < ξ6.

(5.13)

Using (5.3), (5.4), (5.11)–(5.13), (2.1) and (2.2), we obtain for ξ < ξ6 that

diD[I∗−](ξ)− c∗(I∗−)′(ξ) +
βS∗−(ξ)I∗−(ξ − c∗τ)

S∗−(ξ) + I∗−(ξ − c∗τ) +R∗+(ξ)
− (γ + δ)I∗−(ξ)

= diD[I∗−](ξ)− c∗(I∗−)′(ξ) + βI∗−(ξ − c∗τ)− (γ + δ)I∗−(ξ)− βI∗−(ξ − c∗τ)

+
βS∗−(ξ)I∗−(ξ − c∗τ)

S∗−(ξ) + I∗−(ξ − c∗τ) +R∗+(ξ)
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≥ di
{[
−M4(ξ + 1)−M5(−ξ − 1)1/2

]
eρ

∗(ξ+1) +
[
−M4(ξ − 1)−M5(−ξ + 1)1/2

]
eρ

∗(ξ−1)

− 2
[
−M4ξ −M5(−ξ)1/2

]
eρ

∗ξ
}

− c∗
{[
−M4 +

1

2
M5(−ξ)−1/2

]
eρ

∗ξ +
[
−M4ρ

∗ξ −M5ρ
∗(−ξ)1/2

]
eρ

∗ξ

}
+ β

[
−M4(ξ − c∗τ)−M5(−ξ + c∗τ)1/2

]
eρ

∗(ξ−c∗τ) − (γ + δ)
[
−M4ξ −M5(−ξ)1/2

]
eρ

∗ξ

− 2β

S1

[
M2

4 (ξ − c∗τ)2e2ρ
∗(ξ−c∗τ) −M4M6(ξ − c∗τ)e(ρ

∗+ε2)ξ−ρ∗c∗τ
]

≥ di
{[
−M4(ξ + 1)−M5

(
(−ξ)1/2 − 1

2
(−ξ)−1/2

)]
eρ

∗(ξ+1)

+

[
−M4(ξ − 1)−M5

(
(−ξ)1/2 +

1

2
(−ξ)−1/2

)]
eρ

∗(ξ−1) − 2
[
−M4ξ −M5(−ξ)1/2

]
eρ

∗ξ

}
− c∗

[
−M4 +

1

2
M5(−ξ)−1/2

]
eρ

∗ξ − c∗ρ∗
[
−M4ξ −M5(−ξ)1/2

]
eρ

∗ξ − βM4(ξ − c∗τ)eρ
∗(ξ−c∗τ)

− βM5

[
(−ξ)1/2 +

c∗τ

2
(−ξ)−1/2 − (c∗τ)2

8
(−ξ)−3/2 +

(c∗τ)3

16
(−ξ)−5/2

]
eρ

∗(ξ−c∗τ)

− (γ + δ)
[
−M4ξ −M5(−ξ)1/2

]
eρ

∗ξ

− 2β

S1

[
M2

4 (ξ − c∗τ)2e2ρ
∗(ξ−c∗τ) −M4M6(ξ − c∗τ)e(ρ

∗+ε2)ξ−ρ∗c∗τ
]

=
[
−M4ξ −M5(−ξ)1/2

]
eρ

∗ξF (ρ∗, c∗) +

[
−M4 +

1

2
M5(−ξ)−1/2

]
eρ

∗ξFρ(ρ
∗, c∗)

+ βM5

[
(c∗τ)2

8
(−ξ)−3/2 − (c∗τ)3

16
(−ξ)−5/2

]
eρ

∗(ξ−c∗τ)

− 2β

S1

[
M2

4 (ξ − c∗τ)2e2ρ
∗(ξ−c∗τ) −M4M6(ξ − c∗τ)e(ρ

∗+ε2)ξ−ρ∗c∗τ
]

= βM5(−ξ)−3/2eρ
∗(ξ−c∗τ) (c∗τ)2

16

(
1 +

c∗τ

ξ

)
+

β

S1
(−ξ)−3/2eρ

∗(ξ−c∗τ)

×
[

(c∗τ)2

16
M5S1 − 2M2

4 (−ξ)3/2(ξ − c∗τ)2eρ
∗(ξ−c∗τ) + 2M4M6(−ξ)3/2(ξ − c∗τ)eε2ξ

]
≥ 0.

When ξ > ξ6, I∗−(ξ) = 0 and inequality (5.9) follows trivially. The claim of this lemma is

shown.

Now we state the existence result of critical traveling wave solution for (1.1).

Theorem 5.2. For a given constant S1 > 0, if R0 > 1 and c = c∗, then system (1.1) has

a traveling wave solution (S, I,R)(ξ) satisfying the following assertions.

(i) 0 < S(ξ) < S1, 0 < I(ξ) < (R0 − 1)S1 and R(ξ) > 0 for ξ ∈ R.

(ii) (S, I,R)(−∞) = (S1, 0, 0). If ξ → −∞, then I(ξ) = O(−ξeρ∗ξ).
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(iii) I(+∞) = 0, S(+∞) := S2 exists and S2 < S1.

(iv) (γ + δ)
∫
R I(ξ) dξ = β

∫
R

S(ξ)I(ξ−c∗τ)
S(ξ)+I(ξ−c∗τ)+R(ξ) dξ = c∗(S1 − S2).

(v) If lim supξ→+∞R(ξ) < +∞, then R(+∞) = γ(S1−S2)/(γ+δ) and S′(ξ), I ′(ξ), R′(ξ)

→ 0 as ξ → ±∞.

(vi) ∂c∗

∂di
> 0, ∂c∗

∂β > 0 and ∂c∗

∂τ < 0.

Proof. Applying the functions S∗±(ξ), I∗±(ξ) and R∗±(ξ) defined at the beginning of this

section and the analogous discussions in Section 4, we can obtain system (1.1) admits a

critical traveling wave solution (S, I,R)(ξ) satisfying (i)–(v). In the following, we shall

prove (vi) of this theorem. From Lemma 2.2, we can compute that

Fc∗(ρ∗, c∗) = −ρ∗ − βρ∗τe−ρ∗c∗τ < 0, Fdi(ρ
∗, c∗) = eρ

∗
+ e−ρ

∗ − 2 > 0,

Fβ(ρ∗, c∗) = e−ρ
∗c∗τ > 0 and Fτ (ρ∗, c∗) = −βρ∗c∗e−ρ∗c∗τ < 0,

which together with derivative rule for implicit functions implies that

∂c∗

∂di
> 0,

∂c∗

∂β
> 0 and

∂c∗

∂τ
< 0.

The proof of this theorem is completed.

Remark 5.3. Theorems 3.1, 4.5 and 5.2 mainly reveal the sufficient conditions of existence

and nonexistence of traveling wave solutions for (1.1), and the characterization of their

minimal speed. One can observe that the obtained traveling waves include the pulse-type

(I-component) and front-type (S-component and R-component) traveling waves. Notice

that I(−∞) = 0 for both c > c∗ and c = c∗, while the exact decay rates of I(−∞) = 0 are

distinct for these cases. The limit value I(+∞) = 0 implies that the infected individuals

will disappear after a long time.

Remark 5.4. Inequalities in Theorem 5.2(vi) reflect that the geographical movement of

the infected individuals and the interaction between infected individuals and susceptible

individuals can accelerate the speed of propagation of the epidemic, while the time delay

can slow down the speed of transmission of the epidemic.

By Theorems 4.5 and 5.2, we can further obtain some properties concerning the func-

tions S(ξ), I(ξ) and R(ξ).

Proposition 5.5. Let (S, I,R)(ξ) be a nontrivial positive traveling wave solutions of (1.1)

for each c ≥ c∗. Then for j = 1, 2, 3, the functions ekjξUj(ξ) are strictly increasing and

Uj(ξ±1)/Uj(ξ) are uniformly bounded on R, where k1 = (2ds+β)/c, k2 = (2di+γ+δ)/c,

k3 = 2dr/c, U1(ξ) = S(ξ), U2(ξ) = I(ξ) and U3(ξ) = R(ξ).
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Proof. Here we only prove the corresponding results for R(ξ) since one can use the similar

arguments to deduce the remainder results. By the third equation in (1.2), we have[
e

2dr
c
ξR(ξ)

]′
= e

2dr
c
ξR′(ξ) +

2dr
c
e

2dr
c
ξR(ξ)

=
dr
c
e

2dr
c
ξ[R(ξ + 1) +R(ξ − 1)] +

γ

c
e

2dr
c
ξI(ξ) > 0

(5.14)

for ξ ∈ R, which implies that the function e
2dr
c
ξR(ξ) is strictly increasing on R. Thus we

obtain that

e
2dr
c
ξR(ξ) > e

2dr
c

(ξ−1)R(ξ − 1) for ξ ∈ R,

which is equivalent to
R(ξ − 1)

R(ξ)
< e2dr/c for ξ ∈ R.

Observing (5.14) gives

(5.15)
[
e

2dr
c
ξR(ξ)

]′
>
dr
c
e

2dr
c
ξR(ξ + 1) for ξ ∈ R.

Integrating (5.15) over [ξ, ξ + 1] and using the monotonicity of e
2dr
c
ξR(ξ), we obtain

e
2dr
c

(ξ+1)R(ξ + 1)− e
2dr
c
ξR(ξ) ≥ dr

c

∫ ξ+1

ξ
e

2dr
c
ηR(η + 1) dη

>
dr
c
e

2dr
c
ξR(ξ + 1) for ξ ∈ R,

that is,

(5.16) R(ξ + 1) >

[
R(ξ) +

dr
c
R(ξ + 1)

]
e−2dr/c for ξ ∈ R.

Inserting (5.16) into (5.15) yields[
e

2dr
c
ξR(ξ)

]′
>
dr
c
e

2dr
c
ξ

[
R(ξ) +

dr
c
R(ξ + 1)

]
e−2dr/c

>
d2
r

c2
e−4dr/ce

2dr
c

(ξ+1)R(ξ + 1) for ξ ∈ R.
(5.17)

Integrating (5.17) over [ξ − 1/2, ξ] gives

e
2dr
c
ξR(ξ) ≥ e

2dr
c

(ξ−1/2)R(ξ − 1/2) +
d2
r

c2
e−4dr/c

∫ ξ

ξ−1/2
e

2dr
c

(η+1)R(η + 1) dη

>
d2
r

2c2
e−4dr/ce

2dr
c

(ξ+1/2)R(ξ + 1/2) for ξ ∈ R,

(5.18)

where we have used the monotonicity of e
2dr
c
ξR(ξ). Then it follows from (5.18) that

R(ξ + 1/2)

R(ξ)
<

2c2

d2
r

e3dr/c for ξ ∈ R,
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which implies that

R(ξ + 1)

R(ξ)
=

R(ξ + 1)

R(ξ + 1/2)
· R(ξ + 1/2)

R(ξ)
<

4c4

d4
r

e6dr/c for ξ ∈ R.

The proof is completed.
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