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Generalized Integration Operators from Weak to Strong Spaces of

Vector-valued Analytic Functions

Jiale Chen* and Maofa Wang

Abstract. For a fixed nonnegative integer m, an analytic map ¢ and an analytic
function v, the generalized integration operator I ;"Z is defined by

10 §(2) = /0 £ ((O)(C) d

for X-valued analytic function f, where X is a Banach space. Some estimates for
the norm of the operator Ié:?p): wAP (X) — AP (X) are obtained. In particular, it is
shown that the Volterra operator Jy: wAP(X) — AP(X) is bounded if and only if
Jp: A2 — A2 is in the Schatten class S,(A2) for 2 < p < oo and @ > —1. Some
corresponding results are established for X-valued Hardy spaces and X-valued Fock

spaces.

1. Introduction

Let € be the open unit disk D or the complex plane C, X a complex Banach space and
H(S2, X)) the space of all X-valued analytic functions on Q. For 1 <p < oo and o > —1,
the X-valued Bergman space A5 (X) consists of the functions f € H(D, X) such that

1/p
1 lazc = ( / ||f(Z)H§<dAa(Z)) < oo,

where dA,(z) = (a+1)(1—|2]?)*dA(z) and dA is the Lebesgue measure on C normalized
so that A(D) = 1. For 1 < p < oo, analogously, the X-valued Hardy space HP(X) consists
of the functions f € H(D, X) satisfying

OB dm(©) < oo,
(/ )
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where dm is the normalized Lebesgue measure on T = 0D. For 1 < p < oo and « > 0, the
X-valued Fock space Fj(X) consists of the functions f € H(C, X) such that

pa b _sppp 1/p
iz = (% LI 0ae) " <.

These spaces have been studied by many authors, see e.g. |3,/4,/7]. We also use the
customary notation H(Q), AL, H? and F} to denote the corresponding spaces for the
case X = C. The weak versions of X-valued Bergman and Hardy spaces were considered
by e.g. Blasco 2] and Bonet, Domariski and Lindstrom [6]: the weak spaces wAL(X) and
wHP(X) consist of the functions f € H(D, X) for which

[fllwazxy = sup [[#0 fllaz, flwaexy = sap [lz" o fllaw,
:E*EBX* Z‘*GBX*
are finite, respectively. Here and in the sequel, X* is the dual space of X and Bx+ = {z* €
X* ¢ ||lo*||x~ < 1} is the closed unit ball of X*. Analogously, the weak space wFj(X)

consists of X-valued entire functions satisfying

[fllwrzxy = sup [[#% o fllgp < oo.
I*EBx*

It follows from [14] that AL(X) and wAL(X) (resp. HP(X) and wHP(X)) are essential
different for any infinite-dimensional Banach space X.

Given a fixed nonnegative integer m, an analytic selff-map ¢ of Q and a function
P € H(R), the generalized integration operator I;n;) is defined by

17 5(2) = /0 SO A, 2 €

for f € H(, X). The operator I ;"2 is a generalization of the Volterra type integration
operator Jp, which is defined by

of(2) = /0 OV de, ze

for b € H(?) and f € H(, X). The operator J, has been studied in various C-valued
settings, see |1,8,[12,/15,|17,/18] and the references therein. However, as far as we know, it
seems that the operator J, has not been studied in the setting of spaces of vector-valued
analytic functions.

Using [18, Theorem 1.3] and the following Theorem [2.1] it is easy to show that the

following are equivalent for any Banach space X, 1 < p < oo and o > —1:

(a) Jy: AL — AL is bounded;



Integration Operators from Weak to Strong Spaces 759

(b) Jy: AL(X) — AL(X) is bounded;
(c) Jp: wAL(X) — wAL(X) is bounded.

In the Hardy space setting, it is obvious that J,: wHP(X) — wHP(X) is bounded if and
only if Jy: HP — HP is bounded for all 1 < p < co. Similar to the Bergman space case,
using [12, Theorem 3.1] and the following Theorem it can be proved that the following

are equivalent for any Banach space X, 1 <p < oo and a > —1:
(d) Jp: FY — FY is bounded;
(e) Jp: FE(X) — FY(X) is bounded;
(f) Jp: wFE(X) = wFY(X) is bounded.

In this paper, we are interested in the boundedness of generalized integration operators
on the vector-valued cases. More precisely, we give some estimates for the norms of the
operators I;Tp) from the weak type spaces wAL(X), wHP(X) and wFE(X) to the strong
type spaces A5 (X), HP(X) and FY(X). As applications, we obtain the boundedness of
Jy on the corresponding vector-valued cases.

Our first main result is that if X is any complex infinite-dimensional Banach space,

2 <p<ooand o> —1, then Ig;): wAb(X) — AL(X) is bounded if and only if

/ [ (2)[P(1 — [2[*)**P
p (1= [p(2)[?)2Hetme

dA(z) < 0.

In particular, J,: wAL(X) — AL(X) is bounded if and only if b belongs to the Besov
space B,, which is equivalent to J,: A2 — A2 is in the Schatten class S,(A2).

In the Hardy space setting, we need some additional conditions for the Banach space
X. A Banach space X is said p-uniformly PL-convex if there is a positive constant ¢ such
that

/T I + Cyll% dm(C) 2 [l2ll% + cllyll%

forall z,y € X. For 2 < p < 0o and a complex p-uniformly PL-convex infinite-dimensional
Banach space X, we obtain a lower estimate for the norm of the operator I SZ) wHP(X) —
HP(X). Furthermore, if X is a complex infinite-dimensional Hilbert space, we prove that
10" wH?(X) — H*(X) is bounded if and only if

2)2(1 — |22
/]D (‘1w£ |)(,’0((z)’2)|1+’27)n dA(z) < oo.

In particular, if X is a complex infinite-dimensional Hilbert space, then J,: wH?(X) —

H?(X) is bounded if and only if b belongs to the Dirichlet space, which is equivalent to
the operator J,: H?> — H? is a Hilbert-Schmidt operator.
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In the Fock space case, we show that if X is any complex infinite-dimensional Banach
space, 2 < p < oo and « > 0, then I(m) wFY(X) — FY(X) is bounded if and only if

)P ( TP ap
/ 1(2)] 1++|L9B( P (e ?) dA(z) < o0

In particular, J,: wFE(X) — FL(X) is bounded if and only if b is a linear polynomial for
2 < p< oo, but Jy: wF2(X) — F2(X) is bounded if and only if b is a constant. As a by-
product, we obtain that the composition operator Ci,: wFE(X) — FE(X) (2 < p < 00),
which is defined by C, f = fog for entire function ¢, is bounded if and only if ¢(2) = az+d
for some a,d € C with |a| < 1.

Throughout this paper, the notation A < B means that A < CB for some inessential
constant C' > 0. The converse relation A 2 B is defined in an analogous manner, and if
A < B and A 2 B both hold, we write A < B.

2. Bergman space case

In this section we estimate the norm of the operator Igz}): wAbL(X) — AL(X). To this
end, we first introduce some auxiliary results that will be used in the sequel. The first gives

an equivalent norm for the space A% (X), which can be proved as that in [4, Theorem 2.5].

Theorem 2.1. Let f € H(D,X),n €N, 1 <p < oo and a > —1. Then f € AL(X) if
and only if f e AP, (X).

a-+np

Due to Theorem we can define the following equivalent norm for the space Ak (X):

HfH*—ZHf 0)lx + 1/ |az

a+np( )

We also need the following Dvoretzky’s theorem, which can be found in [9, Chapter 19].

Theorem A. For anyn € N and € > 0 there is ¢(n,€) € N so that for any Banach space

X of dimension at least c(n,€), there is a linear embedding T,,: I} — X so that

1/2 . . 1/2
(2.1) (1+¢) Z laj|? <D aiTues|| < Dl

Jj=1 X J=1
for any aq,...,an € C. Here (e1,...,ey) is some fized orthonormal basis of 13.

The following lemma concerns bounded coefficient multipliers from Ag( to A%, see for
instance [13, Theorem 12.6.10].

Lemma B. Suppose that 1 <p < oo and o > —1. Then the following hold.
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(i) The sequence {k(a+2)/p_(a+2)/2} is a bounded coefficient multiplier from A2 to Ak
for2 <p < 0.

(ii) The sequence {k} is a bounded coefficient multiplier from A2 to A% for 1 <p < 2
and f < (a+1)/p—(a+1)/2.

The following well-known estimate, included here for convenience, will be used repeat-

edly later.

Lemma 2.2. For any 8> —1 and 1/2 <t < 1, one has

Bek > cs
Z k™t (1— t)6+1 ’
where cg is some positive constant depending only on [3.

We are now ready to estimate the norm of [ ;7,723 wAb(X) — AL(X). The first gives
an upper bound of || o) ||wAP X)— a8 (x) for 1 < p < oo.

Lemma 2.3. Let X be any complex Banach space, 1 < p < oo and a > —1. Then

a 1/p
(m) < [Y(2)[P(1 = [2[*)**P
g lwaz (x)—azx) S </D (1= | () 2)Tresmp dA(z) )

Proof. For any f € wAL(X), by the pointwise estimate of the derivative of Bergman space

functions, we get

Hf(m)(z)Hp = sup ‘.%*(f(m)(z))‘p: sup ’(x*of)(m)(z)’p

T*EBx* T*EBx*

I a1 /S 11
wehy. (1= [2P)2retmp = (1= 2P >2+a+mp'

Therefore, by Theorem [2.1]
1S 1P ) = / LF™ (DI ()P (1 = |22+ dA(2)

W(z)P 1 — |22)ete
S I12 / )

which finishes the proof. O

~

The following theorem is the main result of this section, which gives a norm estimate
of the operator I;T’L): wAL(X) — AL(X) for 2 < p < o0.

Theorem 2.4. Let X be any complez infinite-dimensional Banach space, 2 < p < 0o and
a > —1. Then

« 1/p
(m) _ [W(2)P(L — [2]})*P
1Ly, ) 1wz (x)—s a2 (x) =< </D (1 |o( Pt dA(z) ) .
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Proof. By Lemma [2.3] we only need to proceed the lower estimate. To this end, let n € N
and € > 0. According to Theorem fix a linear embedding 7;,: I5 — X so that
holds. Put .%;:) = They for k = 1,2,...,n, where (eq,...,e,) is some fixed orthonormal
basis of 7. Let Ay = k(@ +2/P=1/2 and define f,: D — X by

(2.2) Z)\kzk (n) _ <Z ALz ek> z € D.

By Lemma [BJi) and the fact that

El (o + 2)

k —1l—a
=—_ =k
10 = a2 ’
we have
Valloazio = sup o™ 0 fullag = sup Zm
.’E*eBx* r*eB Xk AP
nooL n 1/2
< sup Zka*(x,(cn))zk = sup Z T " (er) | <1.
Q?*eBx* k=1 A2 .Z’*GBX* k—1
It follows from Theorem 2.] that
I iy 2 T s 110 Sl
(2.3)
thSUP/ I1£5m™ X[ )P (1 = [2*)*7P dA(2).
n—oo
Since fn(2) = Tn (Y j_; Aez"er), we have
n—m+1
(24) fr(zm)(z) =T, < Z (k)m)\k+m—lzk_lek+m—1)
k=1

for 0 < m < n. Here, (k)y =k(k+1)---(k+m—1) form > 1 and (k)p = 1, and Ao = 0.
Combining (2.4)) and ([2.1)), we establish

n—m-+1 D
FARICIEN] ‘Tn< > (k)mAk+m_1go(z)k1ek+m_1>
k=1 X
n— m+1 2(6-1) p/2
. .
2 e X Wibale) )

vV

n—m-+1 p/2
< Z k2m+2(a+2)/p—1‘¢(2)|2(k—1)> .

k=1
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Inserting the above estimate into (2.3) and using monotone convergence theorem and
Lemma we obtain

S0y

p/2
S / (Z k2m+2<a“>/f°1\so<z>|2<’f”) [B(2)[P(1 = [2*)* TP dA(2)
D \k=1

o0

p/2
> / (Z k%”(a“’/“\so(z)l%) (P~ =) dA)
{z€Dlp(2)?21/2} \

' / [B(P (L= [ef)
= “2m+2(a+2)/p—1 {z€D:|p(2)[2>1/2} (1 = |p(2)[?)ot2tmp

Here, ¢omt2(a+2)/p—1 18 the constant defined in Lemma

dA(z).

In order to obtain the desired lower estimate, we need to show

[W(2)P(1 ’z‘Q)a P
> dA(z).
H wHwAp X)—AR(X) ~ /{Z€D:|¢(2)2<1/2} (1 ‘<9(Z)|2)a+2+mp (2)

Choose x € X satisfying ||z||x = 1 and let

(2.5)

g(z) =xz", zeD.

Then g € wAb(X) and the norm of g in wA% (X) only depends on «, p and m. Therefore,

we get

I sow”wAP(X)—mP(X) L ng
= m! / rw<z>\p<1 ) dA().
D

Consequently,

BP0~ ) P e
/{ / ()P [22)2H dA(2)

etz (- lp@P2mm

N H P, HwA” (X)—=A8(X)"

Hence ([2.5) holds and the lower estimate is established. The proof is therefore complete.
O

For 1 < p < 2, using the preceding ideas we can only establish a weaker lower bound.

Proposition 2.5. Let X be any complex infinite-dimensional Banach space, 1 < p < 2
and o > —1. Then

S|2)otp 1/p
” <p¢v”wAp (X)—=AL(X) & (/ ’w 1 _(‘90( ‘)|‘ )) dA(Z)>

fora+14+mp<y<a+1l+4+p/2+mp.
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Proof. Let \y = kPT0+9)/2 with 8 < (a +1)/p — (a+1)/2 and define f,, as ([2.2). Then
by Lemma (ii) we have || fpllyaz(x) S 1 for 1 < p < 2. Hence Theorems and

monotone convergence theorem yield

S gy

> thup ||I m)anAP(X)

o] p/2
Z/ D BNt PED ) ()P (1= [2*)* P dA(z)
D \k=1

o'} p/2
2 /D (Z k2m+26+1+a’¢(z)‘2k> ’¢(2)|p(1 _ ‘z‘2)a+p dA(z)

k=1
form > 0. Let 8> (a+1)/p—1— /2, then 2m + 28+ 1+ a > —1 and by Lemma
we have
[9(2)[P(1 — |2[*)*FP
el S| JA(2),
P lwAa ()= Aa(X) ~ Tam2brlte fo o oops1ay (L= le(2)?)

where v = (2m + 25 + 2 + «)p/2 satisfying

a+1+mp<’y<oz+1+g—l—mp.
Similar to (2.5)), we also have
H H > / |1/}(Z)|p(1 — ’Z‘Z)Q—H)
P P ~
wALX) =A™ [ eppz<ayy (1= le(2)?)
Thus the proof is finished. O

dA(z).

In particular, we have the following estimates for the norm of the Volterra type inte-

gration operator Jy,: wAL(X) — AL(X).

Corollary 2.6. Let X be any complex infinite-dimensional Banach space, 1 < p < oo,
a>—1 and b e H(D).

(1) If 2 < p < oo, then Jy: wAL(X) — AL(X) is bounded if and only if b belongs to the

analytic Besov space By,. Moreover,

1/p
Wl ) 42 x (/ V)P rzP)”dA(z)) .

(2) If 1 <p<2, then

1/p
( [wera- ey dA(z)) < 1 ollu gt ()26

< (/D b/ (2)[P(1 = |2|?)P2 dA(Z)>1/p

forp/2—-1<~y<p-1.
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Remark 2.7. By |1, Theorem 2] (see also |18, Theorem 1.4]), we know that Jj: wAL(X) —
Ab(X) is bounded if and only if J,: A2 — A2 is in the Schatten class S,(A2) when
2 <p<oo.

3. Hardy space case

Let X be any complex infinite-dimensional Banach space. In this section we first give a

lower bound for the norm of Ig?p): wHP(X) — HP(X) when X is p-uniformly PL-convex

and 2 < p < co. To this purpose, we need the following Littlewood-Paley inequality for
HP(X), which can be found in |5, Theorem 2.3].

Theorem C. Let2 < p < oo and X be a Banach space. Then X is p-uniformly PL-convex
if and only if there exists ¢ > 0 such that

1/p
1 llwc) > <||f(0)||’§( e [Ir@IRa- |z\2>P—1dA<z>>
for all f € HP(X).

The following lemma concerns the bounded coefficient multipliers from H? to HP,
which is cited from [10, Theorem 1].

Lemma D. The sequence {k‘l/p_l/Q} is a bounded coefficient multiplier from H? to HP
for 2 <p< 0.

We now estimate the lower bound for || o) ||pr(X)_)Hp(X)

Proposition 3.1. Let 2 < p < oo and X be any complex p-uniformly PL-convex infinite-

dimensional Banach space. Then

- 1/p
(m) [Y(2)[P(1 — |2[2)P~!
I % ( [ 2 S 446)
Proof. For any given n € N and € > 0, fix a linear embedding T},: I — X so that ({2.1))
holds. Put CL"(;L) = They for k = 1,2,...,n, where (ej,...,e,) is some fixed orthonormal

basis of [5. Consider the X-valued polynomials
Z )\kzka:gl , z€D,

where A\, = kY/P=1/2, Then we have

n n

Z )\kzkﬁ(x;cn))

k=1

Pl (x,(cn))
k=1

S sup

I fallwrr(x)y = sup
I*EBX*

.’E*GBx*

HP H2

1/2
= sup (ZT**ek ) <1,
k

.’E*GBx*
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where the inequality < follows from Lemma @ Therefore,
Hfi%) lwrr (x)—HP(X) 2 11725213 Hfi%)anHp(X)

By Theorems [C] [A] and Lemma we obtain
: (m) ¢ p
H o Hpr (X)—HP(X) 2 hffo%p HI@,w fn”Hp X

z limsup/D||f£m)(90(2))\|§<|¢(2)\p(1 — |27 dA(2)

n—oo

oo p/2
Z/ﬂ)(Zka“/pl!sO(Z)\%) [Y(2)P(1 = [2*)P~1 dA(2)

=1
S 22 / [W(2)P(1 = |2[*)P~!
R Cama/p1 (ebilp(z)2>1/2y (1= p(2)[2)mpHl

for m > 0. Let g(2) = z2™ for ¥ € X with |[z[[x = 1, then [|g|[,zrx) = 1. Using

dA(z)

Theorem [C] again, we have

L= g,

2 [ Wera -yt aac)

/ [Y(2)P(1 = |2[*)P!
(zeDilp(z)2<1/2y (1= p(2)[2)mPHl

This completes the proof. O

Tl —

dA(z).

Remark 3.2. For the case 1 < p < 2, there are no estimates similar to the one in
Theorem [C] However, we can give a weaker lower bound for the norm of the operator
I (m) : wHP(X) — HP(X) via embedding Hardy spaces into Bergman spaces. If X is any
complex Banach space, 1 < p < ¢ < oo and o = ¢q/p—2, then HP(X) C A%(X) and the in-
clusion is continuous. To see this, for any f € HP(X) and 0 < r < 1, write f.(2) = f(rz).
By [19, Corollary 4.47] and the subharmonic property of || f;||x, we have

[ frllagxy < Cllfrllmrxy < Cllfllaex)
for some absolute constant C' > 0. Using Fatou’s lemma, we obtain

1 lag oy < liminf (| frllag o) S [ lmvx)-

Therefore, if X is any complex infinite-dimensional Banach space and 1 < p < 2, then

using Theorem and the same method as in the proof of Proposition we have

1/q
" Y(2)|9(1 — |z|?)ata/p—2
1257 oo ( [ dace)

for ¢ > p.
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If X is a complex Hilbert space, we have the following Littlewood-Paley type identity
for the space H?(X).

Lemma 3.3. Let X be a complex Hilbert space, then we have

1f = FO) 2 x /nf VA (L~ [2?) dA(2)

for any f € H*(X).

Proof. Using the Taylor expansion of f, this can be obtained by some elementary compu-

tations. OJ

If X is a complex infinite-dimensional Hilbert space, we have the following estimate
for the norm of the operator Ig;): wH?*(X) — H*(X).

Theorem 3.4. Let X be a complex infinite-dimensional Hilbert space. Then

2)12(1 = |22 1/2
I e = ([ i aae )

Proof. Since any Hilbert space is 2-uniformly PL-convex, the lower estimate follows from

Proposition We now consider the upper estimate. For any f € wH?(X), by the

pointwise estimate of the derivative of Hardy space functions, we have

112
IR = s @ GOEP = s (@0 NP S T

T*EBx* r*EBx*

Therefore, by Lemma we have
1783 Flre ) = / P (eI [ (2) (1 — |2]) dA(2)

2)2(1 — |2)?
S I / e 44,

which completes the theorem. ]

As applications, we have the following corollaries.

Corollary 3.5. Let 2 < p < oo and X be any complex p-uniformly PL-conver infinite-

dimensional Banach space. Then

1/p
| Jollw e ()= HP(X) 2 (/D\b’(Z)\p(l — |2)P? dA(Z)) ~

Corollary 3.6. Let X be any complex infinite-dimensional Hilbert space. Then Jy:
wH?(X) — H*(X) is bounded if and only if b belongs to the Dirichlet space. Moreover,

1/2
Vw0 20) = ( / |b’<z>|2dA<z>) .
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Remark 3.7. Due to |17, Theorem 6.7], we know that if 2 < p < oo and X is a com-
plex p-uniformly PL-convex infinite-dimensional Banach space, then the boundedness of
Jp: wHP(X) — HP(X) implies J,: H> — H? is in the Schatten class S,(H?). Further-
more, if X is a complex infinite-dimensional Hilbert space, then J,: wH?(X) — H?(X) is
bounded if and only if J,: H? — H? is a Hilbert-Schmidt operator.

4. Fock space case

In the last section, we investigate the boundedness of I ;nzb): wFY(X) — FL(X). For this

purpose, we need the following result, which characterises a X-valued Fock space function

by its derivatives.

Theorem 4.1. Suppose f € H(C,X), 1 <p < oo, « >0 andn € N. Then

n—1
I llepxy < ||f(k)(0)”X—i-< ‘
. z /C

In order to prove the above theorem, we need the following lemma.

(n) s 1/p
cezr I dA(Z)) |

p
X
Lemma 4.2. Let f € H(C,X), n € Nand 1 < p < co. Then for any z € C and r > 0,

we have

)

1
IO Sy [ ) dAGw),
r D(z,r)
where D(z,r) ={w € C: |w —z| < r}.
Proof. We only need to consider the case z = 0. For any p > 0, Cauchy’s integral formula
yields
(n) n! o 0 -n
1F O < o [ [1F(pe™)llxp™" db.

T Jo

Multiplying by p"*! and integrating with respect to p from r/2 to r, we obtain

pt2 (T/2)(n+2)
n—+ 2

n! T 2w )
10Ol < 3 [ [ 156 o dop.
T Jo Jo

Since r"*2 — (r/2)"t2 > ¢"+2 /2 we arrive at

(n) 1
1 0)]|x S ) /D(Or) 1f (w)|x dA(w).

)

Holder’s inequality then gives the desired estimate. O

Proof of Theorem [4.1] By Lemma we have

1P O)x < ( /D .

1/p
) 1f(w)ll% dA(w)> S Il reex

)
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for any 0 < k <n — 1. Using Lemma and the estimate (8) in |12], we obtain

™ (2) o2
T+, dA(z)
212 wlIP wle~ T gA(x
§/<1+\ ) /D) £ ()% dA(w) dA(z)
1 w ||2dA dA(w
/!f (1+ wl)? /D<w,1fw> (2)dA(w)

< /C 1 (w)|Be™ F 1P dA(w),

where the second inequality is due to Fubini’s theorem and the facts that w € D(z,1/(1+
|z|)) implies z € D(w,2/(1+|w|)), and 1+|z| S 1+|w|if z € D(w,2/(1+|w]|)). Combining
the estimates above yields
P 1/p
e~ Tl dA(z)) .

n—1
. (k) T
70 2 217500 + (/‘ A+

Conversely, note that || f|% is subharmonic on C for any 1 < p < co. Consequently,

M,y (f,r) is increasing with r, see e.g. [11, Corollary 6.6]. We claim that

/ P
f(z) - f (Z)k : 6—7’7|z|2 dA(2)
cll(T+]z) (12Dl
for any fixed 1 < p < oo, kK > 0, and all f € H(C, X) with f(0) = 0. In fact, this can
be proven by the same method as in the proof of |12, (11)]. In the case p = 1, for any

p

(4.1) Tl dA(z) <

0 < p<r<oo, we have

Mi(f.r) — My(f.p) / 170C) — F(pO) 1 x dm(<)

(| [ reocar| am@ < onnern

Therefore, holds in this case. In the case 1 < p < oo, vector-valued version of
Lemma 2.2 in [12] is needed. Carefully examining the proof of |16, Theorem 1], we see [12,
Lemma 2.2] holds for vector-valued functions. Consequently, also holds in this case.
Then for any f € H(C, X), due to we obtain

IE) P s )
( e TNl dA(z >)

ap,2 1/p
< </C (1 + ‘Z|)k dA( )) + Hf( )HX (/(C (1 n |Z’)pk dA( )

P e i ))w'

S+ ( [ H e
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Applying the above estimate repeatedly, we establish

n—1 1/p
1 llrz o0 S D IFE©O)]1x + ( / ‘ —T Az )) ,
k=0 c

which completes the theorem. O

D

The following lemma estimates the derivatives of Fock space functions.

Lemma 4.3. Let 0 < p < oo and a > 0. For any f € FL and n > 0, the following

estimate holds:

D) S A+ 2™ e2 ) £ g

Proof. The case n = 0 was proved in [20, Corollary 2.8]. We consider the case n > 0. For

|z| <1, by Cauchy’s estimate and the estimate in the case n = 0, we have

) < /|< 7C)] 6] 5 max 170 S 1

27 z|=1 |C - Z‘n—i_l

For |z| > 1, arguing as above, we get

n QL N
2 Ic=2|=1/|] ¢ — z|nt] |d¢| < |2 |Cfrzr|lfzil/|z| 1f(Q)

o +L2 a2
< |22 PR £l e < L2173 £l o

F™(2)] <

Combining these estimates, we obtain the desired result. O

m)

We now end this section by estimating the norm of I; » On the Fock type setting.

Theorem 4.4. Let X be any complex infinite-dimensional Banach space, 2 < p < 0o and
a > 0. Then

¥ (= |p A+ le()™)P (2P oz 2) >1/p
|| zp”wFp X)=FL(X) ™ </ |Z’) e 2 (Z)

Proof. For any f € wF%(X), by Theorem and the estimate in Lemma we get

) Fm () () ||
I8 gy = . H e

w p 1+ ' TP _ap z|?—l|p(z
< HwaFP / (2)] 1+|L|)( 2)|™) o~ F (2P ~le(2)1?) dA(z),

Plal?

dA(z)

which gives us the upper estimate.
We next consider the lower estimate. Fix n € N and € > 0. According to Theorem [A]
there is a linear embedding 7),: I5 — X so that (2.1)) holds. Put a:,(cn) = They for k =
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1,2,...,n, where (e1,e2,...,e,) is some fixed orthonormal basis of I5. Define f,,: C — X
by
n—1 Oék (n)
fn(2) = Z yzkxﬁl, z € C.
k=0 ’
Then
nllurgon = sup \/ Tl 5 s 304/ %a el
nllwFE(X) € By k+1 . ~ preBys k! k+1

¥

1/2
= sup (Z]w ka > <1,

J?*EBX*

where the first inequality is due to the embedding FY C FJ is bounded whenever p < q.

Therefore, by Theorem we obtain

> limsup [|107) fn
n—oo

I sowHwFf'(X —FL(X) HFP(X

(m) P
o n (p(2))(2) ap |2
”hiiso‘ip/c 1+ |z] aA(z)

By the definition of f,, and (2.1]), we have

n—m—1 akt+m b
@I = T [ 30 (b Dy | o) e
Py (k+m)! .
n—m—1 k4+m p/2
> Ea1)2 @ 2k
2 ( > O D e
k=0
for 0 < m < n. Therefore, by monotone convergence theorem, we arrive at
00 k p/2 P ——\z|2
o e
> | PEPe 2T
|| X ||wFp X)—=FY(X) N/(C (kz_o(k + 1)m k! |<,D(Z)| ) (1 + ’ZD dA(Z)
It is obvious to see
00 O[k p/2
ap 2
L+ () mpeFIEr < (Z(k + 1>mk!|so<z>|2’f> .
k=0
Hence we establish the lower estimate for the norm of Ién;;}): wFY(X) — F5(X) and the
proof is complete. O

Remark 4.5. The upper estimate for HI%) lwrz(x)—F2(x) in Theorem {.41is actually valid
for all 1 < p < co and any complex Banach space X.
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In particular, the boundedness of Jy,: wFy(X) — FY(X) and Cy: wFE(X) — FY(X)

are characterized when 2 < p < o0.
Corollary 4.6. Let X be any complex infinite-dimensional Banach space and o > 0.
(1) Jp: wF2(X) — F2(X) is bounded if and only if b is a constant.

(2) If2 < p < oo, then Jy: wFL(X) — FY(X) is bounded if and only if b(z) = az +d

for some a,d € C. Moreover, ||Jy||yrr(x)—rr(x) < lal-

Proof. By Theorem [4.4] we have

p

") 1 ac),

1+ |z]

1717

P P =
wFY(X)—FE(X) /C

The subharmonicity of [o/|P implies

< [ B Lo}

1+ |z
Hence the boundedness of J,: wFE(X) — F&(X) implies

|0 (w)]
1+ |w

P Hp b (w)]
>
dA(z)) S

— 0 as |w| — oo,

which is equivalent to b(z) = az + d for some a,d € C. So it is only need to prove the
necessity of Case (1), since the other case is obvious.

If Jp: wF2(X) — F2(X) is bounded and b is not a constant, i.e., b(z) = az + d for
some a # 0, then by the above estimate for the norm of J,: wF%(X) — F4(X), we have

dA(z) \'?
bl ewr2(x)=F2(x) =< lal </<c (1+|Z|)2> = 00,

which is a contradiction. ]

Corollary 4.7. Let X be any complex infinite-dimensional Banach space, 2 < p < 0o and
a > 0. Then C,: wFY(X) — FY(X) is bounded if and only if p(z) = az + d for some
a,d € C with |a| < 1.

Proof. Since

19,16) = [ PO d6 = ()~ (0

we obtain that Cy,: wF5(X) — FL(X) is bounded if and only if I( ),. wFB(X) — FL(X)
is bounded. By Theorem [4.4] the boundedness of C,,: wF§(X) — FP(X) can be charac-
terized by
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If p(z) = az + d for some a,d € C with |a| < 1, then it is trivial to see holds.
Conversely, the boundedness of Cy: wFS(X) — F&(X) implies that Cy: FY — FY is
bounded. Therefore, ¢(z) = az + d with |a| < 1 or ¢(z) = az with |a|] = 1 (see, for
instance, Exercise 4 of page 89 in [20]). The latter case obviously contradicts (4.2)). O

Remark 4.8. By Corollary (or Corollary [4.6), we get that FE(X) ¢ wFE(X) for
any 2 < p < 0o, a« > 0 and complex infinite-dimensional Banach space X. In fact, if
FE(X) = wFg(X) as linear spaces, then ||f|prx) =< [[fllyrz(x) for any f € H(C,X)
by open mapping theorem. Hence Cy: wFY(X) — FY(X) is bounded if and only if
C,: wFE(X) — wFY(X) is bounded, which in turn is equivalent to the boundedness of

C,: F§ — FL. However, this is impossible by Corollary
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