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A Desingularization of the Moduli Space of Rank 2 Higgs Bundles over a

Curve

Sang-Bum Yoo

Abstract. Let X be a smooth complex projective curve of genus g > 3. Let Ms be
the moduli space of semistable rank 2 Higgs bundles with trivial determinant over X.
We construct a desingularization S of My as a closed subvariety of a moduli space.
We prove that S is a nonsingular variety containing the stable locus of My as an
open dense subvariety. On the other hand, there is another desingularization K of
M obtained from Kirwan’s algorithm. We show that S can be obtained after two
blow-downs of K.

1. Introduction

Recently the birational geometry of various moduli spaces have become one of the main
interests in algebraic geometry. It can be applied to construct new examples or to compute
various invariants and so forth. On the moduli space of Higgs bundles over an algebraic
curve, there have been a few developments in this direction. We can find some of them
in [4}7,/15].

Throughout this paper, X denotes a smooth complex projective curve of genus g > 3.

We first review a construction of a desingularization of the moduli space of vector
bundles over an algebraic curve, which was done by C. S. Seshadri. Let N be the moduli
space of semistable rank 2 vector bundles over X with trivial determinant. It is known
that N has singularities along N \ N* where N* is the stable locus of N. In [20,21],
a nonsingular variety N was constructed together with a canonical morphism N - N
which is an isomorphism on N¥. N is indeed a closed subvariety of the moduli space of
stable rank 4, degree 0 parabolic vector bundles over X with respect to a point on X with
sufficiently small weights.

Seshadri’s approach mentioned above can be applied to the moduli space of Higgs
bundles over an algebraic curve. Let Ms be the moduli space of semistable rank 2 Higgs
bundles over X with trivial determinant. It is also known that Ms has singularities
along My \ M35 where M3 is the stable locus of My (see |13,22] for the details). We

ar

construct a desingularization S of My. Let Mi (a1,02)

be the moduli space of semistable
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rank 4, degree 0 parabolic Higgs bundles over X with multiplicities (1,3) and weights
(a1, az) with respect to a point on X. We choose sufficiently small weights (a;, az) so that
par o par,s par,s par L.
4 (a1,) = M4,(a17a2) where M4’(a17a2) is the stable locus of M (a1,a2) (Proposition .
S is defined as a closed subvariety of MZB&I up)- Precisely, S is the Zariski closure of S’ in
MZ?’;S where
1,a2)’

,(a1,a2

S'={[(E, ¢, s)] Mpa]r o ) | End((E,¢)) = M(2),det E = Ox and ¢ is traceless}.

Here M(2) is the C-algebra of 2 x 2 matrices with entries in C. We have the following

result.

Theorem 1.1. (Theorem [5.9)) S is nonsingular. Furthermore, there is a canonical mor-

phism ms: S — My which is an isomorphism on M3.

For the proof of the first statement, we first show that there exists a bijection be-
tween M3 and S’ (Theorem [3.7). Next, we define a moduli functor par- nggs 4 (a1,a2) of S,
which is the subfunctor of the moduli functor par-Higgs, (4, 4,) 0f 4820” 4y) DATaMEtTiZ-
ing all families of stable parabolic Higgs bundles equipped with specializations of M (2)
on the endomorphism algebras of the underlying Higgs bundles. Roughly speaking, the
specialization of M(2) is a limit structure of C-algebra structures of M (2) (see §2.4 for
the details). Then we show that par-Higgs’’ 4,(a1,a2) is formally smooth (Corollary . To

see this, we consider the morphism of functors ®: par-Higgs}" (

(av,a2) G2 which maps a

family of stable parabolic Higgs bundles to the family of endomorphism algebras of the
underlying Higgs bundles, where &9 is the functor parametrizing all families of special-
izations of M (2). We show that ® is formally smooth (Proposition [5.5). Finally we see
that S is a closed subvariety of Mp 4,(a1,a2)
(Proposition . Then we conclude that S is nonsingular.

The proof of the second statement is contained in that of Theorem [5.9]

There is an interesting application of Theorem [I.1| (Theorem . Let K be Kirwan’s
desingularization of My (see §4 1n this paper, [13, 14] for the details). Following O’Grady’s

argument in [18/19], a nonsingular variety K. can be obtained after two blow-downs of

and is a fine moduli scheme of par-Higgs" (a1,02)

K. But there is no known information on the moduli theoretic meaning of K.. The first
author of [12] asked how we can provide the moduli theoretic meaning of K.. We prove

the following result.
Theorem 1.2. (Theorem [6.1)) K. = S.

A similar work was already successfully completed on N in [12].

Here is an outline of this paper. In §2| we recall basic facts about Higgs bundles,

parabolic Higgs bundles, specialization of M (r) and upper semicontinuity for the complex
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of flat families of coherent sheaves. In §3] we show that there exists a bijective correspon-
dence between stable Higgs bundles of rank r and stable parabolic Higgs bundles of rank
r? with an endomorphism algebra of the underlying Higgs bundles as a specialization of
M(r). In we introduce the Kirwan’s desingularization of Ms. In §5| we construct
S and then prove Theorem [I.I] In §6] we state Theorem [I.2] precisely. In §7] we prove
Theorem [1.21

2. Preliminaries

In this section, we recall some basic facts which are useful throughout this paper.

2.1. Higgs bundles

Let r be an integer with » > 2. A Higgs bundle of rank r is a pair of a rank r vector
bundle E with trivial determinant and a section ¢ of H°(X,Endy E ® Ky), where Kx is
the canonical bundle of X and EndyFE denotes the traceless part of End E. To construct
the moduli space of Higgs bundles, a stability condition has to be imposed. C. T. Simpson
introduced the following (see [22]).

Definition 2.1. (1) A Higgs bundle (E, ¢) is semistable (resp. stable) if for any nonzero
proper subbundle F satisfying ¢(F) C F ® Kx, we have

deg F deg I
F) .= < (F) = .
HE) rank F' 0 (resp HE) rank F' < 0)

(2) A Higgs bundle (E, ¢) is polystable if it is either stable or a direct sum of stable
Higgs bundles.

A morphism of Higgs bundles from (E, ¢) to (F,1) is a morphism of vector bundles
g: E — F such that ¢g = (g ® idk )¢, denoted by g: (E,¢) — (F,). Throughout
this paper, the space of morphisms of Higgs bundles from (FE, ¢) to (F,) is denoted by
Hom((E, ¢), (F,%)). In particular, Hom((E, ¢), (E, ¢)) is denoted by End((E, ¢)). We
call (F,v) a Higgs subbundle of (E,¢) if there is an injective morphism of Higgs bundles
(F,) = (E,0).

Let S be a scheme of finite type over C. Let p1: X xS = X and ps: X x § —= §
be the projections onto the first and the second components respectively. A pair (€, p)
of a vector bundle £ on X x § and a morphism ¢: £ = £ ® p] Kx of vector bundles is a
family of (semi)stable Higgs bundles of rank r on X x S if the restrictions (&, ps) to the
geometric fibers X x {s} are (semi)stable Higgs bundles of rank r on X.

Let (£,¢) be a family of (semi)stable Higgs bundles of rank r on X x S and let
{(Ui, zi)} be a pair of an open cover and local coordinate of X such that &|y, = OIG?:X S
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and |y, = A; dz; where A; is an r x r matrix with entries in HO(U; x S, Oy, xs). We call
{¢lv,} (or {Ai}) a local Higgs field of (€, ) with respect to {(U;, z;)}.

The set of isomorphism classes of polystable Higgs bundles of rank r with trivial
determinant admits a structure of irreducible normal quasi-projective variety of dimension
(r? —1)(2g — 2) (see [10,/17,22]) and we denote it by M,.. The locus M$ of stable Higgs
bundles in M, is a smooth open dense subvariety of M,..

By [22], any Higgs bundle can be identified with a coherent sheaf on the total space
of the canonical bundle |[Kx| = Spec(S*KY). Let Z = Proj(S*(Ky @ Ox)) and let
D = Z — |Kx]| be the divisor at infinity. The projection |Kx| — X extends to a map
m: Z — X. Choose a positive integer k so that Oz(1) := 7*Ox (k) ®0, Oz(D) is ample
on Z. In particular, Ok (1) = 7*Ox (k). Thus for any coherent sheaf & on Z such that
Supp(£) N D =0, x(E(m)) = x((7«€)(km)) by the projection formula and the fact that
||k y| is affine. Furthermore, by virtue of [2], we can describe Supp(€) explicitly as a

spectral curve.

Theorem 2.2. (see [2, Proposition 3.6], |8, Proposition 6.1] and [22, Lemma 6.8])

(1) A Higgs bundle (E,¢) on X is the same thing as a coherent sheaf & on Z such that
m+€ = E and Supp(E) N D = (). This identification gives an equivalence of categories.

(2) The notions of semistability and stability for a Higgs bundle (E,$) on X are the
same as the corresponding notions for the coherent sheaf £ on Z associated to (E,¢)
in (1).

(3) Any coherent sheaf £ on Z associated to (E, ) is of pure dimension 1.

(4) For s = (s;) € @i_, HY(X,KY%), there is a bijective correspondence between iso-
morphism classes of torsion free sheaves £ on Xs of rank 1 and isomorphism classes of
Higgs bundles (E,¢) of rank r with coefficients s; of the characteristic polynomial of ¢

where the correspondence is given by (1) and the spectral curve X is defined by
2" 4 59" 2 832" 3 4 s, =0
for x the tautological section of ™ Kx.
The following fact will be used later in

Lemma 2.3. Let & be the coherent sheaf of pure dimension 1 on Z corresponding to (E, ¢)
such that Supp(E) N D = (. Then

(g€l ) = taro x (Elao)

where o is a point of X, 1z, {x0} = X is the inclusion of {xo} into X, f =7 (x9)\ D
and vp: f — |Kx| is the inclusion of f into |Kx|. Furthermore Supp(its«(Elf)) is a

zero-dimensional subscheme of length rank(E) in |Kx]|.
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Proof. We may assume that X = Spec(A), |Kx| = Spec(B) and 7: Spec(B) — Spec(A).
Let M be A-module and B-module, that is, M is A-module and m.B-module. Let p be a
prime ideal of A corresponding to zg. On Spec(A)

A

me*MALBo =M®a (Ap/pAp)

and on Spec(B)

— R B B
L MP|p = M @5 (B @ (A/pdy) = Mo (A/pA,) .

This completes the proof of the first statement.

From Theorem[2.2[4), Supp(€) is the spectral curve X, given by a polynomial of degree
rank(E) and £ is a torsion free sheaf on Supp(€) of rank 1. Since

—e2(epx(El5)) = X(ep(Elp) (M) = X (g, (Elag ) (k1)) = €1(t0 5 (El ) = rank(E),

we see that dim Supp(tr«(€]f)) = 0 and length(Supp(if«(£]f))) = rank(E). This com-
pletes the proof of the second statement. O

2.2. Extensions of Higgs bundles

For Higgs bundles (F, ¢) and (E’', ¢'), let Hom((E', ¢'), (E, ¢)) be the complex
Hom(E',E) — Hom(E', E) ® Kx
given by ¥ — (¢ ® idg )¢’ — ¢p. Then we have the following.

Theorem 2.4. [9, (3.2)] Hom((E',¢'), (E, $)) = H'Hom((E', ¢'), (E, ¢)). The space of
extensions of (E',¢') by (E,¢) is HHHom((E', ¢'), (E, $)).

Here an extension of (E',¢') by (E,¢) is a Higgs bundle (E”, ¢") which fits into the

following commutative diagram

0 E E” E' 0

-k

0—FE@QKyx—F' @Ky —FE Ky —0

where each row is a short exact sequence.



262 Sang-Bum Yoo

2.3. Parabolic Higgs bundles

Let r, n be integers with r > 2 and n > 2. Let zg be a point of X. A parabolic bundle of
rank n and degree 0 on X, denoted E, with multiplicities (mqy,ms,...,m;) and weights

(a1,a2,...,a;) is a vector bundle E of rank n and degree 0 on X together with a filtration
Elsy = FI(E) D F2(E) O -+ D F(E) D Fia(E) = {0},
weights
O<am <ar<---<a <1

and multiplicities
m; = dime (F5(E)/Fip1(E)).
Then pardeg(E,) := deg(FE) + 22:1 m; - a; is called the parabolic degree of E,. Denote
par u(E,) := pardeg(E,)/rank(FE).
Let E, and E, be parabolic bundles on X with weights

0<a1(E)<ay(E)<--<aqE)<1l and 0<a;(E')<ay(F)<---<aq(F)<1

respectively. A bundle morphism f: E — E’ is called strongly parabolic (resp. parabolic)
if f(Fi(E)) C Fj41(E') whenever a;(E) > aj(E’) (resp. a;(E) > a;(E")). The sheaves of
parabolic morphisms and strongly parabolic morphisms are denoted by ParHom(E,, E.,)
and SParHom(E,, E.) respectively. The spaces of their global sections are denoted by
ParHom(FE., E.) and SParHom(E,, E).

If F, is a parabolic bundle on X with a filtration

Eley = F1(E) D F3(E) O --- O Fi(E) D Fia(E) = {0}

and weights (a1, a9, ...,q;) and F' is a subbundle of E, then a parabolic subbundle F of
E, is given by the filtration

Floy = Fi(F) > Fa(F) 5 -+ > B(F) > Ry (F) = {0}
such that F;(F) = F|;, N F;(F), and the weights

(b1,b2, ..., ;)
such that b; = a; for the largest index i satisfying F;(F') = F|, N F;(E).

Definition 2.5. A parabolic Higgs bundle (E,, ¢) of rank n and degree 0 is a pair of a
parabolic bundle E, of rank n and degree 0, and ¢ € ParHom(E,, (F ® Kx).) satisfying
that (E® Kx ). is a parabolic bundle of rank n and degree 0 such that F;(E® Kx) = F;(F)

with the same weights as F,.
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Definition 2.6. A parabolic Higgs bundle (E,, ¢) is said to be semistable (resp. stable)
if for every proper parabolic subbundle Fy of E, satisfying ¢(Fy) C (F ® Kx)., we have

par p(Fy) < par u(E;x) (resp. par u(Fy) < par pu(Ey)).

Let S be a scheme of finite type over C. From now on, assume that [ = 2 and
(my1,mg) = (1,n—1). We write (Ey, ¢) as (E, ¢, s) where F5(E) is the hyperplane defined
by s € P(E|y,). If F, is a parabolic subbundle of E,, then we write F, as (F,sp) where
sp = sfor Flg, ¢ Fo(E) and sp = 0 for F|,, C F2(E). A triple (€, ¢, o) of a vector bundle
€ on X xS, amorphism ¢: & - E@p;Kx of vector bundles and a section o € P(E]\{/mo}xs)
is a family of (semi)stable parabolic Higgs bundles of rank n and degree 0 on X x S if £
is flat over S, €[y}« s has a filtration

Elzoyxs = F1(E) D F2(€) D F3(€) =0

in which F5(£) is a vanishing locus of o and ker(& — €[, yxs/F2(E)) is flat over S, and
if the restrictions (&, ¢, 01) to the geometric fibers X x {t} are (semi)stable parabolic
Higgs bundles of rank n and degree 0 on X.

Definition 2.7. For each scheme S of finite type over C, set

par-Higgs,, (4, 40)(S) = {(£,,0) | (€, ¢, 0) is a family of semistable parabolic
Higgs bundles of rank n and degree 0 on X x S
with the following properties}/ ~

such that

(i) for every geometric point t € S, the restriction (&, ¢, 04) is a semistable parabolic
Higgs bundle of rank n and degree 0 on X with weights 0 < a1 < ag < 1 and
multiplicities (1,n — 1),

(i) (&,¢,0) ~ (E',¢,0") if and only if (€, p,0) = (£',¢',0") ® psL for some invertible
sheaf £ on S.

Here par-Higgs,, ( is a contravariant functor from the category of schemes of fi-

a1,a2)

nite type over C to the category of sets. par-Higgs; (a1,a2) denotes the subfunctor of

par-Higgs,, (4, q,) consisting of all families of stable parabolic Higgs bundles.

Theorem 2.8. (see |23, Theorem 4.6 and Corollary 4.7] and [24, Theorem 5.2]) There

exists an irreducible normal quasi-projective variety MPY over C such that MPY
n,(a1,a2) n:(al’a2)

is a coarse moduli scheme of par-Higgs, (4, 4.)-
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For parabolic Higgs bundles (E, ¢, s) and (E’, ¢, s'), let Hom((E, ¢, s), (E',¢',s')) be

the complex
ParHom((E,s),(E',s")) — SParHom((E,s),(E',s')) ® Kx
given by ¢ — (¢ @ idk )¢ — ¢’1p. Then we have the following result.

Theorem 2.9. [3| There is a long exact sequence

0 — H(Hom((E, ¢,5), (E',¢,s))) = H(Partom((E,s), (E',s')))
— HY(SParHom((E, s), ( ,s")) @ K) - H (Hom((E, ¢,5), (E',¢',5")))
— HY(ParHom((E,s),(E',s"))) — Hl(SPar’Hom((E s),(E',s')) ® K)
— H*(Hom((E, ¢, 5), (E', ¢/, 8))) —

2.4. The set of specialization of M (r)

This subsection will be useful in §4 and §5. Let M (r) be the C-algebra of r x r matrices
with entries in C. Fix a nonzero element ¢y € C™. Let A(r) be the set of elements in
Hom(@"2 ® (C"Q, (CTQ) which gives us an algebra structure on C"* with the identity element
eo. There is a subset of A(r) which consists of algebra structures on C’”Q, isomorphic to
the matrix algebra M(r). Let A, be the Zariski closure of this subset. An element in
A, is called a specialization of M(r). Note that there exists a locally free sheaf W of
O 4,-algebras on A, such that for each z € A,, W|, ® C is the specialization of M (r)
represented by z.

A family of specializations of M(r) parametrized by a noetherian C-scheme T is an
Or-algebra B such that for all ¢ € T there is a neighborhood 17 of t and a morphism
f:Th — A, satisfying f*(W) = Blr,.

Let &, be the functor from the category of schemes of finite type over C to the category
of sets which to each C-scheme T' associates the set of isomorphism classes of families of
specializations of M (r) parametrized by T'. It is known that &, is represented by A, and
Aj is smooth (see [21, Chapter 5-1)).

3. Higgs bundles and parabolic Higgs bundles

In this section, we show that there exists a bijection set-theoretically between M? and a
subset of MPa"?

r2,(a1,a2)"

Proposition 3.1. There exist a1 and as such that whenever n < r2,

(i) par-Higgs,, (4,q,)(Spec C) = par-Higgs, ,, ,,)(SpecC),
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(i) for any (E,¢,s) € par-Higgs,, (4, 4,)(SPecC), (E, ¢) is a semistable Higgs bundle,

(iii) for any (E,¢,s) € par-Higgs, (4, 4,)(Spec C) and any ¢-invariant subbundle F of E,
we have

uw(F) <0 = parp((F,sr)) <paru((E,s)).

Proof. Take ag such that as < %2

(iii) Let (E,®,s) be an element of par-Higgs, (4, 4)(SpecC). Assume that p(F) < 0
for any ¢-invariant subbundle F' of F.

If Fly, ¢ F>(E), then

(a2 — a1)(n — rank(F))

par (B, ) = par (B, s¢) = —p(F) + <221 AR 0
If F|,, C F5(E), then
a1 — a9
par (i((E, s)) — par u((F, sp)) = —p(F) + n
If —p(F) 4 992 <0, then
k(F k(F
0 < —deg(F)n < (ag — a) rank(F) < = 2( ) < = & <1

r

which is a contradiction. Thus —pu(F) + *-%2 > 0.
(i) Let (E, ¢, s) be an element of par-Higgs,, (4, q,)(Spec C) and let F' be a ¢-invariant
subbundle of E. Then we have par u((E,s)) — par u((F,sg)) > 0. By (iii), we have only
to consider the case deg(F') > 0.
If Fly, ¢ F2(F) and par u((E,s)) — par u((F,sr)) = 0 for some ¢-invariant proper

subbundle F' of E, then 0 = —u(F) + (GQ_(E.)TEJ&;Z;I;I((F)). Thus since as < %2 < %,

ay,a2

n — rank(F)

0= —deg(F)n+ (az —a1)(n —rank(F)) < —deg(F)n + -

Since deg(F') > 0, we have 0 < deg(F)n < %ﬂk(m < 1, which implies deg(F') = 0. This
means that (aa — ap)(n — rank(F')) = 0, which is impossible.

If Fly, C F3(F) and par p((E,s)) — par u((F,sp)) = 0 for some ¢-invariant proper
subbundle F of E, then 0 = —p(F) + “-*2. So —deg(F)n = (az — a1) rank(#) > 0. But
deg(F') > 0, which is a contradiction.

(ii) Let (E, ¢, s) be an element of par-Higgs,, 4, q,)(Spec C) and let F' be a ¢-invariant
subbundle of E. Then we have par u((EF, s)) — par u((F, sp)) > 0. Assume that u(F) > 0.

If Fl|y, ¢ F2(F) for some ¢-invariant proper subbundle F' of E, then

(a2 — ay)(n — rank(F")) >0

—uE) + n - rank(F) -
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Since az < ,,_% < %, 0 < deg(F)n < (ag — a1)(n — rank(F)) < n—rank(F)
contradiction.

If F|,, C F2(F) for some ¢-invariant proper subbundle F of E, then —M(F)—i—% > 0.
So 0 < u(F) < 9=92 < 0, which is a contradiction. O

< 1, which is a

Under the choice of weights of Proposition bea{al ) = Mza(r(i a)"

Let (E, ¢) be a semistable Higgs bundle of rank n on X. It is well known that (E, ¢)
has a Jordan-Holder filtration

E=FyDFE D -DFE1=0

such that for all i, E; is ¢-invariant and (E;/E;y1,$) are stable Higgs bundles with
1(Ei/Eiy1) = p(E).

Lemma 3.2. Every semistable Higgs bundle (E, ¢) contains a unique nontrivial mazimal
p-invariant subbundle PS(E) of E such that (PS(E), ¢|ps(r)) is a polystable Higgs bundle
and p(PS(E)) = p(E).

Proof. In a Jordan-Hélder filtration of (F,¢), there always exists a ¢-invariant proper
subbundle E; such that (E,¢|g,) is stable and u(E;) = w(E). By Zorn’s Lemma,
there is at least one nontrivial maximal ¢-invariant subbundle PS(FE) of E such that
(PS(E), ¢|ps(k)) is a polystable Higgs bundle and pu(PS(E)) = u(E). Assume that there
are two maximal polystable Higgs bundle (PS1(FE),¢|ps,(r)) and (PS2(E), ¢|ps,(g))-
And assume that the uniqueness has been proved for all semistable pair (E’,¢’) with
rank(E’) < rank(E). Both of (PS1(E), ¢|ps, () and (PS2(E), d|ps,k)) contain the
stable Higgs bundle (E1,$|g,). Note that the induced Higgs bundle (E/FE1, ¢p/g,) is
semistable with p(FE/E;) = p(E). Then by induction hypothesis,

(PS(E/E1), 955 | PsE/E)) = (PS1(E)/E1, 9lps,(B)/E,)
(PS2(E)/E1, ¢l psy(p) By )-

Il

Therefore (PS1(E), ¢lps, () = (PS2(E), ¢|ps,(k))- 0

Remark 3.3. |11, Lemma 1.5.5] Let Pr be the reduced Hilbert polynomial of a coherent
sheaf F on Z. Let £ be the coherent sheaf on Z corresponding to (E,¢) such that
Supp(€) N D = () mentioned in Theorem By the same idea of the proof of Lemma
we can show that £ contains a unique nontrivial maximal subsheaf PS(&) of £ such that
PS(€) is a polystable sheaf and Ppg(g) = Pe.

Then we have the following series of consequences.



A Desingularization of Moduli of Higgs Bundles 267

Proposition 3.4. Let (E,¢) be a semistable Higgs bundle of rank n on X. Then there
exists a section s such that (E,¢,s) € par—Higgsfl’(an)(Spec C) if and only if for all
stable Higgs bundles (F,1) such that p(F) = p(E) and all integers t > rank(F) there is
no injective morphism of Higgs bundles i: (F®' %) — (E, ¢).

Proof. We follow the idea of the proof of |21, Proposition 7, Chapter 5]. The proof of the if
part is nontrivial. Suppose that for all stable Higgs bundles (F, ¢) such that u(F) = u(E),
all integers ¢t > 0 and all injective morphism of Higgs bundles i: (F® %) — (E, ¢), we
have ¢t < rank(F).

It suffices to show that for all ¢-invariant subbundle F' of E such that (F,¢|p) is a
stable Higgs bundle and p(F') = u(E), there exists a hyperplane F»(E) of E|,, satisfying
that F|,, ¢ F>(F) and ¢ is parabolic.

Assume that the previous statement is true. If F'is a ¢-invariant proper subbundle of
E such that u(F) < u(E), then
pat (. 5)) — par u((F, ) = () + (22 =200 2l
If F is a ¢-invariant proper subbundle of E such that u(F) = u(E) and (F,¢|r) is a
semistable Higgs bundle, then there exists a hyperplane F»(E) of E|;, such that F|;, ¢
F5(F) and ¢ is parabolic, because (F,¢|r) has a stable Higgs subbundle (F’, ¢|ps) such
that u(F') = p(E). In this case, we have also

> 0.

(a2 — a1)(n — rank(F))
n - rank(F)

It remains to find the hyperplane Fy(E) of E|;, satisfying that Fl|,, ¢ F>(E) and
¢ is parabolic, which is equivalent to find the ¢-invariant subsheaf iy, «(F2(E)) of the
skyscraper sheaf (g, +(E|z,) such that iy «(Flzg) € tag«(F2(E)) where g4t {zo} — X
is the inclusion and F5(E) is a hyperplane of E|;,. Note that iy, «(E|z,) is of pure

> 0.

par,u((E,s)) - par,u((F, SF)) =

dimension 0.

Let £ be the coherent sheaf of pure dimension 1 on Z corresponding to (E, ¢) such that
Supp(€) N D = () mentioned in Theorem Write (PS(E), ¢|ps(m)) = B (F2%, %)
where (Fj, ;) is a stable pair satisfying p(F;) = pw(E) and (Fj, ;) # (Fj, ;) for i # j.
Then, by Lemma and Remark every stable Higgs subbundle (F,¢|r) of (E,¢)
such that p(F) = p(E) is isomorphic to (Fk,vy) for some k and that the correspond-
ing stable subsheaf F of £ on Z such that Pr = Pg¢ is isomorphic to F;. We may
assume that (F,¢|r) = (Fg,v) and F = F. Let f = 7 1(z0) \ D. By Lemma
Te(Lfx(Elf)) = tagx(Elz,) where tp: f — |Kx| is the inclusion of f and tg,: {20} — X
is the inclusion of {xo}. This means that ¢f.(E|f) is the coherent sheaf of pure dimension

0 on Z corresponding to (tyg «(Elzg)s tag,x (@) Let
Sk 1= {(H7 ]:) € P(£|}/) X P((CSk) ‘ ]:|Supp(bf,*(5\f)) C H}
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Let Zy, := pr1(Sk). Then codimp(g‘;) Zy, = COdimIp)(gl}{) pri(pry H(F)NSy) = rank(Fy) > sy.

So we can take a hyperplane H in (L,(P(E[¥) \ Zk). Let F>(E) = muy.(H). Let
A: € = £ ® m Kx be the morphism given by the tautological section A of 7*Kx. By [2,
Proposition 3.6], ¢ = m.(\): E = E ® Kx. Since tf,(H) is a coherent sheaf of Oz-
module such that Supp(ts.(H))ND =0, miy.(H) is S®(KY)-module and then it induces
Tu(A): Tutp o (H) = mats(H) @ Kx (see |22, Lemma 2.13]). So

O(F3(E)) = mu(N) (mat g () C maty o (H) @ Kx = Fy(E) © Kx.

e~ — e~ —

Hence Fy(E) is a ¢-invariant subsheaf of 15 +(E|s,) such that tg) «(F|z) € Fo(E), which
completes the proof. ]

Proposition 3.5. Let (E,¢,s) be an element of par—Higgsi’(alyaz)(Spec C) and let M (r)
be the C-algebra of r x r complex matrices. Then dimc End((E, ¢)) < n. Moreover when
n =12 End((E, ¢)) = M(r) of C-algebras if and only if there exists a stable Higgs bundle
(F,v) such that

(B, ¢) = (FOrank(F)_y®rank(F))

Proof. We follow the idea of the proof of |21, Proposition 8, Chapter 5. O

Proposition 3.6. Let (Eq, ¢1,51), (E2, ¢2, s2) be elements of

par-Higgs;, ,, 4,)(SpecC)

such that
dim End((E1, ¢1)) = dim End((Fs, ¢2)) = n.

Then (E1, ¢1,51) = (Ea, ¢2, s2) if and only if (E1, ¢1) = (E2, ¢2).

Proof. We follow the idea of the proof of [21, Proposition 9, Chapter 5]. The only if
part is obvious. For the proof of the if part, suppose that (E,¢) is a semistable Higgs
bundle of rank n on X which corresponds to a semistable coherent sheaf £ such that
Supp(é) N D = (. Choose two ¢-invariant hyperplanes H; and H of £|; that make
(E, ¢) stable parabolic Higgs bundles (E1, ¢1,s1) and (Es, ¢2, s2) respectively. The group
Autp, (€) = Autp, ((E, ¢)) acts on

m

BENN\ Z).

i=1
Since every stable parabolic Higgs bundle is simple, the stabilizer of a point in (-, (P(€ |}/)
\ Z;) is isomorphic to C*. Since dim Autp,(E) = n, all orbits in (V2 (P(E]Y) \ Z;)
have dimension n — 1. Thus Auto,(€) acts on ()2, (P(£]}) \ Z;) transitively. Therefore
H, = g*H, for some g € Autp, (), that is, H; and Hs give an isomorphism of parabolic
Higgs bundles (E1, ¢1,s1) and (Es, ¢2, s2). O
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As a result, we have the following result.

Theorem 3.7. Assume that as < = as Proposition . Let

7’2
S"={[(B,¢,5)] € M}, ) =MZEC ) [ End((E, ) = M(r),det E = Ox

and ¢ is tmceless}.
Then there exists a bijection
Mi — Slv (Fﬂ/J) = (FGBT’wEBT’ Scan)

set-theoretically where Scan 18 a canonical section so that (F®" %" scan) € ij;‘r(;l 02)
from Proposition (3.4

Proof. The definition and well-definedness is obtained from Propositions and
The surjectivity follows from Proposition [3.5] The injectivity follows from Proposition [3.6
O

4. Kirwan’s desingularization of M,

In this section, we briefly show that Ms is desingularized by three blow-ups by Kirwan’s
algorithm in the sense of |14]. For more details, see [13, Section 4].

In [22, Theorems 3.8 and 4.10], C. T. Simpson showed that a good quotient R// SL(2)
is My where R is an irreducible normal quasi-projective variety which represents the
moduli functor which parameterizes triples (V, ¢, 3) where (V,¢) is a semistable Higgs
bundle with det V' =2 Ox, tr¢ = 0 and S is an isomorphism

B: V|, — C?

and he also showed that every point in R is semistable with respect to the action of SL(2),
that the closed orbits in R correspond to polystable Higgs bundles (V, ¢), that is, stable
or (V,¢) = (L)) ® (L', =) for L € Pic®(X) and ¢ € H°(Kx) and that the set R?
of stable points with respect to the action of SL(2) is exactly the locus of stable Higgs
bundles.

We need to review a deformation theory for Higgs bundles discussed in |22}, Section 10]
and [13, Section 4]. A’ denotes the sheaf of smooth i-forms on X. For a polystable Higgs
bundle (V, ¢), we have the following complex

(4.1) 0——=Endy Vo A° % endy v o A % gndy v o A2 — 0.
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This complex induces a long exact sequence
0T — HY(Endy V) 2L HO(Endy V @ Kx)
(4.2)
T HYEndo V) L B (Endo V @ Kx) —> T2 —— 0
where T? is the i-th cohomology of (4.1). Here the Zariski tangent space of My at a
polystable Higgs bundle (V, ¢) is isomorphic to 7. To investigate the singularities of My,

we must recall the following theorem proved by C. T. Simpson.

Theorem 4.1. [22, Theorems 10.4 and 10.5] Let C be the quadratic cone in T defined by
the map T — T? which sends an Endy V -valued 1-formn to [n,n]. Lety = (V, ¢, 3) € R be
a point with closed orbit and y € Ms the point coming from y. Then the formal completion

N where bt is the perpendicular

(R,y)" is isomorphic to the formal completion (C x h+,0)
space to the image of the evaluation at x composed with 3, T — H%(Endy V) — sl(2).
Furthermore, if Y is the étale slice at y of the SL(2)-orbit in R, then (Y,y)" = (C,0)"
and (Ma,y)" = (Y// Stab(y),y)" = (C// Stab(y),v)" where Stab(y) is the stabilizer of y

and v is the cone point of C.

Let Qgr (resp. Q) be the locus of (L,0) ® (L,0) for L = L= in R\ R® (resp. in
M, \M3). Both Qr and Qpp, are isomorphic to the Zo-fixed point set Zgg in J := Pic’(X)
by the involution L — L~!. By (4.2)), we have isomorphisms

T° = H%(Endy V) = 81(2),
T' = HY(EndyV @ Kx) ® H (Endy V) = HY(Kx) ®@5s1(2) @ HY(Ox) ®s1(2)

and
T? = H' (EndyV ® Kx) = H' (Kx) ®51(2) = s1(2).

Then by Theorem the normal cone of (g, in My is a locally trivial fibration over
Qn, with fiber

T '(0)//SL(2)

where T: H)(Kx) ®@s1(2) @ H (Ox) ®sl(2) - H'(Kx) ®sl(2) = sl(2) is the quadratic
map given by (@ ® a, ®b) — (aU ) ® [a,b], the Lie bracket of sl(2) coupled with the
perfect pairing H*(Kx) ® H'(Ox) — HY{(Kx).

Let YR (resp. ¥a,) be the locus of (L,v)® (L1, —) for (L,) 2 (L7, —) in R\R?
(resp. in My \ M§). 3y, is isomorphic to

J g, H(Kx) — 73 = T*J) 7y — 7.3
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where Zg acts on T*J by (L,9) — (L™, —). Since Yg is a PSL(2)/C*-bundle over
T*J)Zy — 737, it is smooth. Since L % L, HO(Endy V) = HY(Ox) and then [¢, —]:
H%(Endy V) — H%(Endy V @ Kx) is zero. Then by ({4.2)), we have isomorphisms

T° = ker([¢, —]: H*(Endy V) — H°(EndyV @ Kx)) = HY(Ox) = C,
T = coker([p, —]: H*(Endy V) — H®(Endy V @ Kx))
@ ker([¢, —]: H (Endy V) — H(EndyV @ Kx))
>~ HY%EndyV @ Kx) ® H (Endy V)
= [H'(Ox) ® H*(Kx)| @ [H(L7*Kx) ® H(L*Kx) ® H'(L*) ® H'(L™?)]
and
T? = coker([p, —]: H (Endy V) — H (EndyV @ Kx)) = HY (EndyV ® Kx) = HY(Kx).

Note that H'(Ox) @& HY(Kx) is the Zariski tangent space of T*.J/Zy — 739 at any point.
Then by Theorem the normal cone of ¥y, in My is a locally trivial fibration over
Ym, with fiber

T 0)//C*,

where U: HO(L?2Kx)®H(L?Kx)®HY(L?)®oH'(L~%) — H'(Kx) is the quadratic map
given by (a,b,c,d) — aUc+bUd for (L) ® (LY, —) € T*J/Zy — Zgg and for perfect
pairings U: HO(L?Kx)® HY(L?) - H(Kx) and U: H(L?Kx)® HY(L™?) — HY(Kx).
Here the definition of ¥ comes from the diagonal entry in [ (;; f’*) , (2’ f*,) ]

On the other hand, we have a stratification of Mas:
My = M3 U (T*J)Zy — 739 UZ3Y.

Since we have identical singularities and stratification as in O’Grady’s case in [19], we
can adapt his arguments to construct the Kirwan’s desingularization K of My and its
blow-downs.

Let R be the variety obtained by blowing up R first along (2g and then along the
strict transform of Ug. Let RS (resp. ﬁs) be the locus of semistable (resp. stable) points
of R. Then we have (a) R** = R, (b) R® is smooth. By blowing up R* one more time
along the locus A of points with stabilizers larger than the center Zs of SL(2), we obtain

a variety R with a smooth orbit space
K := R/SL(2)

obtained by blowing up M first along Zgg , second along the strict transform of T%.J/Zs
and third along the nonsingular subvariety A//SL(2) contained in the strict transform of

the exceptional divisor of the first blow-up. Let

7TK1K—>M2
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be the composition of these three blow-ups. K is called the Kirwan’s desingularization of
M.

5. The construction of a desingularization of M,

In this section, we construct a desingularization of M. Assume that » = 2 and fix as < %
as Proposition H Then Mizhw) = Miira’iw). Let pan"—Higgsfff7 (a1,02) be the subfunctor

of par-Higgs, ( consisting of all families of stable parabolic Higgs bundles such that

a1,az2)

for each C-scheme T' and each (€, ¢,0) € par-Higgs, (q, a,) (1), pr&nd((€, ¢)) € &2(T),
where pr: X x T — T is the projection.

sp
4,(a1,a2)

5.1. Formally smoothness of par-Higgs

In this subsection, we prove that par-Higgs)" is formally smooth. Let A be the

s(a1,a2)
category of local artinian commutative C-algebras with residue field C. Let F and G be

covariant functors from A to the category of sets.

Definition 5.1. (1) A morphism of functors f: F — G is called formally smooth if given
any surjective homomorphism p: A’ — A in A with the kernel I such that m4/ I = 0 and
any elements o € F(A) and 3 € G(A) such that

fale) = G(p)(B) € G(4),

there exists an element v € F(A’) such that

fa(y)=peGA) and F(p)(y) =o€ F(A).

(2) A functor F is called formally smooth if F(p): F(A") — F(A) is surjective for any
small surjection p: A’ — A in A.

From the definition of par—Higgsip ( , we have the morphism of functors

a1,az)
o par—Higgsf(an) — Ss
given by ®p: par—Higgsf(ahm)(T) — Ga(T), (£,¢,0) — pri&nd((€,¢)) for each C-
scheme 7.
We claim that ® is formally smooth, which implies that par—HiggsZp (a1,a2) is formally

smooth as a corollary.

Lemma 5.2. Let par—Higgsﬁ‘}iE@) be the subfunctor of par-Higgsy (4, 4,) consisting of

all families of stable parabolic Higgs bundles such that for each C-scheme T and each

(&, p,0) € par-Higgs, (q,,4,)(T), pr+End((E,)) is locally free, where pr: X x T — T is

end If
4,(a1,a2)

the projection. Then par-Higgs is an open subfunctor of par-Higgs, (

a1,a2)*
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Proof. For any (€, ¢, 0) € par-Higgs, (4, 4,)(T), let U ={t € T'| (pr:End((E, p))): is
locally free} which is an open subscheme of T. Then we can see that for any f: 7' — T,

we have

(& p,0) € par—HiggsZ?(illfm)(T’) <= f factors through U C T. O

Lemma 5.3. The open subfunctor par—Higgsjn(%if@) of par-Higgsy (4, 4,) defined as in

Lemma is represented by an open subscheme of M%

4,(a1,a2)"

Proof. By Proposition par-Higgs, (4, a9) 15 represented by MY, Let (£univ, puniv,

s(a1,a2)°

o"™V) be the universal family. Consider U™ = {¢ € Mia&l o) | (pMZa(r >*5nd((5“niv,
) ) i ,(aq,a9

©"1V))); is locally free} which is an open subscheme of Mzazral as)" We can see that

par—HiggsZn(‘iif az) is represented by UMY, O

end If
4,(a1,a2

Lemma 5.4. The open subfunctor par-Higgs
Lemma [5.2] is formally smooth.

) of par-Higgsy (4, 4,y defined as in

Proof. Since the open immersion i: U"™ «— M}

s(a1,a2
tors par—Higgsjn(‘iif az) par-Higgs, (4, q4,) iInduced from i is formally smooth by Lemmal5.3

) is smooth, the morphism of func-

and the relative version of the infinitesimal lifting property (see [6, Exercise 4.7]).

Since we have chosen a; and ag such that MY = MP"* *in Proposition
4=(a17a2) 4,(&1,0,2)

par,s

and M )

(a1,02) is smooth,

par-Higesy (4,.4,)(P): Par-Higgsy (q, ay)(Spec(A)) — par-Higgs, (4, q,) (Spec(A))

is surjective for any surjective homomorphism p: A — A in A with the kernel I such that

my I = 0 by |24}, Proposition 2.2, Theorems 2.4 and 5.2]. Hence we get the conclusion. [
Proposition 5.5. The morphism of functors

®: par-Higgs:’ ) 62

4,(a1,a2

1s formally smooth.

Proof. Let (E, ¢, s) € par-Higgs" (Spec(A)) and B’ € S2(Spec(A’)) such that

(a1,a2)

pasEnd((E,¢)) = *B’ where p: A’ — A is a surjective homomorphism in 4 with the
kernel I such that my I = 0, ¢: Spec(A) — Spec(A’) is the inclusion and pg: X X

Spec(A) — Spec(A) is the projection. Note that (E,¢,s) € par—Higgle(%if,az)(Spec(A)).
It suffices to show that there exists a family of parabolic Higgs bundles (E’,¢',s") €
par—HiggSf&%@)(Spec(A’)) such that pa.End((E',¢')) = B" and *(E',¢',s") = (E, ¢, s),
where py: X x Spec(A’) — Spec(A’) is the projection.

We first claim that if there exists (E',¢',s’) € par—HiggsZ?(ili az)(Spec(A’)) such that
M(E, ¢, 8') = (E,¢,s), then par,End((E', ¢')) = B'. Since B’ = f*W for some morphism



274 Sang-Bum Yoo

f: Spec(A’) — Ay, B’ is locally free, that is, projective. Since we have the following

commutative diagram

B’ B @4 A

B

pA’*gnd((Elv (b/)) HpA’*gnd((Ela ¢/)) XA A—-s 07

we get a surjective morphism s: B — panEnd((E’, ¢')). Since panEnd((E’, ¢')) is locally
free by the hypothesis and the rank of B’ is equal to the rank of p4.End((E’, ¢')), s: B' —
parsEnd((E', ¢')) must be an isomorphism.

Next we show that there exists (E',¢/,s') € par-Higgs$®4! (Spec(4’)) such that

4,(ay,a2)
F(E', ¢, s') = (E,¢,s). This is an immediate consequence of Lemma O
Corollary 5.6. par-Higgsff’(a1 as) s formally smooth.

Proof. For any surjective homomorphism p: A’ — A in A with the kernel I such that

myl = 0, we have the following commutative diagram

par-Higgs}", . 1(P)

par—HiggsZD(a1 a2) (Spec(A”)) par—Higgsi{l’(a1 a2) (Spec(A))

CD(SpeC(A’))\L ifb(spec(A))
(G}
&> (Spec(4) 2“”) &> (Spec(4)).
Since Aj is smooth, G4(p) is surjective. Combining this with Proposition
par-Higgs)" (ar QQ)(p) is surjective. O

5.2. Fine moduli scheme of par—HiggsZp (a1,a2)
In this subsection, we construct a fine moduli scheme S of par—Higgsip (a1,as) 85 @ closed

ar

subvariety of MZ (a1,a2)

. Then we conclude that S is indeed a desingularization of M.

Proposition 5.7. MT& up) 18 @ fine moduli scheme of par-Higgs, (

Proof. Step 1. We first claim that MY7 = MPs ) = R®/SLym) = R*/PGL, (1

4,(a1,a2) 4,(a1,a2
for some quasi-projective variety R with SL,;;,)-action and m > 0, where v(m) =nm+

a1,a2)"

n(1—g) and R*/SL, ;) is the moduli space of 1-stable parabolic Higgs bundles of degree
0 and rank 4 on X with multiplicities (1,3) and weights (a1, a2) constructed in [23, §2].
It suffices to show that every stable parabolic Higgs bundle (E, ¢, s) is 1-stable (see [23,
Definition 1.7]), that is, every nonzero subbundle F' of E has deg(F') < rank(F).

Let F5(E) be the hyperplane given by s. Let F' be a subbundle of E. If F|,, ¢ F>(F),

then
(ag —a1)(4 — rank(F"))

4 -rank(F)

par u((E, s)) — par p((F, sr)) = —p(F) + > 0,
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which implies that

deg(F) < rank(F) (a2 = Zl-)r(:n;(??k(F)) < rank(F)Zl_lnznk(F) < rank(F).
If F|,, C F5(E), then
par u((E, s)) — par u((F, sp)) = —p(F) + 4 ;a2 > 0,

which implies that deg(F') < rank(F)*;** < rank(F').

Step 2. Let U be the universal family on X xR, U* = U|xxrs and let mx: X xR® — X
and mrs: X XR* — R? be the projections onto the first and the second factor respectively.
Note that GL,,,)-action on R? lifts to an action on U* and A(id) acts on U by scalar
multiplication by A in fibers. If we are given a line bundle L on R? such that GL,)-

action on R* lifts to an action on L and A(id) acts on L by scalar multiplication by A, then
ar,s

U ® W%SL_I descends to the desired universal family on X x MZ (a1,02)

by the descent
lemma due to Kempf.

We have only to construct L mentioned above. Define x(k) = —4(29 — 2) + my.
Let (FE, ¢, sg) be a parabolic Higgs bundle in par—Higgsi(al’ag) and let (Hy, Y, sm,) be a

parabolic line Higgs bundle with weights a for k£ = 1,2. Then

dim H(Hom((Hy, Y, su,), (E, ¢, 5x))) — dim H' (Hom((H, ¥k, s, ), (E, ¢, 51)))
+ dim H*(Hom((Hy, Y1, s1,), (E, ¢, s8))) = x(k)

by Theorem Let

L(k) = det R°7gs . Hom (7% (Hy, ¥k, s, ), U*)
® det R17rRs7*H0m W}(Hk, Ve, SHk),us)il
X

(
® det R*mgs JHom(7% (Hy, ¥r, 51, ), U).

GL,(m-action on U induces a GL,(;,)-action on L(k) and A(id) acts on L(k) by scalar
multiplication by AX*). Since x(1) and x(2) are consecutive odd numbers, they are
relatively prime. Thus there exist ¢i,co € Z such that ci1x(1) + cax(2) = 1. Hence

L:=L(1) ® L(2)* is the desired line bundle on R*. O
The following is the construction of S.

Proposition 5.8. Let S be the subset of Mi’ar ) consisting of stable parabolic Higgs

s(a1,a2

bundles (E, ¢, s) such that End((E, ¢)) is a specialization of M(2), det E = Ox and ¢ is

traceless. Then

(1) S is a closed subvariety of M}?,

s(a1,a2)
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sp
4,(a1,a2)"

(2) S is a fine moduli scheme of par-Higgs

Proof. (1) The proof is identical as that of [21, Theorem 15-(i), Chapter 5]. Let S’ be the
subset of S consisting of stable parabolic Higgs bundles (E, ¢, s) such that End((E, ¢)) =
M(2) and det E = Ox. It suffices to show that S = S'.

Let (E, ¢, s) be an element of S. Let £ be the coherent sheaf of pure dimension 1 on
Z corresponding to (E, ¢) such that Supp(€) N D = () mentioned in Theorem

Since Ay = Aj, there exists a Ospec(cir)))-2lgebra B as an element of &3 (Spec(C[[T7]]))
such that

B Q¢ C~End((F,¢)) and B elfa C((T)) = M((2,C((T7)))

where C((7)) is the field of fractions of C[[T']] and C((7")) is the algebraic closure of C((T)).
If we are given a flat family (F,,0) as an element of

par-Higgs}" (Spec(C[[T7]))

4,(a1,a2)

such that B = po.End((F,)) and i*(F,v,0) = (E, ¢, s), where pg: X x Spec(C[[T]]) —
Spec(CJ[T1]]) is the projection, i: Spec(C) — Spec(C][T]]) is the inclusion, it gives us
S C S’ by [5, Theorem of 3.1]. It is obvious that S’ C S.

It remains to prove the existence of (F,v,0). Let D,, := C[[T]]/(T") for all integer
n > 1. This is an element of A. By Proposition , there exists a sequence (F,, ¥n, 0n)n>1

such that for each integer n > 1,

(a) (Fn,¥n,0p) is an element of par—Higgsip( (Spec(Dy)),

) alyaQ)

(b) there exists an isomorphism gy, : @ (Fpn+1, Unt1, On+1) — (Fn, ¥n, opn) where
in: Spec(Dy) — Spec(Dyp+1) is the inclusion,

(c) there exists an isomorphism fy,: ppEnd((Fp,¥n)) — j: B such that f,4; induces f,
via g, where p,: X X Spec(D,,) — Spec(D,,) is the projection and j,: Spec(Dy) —
Spec(CJ[[T1]) is the inclusion.

Then there exists a family of Higgs bundles (F, ) uniquely on X x Spec(CJ[[T]]) such
that, for each integer n > 1, we get an isomorphism h,: j*(F,¥) — (Fp,¢n) such that
hnt1 induces hy, via g,. Precisely, let U = Spec(A) be an affine open subset of X.
(Faluxspec(Dy)» ¥n)n>1 on X corresponds to (fnlﬂ_1(U)XSpeC(Dn))n21 on Z in the sense of
Theorem This sequence is equivalent to the datum of a sequence (M,,),>1 such that

for each integer n > 1,
(a) M, is a finitely generated A ®¢ D,,-module,

(b) there exists an isomorphism M1 ® gD, ., (A &c Dy) — M,.

n+1
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Put M = lim ~]\/[n which is a finitely generated A ®@c C[[T]]-module. Then we get a
coherent sheaf F on Z x Spec(C][T]]) which corresponds to a pair (F, ) as desired.

Sections of ]T"){ | FxSpec(D,,) induced from o, can be extended to a section o of
ﬁV|Spec(f><(C[[Tﬂ) such that (F,v,0) € par-Higgs, (4, q,)(Spec(C[[17])), and isomorphisms
fr: Pne&nd((Fpn, b)) — jiB gives an isomorphism f: po«End((F,)) — B by taking
inverse limits.

(2) By Proposition Mifl(tu,az) is fine. Then we can adapt the proof of |21, Theo-
rem 15-(ii), Chapter 5]. O

Then we get the first main result.

Theorem 5.9. (Theorem S is nonsingular. Furthermore, there is a canonical mor-
phism ms: S — My which extends the isomorphism S’ =N M3 given by (E, ¢, s) — (F, )
where (F,1)) is the uniquely determined stable Higgs bundle such that (E,¢) = (F 1) ®
(F,¢).

Proof. The first statement is an immediate consequence from Corollary [5.6 and Proposi-
tion £.8]

Let’s prove the second statement. Let g: My — My be a morphism given by gr((F, 1))
— gr((F,v)®(F, 1)), where gr((F, 1)) and gr((F, )®(F, 1)) are graded objects associated
to Jordan-Holder filtrations of (F, ) and (F, ) @ (F, ) respectively. It is obvious that g
is injective. Since g induces an isomorphism between M3$ and g(M3), g: My — g(M3) is
birational. Indeed, ¢ is a homeomorphism onto g(Mz) because My \ M§ = T*.J/Z2 (see
) is separated (i.e., the diagonal morphism A: T*J/Zq — T*J/Za x T*J/Z2 is a closed
immersion) and g(M2) \ g(M3) is homeomorphic to A(T*J/Zs).

Since g(Mz) and p(S) contain the common dense subset g(IM35) from Theorem [3.7, we
have g(Mz) = p(S), where p denotes the canonical forgetful morphism Miiral,az) — My.
Let p’ = pls.

Since S is nonsingular, the continuous function ¢~ o p’: S £/—> g(Mbs) £> M, is
a morphism 7g: S — My by GAGA theorem and Riemann’s extension theorem (see
[16, 4.10]). It is an immediate consequence from the construction that 7g induces an

isomorphism between g ' (M3) and M. O

6. A comparison between S and the Kirwan’s desingularization of M,

In this section we solve a comparison problem, naturally raised from Theorem between

S and the Kirwan’s desingularization of Ms.
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6.1. A comparison between S and K

By Proposition K have consecutive contractions
Jo Je
fi K—K, —K.,

which are blow-downs. The following is the second main result which is a solution of this

comparison problem.

Theorem 6.1. (Theorem [1.2) K. = S.

7. A proof of Theorem

In this section we first construct the morphism p: K — S, show that p factors through
K., that is,
K P S

and then we finally conclude that K. = S.

7.1. A morphism from K to S
We begin with the following proposition, which will be useful later.
Proposition 7.1. Let xy € X.

(1) Let (E,¢) — T x X be a family of semistable Higgs bundles of rank 4 and degree 0

on X parametrized by a complex manifold T'. Assume the following:

(a) for any t € T, any line bundle L of degree 0 on X and any ¢ € H°(Kx),
(L,v) & (L, ) is not isomorphic to a Higgs subbundle of (E|ixx, ®|ixx)-

(b) there is an open dense subset T' of T such that
End((Elox, dlexx)) = M(2)
foranyteT'.
Then we have a holomorphic map 7: T — S.

(2) Suppose a holomorphic map 7: T — S is given. Suppose that T is an open subset
of a nonsingular quasi-projective variety W on which a reductive group G acts such
that every point in W is stable and the (smooth) geometric quotient ¢: W — W/G

exists. Furthermore, assume that there is an open dense subset W' of W such that
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whenever t1,to € T NW' are in the same orbit, we have 7(t1) = 7(t2). Then T
factors through the image T of T in W/G, that is, there is a continuous map T — S
such that the following diagram

T

T S
T
commautes.

Proof. (1) Let (Ey, ¢¢) = (Flixx,®|txx)- By (a) and Proposition there exists a
section 0 # s; such that (Ey, ¢y, s¢) is a stable parabolic Higgs bundle for each ¢t € T.
Since Mizlm) is a coarse moduli scheme of par-Higgs, (4, q,) by Theorem W we obtain
a holomorphic map 7: T — Mfﬁral a)- BY (b), 7(T") C S’ and then 7 is a map into S.

(2) This is an immediate consequence of the étale slice theorem. In particular, T is an

open subset of W/G in the usual complex topology. O

Since both K and S contain Zariski open dense subsets which are isomorphic to M3,
there is a rational map
P K--»8S.

Proposition 7.2. There is a birational morphism p: K — S that extends p'.

Proof. The strategy of the proof is similar to that of |12]. By GAGA theorem and Rie-
mann’s extension theorem (see [16} 4.10]), it is enough to prove that p’ is extended to a
continuous map with respect to the usual complex topology. Note that My = R//SL(2)
for some irreducible normal quasi-projective variety R mentioned in Here R is a fine
moduli scheme of a moduli functor (see §4| or [22] for more details). Luna’s slice theorem
tells us that for each point z € My \ M3, there is an analytic submanifold W of R such that
W/H is analytically equivalent to a neighborhood of z in My, where H is the stabilizer of
a point in the intersection of W and the closed orbit represented by x. Further, we can see
that Kirwan’s desingularization W //H of W//H is a neighborhood of the preimage of  in
K. By Proposition [7.]] it is sufficient to construct a nice family of semistable Higgs bun-
dles of rank 4 parametrized by w by successive applications of elementary modifications
of Higgs bundles, beginning with a family of rank 2 Higgs bundles parametrized by W,
which comes from the universal family over X x R. Then we get a classifying morphism
W — S because S is the fine moduli scheme. Since this is invariant under the H -action,
we have an induced morphism W //H — S. Therefore, p’ is extended to a neighborhood
of the preimage of z in K. The detail of the construction of the morphism W — S can be

found in O
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7.1.1. Points over the middle stratum

We first extend p to points over the middle stratum of My. Let I = [(L,¢)@® (L%, —)] €
T*J/Zy — 72 C My and let N = HO(Kx) ® HY(Ox) ® ¥ '(0). By Theorem [1.1] the
universal object over X x R induces a holomorphic family (F,¢r) of semistable Higgs
bundles over X parametrized by a neighborhood U; of 0 in A;. The restriction of (F, ¢r)
to X x (U N (HY(Kx) ® HY(Ox))) is of the form (£,1,) @ (L7, —1,) where R(C*)
is a quasi-projective variety parametrizing degree 0 Higgs line bundles (L,%) with an
isomorphism f: L|; — C (see [22]) and (L£,v,) is a family of Higgs bundles of rank 1
and degree 0 that comes from an étale map between H°(Ky) @ H'(Ox) and the slice in
R(C*).

Let 7,: N — A be the blow-up of AV along H)(K x)®H(Oy). Let U = Wl_l(Ul)ﬂ/(/'lss
and D; be the exceptional locus in U;. Let (f, ¢z) and (E, 1 7) be the pull-backs of (F, ¢7)
and (L£,vr) to ﬁl and Dj respectively. Then there are surjective morphisms

(]?‘Dm‘%’]?bl) — (L,¢g) and (]?!D“@fbl) — (L7, =)

Let 7 and F” be the kernels of F — .7?|Dl — /:', F— f!pl Ny respectively. Then
OF: F = F ®piKx and ¢z, F! s F! ® piKx can be determined uniquely such that

0 F F c 0

N P

0—>F @piKx —>=F@piKx —> L& piKx —>0

and

0 F F L 0

b |

0——F'@piKx —=F@p;Ky —>L ' @piKx —0

commute. Consider (&, pg) = (]?’790;:,) @ (.7?”,90];,,) over X x U;. The following lemma
tells us that (€, pg) satisfies the assumptions of Proposition

Lemma 7.3. (£,¢¢) is a family of semistable Higgs bundles of rank 4, degree 0 over X
parametrized by 175 such that

(1) for eacht € Uy, L' € Pic®(X) and ¢/ € HY(Kx), (L', ') @® (L',¢') is not isomorphic
to any Higgs subbundle of (€, v¢e)|xxt-

(2) (&, 905)|Xx((71—Dl) = ((.7?, gojj.)@(]?, 90]7‘))|Xx((71—Dl) and there is an open dense subset
of U, where End((€, ¢¢)|xxt) is a specialization of M(2).
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(3) with respect to the action of C* on ./\71 — Dy, ifty,to € ﬁl — Dy lie in the same orbit,
then (€, ¢e)|xxt, = (€, )| x xts-

Proof. £ is locally free of rank 4 because D is a smooth divisor in (7;. Let (a,b,c,d,e, f) €
N = HY(Kx)® H (Ox)eT '(0) c HY(Ky)® H' (Ox) & [HY (L 2Kx)® H(L*Kx)| &
[HY(L?) @ HY(L~?)]. Since the weights of the C*-action are 0,0, —2, 2,2, —2 respectively,
we can see that (F,0r)|xx(apede,f) 18 stable if and only if (d,e) # (0,0) and (c, f) #
(0,0).

For the proofs of (2) and (3) we can follow the proofs of |12, Lemma 4.2-(2),(3)]. We
have only to prove (1). For ¢t € Ul — Dy, it is obvious. Let ¢ be the point in D; represented
by a line C' = (a, b, zc, zd, ze, z f) parametrized by z € C for (a,b) € H'(Kx) ® H'(Ox),
(0,0) # (d,e) € H(L2Kx) ® H*(L?) and (0,0) # (c, f) € HY(L2Kx) @ H'(L7?). Let
Cp = CNU;. Restricting U; sufficiently, we can take an open covering {V;} of X such that
Flv;xc, are trivial. We fix a tr1v1ahzat10n for each 4. Let (Lap, Yab) = (£,%)] X x(a,,0,0,0,0-
Since (F, vx)|xx0 = (Lap, Yap) ® (L ab , —tap), the transition matrices are of the form

)\z’j ZOé,;j

(7.1) -
Zﬁi]‘ >‘z’j

where \;j|.—¢ is the transition for Lu. ¢r|v;xc, are of the form

(7.2) pi  2q;
2Ty —Pi
which satisfies
(7.3)
Pilvijxco  2qlvi;xco Aij o zagg [ A 2o Pilvijxco  24ilvi;xco
zrjlvixco —Pjlvigxco | \2Bij Afjl 2ij /\Z-_jl 2rilvi;xCo  —PilVijxCo

where p;|.—0 = Ya|y; and Vi; = V; N V. The cocycle condition of implies that
{Nijeijlz=0} and {/\i_jlﬁij\zzo} are cocycles in H'(L2,) and H'(L_?) respectively. Since
are cocycles, {q;|,—o} and {rj|.—o} are cocycles in H°(L? Kx) and H°(L ?Kx)
respectively. Since (F, 0F)|x x(ab,zc,2d,ze,zf) 15 stable for z # 0, {(Nijaijl.=0, ¢i].=0)} and
{()\i_jlﬂij\zzo, ri|.=0)} are all nonzero.

Let (F', px) be the kernel of (F, px)|xxco = (F, ¢Fx)|xx0 = (Lap, Yap) ® (L, ab )

— (L ab,wab) and let (.7-"” @wr) be the kernel of (F, or)|xxcy = (F,¢F)|xx0 = (Lab, Yab)

® (L, —ap) = (L s —ap)- Let (F',¢p) = (F 05 )|xx0 and (F”, ¢pprn) = (F",
wFm)|xx0. Then

(Flooz)lxxt =2 (F op) and (", 0z.)|xxt =2 (F", ¢pn).
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Note that any section of F’ over V; x Cj is of the form (zs1, s3). Since

S1 z81 )\ij 205 281 z()\ijsl + O[ijSQ) )\ijsl + a;jS2
= — 1 - 2 1 H 2 1 ’
52 52 ZBij A S2 Z°Pijs1+ A s2 Z*Bijs1 + Ay s2

the transition for F' is

)\z‘j Oéij
2 ~1
z Bij Aij
Since
S1 ZS1 P 24; z81 2(pis1 + ¢is2) PiS1 + qiS2
“ — =, Sl ,
52 52 Zri  —Pi 52 Z2°TiS1 — PiS2 271381 — PiS2
©rlvixcy 1s
Di qi
2
2°1i =i
By (7.3)),
Pilvi;xco  @ilviyxco Aijoag | [ A g pilvijxco  Gilvijxco
2 2 ~1 2 ~1 2
2rjlvixco  —Pilvigxco ] \#Bij Ay #*Bij Ny ) \#rilviyxco —Ppilvi;xco

Thus (F’, ¢p) fits into a commutative diagram

0 Loy F L) 0

lwab i‘tF’ l _wab

0—>Lypy @Ky ——F @Ky —L, @ Ky —=0

where each row is a short exact sequence and the extension class is {(\i;jj].=0, ¢i|z=0) },
that is, (F’, ¢) is a nonsplit extension of (L;bl, —ap) by (Lap, Yap). Similarly (F”, ¢pn) is
also a nonsplit extension of (Lgp, ¥ap) by (L;bl, —1qp) whose extension class is {()\;jlﬁij |2=0,
ril.=0)}. Hence we conclude that (&, ¢g)|xxt = (F’, ¢p) @ (F”, ¢ppr) does not contain a
Higgs subbundle isomorphic to (L',1") @ (L',4') for any L' € Pic®(X) and ¢/ € H(Kx).

]

It follows from Proposition and Luna’s slice theorem that p’ extends continuously
to a neighborhood of the points in K lying over [. Since there is at most one continuous
extension, the extensions for various points [ in the middle stratum 7%.J/Zo — Zgg are
compatible. Thus p’ is extended to all the points in K except those over the deepest

29
strata Zs5”.
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7.1.2. Points over the deepest strata

We next extend p’ to the points over the deepest strata Z;g . We may consider only the
points in K over 0 = [(0,0) & (0,0)] € Z57. Let N = T_I(O). Since it follows from
Theorem that a neighborhood of [(O,0) @ (O,0)] in My is analytically equivalent to
a neighborhood of the vertex 0 in the cone N'// SL(2), a neighborhood of the preimage of
[(0,0)6(0,0)] in K is bihomolorphic to an open subset of the desingularization N // SL(2),
obtained by three blow-ups from N // SL(2), which will be constructed below. Then it is
enough to construct a holomorphic map from a neighborhood V of the preimage of 0 in
N//SL(2) to S.

Let ¥ = SL(2){[H*(Kx) ® H'(Ox)] ® (§ %) }. Let m: N1 — N be the blow-up of
N at 0 with the exceptional divisor Dgl). Let

0 b
A = SL(2)P ‘b,ceHO(KX)@Hl(OX),U),@ —0
c 0
as a subset of Dgl), where (-,-) is the perfect pairing on HO(Kx) ® H'(Ox). Let & be
the strict transform of ¥ in Aj. Then the singular locus of Nj//SL(2) is the quotient
ANY//SL(2). Note that

0
0 -1

(7.4) AN =SLE)PL (HYKx) e HY(Ox)) ® =p 3.

Let m2: Ny — Nj be the blow-up of Nj along ¥ with the exceptional divisor Dé2).
Let DS) be the strict transform of Dgl). The singular locus of N5// SL(2) is the quotient
AJ/SL(2), where A is the strict transform of A.

Let m3: N = N3 — A be the blow-up of A5 along A with the exceptional divisor
DB = Dés) and let D) = Dél), DR = D§2) be the strict transforms of Dél) and Dém

)

respectively. Let 7: N = N be the composition 7 o 9 0 3. Let ij be the quotient of

DY) in N;//SL(2) for 1 <i<3and 1 < j <.

It follows from a similar argument as in the case of the middle stratum that the
universal family over X x R induces a holomorphic family (F,¢r) of rank 2 semistable
Higgs bundles over X parametrized by an open neighborhood U of 0 in N5, Let V
be the image of U in A///SL(2). Then V is an open neighborhood of 0 in N//SL(2).
Let Uy = m; H(U) N N§® and V4 be the image of Uy in Ny //SL(2). Tt follows from the

commutative diagram

N7?¥ —— N7 //SL(2)

L)

N5~ N[J/SL(2)
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that we have V; =7, (V).

Let Uy = 7, 1(U1) NN3® and V4, be the image of Us in Na// SL(2). Then Vo = 7, *(V4)
where Ty : Ny// SL(2) — N1//SL(2). Let U = n3 *(Us) NN*% and V be the image of U in
N//SL(2). Then V is smooth with simple normal crossing divisors D), D®) | D®) where
D) = Eéj) and D@ NV is denoted again by D@,

p' was already extended to the points over the middle stratum, so we have a holomor-
phic map p/: V — (DM N D®)) - S. Now p/ must be extended to p: V — S.

7.1.3. Points over D) — (D® y D®))

In this subsection, we will extend p’ to points in 1% lying over the quotient of Dgl) —A.
We want to modify the pull-back of (F,pr) @ (F,¢r) to Uy — AU so that g’ is
extended to a holomorphic map near the quotient of Dgl) — A by Proposition
Let (F1,¢r ) be the pull-back of (F,¢r) to X x U; via 1x x mp. Since (F, vr)|xxo0
is trivial, we have (fl,go]:l)|XXp m = (0,0) & (0,0). Let (Fi,¢z) (resp. (F{,pry)) be
the kernel of

(‘F]J(p]'—l) - (‘F17<'0]:1)|X><'D§1> = (OXxngl)’O) @ (OXXD?)’O) - (OXX/D?)’O)

where the second arrow is the projection onto the first component (resp. the second
component). A computation of transition matrices as in the proof of Lemma tells
us that (71, ¢r)|xxt;, and (F{,@zr)|[xxt, are nonsplit extensions of (O,0) by (0,0)
for t;p = ((24),(45)) € BV = DY with (be) # (0,0) and (¢, f) # (0,0) in
H!'Hom((0,0),(0,0)) = H(Kx) ® H'(Ox).

Assume that t; € Dgl) — A. Then (a,d), (b,e), (¢, f) are linearly independent. In
particular, (a,d), (b,e), (c, f) are all nonzero, which implies that (F{,¢r)|xxt, and
(F1s¢Fr)|xxt, are nonsplit extensions of (O,0) by (O,0) with extension classes (b, e)
and (e, f) respectively.

The inclusion (Fj,¢z) < (F1,¢5) induces a homomorphism (.F{,(P]:{)‘Xxpgl) —
(F1, (pfl)’Xfo) = (0,0) & (0,0) whose image is the second factor (O,0) and the kernel

of this homomorphism is (O, 0). Similarly, (O 0) is a Higgs subbundle of (F7', p7).

xxD{M?
Then we have a diagonal embedding of (O, _),0) into (Fi,0x) @ (F, 07| po-
1 1

Let (&1, g, ) be the kernel of

! ! /!
(FLeF erer) = (F1 & F ’XXD§1)790]:{EB]:{’|XX1)§1>)

! /!
- (oA ’XxD§1)/OXxD§1>’ P(Ferl, (1)/ )

X><D

Adapting the argument of |12, Section 4.3], we can see that the transition for &|xxy,



A Desingularization of Moduli of Higgs Bundles 285

is

1 0 0 0
0 1 0 0
(7.5)
0 0 1 0
—20v5|2=0 —Bijlz=0 Vijle=0 1

and @g, |xx is locally

0 0 0 0
0 0 0 0
(7.6)
0 0 0 0
—2pil.=0 —qil:=0 Til:=0 O

where the cocycles {(aj|.=0, pilz=0)}, {(Bijlz=0, @ilz=0)}, {(7ijlz=0,7il2=0)} represent the
classes (a,d), (b,e), (¢, f) € H(Ox) ® H°(K x) respectively.
It is easy to check that

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0
—2pjlz=0 —qjl:=0 Tjl:=0 O —20jl2=0 —Bijlz=0 Vijle=0 1

1 0 0 0 0 0 0 0

B 0 1 0 0 0 0 0 0
- 0 0 10 0 0 0 0
—20j|.=0  —Bijlz=0 Vijl:=0 1 —2pilz=0 —dilz=0 Til:=0 O

Hence we have a filtration by Higgs subbundles

(7.7 (&1, 0e)|xxt: = (Ea, 08,) D (E3,08,) D (E2, ¢R,) D (Ev, ¢E,) D (Eo, ¢E,) =0

such that (Ej+1/E;, ¢g,,,/E,) = (Ox,0). Since (¢, f) # (0,0), the extension (Es, ¢g,) of
(0,0) by (E1,¢r,) = (0,0) is nontrivial. Since (b, e), (¢, f) are linearly independent, an
extension of (O,0) by (Es, ¢g,) is parametrized by H'Hom((0,0), (Es, ¢,)) which fits

in the exact sequence

HHom((0,0), (0,0)) — - H'Hom((0,0), (0, 0))

- HlHom((Ov 0)7 (EQa ¢E2)) - HlHom((O7 0)7 (O’ 0))
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and (E3, ¢p,) is the image of
(b,e) € H'(Hom((0,0),(0,0))) & H'(Ox) & H*(Kx)

which is nonzero. Thus (E3, ¢g,) is a nonsplit extension. Similarly (E4, ¢f,) is a nonsplit
extension since (a,d), (b,e), (c, f) are linearly independent. Thus the condition (a) of
Proposition (1) holds for points in U over Dgl) — A. The other conditions of Propo-
sition obviously hold. Therefore p’ is extended to the points over the quotient of the
points over Dg) —A.

7.1.4. Points over DB — D)

Let t; = ( (‘g _ba) ) (? _ed) ) € A—3. Then (a,d), (b,e), (c, f) span 2-dimensional subspace
of H'(Ox) @ H°(Kx). The Higgs bundle (£1, g, )| xx¢, has transition matrices and local
Higgs fields of the form and . A Higgs bundle of rank 1 over A — 3 is obtained
from the family of linear relations of (a,d), (b,e), (¢, f). (£1,0) denotes the pull-back of
this Higgs bundle of rank 1 to X x (A — X). Then there is an embedding of (£1,0) <
(Sl,cpgl)\XX(A_i). Let (&3, ¢g,) (resp. (£3,0)) be the pull-back of (€1, ¢g,) (resp. (£1,0))
to U = Us (resp. D® — D)),
Let (£, ¢z) be the kernel of

(837 9053) — (53‘X><(15(3)715(2))7 PEs| ) — (83’X><(15(3)725(2))/£37 (P53\XX(75(3)775(2))/C3)'

X x (D3 —D(2))
Let t; = ((9%), (? 6)) €eA- 5> with (b, e), (¢, f) linearly independent for simplicity.
(The general case is obtained by conjugation.) Let t3 € DB —D® pe a (semi)stable point
lying over t;. A point t3 € DB) represents a normal direction to A at ¢1. Choose a local
parameter z to the direction such that z = 0 represents ;. We make local computations
as in the previous subsection
If ¢3 represents a normal direction of A tangent to 15(1), then the transition and local

Higgs field of (£, ¢z)|xxt; are of the form

1 0 0 0
0 1 0 0
(7.8)
0 0 1 0
—20ijl:=0 —PBijls=0 Vijls=0 1
and
0 0 0 0
0 0 0 0
(7.9)
0 0 0 0
—25il:=0 —Gils=0 Tils=0 O
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where {(d;;, ;) } are some cocycles which give us a nonzero class (g,h) € H*(Kx)®H(Ox)
at z = 0 such that (g,h), (b,e), (¢, f) are linearly independent. The condition (1) of
Proposition holds because the Higgs bundle has a filtration by Higgs subbundles as in
(7.7).

If t3 represents the direction normal to 5(1), then the transition and local Higgs field
for (8~, ©z)|x xt5 are of the form

1 0 0 0
(7.10) Yijlz=0 1 0 0
Bij|-=0 0 1 0
—26ij]2=0 —Bijlz=0 Vijle=0 1
and
0 0 0 0
(711) 7i|2=0 0 0 0
il2=0 0 0 0
—25i|=0 —Qil:=0 Til:=0 O

Since the Higgs bundle has a filtration by Higgs subbundles as in (7.7), (SN, ) X xts
satisfies the condition (1) of Proposition

Since the other conditions of Proposition automatically hold on the stable part of
U, p/ extends to the quotient of U—D®.

7.1.5. Points over D® 0 (DM U D®))

In this subsection p’ will be finally extended to K and then we complete the proof of
Proposition The slice theorem gives us a map V — K which is biholomorphic onto
a neighborhood of the preimage of [(O,0) & (O,0)]. So it is sufficient to construct a
holomorphic map V —S.

There is a commutative diagram

Vie——M;

where M is the first blow-up in the Kirwan’s process and the vertical maps are blow-ups.
A holomorphic map
v:V—aY(ANY//SL(2) = S
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was already constructed.
Let z be any point in ANY//SL(2). It follows from (7.4) that z is represented by the

orbit of [aogpo _aoo_po} for some a® € H'(Ox) and p° € HY(Kx). The normal space Y

to this orbit is isomorphic to C29 x @_1(0) where C? is the tangent space of the blow-up

—_~—

HY(Ox) & HO(Kx) =blo(H' (Ox) & H(Kx)).
For a neighborhood Y7 of 0 in Y which is holomorphically embedded into Uy, (F1,

©r, )| xxy, has transition matrices of the form

I+ (a?j + aij) 21bij

21Cj5 1—2 (a?j + aij)

and local Higgs fields of the form

z1 (P? + i) Z14;
21T —z1(pd + pi)

where (a,p) = ({a}{pi}), (b:0) = ({bihfaid), (er) = (eyh {ri}) are classes in
HY(Ox) ® H°(Kx), not parallel to (a’, p") if they are nonzero and z; is the coordinate
for the normal direction of P(H'(Ox) ® H°(Kx)) in Hl((’)X)/E\B/HO(KX).

Since Luna’s étale slice theorem tells us that a neighborhood of the vertex of the cone
Y//C* is analytically equivalent to a neighborhood of z in Vj, the image of Y in V is
biholomorphic to a neighborhood of a~*(x) where Y is the strict transform of Y; in U.

Following the same argument as in [12, 4.5], we can construct a family of rank 4 Higgs
bundles on X parametrized by Y satisfying the conditions of Proposition Then v can

extends to o~ !(x).

7.2. Contractions

Let (C?9,w) be a symplectic vector space and let Gr*(k,2g) be the Grassmannian of
k-dimensional subspaces of C?9 such that the restriction of w to the subspace is zero.
Let A (resp. B) be the tautological rank 2 (resp. rank 3) bundle over the Grassmannian
Gr¥(2,2g) (resp. Gr¥(3,2g)). For B € Gr¥(3,2g), let

CC(B) := the closure of {(C, D) € P(S2B) x P(S?B") |

C and D are smooth conics dual to each other},

which is called the variety of complete conics. Then we have two projections

®p %
P(S?B) <—— CC(B) —>P(S?BY)
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where each of @, ® 5 is the blow-up of each of P(S?B), P(S?B") along the locus of rank 1
conics. Let CC(B) be the tautological family of complete conics over Gr*(3,2g). Then
the restrictions of the exceptional divisors and their intersections over a point in Zgg can

be described as follows (see also |13, Proposition 4.2]).

Proposition 7.4. (1) D) = CC(B), that is, DY is the blow-up of P(S2B) along the
locus of rank 1 conics. Hence 5(1), that is, DW is a P5-bundle over Gr*(3,2g) where
P5 is the blow-up of P° (projectivization of the space of 3 x 3 symmetric matrices)

along P? (the locus of rank 1 matrices).

(2) D® is a P29~ pundle over P(S2A). Hence D® is a P29~*-bundle over a P2-bundle
over Gr*(2,2g).

(3) DWND®G) is the proper transform of P(S2B)s (the locus of rank < 2 matrices) in the
blow-up CC(B) — P(S?B), that is, the exceptional divisor of the blow-up CC(B) —
P(S2BY). Hence DY N D® is a P2-bundle over a P2-bundle over Gr(3,2g).

(4) DO N DD N DO s a Pl-bundle over a P2-bundle over Gr*(3,2g).

(5) DD N D@ s the exceptional divisor of the blow-up CC(B) — P(S2B). Hence
DW N DO s a P2-bundle over a P2-bundle over Gr(3,2g).

We next investigate some rational curves that will be contracted. Define

o := class of a line in a P?-fiber of &%,

¢ := class of a line in a P%-fiber of &3,
~ := class of {q’}_gtl([Qt])}teA

in Ny (DW) (the group of numerical equivalence classes of 1-cycles) where [A] € Gr¥(2, 2g),
q € S?A, At is the orthogonal complement of A with respect to w, a line A C P(A+/A)
are fixed, B; C C% is the 3-dimensional subspaces containing A for ¢ € A (that is,
[B;] € Gr*(3,2¢)) and ¢q; € S?B; is the image of ¢ under the inclusion S?A < S2?B,.

Let ¢ = 140, € = 1€ and 7 = 1,y where ¢ is the inclusion DM < K. The following

proposition tells us that K can be blown-down twice.

Proposition 7.5. (1) R17 is a wk-negative extremal ray. The contraction K, of the
ray RTG is a smooth quasi-projective desingularization of Msy. In fact, this is the
contraction of the fiber direction of P(S?A) — Gr¥(2,2g) in D®) and is also a

blow-down map.

(2) For the image € of € in N1(K,), RT€ is wk, -negative extremal ray and its contraction
K. is a smooth quasi-projective desingularization of Ms. This is the contraction of
the fiber direction of P(S?BY) — G1¥(3,2g) and is also a blow-down map.
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Proof. The proofs are identical to those of (3.0.2)-(3.0.4) in [18]. O

7.3. A stratification of S

In this subsection, we provide a geometric description for the canonical subschemes of S,
which is useful for the proof of Theorem The arguments are almost same as those
of [1] except for the necessary modifications. Since S is a fine moduli scheme, we have the
universal family (Eyniv, univ, Suniv) Of rank 4 and degree 0 on X xS. Consider the canonical
family of specializations B = pg«End((Euniv, Puniv)) of M (2) parametrized by S and the
universal family of specializations W of M (2) parametrized by Az, where pg: X xS — S is
the projection onto the second component. Then B and W give generalized conic bundles

P on S and @ on Aj respectively (see [1, Remark 3] for more details).

Proposition 7.6. [1, Proposition 2] P = 73,Q for the morphism mg,: S — Az given by
(E,¢,s) — End((E, ¢)).

Proof. This is an immediate consequence of the definitions of 7,,, B and W. O

To define the canonical subschemes of As, we need the concept of generalized conic

bundle in the sense of [1] as follows.

Definition 7.7. [1, Definition 1] Let Y be a variety. A generalized conic bundle C on'Y
is defined by

(a) a vector bundle V on Y of rank 3 and

(b) a closed subscheme C of P(V') over Y, such that, given y € Y, there exists a neigh-
borhood U of y, where CNp~1(U) is defined by ¢ = 0, ¢ € H(p~Y(U), H?), H being
the tautological line bundle for p: P(V) — Y, that is, p.H = V.

Since C is an effective Cartier divisor by Definition [7.7] it corresponds to a section of
a line bundle L¢ on P(V). Since L¢ and H? coincide locally over Y, it follows from the
“see-saw” theorem (cf. Mumford’s Abelian varieties) that there exists a line bundle L on Y
such that Le = H?*®p*(L). Since p«L¢ = p«(H*)® L = S?(V*)® L, q of the condition (b)
in Definition [7.7 can be replaced by an element q;, € H°(S?(V*) ® L), that is, a quadratic
form qr,: V — L. The discriminant A of qy, is defined as a section of L3 ® (A3(VV))2.
The degeneracy locus of C is given by A = 0.

For:=1,2,3, set

Y; ={y €Y | qrly|, has rank <3 —i}.

Then we have Y D Y7 D Y5 D Y;. We call Y, the canonical subschemes associated to the

degenerate loci of the conic bundle C on Y.
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We have the canonical subschemes
SDOS;DS2D08S; and Az D (Az)1 D (A2)2 D (A2)s

associated to the degeneracy locus of P and @ respectively. Then, by Proposition Tsp
maps S — S, into As — (.AQ)Q such that S; — Sy — (./42)1 - (./42)2 and S—S; — Ay — (./42)1.

By Theorem 1 in [20], we have Az ~ ® x A, where A is the 3-dimensional affine space
and & is the 6-dimensional affine space whose points are identified with the set of quadratic
forms on a fixed 3-dimensional vector space or the set of algebras of the form C’;‘ , the even

degree elements of the Clifford algebra associated to the quadratic form ¢. Hence we have
(A2); = {g € ®|rankg <3 —i} x C* fori=1,2,3,

and
A — (Ao)1 ={q €@ | Cf = M(2)} x C° = {y € Ay | W, = M(2)}.

Proposition 7.8. The subsets S — Sy and S1 — S of S are precisely S — ng(Zgg) and

Ws_l(T*J/ZQ — Zgg) respectively. In particular, S —S; = 7151(1\/[5)

Proof. The proof is similar to that of Proposition 3 in [1]. By the arguments before this
proposition, it suffices to show that the subsets 7g'(M3) and 7g' (T*.J/Z2 — Zgg) of S
are mapped by 7, into the subsets Az — (A2)1 and (Az)1 — (As2)2 of As respectively. We
already know that (E, ¢, s) € 7o' (M3) if and only if End((E, ¢)) = M(2), which proves
that mg ' (M3) maps to Az — (A2);.

Next, we claim that for (E,¢,s) € ng'(T*J/Zs — Zgg), End((E, ¢)) has the same
defining relations as that of C; for a quadratic form ¢ of rank 2 on a 3-dimensional
vector space. It follows from the definition of g that the endomorphism algebras of any
two points in a fibre 7g'((L,1) @ (L', —4)) are isomorphic. So we can choose a point
(E,¢,5) € ng' (L,9) & (L7, —¢)), where

(E7¢) = (‘/7 ¢V) S (W7 qu)a
(V,¢v) € H'(L?) @ HY(L’Kx), (W,¢w) e HY(L™2) & H' (L ?Kx)

and
(L,) € T*J — 739,
that is,
(7.12) 0— (L) = (V,ov) — (L1 =) = 0
and

(7.13) 0= (LY —¢) = (W, dw) — (L) = 0.
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It is obvious that this kinds of points belongs to 7r§1 (T*J ) Zo— Zgg). By ([7.12) and (7.13)),
we can see that End((V, ¢y) @ (W, ¢y )) has four generators, which can be written as the

following block matrices

0 0 0 m
T = , W= , U= and v =
v 0 0 0 00 0 I
where [ is the 2 x 2 identity matrix and 71, 72 are the 2 x 2 matrices that come from
identification of the rank 1 Higgs bundles in (7.12) and (7.13).
Here we need to show that End((V, ¢y )) = C-idy precisely. First of all we show that
End(V) = C-idy. Consider an arbitrary nontrivial morphism ¢: V' — V in End(V). Let

0 Lyt 0

LV

should be zero. If not, then this composition is an isomorphism, which is a contradiction.
Then ¢(L) C L. Let ¢ := ¢ — X -idy. Since ¢|;, = A -idy, for some A € C*, ¢|;, = 0, that
is, ¥ o ¢ = 0, which implies that ¢: V — V factors through V Iy L1 and there exists a
unique morphism v': L1 — V such that ¢ o j = 4. If the composition L~! N VL1
is nonzero, then j o4’ =n-id;-1 for some n € C*. Then %1/1’: L=' — V is a splitting of

the following nonplit extension

J

0 L—svV L1 0,
which is a contradiction. So the composition L~! ¢_> V 2 L1 is zero and then there
exists a unique morphism h: L™! — L such that i o h = ¢/. Since L 2 L™, h = 0, that
is, 1/ = 0. Hence ¢ = 0, that is, ©» = X - idy .

By Theorem [2.4] End((V, 1)) = H'Hom((V, ¢v), (V, ¢v)). We know that

H'Hom((V, ¢v), (V. év)) = ker( End(V) “2 Hom(V,V ® Kx) ).
Since End(V') = C - idy, we have [-, ¢y] = 0, that is, End((V,¢v)) = End(V) = C - idy.
Similarly, we can show that End((W, ¢w)) = C - idw.
Coming back to the main proof, the defining relations of End((V, ¢v) @ (W, ¢w)) can

be written as

uw'=u, v'=v, w=0 ut+v=I, wzzmQ:wm:Q uw = w,

(7.14)
wu=0, ur=0, zu=2x, vw=0 wv=w, vr=z, zv=0_0.
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For a quadratic form ¢ of rank 2 on a 3-dimensional vector space over C, we can see that

C’q+ is a 4-dimensional C-algebra with
+ _ 2 _ _ _ _ _
C; =C+Ca+CB+Cy suchthat o =-1, af =—y, ay=43, pa="7y, ya=-4.

When we set a = %(1—1—@'04), b= %(1—2‘04), c=if+vandd=1i8—vfori=+/—1€C, a,

b, ¢, d are new generators of C;r with the following defining relations

a2=a, bV =0, ab=0, a+b=1 f=d*=cd=0, ac=c,

(7.15)
ca=0, ad=0, da=d, bc=0, cb=c, bd=d, db=0.

Both (7.14) and ([7.15] are the same. O

Corollary 7.9. S; — S, =~ D) — (15(1) Uﬁ(3)), that is, it is a free Za-quotient of a Izg_3-
bundle on T*J — Zgg, where Iag_3 is the incidence variety given by Ig—3 = {(p,H) €
P29-3 x (P29=3)* | p € H}.

Proof. The proof is similar to that of [1, Corollary 1] except for using and Propo-
sition 3.4

We claim that if (E, ¢, s) € S1 —Sg = 7g {(T*J/Zs — Z5?) and 75 ((E, ¢, 5)) = (L, 1) ®
(LY, =) € T*J)Zy — 739 then (E, ¢) = (V, ¢y) ® (W, ¢w) for some extension classes

[(V,¢v)] € PH'Hom((L, ), (L™, —¢)) = P(H' (L") ® H'(L*Kx)) = P*
and
(W, ¢w)] € PH'Hom((L ™", —¢), (L, ¢)) = P(H'(L*) @ H*(L*Kx)) = P¥ >,

Let (E,¢,s) € ng (T*J/Zy — Z59) such that ms((E,¢,s)) = (L,%) @ (L~',—¢) €
T*J) 7o — Zgg. Then End((E, ¢)) has four generators z, w, u, v with defining relations

(7.14) as in the proof of Proposition Let (V,¢y) = keru. Then (V,¢y) is a Higgs
subbundle of (E, ¢) and we have an exact sequence

0— (V,ov) = (E,¢) = (W, éw) =0

such that (W, ¢y ) = kerv. Thus this exact sequence splits and then (F,¢) = (V,¢y) &
(W, dw).

By Proposition (V,¢v) and (W, ¢w) cannot be (L,) @ (L,1) or (L™, —1) @
(L=, —) and we also rule out (V, ¢y ) = (L,%) ® (L™Y, =) and (W, ¢y ) = (L1, —) @
(L,v). Hence

[(V.¢v)] € PH'Hom((L, ), (L™, ~¢)) and [(W,¢w)] € PH' Hom((L™", —), (L,)).
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We next claim that if we choose (c,d, e, f) € [HY(L2Kx) ® H(L*Kx)] ® [HY(L?) &
H'(L72)] such that [(V,év)] = [(f,¢)] and [(W, éw )] = [(e,d)] then (c,d,e, f) € @_1(0).

Assume that (¢, d,e, f) ¢ 5_1(0). Let (a,b) € H(Kx) ® H'(Ox) be classes obtained
from transition of L and local Higgs field of 1. Following the arguments of the proof
of Lemma (V,¢y) and (W, ¢y ) are obtained by an elementary modification starting
with a family (F, ¢r) of semistable Higgs bundles over X parametrized by

C ={(a,b,zc,2d, ze,zf) € H(Kx) ® H (Ox) ® [H* (L *Kx) ® H'(L*Kx)]
® [HYL?) @ H(L™?)] | z € C}.

Precisely, (V,¢v) = (F,¢or)|.=0 and (W, ¢w) = (F", oxn)|:=0, where (F', oz ) is the
kernel of (F,pr) = (F,¢F)|=0 = (LY, —) @ (L7, =) — (L,%) and (F", pxn) is the
kernel of (F,o7) = (F,0F)|z=0 = (L1, =¢) & (L7, =) — (L1, —4p).

But since (c,d,e, f) ¢ @71(0), (z¢,zd, ze, zf) ¢ @71(0) for all z € C and then
(Fy0F)| X x(a,b,z¢,2d,ze,2f) 18 not a Higgs bundle for all z € C. Then (V, ¢y) and (W, ¢w)
are not Higgs bundles. Indeed, if (V, ¢y/) and (W, ¢y ) are Higgs bundles and if we consider

the following elementary modifications
0— (glv(pg’) - (.F/,(p]:/) - (Lilv _w) —0

and
0— (g”,go(_]//) — (.7'—//,(,0]://) — (L,?,/J) — 0,

then (G', ogr) = (", pgr) = (FROxxc(—D), 9 re0x v (D)) Where D = {(z, (a, b, zc, zd,
2e,2f)) € X x C | 2= 0}. Since (F @ Oxxc(—D), 9rs0y ,o(-p))|-—0 is a Higgs bundle
and Oxxc(—D) is a line bundle, (V, ¢y) and (W, ¢w ) are Higgs bundles. Thus we get a
contradiction. Hence (c,d, e, f) € @_1(0). O

7.4. Factorization of p

In this subsection, we show that p factors through K.. Let D;, Do and D3 be three
exceptional divisors on K coming from the three blow-ups. Consider the point 0 =
[(Ox,0) ® (Ox,0)] € Z2. Let DU, D@ and D®) be the restrictions of Dy, Dy and
D3 to a neighborhood of the preimage of 0 in K respectively. We need the following two

lemmas for the proof.

Lemma 7.10. (1) The isomorphism classes of Higgs bundles given by (7.5) and ([7.6)
are independent of the choice of (a,d), (b,e).

(2) The isomorphism classes of Higgs bundles given by (7.8)) and (7.9)) are independent
of the choice of (g,h), (b,e), (¢, f).
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Proof. The proofs of (1) and (2) are identical. We prove only (1). Let {V;}; be an open
cover of X and let (E, ¢) and (E’, ¢') be Higgs bundles given by (7.5)) on V; NV} and (7.6)
on V;. Assume that an isomorphism between (E,¢) and (E’,¢’) is given by invertible

matrices
11 M2 1513 76,14
21 Mi22 1523 7i,24
Ni31 732 1,33 1)i,34
Ni, a1 7542 1i,43 710544
on V;. Then
nj11 Mi12 1513 75,14 1 0 0 0
Nj21 Mj22 Mj23 1524 0 1 0 0
M5,31 M532 1533 15,34 0 0 1 0
njal Mja2 Mja3 Mjaa) \—2ijl.=0 —Bijla=0 Vijl:=0 1
1 0 0 0\ (M1 min2 M13 7Mi4
_ 0 1 0 O |m21 mi22 M2 724
- 0 0 1 O |31 mi32 7,33 7Ni34
—204;]5=0 —Bll=0 Vil==0 1) \mia1 mia2 niaz Miaa
and
M1l Mi12 113 7i14 0 0 0 0
Mi21 Mi,22 123 0i24 0 0 0 0
M:i,31 15,32 7,33 7i,34 0 0 0 0
Mial Mi42 Ni4a3 Mias ) \—2Dil:=0 —@il:=0 7Tilz=0 O
0 0 0 0\ [mi11 w2 Mi13 M4
_ 0 0 0 O |m21 mi22 M2 724
- 0 0 0 O |ms1 mis2 mi33 734
—20i:=0 —qilz=0 Til:=0 O) \Mia1 7Mia2 Miaz 7Miaa

Equating each rows, we have

M;,11 = 15,11 = constant, 7; 12 = 1,12 = constant, 1; 13 = n;,13 = constant, 1; 14 = 1;14 = 0,
7,21 = 1)j,21 = constant, 7; 22 = 1,20 = constant, 7; 23 = n;23 = constant, 7; 24 = 1,24 = 0,
7;,31 = 1,31 = constant, 7; 32 = 1,32 = constant, 7; 33 = ;33 = constant, 7; 34 = 1,34 = 0,

1,44 = Nj44 = constant # 0,
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and

—2niaa(a,d) = —2n; 11(a’,d') —mioa (V, €') +mis(c, f1),
—nia4(b,e) = —2m; 12(a’, d') — i 22(V, €') + mis2(c, f1),
niaa(c, f) = —2n;13(a’,d') —mias(V', €') + miss(c, ),

where

({aijla=o}s {pil==0}),  ({g;l:=0}, {pil=0}),

({Bijlz=0}, {gil-=0}),

({Bijl==0}: {dilz=0}),  ({Vijlz=0}, {ril==0}) and  ({7i;|-=0}, {ril-=0})

represent classes (a,d), (a’,d'), (b,e), (V,€), (c,f) and (¢, f") in H'(Ox) ® H°(Kx)

respectively.
Since
—2mi11 —Mi21 M3l Mi11
—2ni12 —Mi22 Miz2 | = | i1z
—21i13  —Mi23 1,33 7i,13

Mi21 131 -2 0
Ni22 1,32 0 -1
Mi,23  1i,33 0 0

is invertible, Span{(a, d), (b, €), (¢, )} = Span{(a/,d'), (V, €'), (¢, f')}.

0
0
1

O]

Lemma 7.11. The isomorphism classes of Higgs bundles given by (7.10) and (7.11]) are

independent of the choice of (b,e), (¢, f).

Proof. Let {V;}; be an open cover of X and let (F, ¢) and (E’, ¢') be Higgs bundles given
by (7.10) on V; N V; and (7.11)) on V;. Assume that an isomorphism between (F, ¢) and

(E',¢) is given by invertible matrices

N1 75,12
Ni,21 705,22
1,31 14,32
Ni, 41 742

on V;. Then

Nj11 Mj12 M5,13 15,14
N5,21 Mj,22 15,23 71524
5,31 15,32 15,33 15,34

Nj,41  7Mj.42 15,43 1544

1i,13
1:,23
1:,33

1:,43

1

Yij |z:0
Bijl==0

—20ijl2=0 —PBijl-=0  Vijl2=0

114

Ni,24

14,34

7,44
0 0
1 0
0 1

0
0
0
1
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1 0 0 0\ (m1r maz mias M4
Vijle=0 1 0 0 [ma21 mi22 mi23 M4
Bi;lz=0 0 1 O | m31 mi3z2 Mi33 7Mi34

=26i|2=0 —Bijle=0 Vijls=0 1) \Mia1 Miaz M4z Miaa

and

M1l Mi12 Mi13 1514 0 0 0 0

Mi21 Mi22 7i23 724 Til2=0 0 0 0

Mi31 Mi32 Mi33 7634 il =0 0 0 0

Nial Mi42 M43 Miaa) \—2Sil:=0 —qilz=0 7i[:=0 O

0 0 0  0) [mi11 M2 Mi13 714

| rile=o 0 0 O |m2r mi22 723 7Mi24

- q;]2=0 0 0 O |ms1 misz2 M33 i34

—28[:=0 —qile=0 Tile=0 0) \Mia1 Mid2 M43 7Miaa

Equating each rows, we have

7,11 = 15,11 = constant, ;12 =112 =0, 13 =1;13=0, n14 =nj14 =0,

Mi,22 = 15,22 = constant, 1); 93 = 123 = constant, 1); 24 = 124 = 0,
771',32 = 77]"32 = constant, 772',33 = 17j733 = COIIStaIlt, 771"34 = ?7]'734 = 0,

1i,44 = 7)j44 = constant,

and
—ni22(c, f) — migs(b,e) + i, f) =0,
—niz2(c, f) — migs(b,e) + i (b, €) =0,
—i22 (b’ €) +niza(, f') + miaa(be) =0,
—1i23(b',€") + mizs(c, f1) — miaale, f) =0,
where

({0ij]==0}: {sil==0}):  ({&;]2=0}: {sil:=0})s  ({Bijla=0}: {ail=0}),
({Bjla=0}: {ail:=0})s  ({vijle=0}; {rils=0}) and  ({~};|:=0}, {ril:=0})

297

represent classes (g,h), (¢, 1), (be), (b,e), (¢, f) and (¢, f) in H'(Ox) ® H°(Kx)

respectively. Hence

Span{(b,e), (c, f)} = Span{(¥',€), (¢, /') }.
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Proposition 7.12. p factors through K.

Proof. Consider the first contraction f,: K — K,. We show that there is a continuous
map p,: K, — S such that p, o f, = p. It is enough to show that p is constant on the
fibers of f, by Riemann’s extension theorem. By Propositions [7.4] and fo is indeed
the contraction of the fibers P2 of P(S2A4) — Gr*(2,2g) in D®) which forgets the choice of
(b,e), (c, f) in the 2-dimensional subspace of H!(Ox) ® H°(K x) spanned by (b,e), (¢, f).
We have only to check that the isomorphism classes of the Higgs bundles given by ,
(7.9), (7.10) and (7.11) depend not on the particular choice of (b,e), (c, f) but only on
the points in IP’29 4_bundle over Gr¥ (2 2¢g). By Lemma . the isomorphism classes of
Higgs bundles given by (7.10) and (7.11]) are independent of the choice of (b, e), (¢, f). On
the other hand, it follows from Lemma [7.10)| -(2 ) that the isomorphism classes of the Higgs
bundles given by and are independent of the choice of (g, h), (b,¢e), (¢, f). Thus,
there exists a morphism p,: K, — S such that p, o f, = p.

We next show that p, factors through K. By Proposition [7.5] the morphism f.: K, —
K. is the contraction of the fiber P° of a P°-bundle over Gr¥(3,2¢g) and general points of
a fiber give rise to a rank 4 Higgs bundle given by and . By Lemma (1), the
isomorphism classes of the Higgs bundles given by and depend only on the 3-
dimensional subspace spanned by (a,d), (b,e), (¢, f). Thus p, is constant along the fibers
of fe. Applying Riemann’s extension theorem again, we obtain a morphism p.: K. — S
such that pc o f = p. O

7.5. A proof of Theorem

We precisely refer to the original version of Zariski’s main theorem.

Proposition 7.13. (Main theorem of |25]) If W is an irreducible fundamental variety
on V' of a birational correspondence T' between V' and V' and if T has no fundamental
elements on V', then-under the assumption that V is locally normal at W -each irreducible

component of the transform T[W] is of higher dimension than W .

By Proposition and Corollary m, p(D® — DM Uy DAY = 8, — S, is a smooth
divisor of S — p(DM UD®)) = S — S, lying over T*.J/Zy — Zgg. Then we have a morphism
g from S — p(DM U D®)) to the blow—up of Mg — 737 along T*J/Zy — 7.3° which is
isomorphic to K — DM u D®) — f(DW U D®). Thus, p. mentioned in the proof
of Proposmon “ 2|and g are 1S0morphlsms in codimension one. Note that f ( )uDB ))
has codimension 3 in K..

Assume that K. is not isomorphic to S. Since S is smooth and Ss is the fundamental
variety on S of p,, it follows from Proposition [7.13]that Sg has codimension greater than 3.
Further, since K, is smooth, f ( UD(3)) is the fundamental variety on K. of g, it follows
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from Proposition[7.13|that So has codimension less than 3. Hence to avoid a contradiction,

K. should be isomorphic to S.
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