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Ground State Solutions for Kirchhoff-type Problems with Critical

Nonlinearity
Yiwei Ye
Abstract. In this paper, we study the Kirchhoff-type equation with critical exponent
- <a +b o |Vul? dx) Au+V(z)u = a(z)f(u) +u’ in R

where a,b > 0 are constants, V € C(R? R), lim|;|o0 V() = Voo > 0 and V(z) <
Vo 4+ C1e7 2! for some €y > 0 and |z| large enough. Via variational methods, we

prove the existence of ground state solution.

1. Introduction and main results

Consider the following Kirchhoff type problem with the critical exponent
(1.1) - (a + b/ |Vu|? da:) Au+V(z)u = a(z)f(u) +u° in R3,
R3

where a,b > 0 are constants.
Problem (|1.1)) is related to the stationary version of the equation

u — (a+b o [Voul?) Agu = f(z,u) z€Q,t>0,

(1.2)
u(-,t)ogq =0 t>0,

proposed by Kirchhoff [7] in 1883 as an extension of the classical d’Alembert’s wave equa-
tion for free vibration of elastic strings. Kirchhoff’s model takes into account the changes
in the length of the string produced by transverse vibrations. In , u denotes the
displacement, f(z,u) the external force and b the initial tension while a is related to the
intrinsic properties of the string (such as Young’s modulus). We have to point out that
Kirchhoff type problems also appear in other fields such as biological systems, where u
describes a process which depends on the average of itself (for example, population den-
sity). Some early classical studies of Kirchhoff equations were those of Pohozaev [16] and
Lions [10L[11].
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Variational methods have been widely used in the last ten more years in studying
the Kirchhoff type problems, see, for instance, [4,6,14,15,20,21,26] for results concerning
bounded domain, and [1}3/9,/12/131/19,22,24] for unbounded domain. Figueiredo [4] studies

Kirchhoff type problem on bounded domain with the following version
-M </ |Vu|2dx> Au = Af(z,u) + u)> 2u inQ
Q

and v = 0 on 99, where Q is a smooth bounded domain in RY. Applying truncation
argument and priori estimates, they prove the existence of positive solutions and their
asymptotic behavior depending on A. Naimen [14] generalizes Brezis-Nirenberg’s result to

the Kirchhoff type equation

— (a + b/ \Vu|2da;) Au = pf(z,u) + [u> 20 inQ,
Q

where a,b > 0 and a + b > 0. Some existence results as well as nonexistence results are
obtained. See also [6,/15,20,26] for related results. For Kirchhoff type equations on the
whole space R3, a few results are known. One difficulty is due to the lack of compactness
of the embedding from H!'(R3) into L*(R3?) (2 < s < 6). Alves and Figueiredo [1] study

the following periodic Kirchhoff equation with critical growth
M </ \Vul|? dz + / V(z)|ul? d:c> [—Au+ V(z)u] = A\f(u) +u” in RY,
RN RN

where 7 =5 for N =3 and 7 € (1,+00) for N = 1,2. Under suitable assumptions on M,
V and f, they construct the existence of positive solutions for A > 0 large enough. The

Kirchhoff type equation with critical nonlinearity of the form
— (a + b/ |Vu)? dm) Au+u = a(z)|ulP"2u + b(z)|u|"%u +v® in R?,
R3

has been studied in Zhang [24]. Besides some other conditions, they assume that a,b €
C(R? R), lim|;| o0 a(x) = aoo, limpy 00 b(x) = 0 and a(z) > ac — Ce~®ll for some
ap > 0 and z € R? and prove the existence of one ground state solution for p,q € (4, 6)
and each A > 0. It is also proven the existence of two nontrivial solutions for A > 0 small.
Wang et al. [17] discuss the existence, multiplicity and concentration behavior of positive
solutions for the following nonlinear Kirchhoff type problem

(1.3) - (52a+eb |Vu)? dx) Au+ B(z)u = Af(u) +v° in R3.

RS

As € — 0, they establish the number of solutions with the topology of the set where B

attains its minimum in the case that f is superlinear at zero and subcritical at infinity.



Kirchhoff-type Problems with Critical Nonlinearity 65

For more results on the semiclassical limit of , we refer to [5,19,25] and the references
therein.

Motivated by the works mentioned above, in this paper, we consider the existence
of ground state solution of problem in the critical case. We make the following
hypotheses:

(V1) V e C(R*R), V >0 on R and lim; o, V() = Voo > 0.

(Va) There exist constants C; > 0, Ry > 0 and b > 0 such that V(z) < Vo + Cre b2l for

(a1) a € C(R%R), a >0 on R? and limy,|_, a(z) = as > 0.

(ag) There exist constants Cy > 0, Ry > 0 and d > 0 such that a(x) > ax + Cye~ =l for
|z| > Ro.

(f1) f € C(R,R)is odd and lim,_,o+ £ = lim,, ., L8 =0,

(f2) There exist C3 > 0 and p € (4,6) such that f(u) > CsuP~! for all u > 0.
(f3) f(u)/u? is increasing on (0, +00).

Theorem 1.1. Assume that (V1)—(Va), (a1)—(a2) and (f1)—(f3) hold with 0 < d < b < 2.
Then problem (1.1)) possesses a ground state solution.

The proof is based on variational method. The main difficulties lie in the appearance
of the nonlocal term ( ng |Vu|? da:) Auw, the lack of compactness due to the unboundedness
of the domain R3, and the nonlinearity with the critical Sobolev growth. Moreover, since
V(z) and a(z) are non-radially symmetric, we cannot restrict the problem in the radially
symmetric Sobolev space H}(R?), where the embedding H}(R3) — L*(R3) (2 < s < 6) is
compact. To overcome these difficulties, we have to develop some techniques. In particular,
for a sequence (u,) C E with u,, — u weakly in F, we will analyze carefully the difference
between ( [gs |Vun|2al:v)2 and ( fps |Vu]2dx)2 to prove the (PS). condition holds for a
suitable range of c.

The paper is organized as follows. In Section [2] we give some preliminaries and prove
the local Palais-Smale condition of the functional corresponding to . In Section
we will analyze the term [ps V (x)u? dzx delicately and its competing with the nonlinearity
Jgs a(@)F(u) dz, where F(u) = [ f(s) ds, and prove Theorem

Notations

e For any 1 < s < +o00, we denote by || - ||s the usual norm of the Lebesgue space
L*(R3).
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H'(R?) is the usual Hilbert space endowed with the norm |[ul|3,, = [ea(|Vul* +
u?) dz.

e DM2(R?) is the completion of C§°(R?) with respect to the norm ||u|%, 2 := [ps [Vul?
dx.

S denotes the best Sobolev constant

_ [Vull;
ueD12\{0} [lu

p) .
2%

C and C; denote various positive constants, which may vary from line to line.

2. Preliminary results

In this section, we assume (V1), (a1) and (f;)—(f3) hold. Let

E = {u e H'(R?) : /R3 V(z)u?dr < —I-oo} .
It is easy to recognize that F is the Hilbert space with the inner product and norm
(u, v) = Ag(avu-vu+V(x)uu) do,  ful = (u,u)2
From (Vi) and (a;), there exists a constant M > 0 such that
(2.1) [V(z)| <M, la(z)|]< M, Vzxe R3,

and there exists Ry > 0 such that V(z) > Vi /2 for |z| > Ry. Hence we have

/ (Vul? + o) do
R3

2
g/ |vu|2d:c+/ u2d$+/ <|Vu|2+V(x)u2> dz
|z|<Ro 2| <Ro > Ro Voo

1/3 2/3
S/ \Vul|* dz + / u dx / 1dz
lz[<Ro |z[<Ro lz[<Ro
12
(2.2) + <+>/ (a|Vul®> + V(x)u?) dx
a VOO |z|>Ro
1 AT
< max +(a5’)_1/ Tde| 2 2
a |z[<Ro a o0
2/3
< 1+<a5)—1/ Lde|  +—= | Jul?
~\a ja1<Ro Vo ’
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which implies that the embedding E < H'(R?) is continuous. Consider the functional
I: E — R defined by

() = 5l +§ (/R |Vu2da:>2 - /R <a(a:)F(u) + éu6> da.

It is easy to check that I € C*(E,R) and u € F is a solution of problem (T.1)) if and only

if w is a critical point of I. Define the functional

1 b 2 1
I*°(u) = iHuH%/OO +7 (/R5 ]Vu\%lac) — /]Ri‘ (aOOF(u) + 6]u\6) de, Yu€eE,

where [[u|}_ = [s(a|Vul* + Vio|u|?) dz. Take
Moo = Inf{I(u) : u € M}

with Mo = {u € E\ {0} : I°'(u) = 0}. According to [12, Theorem 1.3], m is obtained
by a positive function us and I°'(us) = 0. Similar arguments as in |23, Lemma 2.5], we
can deduce that for any § > 0, there exists Cs > 0 such that

(2.3) Uoo () < Cye~1=O0VVoclzl vy € RS,

By (f1), we deduce that for any € > 0, there exists Cz > 0 such that

(2.4) max{[F(u)],|f(wul} < elul? + Colul’, VueR
and
(2.5) max{|F(u)], | f(w)ul} < e(jul® + [u|®) + Cclul®, VueR,

where s € (2,6). From (f3), we derive that

1
(2.6) Zf(u)ufF(u)z(), VueR
and % f(u)u — F(u) is increasing for u > 0.
For e > 0, let
_ Y@
)

where ¢ € C5°(R3,[0,1]) such that ¢ (z) = 1 for || < rg and 9 (z) = 0 for |x| > 2rg. Tt is
well known that S is attained by the function £'/4/(e + |x|?)*/2. Direct calculation shows
that (see [18])

2 5 |z 1/2\ . 1/2
/W Vo | dx—/R3 T e+ O = K1+ (1),

(2.7) |
bdr = [ e Ky 4 O(
/]R3 |ve|”® dx /}R3 A5 )P dx 24+ O(e77)
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and
O(6=9)/%) 5 (3,6),
(2.8) /W loel* dz = { O(e¥4|Ine]) s =3,
0(55/4) s €[2,3),
1/3

where K, Ky are positive constants and S = K, /K,
2

bS3)? + 40,53 }+b {bS3 +/(65%)? + 4a53}
12 '

a | bS3+/(
L 2.1. = —
emma Moo < C 3 { 5 5

Proof. Let coo = infyer,, maxycp 1) I°(v(t)), where I'ne = {y € C([0,1,E) : 7(0) =
0,1°°(~(1)) < 0}. Similar to [18, Theorems 4.1 and 4.2], we have

Moo = Coo = inf maxI®(tu) > 0.
ueE\{0} >0

Hence meoo < supyso I°°(tve). To obtain me, < c*, it suffices to prove that sup;>o 1°°(tve)
< c*.
It follows from ([2.7)) and (2.8) that there exists 1 > 0 such that for € € (0,¢1),

3K 1 K
Vo2 da < 2, 0] dz < 2, 0|0 dz > 2.
R3 2 R3 2 R3 2
Thus, for € € (0,¢1),

t2 bt t6
I°(ty,) < HUSHVOO + — (/ |V |? d,@) - 6/3 |ve|® da
R

< (3GK1 + Voo) n 9bK12t4 K2t6
- 4 16 12 7
which implies that there exist ¢t; > 0 small and ¢ > 0 large (independent of €) such that

/\

(2.9) sup I%°(tv.) < c*.
te[0,61]U[t2,+00]

Take

Jgs alVve|? d b( Js ]Vfug\Qdm)z
6 1N1/3 Be = 6 1N2/3 "
(Jza |vel® dz) ( Jza lvel dz)
From (2.7), one has A, = aS+ O(e'/?) and B, = bS? + O(¢/?). Then a direct calculation
shows that
(2.10)

t? 2 bt* 2 6
sup / a|lVous|* dz + — (/ |Vue| dm) - / |ve|® da
>0 | 2 Jm3
1 3

= 4. (BE +/BZ+ 4A€) + EBE (BE +/BZ+ 4AE) - (BE +/B+ 4A€)
1 1 2

= ZA. <B€ + /B2t 4A5> + 5B (Bs +/BZt 4A€>

= ¢+ O0(e?).

A =
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Hence, combining (2.10)), (2.8) and (f2), we obtain

- #2 ) bt 5 \2 8 6
sup I(tv:) <sup | = [ a|Vve|*dz+ — |\Voe|“de ) — — |ve|® dx
tE[t ta] >0 | 2 Jmr3 4 \ Jrs 6 Jgs
Vool3 Casoth
+ 22 / |ve|? da — =300t / |ve|P da
2 Jps P Jrs

= +0(e/?) — 08P/,

Observing (6—p)/4 < 1/2, choosing ¢ € (0, 1) sufficiently small, we get sup;cp, 4,1 1°°(tve)
< c*, which, jointly with (2.9)), shows that sup,>oI>(tv:) < ¢*. This completes the
proof. O

Recall that, for ¢ € R, a (PS).-sequence for the functional I is referred to a sequence
(un) C E such that I(u,) — ¢ and I'(u,) — 0 in E* (the dual space of E). I is said to

satisfy (PS),. condition if any (PS). sequence has a convergent subsequence.

Lemma 2.2. Suppose that (u,) be a (PS)c-sequence of I with ¢ € (0, moo). Then (uy)

possesses a strongly convergent subsequence.

Proof. Tt follows from (a;) and ([2.6|) that

¢+ 0(1) + o) funl) = Tatm) — I (tn), un) >  Jun

which implies that (uy)nen is bounded. Going if necessary to a subsequence, still denoted

by (u,), we may assume that there is u € E such that for each bounded domain Q C R3,

U, —~u in £, Vu, — Vu in LQ(RB),
(2.11) u, —u in L¥(2) (2 <s<6),

Un(z) = u(z) ae zeR3.

Set A = lim,, o0 ng |Vu,|? dv. We define the functionals J, H, ®, ¥ on E by

Iu) = 1||u|12+“/3 Vipde - [ (ato)F() + g ) de
H() = o JulP + / i~ [ (atwr + o) a
o) = ghult + 5 [ 1P de— [ (anr)+

)
W) = 3 u |yvoo+/ |Vu\2da:—/ <aoo )+ u6> da.
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We claim that J'(u) = 0, i.e., (J'(u),¢) = 0 for any ¢ € C§°(R?). Assume that 1 <
P, ¢, 7,5 < 400, Qis a bounded domain and h € C(Q x R) satisfying |h(x,u)| < C(|u[P/" +
|u|?/#), then, according to |18, Theorem A.4], the operator

A IP(Q) N LI(Q) — L™(Q) + L*(Q) : u — h(z, u)

is continuous, where LP(€2)NL4((2) is the space endowed with the norm |u[prg = [|u|rr o)+
|ull o) and L"(2) + L*(Q2) endowed with the norm

|te|pvs = inf {HUHLT(Q) +wllps) v =v+w,ve L' (Q),w e LS(Q)}.

Now set p =7 =2, ¢ € (5,6), s = ¢/5 and h(z,u) = a(z)f(u) + u®. By (a;) and (f1), we
have
Az, w)| < C(lu*? + [ul?), ¥ (z,u) € R® xR.

Since ¢ € C§°(R3) has a compact support Qo. u, — u in E implies that u, — u in
L?(Q0) N L49(). So, by virtue of |18, Theorem A.4],

h(z,un) — h(x,u) in L*(Qo) 4+ L*(Qo).
Hence

(h(x,up) — h(z,u))p|de = (h(z,uy) — h(z,u))p|dz

| |
R3 Qo

< ‘h(x7un) - h(x,U)‘Q\/s’@b/\s/ l> 07

where 1/s + 1/s’ = 1. Combining this and ([2.11), we get that o(1) = (I'(u,),¢) =
(J'(u), @) + o(1) for any ¢ € C§°(R?). Thus J'(u) = 0.

Let v, := up, — u. It follows from [27, Lemma 2.2] and Brezis-Lieb lemma that

(2.12) /R3 a(x)(F(uyp) — F(u) — F(vy))dx — 0
and
(2.13) / (uS —ub —08)de — 0

R3

as n — oo. Since v, — 0in E, by (V1), (a1) and (f1), we obtain that

(2.14) (V(2) = Va2 dz — 0, / (a(z) — as) F () dz — 0
R3 R3

and

(2.15) /RS(V(x) — V)€ dz — 0, /Rs(a(x) — o) f(vn)Edz — 0, VEEE
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as n — oo. Hence, using (2.14)), (2.13)) and (2.12)), we deduce that

c+o(1) = I(uy)

bA
o [Vl Vo) da

1
- [ (@) P+ a@F @) do = [ S+ o) dat o)

bA

(IIUI!2 +llvalli) + = /?)(IVU\2 +[Von[?) de

1
- [ @@ P + P de = [ G0+ o) do+o(1)
= H(u) + ¥ (v,) + o(1).
Moreover, noticing J'(u) = 0, by (a1) and we have

1
= 5 (lull® + flval®) +

(2.16)

H(w) = H(u) = 3 (' (a), )

(2.17) )

_ i”uHQ + /R3 [a(m) <4f(u)u - F(u)) + 12u6] da > 0.

From [18, Lemma 8.9], we get

/ (ud —u® —v2)édx| =
R3

Similar to |18, Lemma 8.1], one has
/R o) (Flun) — Fw) — F(on))€ da
Combining ([2.19 and and using the fact J'(u) = 0, we obtain

0(1) = (I'(un), &) — (J'(U)a@
= (v, &) + bA/ Vu,VEdx — / (a(z) f(vn)€ +v3€) dx + o(1)
R3

R3

(2.18) =o()l¢ll, vEe k.

(2.19) —o()f¢ll, VEeE.

= / (aVv, V& + Veoun€) dx + bA/ Vo, VEdx — / (aoof (V)€ +v28) dx + o(1)
R3 R3 R3
= (2'(vn), ) +o(1), VEEE,
which implies that
(2.20) & (vy,) = o(1).

Next we prove that v, — 0 in E. Let p,(x) = |v,(z)[>. Then by [8, Lemma 2.1], for
some subsequence of {p,(z)}, either “vanishing” or “nonvanishing” holds. If “nonvanish-
ing” occurs, there exist ¢ > 0, r > 0 and (y,) C R? such that

n—oo

(2.21) lim inf/ lvn(2)|? dz > o > 0.
o
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Let Uy (z) = vp(x + yn). We claim that
(2.22) &' (v,) = o(1).

Indeed, for all £ € E, set &,(z) = &{(x — yn). It is easy to see that ||&| g1 = [[€]lm1,

therefore, by (2.20]) and (2.1)),

(@' (Vn), )] =

/ (VT - VE + VisTné + bAVT, - VE — aoe f(Un)€ + T5€) dz
R3

/ (avvn : v&n + Voovngn + bAvvn : v&n - aoof(vn)gn + vgén) dz
R3

= [(@"(vn), &n)| < 19" (wn) 1 &nll < CNP (vn) 1I&nll 1
< C) @ (wa)lll€]| s — O,

and ([2.22)) is proved. Since (vy,) is bounded in E, (v,) is also bounded in E. Then we
may assume that v, — v in E and v # 0 by (2.21)). Observing @’ is weakly continuous, it
follows that ®'(v) = 0, so

(2.23) 512, +bA /R |V dr = /R (ase @) +7°) da

For v € E \ {0}, there exists a unique ¢t > 0 such that tv € M, i.e.,

2
(2.24) £2||0]3,. + bt* </ yv%|2d:n> :/ (aco f(t0)t0 + t90°) da.
R3 R3

We claim that ¢ < 1. If ¢ > 1, by (2.24), (2.23) and (f3) and using the fact A > |55 V|2 dz,

we deduce that

t / (ace f(®)T +7°) dz
RS N
< / (t*ace f(0)0 + t93°) da < / (a f(tv)t454 + t656> dx
R3

me \ o (t0)?

2 2
= 2|, + bt (/ yvm?m) < (wuvwm(/ \W]%:) )
R3 R3

< t4/ (ac f(0)T + 0°) da,
R3

a contradiction. Thus ¢ < 1. Combining this with (2.22), (2.17), (2.16) and using Fatou’s
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lemma, we obtain
- 1 -
c+o(l) > V(v,) — Z(@'(%),%}

1 1. _ 1 [

= ZanHVOO + - Qoo Zf(vn)vn—F(vn) dx—l—ﬁ o |0, |° dx
1, 1, 1 [

> —|olli. + | oo | =f(@)Vv—=F@®) | de+ — [ [9]°dz+o0(1)
4 > R3 4 12 Jps

1, 1., . - 1 ~
—||tv))3, +/ aoo | —f(t0)t0 — F(t0) | dx + / t9|® dz + o(1)
4 o0 R3 4 12 R3

v

= I®°(t0) — %(I‘X”(ﬁ), 1) + o(1) = I°(t0) + o(1) > Mo + o(1),

a contradiction with the fact ¢ € (0, mq).
Now we consider the “vanishing” case. In this case, v, — 0 in L*(R?) (2 < s < 6),
and then, by (2.5)), we see that

/ a(x)F(vy,)dr — 0 and / a(x) f(vy)vp dx — 0
R3 R3

as n — oo. Combining this and (2.20)), (2.17)), (2.16)), we obtain

1 bA 1
(2.25) c+o(l) > ¥(v,) = *HUnH%/ + / |Un|2 dx — / |vn|6dx,
2 o 4 ]R3 6 RS

(2.26) o(1) = (¥ (v), vn) = ||vn\|%/oo + bA/ |V, |? dx / 0 |® d.
R3 R3

Set I = limy, 00 fps |Vo,|?dx. Tf I > 0, then by (2.26]), we have

2
/a|an|2dx—|—b</ |an|2d:r> g/ lon |6 daz + o(1)
R3 R3 R3
3
<S5 (/ |an|2dx> +o(1),
R3

which implies that [ > (bS® 4+ /(bS?)2 + 4aS?) /2. Combining this and (2.2F)), (2.26)), we
deduce that

1 b 2
o) 2 glonll, + 35 ( [ 1VenP o)

2
a 2 b 2
> — Vu,|°d — Vol d
_34J1W $+H<AJ1W O

2
3 3)2 3 3 3)2 3
>a{bS +/(b5%)2 + 4aS }+ b {bS + /(b5%)? + 4aS } +o(1)

=3 2 12 2
=" 4 o(1),

which contradicts ¢ < ms < ¢* (by Lemma [2.1)). Thus [ = 0, which, jointly with (2.26]),
shows that v, — 0 in E. Therefore uw,, — u in E. The proof is complete. O
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3. Proof of Theorem

Proof of Theorem [L.1] The proof will be divided into three steps.

Step 1: I possesses a mountain pass geometry. For

/ 1dx
|z|<Ro

2/3 -1

e )

11 1

elo-(2+—
¢ "4 a+aS

by (2.4) and (2.1]), we have
1 1
I(w) > Sjul? —/ (eluf? + Culul®) d — / lufS dz
2 ]R3 6 ]R3
1 1 _
> hl? = (Gt 5) @)Ll

Thus there exist a, p > 0 such that I||,—, > a. Choose v € E'\ {0} with v > 0. By (a1),

we achieve that

t2 bt
10 < S+ 2 ([ 190 an) — Selg oo

as t — +00. So there exists tg > 0 large enough such that I(tpv) < 0 and ||tgv]| > p. By
virtue of the mountain pass theorem (see [2]), there exists a sequence (u,) C E such that
I(uy) — ¢ >0 and I'(u,) — 0 as n — oo, where

= inf I
¢ = Inf max I(7(t))

with T = {7 € C((0, 1}, E) : 7(0) = 0, 1(+(1)) < 0}.
Step 2: ¢ < Meo. Let R >0 and 8 = (1,0,0). It follows from the definition of ¢ that
¢ < supy>q I (tuso(z — RB)). We claim that for R > 0 large enough,

(3.1) sup I (tuco (z — Rf)) < M.
t>0

It follows from ({2.1)) and (a;) that

I(tus(z — Rp)) < 7;/ (a|Vuos|* + Var|uoo|?) da

4
bt </ \Vuoo\de> —/ oo |® daz.

Thus there exist t3 > 0 small and ¢4 > 0 large such that

(3.2) sup I(tuse(z — RfB)) < Moo
t€[0,¢3]Uft4,+00]
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Observe that

2

= I®(tu = T) — Uoo |2 da: — a(x) —a U T
(33) Iltun) = I (tu) + 5 [ (Vi) = Viluwl o = [ (a(o) = a0) () d.

Next we estimate the terms on the right-hand side. Choosing § € (0, 1- b/(2\/Voo)), it
follows from (2.3) and assumption (Vg) that

/ (V) = Voo) Jttoo (z — RB)P dx

|z[>R1

(3.4) < / C’1C’§e’blz+Rm|uoo(x)|2 dr < / Clcgefb\erRm672(175)\/K|x\ da
|lz|> R R3

< ClcgebR/ cO-21-VVlal gy < (1,6 0F,
R3

Furthermore, by and (2.3)), we have
[ )~ Veoluete — R)?ds
|z|<R1
(3.5) < 2MC§/ e~ 2(0=0)VVeo|z—Rp| 4.

|z| <Ry

< 2MCe 2=Vl / 20-0VVaclal g < O o201~V R,

|z| <Ry

Choose R > 0 such that f‘$|<}~2 luso|P dzz > 0. Set R > Ry + R. By (ag) and (f), we obtain

/ (a(z) — aco) F(tuso (x — RB)) dx
lz|> R

p
(3.6) > CaCsty / e~y (2 — RB)|P dz > C e~ U uoo (z — RB)|P dx:
D |z|>Ro lc—RBI<R
=C e~ Wty ()P do > Cge™
|z|<R

for t € [t3,t4]. Noting |F(u)| < C(|u|? + |ul%) for all u € R, we derive that for t € [t3,t4],

(3.7)
/ (a(2) — as) F(tus(z — RA)) dz
lz|<R2
el / e 20-OVTalo= Rl gy 4 0048 / o~ 6(1-8)/Vacle—R5| g,
lz[<Rz lz| <Rz
< CCgezua)\/@R/ 20-0WVaslel g CC§66(15)\/KR/ S0V Vacl2] g,
lz| <Rz lz[ <Rz

< 07672(176)\/KR'
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For t > 0, set

g(t) = I (tuso)
2

= (a]Vuc|? + Vot dx—i— (/ |Vtoo |2 d:c>
2 Jgrs

- /R3 <aooF(tuoo) + iu&) d.
g (t) = [/R (a|Vuoso|? + Vaou, ) dx + t%b (/3 |Vuoo|2d:1:>2]

_ 43 |:/ aoo](;(tuoo 4 d$+t2/ |Uoo|6d$:|7
R3 ’LLOO

and f(tus)/(tuse)? is increasing for ¢ > 0, we deduce that g(¢) admits a unique critical

Since

point corresponding to its maximum. Noticing ¢'(1) = (I° (), Uso) = 0, one has

(3.8) iggg(t) =9(1) = I"(tuso) = Mco.

Hence, combining (3.3)—(3.8]), we obtain that

2
sup I(tueo(z — RB)) < sup I (tus (x — RB)) + 2 <C’4ebe + C5e*2(1*5)‘/@R)
tE[t3,t4] t>0 2

_ C6e—dR _ 076—2(1—5)\/@1{

< ey + 54e—bR 4 656—2(1—5)\/%03 — Cye R
Since 0 < d < b < 24/V4, we can find Ry > Ry + R sufficiently large such that

sup I(tuso(x — R3f)) < Moo,
tE[t3,ta)
which, jointly with (3.2), shows that holds. Therefore, ¢ < sup;q I (tuco(z — Rf3)) <
Moo. In view of Lemma 2.2, u, — u in E, I(u) = c and I'(u) = 0.
Step 3. Let
=inf{I(v) :v € M}

with M = {v e E\ {0} : I'(v) = 0}. From Step 2, one has u € M and m < I(u) < Muo.
For every v € M and € € (O,i(£+%|fl$|<% ldx‘2/3 l)fl>7 we have

ol < [ (a@rwp+ 9 de<e [

v dr + (C. +1) / v da
R3 R3

1 -
< ol + (Ce + 1) (a8) lf°
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by and (2.2)), which implies that [[v]| > Cp for some Cyp > 0. Then m > 0, ie.,
m € (0, ms). By the definition of m, there exist (v,) € E '\ {0} such that I(v,) — m and
I'(v,) = 0. Applying Lemma we deduce that v, — v in E, I(v) = m and I'(v) = 0.
This completes the proof. O
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