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Factors of Sums and Alternating Sums of Products of g-binomial Coefficients

and Powers of ¢-integers

Victor J. W. Guo* and Su-Dan Wang

Abstract. We prove that, for all positive integers ni,...,nm, Nm+1 = N1, and non-

negative integers j and r with j < m, the following two expressions

-1 n m
1 ni + N G2 4k)— (2r+1)k 2r4+1 ni +nip1 +1
I — E T 2k + 1127+ I |
[n1 + 1 + 1] [ n ] k:oq 2k +1] e n; —k ,

! n+ ] ko (5)+i (k2 +k)— o [+ ni +1
m 71 (2)+J(k‘ +k) 2rk 2k 1 2r+1 T i+
[n1+nm+1][ n1 } kz:;)( )'e 2k 1] E n; —k

are Laurent polynomials in ¢ with integer coefficients, where [n] =1+ ¢+ -+ + ¢" 1
and [7] = [I5,(1 — ¢"**1)/(1 — ¢’). This gives a g-analogue of some divisibility
results of sums and alternating sums involving binomial coefficients and powers of
integers obtained by Guo and Zeng. We also confirm some related conjectures of Guo
and Zeng by establishing their g-analogues. Several conjectural congruences for sums
involving products of g-ballot numbers ([nz_”k] — [n—Qg—J) are proposed in the last
section of this paper.

1. Introduction

In 2011, the first author and Zeng [11] proved that, for all positive integers ni,...,ny,

Nm+1 = N1, and any non-negative integer r, there holds

ni m
k 241 ni+nip+ 1Y _ ni + nm
(1.1) 1;0:6 (2k + 1) H1 ( v b =0 mod (ny + Ny + 1) )

where € = +1. The congruence (|1.1]) is very similar to the following congruences:

L i n; + Nig1 ny+n
1.2 —1)k PN =0 mod ],
(1.2) Dy >H(n+k) . ( : )
ni m
i+ it ny + nm,
1. 2r41 n +1) =
(13) 2;k E[l<n+k 0 mod ("1™,
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where n,,4+1 = ni1, which were obtained by Guo, Jouhet, and Zeng [6], and Guo and
Zeng [10], respectively. Note that (|1.2) is a generalization of the following congruence due
to Calkin [2]:

n

Z (—1)* 2n =0 mod 2n for m > 1.
n+k n

k=—n

It is known that both and have neat g-analogues (see [6,[7]). It is also worth
mentioning that g-analogues of classical congruences have been widely studied during the
last decade (see, for example, [15-18]).

The first aim of this paper is to give a g-analogue of . Recall that the g-integers
are defined as [n] = 14 ¢+ --- + ¢" ! and the g-binomial coefficients are defined by

n—i+1

m: [T, e k>0,

0 otherwise.

Let D be a polynomial in q. We say that two Laurent polynomials A and B in ¢ are con-
gruent modulo D, denoted by A= B mod D, if (A — B)/D is still a Laurent polynomial
in ¢. Let N denote the set of non-negative integers and Z* the set of positive integers.

Our first result is as follows.

Theorem 1.1. Let ny,..., Ny € ZT, Nypy1 = n1, and j,r € N with j < m. Then modulo
[n1 + 1 + 1[0,

ni

"1 m ) ) 1
(1.4) 2 W R @Dk g 4 172+l H [” Tl ] =0,

k=0 i=1 ni =k

ni m
R (k2 k) — n; +ni41+1

1Yk (5)Hi(k2+R)—2rk ok 4 1]2r+1 i i+ =0
S (144l e | (R
k=0 i=1

The first author and Zeng [11] also proved that, for all positive integers ni,...,nmy,,

Nnm+1 = N1, and any non-negative integer r,

S 1 (i 1
SR+ e+ )] (” ﬂlﬂj )
(1.5) k=0 i=1 T~

=0 mod (ny + nm + 1) (m :L—nm> nxlmn{Lr}nEin{L(z)}
1
ni m
i i+ 1
S DR R+ 1)+ 1) ] (” ” +2 >
(1.6) k=0 e n; —
=0 mod (n1 + Ny + 1) (TLI + nm) nlflin{l’r}nnmlin{l’r},

)

ni
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Actually in [11] the congruence (|1.1)) is deduced from (1.5 and (1.6) by noticing that

(2k +1)% = (4k* + 4k +1)" = Z (:) 4K (k4 1)%

=0
The second aim of this paper is to give the following g-analogue of (|1.5)) and (/1.6)).

Theorem 1.2. Let ny,..., Ny € ZT, Nypy1 = n1, and j,r € N with j < m. Then

N (R R) (1) " [ni i+ 1
J(k“+k)—(r+1)k r r 7 i
kzoq 2k + 1][k]" [k + 1] Hl[ v b }

—0 mod [nl 4, + 1] |:n1 :nm:| [nl]min{l,r} [nm]min{l,(g)},
1

S (1) g E10 b pog gy 1 T [
k=0 ! Pt n; —k

=0 mod [nl + Ny, + 1] |:711 + nm:| [nl]min{l,r}[nm]min{l,r}'

ni

Not like the ¢ = 1 case, it seems that Theorem [I.T] cannot be derived from Theorem [I.2]
directly.

The g-ballot numbers A,, 1(¢) (0 < k < n) are defined by

T e B I R |

Note that sums involving the ballot numbers A, ; := A, (1) have been considered by
Miana and Romero [14, Theorem 10], Guo and Zeng [11], and Miana, Ohtsuka, and
Romero [13].

The third aim of this paper is to give the following congruences involving ¢-ballot num-

bers. Note that the ¢ = 1 case confirms a conjecture of Guo and Zeng [11, Conjecture 1.3].

Theorem 1.3. Let n,s € Z" and r,j € N withr +s=1 (mod 2) and j < s. Then

n
(k2 +k)—rk r s — 2n
(1.7) > g 2k + 1" A, 1(q)* =0 mod [n]
k=0
- +J (k2+k)—(r—1)k r s — 2n
(1.8) > (-1 2k +1]"Anx(¢)* =0 mod [n]
k=0
Let [n]! = [n][n — 1]---[1] be the g-factorial of [n]. It is easy to see that, for all
m,n € N, the expression % is a polynomial in ¢ by writing a g-factorial as a
product of cyclotomic polynomials. The polynomials % are usually called the

q-super Catalan numbers. Warnaar and Zudilin [19, Proposition 2] have shown that the
g-super Catalan numbers are polynomials in ¢ with non-negative integer coefficients.

We shall also prove the following congruences modulo g-super Catalan numbers.
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Theorem 1.4. Let m,n,s,t € Z+* and j,r e Nwithr +s+t=1 (mod 2) and j < s +t.
Then

[2m]![2n]!
[m + n]!l[m]![n]!

i

[m+n+1] Zqﬂ (k*+k)=rk 2k +1]" Ak (9)* Ank(q)' =0 mod
k=0

e+ 1] S (1) B0k 1 AL L (0)° A (o)
k=0

[2m]![2n]!

=0 mod ol

Note that the ¢ = 1 case of Theorem confirms another conjecture of Guo and
Zeng [11, Conjecture 6.13]. It should also be mentioned that Theorem in the case
where m = n gives the s > 2 case of Theorem (by (5.2)).

The paper is organized as follows. We shall prove Theorem [I.1] for m = 1 in Section [2]
and prove Theorem [I.2]for m = 1 in Section[3] A proof of Theorems [I.1] and [I.2] for m > 2
will be given in Section[d} The ¢-Chu-Vandermonde identity and the ¢-Dixon identity will
play a key role in our proof. We shall prove Theorems and in Sections [5| and [6]
respectively. We give some consequences of Theorem and some related conjectures in
Section [7l

2. Proof of Theorem form=1

The g-shifted factorials (see [5]) are defined as (a;q)o = 1 and (a;¢), = (1 —a)(1 —
aq)---(1—ag" 1) forn =1,2,.... In order to prove Theoremfor m = 1, we shall first
establish the following result.

Lemma 2.1. Letn € ZT and s € N. Then

(2.1)
kzn:oqk[zk 1 ﬁfj iﬂ (5 0x(¢" 1 0)s = (~1)°¢E =" 2n 4 1] [25 ] m (4:9)3,

2 e[y ko i, = coe@en 7] o

(2.3) 3 (-1)Rq(2) 2k + 1] o

“ k [Qn +1
k=0

} (a7 9)s(d" 5 9)s = 0,

(2.4)

n

> (= 1)kg BN 29k 41 [?jﬂ (" 0@ 9)s = ¢* 20+ 1] ﬁﬂ [Z] (4 )n (g5 9)s-

k=0
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Proof. We proceed by induction on s. For s = 0, we have

kz; g *[2k + 1] [2:;1] =q "[2n+1] zn: (V_n k] - [n _2: _ 1])

k=0

=q "[2n+1] [2:] :

n n

S ¢F 2k +1] [2:3:] =2n+1]) (qk2 [nQ_nk] — gy [n _2/?_ 1])

k=0 k=0
= [2n + 1] [2”] :

n

= k 2n+1
>t ]

and

> (-1t 2k g2

- 2n
_ 1 _1\k (3K2+k)/2
2n+1] Y (-1fq o

where the equality ([2.5]) follows from the g-binomial theorem (see [1, p. 36, Theorem 3.3]):

(z39)n = i(—l)kq(g) [ﬂ o

k=0
by taking x = ¢~" and N = 2n, while the equality (2.6) is the I,m — oo case of the
g-Dixon identity:

n

Y e P 1 | B e

k=—n
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(see [§] for a short proof).
Suppose that the identities (2.1))—(2.4)) are true for s. Noticing the relation

[272—1— 1

o ]J (" @51 (" @)sa

== 2 ket .

s—n n n 2n —1 -
+¢ "1 - ¢ (1 - ¢ “)[n_k_ J (7% 0)s(d" 5 0)s,

we can easily deduce that the identities (2.1)—(2.4) hold for s + 1.

Remark 2.2. We have the following generalization of ([2.3):

3 (-1)*qG) 2k + 1] [2n +k1] (2q7"; q)s(2¢" 5 q)s

k=0 9
27?] m (z; q)s—?i;w;)qj:l (¢ 9);

n —

=2"q "[2n + 1] [ ,
which can be proved in the same way as before.
We shall prove Theorem [I.1] for m = 1 in the following more general form:

Theorem 2.3. Let n € Z* and r,s € N. Then modulo [2n + 1] [27?] ,

(2.7) zn: g~ CrHUR2k 4 1) [Q:_Jr,ﬂ (67" 9)s(d" 5 9)s =0,
k=0
(2.8) zn: g R [2k 4 1) [?jlﬂ (67" 9)s(d" 5 9)s =0,
k=0

(2.9) i(—l)kq(g)‘m[% + 12 [?jg] (7% )" 9)s =0,

k=0
(2‘10) zn:(il)kq(3k2+k)/2—27“k[2k + 1]2r+1 |:27:L_+k1:| (q—k; q)s(qu; Q)s =0.

k=0

Proof. We proceed by induction on r. Denote the left-hand side of (2.7) by A,(n,s).

(2.1)), we know that (2.7) is true for » = 0. For r > 1, suppose that
2
Ar_1(n,s) =0 mod [2n + 1] [ n]
n

holds for all non-negative integers n and s. It is easy to check that

2n +1 2n+1
[” :|[2k+1]2:q2k2n|: n

2
n—k n—k}pn—i_l}

—2n 2n—1 n—s n+s
S| 2 o 1014 01 )

2k—n—s 2n—1 __s—k _stk+1
wtiorme] 2 L palizn 1000 - L - ),
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and therefore,

Ap(n,s) = ¢ " [2n + 1A, 1 (n, 5)

(2.11) —q¢ 2020 + 11+ ¢ A+ ¢"TH A1 (n—1,5)

+q¢ " 2n]2n 4+ 1]JA,—1(n — 1,5+ 1).
By the induction hypothesis, we have

2n][2n 4+ 1]A,—1(n —1,8) = 2n][2n + 1]A,1(n — 1,5+ 1)
2n — 2]'

=0 mod [2n]]2n + 1][2n — 1][n_ 1

17

Noticing that [2n][2n+1][2n—1] [2"72] = [2n+1] [27?] [n)?, the recurrence (2.11]) immediately

n—1

implies that (2.7) holds for r. Similarly, we can prove ([2.8))—(2.10)).

3. Proof of Theorem form=1

For convenience, let

Prn, ) 1= 32 @0 g Ly 17 ﬁ?j ; ] ,
k=0
Qr(n. j) = i<—1)kq(§)“ (K28 =k 9 4 1] (K] [k + 17 ﬁ?j kl] .

k=0

Then the m = 1 case of Theorem [[.2] can be restated as follows.

Theorem 3.1. Let n € Z* and r € N. Then for j = 0,1, there hold

(3.1) P.(n,7) =0 mod [2n + 1] [2:] [n]min{2,r}7
(3.2) er(n,]) =0 mod [Qn + 1] [2::| [n]min{2,2r}.

Proof. We proceed by induction on r. For r = 0, by (2.1)—(2.4), we have
2 2
Py(n,0) :q”[2n+1][:], Py(n,1) = [2n+1][:],
2n
Q(m0)=0 (n>1) Q1) = 2+ 117 ().
For » > 1, observing that

S+ 1] [Zn—}—l] :[n][n+1][2n+1 on — 1 }

n—k n—k]_pmpn+1ﬂn—k—l

O
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we have the following recurrences:

(3.3) P.(n,7) =q "[n][n+ 1]P.—1(n,j) — ¢ "[2n][2n + 1]P—1(n — 1,7),

(3.4) Qr(n,j) = q¢ "[n]ln+1]Qr-1(n,j) — ¢ "[2n][2n + 1]Qr—1(n — 1, j)

for n > 1. From f we immediately get
Pi,0) = g > 2+ 1, Pa(,0) = "Rl + 1),
Pi(n,1) = [n][2n + 1] [2:] , Py(n,1) = q71[2] [n]2[2n +1] [2:} ,
Q1(1,0) = _q71[2] [3]7 Ql(n70) =0 (n > 2)7

2n
Q1(n,1) = —q2n + 1] [ . ] [n]*(¢; @)1
Therefore, the congruence (3.1)) is true for » = 0, 1,2, while the congruence (3.2) is true
for r = 0,1. We now assume that > 3 and (3.1)) holds for » — 1 and j = 0, 1. Namely,
. 2n| o
P._1(n,7) =0 mod [2n + 1] [n]”.
n

It follows that

2n]2n + 1P, 1(n—1,7) =0 mod [2n][2n + 1][2n — 1] F" - 2} n— 112,

n—1

Since the above modulus can be written as [2n + 1][ ] [n]?, from (3.3) we deduce that

n

Pr(n,j)=0 mod [2n+1][2”][ 2,

This completes the inductive step of (3.1)). The proof of (3.2) is exactly the same. O

4. Proofs of Theorems and for m > 2

For all non-negative integers aq,...,a;, and k, let
l

1
O(a’:l?"'?a“l? H |:al+az+1+ :|7

=1

where a;+1 = a1, and let
Sr(ny s J, )

@D (@@ (@9, Z IR =Dk 9k 4 (k)" [k + 17Cn, -, s ).
(% Dnatnm+1 =0

T’r(nlv cee 7nm;j’Q)

42 (@0 (0, 3

n (=1 g0 2k [k 17l )
»dInitnm+l 70
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It is easy to see that, for m > 3,

C(niy...,nm; k)

_ (Q; Q)nz+n3+1(Q; Q)nm+n1+1 [nl +mng+1
(@ Dy +541(G Ono—k (G Onmtng+1 L 11—k

(4.3)

:|C(Tl3, ces s k).

Applying (4.3) and the g-Chu-Vandermonde identity (see, for example, |1, p. 37, (3.3.10)])

—k
(4.4) [m ok 1} = mZ @*CT2 (4 @)y k1 (G Dk
ny —k = (4 0)s(6 @) s+2r11 (G Dy —k—s (G Dng—k—s

we may write (4.1]) as

(@5 Dnotns+1(G Oy (G D
(Q' Q)nm-i-ns-i-l

Sr(nlgt- . 7nm;]7Q) =

n1 ni—k

y Z ¢ FHR=+ DRk 4 1][k] [k + 1)7C (na, . .., nms k)
P (43 0)s(@5 @) s+2041 (@3 Dy k=5 (@5 Dnp—k—s

( )n2+n3+1(Q7 Q)nl (Q’ Nm Z 1241

(q Q)nm+n3+1 =0

Z qu=v k2+k) Dk + 1[K]" [k + 1]"C (03, . . ., nm; k)
¢ D)1-k(@ Q1k41(G Dy —1(G Dng—1

J

where | = s + k. Noticing that

Cns,...,nmik) (¢ @)npmtnz+1
(G- D1k (G Dnsr141(G D141

C(l,ns,...,nm; k),

we obtain
L n ng +nz+1
. 2 1 2 .
(4‘5) ST(nlv"'7nm;j7Q):qu +l|:l:||: nzjl :|Sr(l7n37-~7nm;]_1vQ)ang-
=0

Moreover, for m = 2, applying (4.4)) we conclude
— ni|[n
. 2 1] |12 .
(4.6) Sp(n1,n2; 4, q) = ZZ;QI ! [ l ] { l ]ST(Z;J —1,q).
Similarly, we have the following recurrence for (4.2):

ni
. ny||nz+n3+1 .
(47) Tr(nl,...,nm;j,q) = E ql2+l|:l1:| |: 2n2 —3l :|Tr(l;n3a”'7nm;j - 1’q)7 m Z 3’

. & ni] [n .
(4.8) To(n1,n2ijiq) = "+ [ ll] [ ZQ] T,(L;j — 1,q).
=0
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We now proceed by induction on m. In Section [4, we have proved that Theorem [I.2]
holds for m = 1. Suppose that Theorem is true form—1(m >2)and 0 < j <m-—1.
By the induction hypothesis and the relation [I]["!] = [n4] ["ll:ll], it is easy to check that

[il]s%a,ngw..,nngj,q>zzo mod [n] "0 o in{ ()},
|:nll:| Tr(la ng,... 7n’m;j7 Q) = 0 IIlOd [nl]min{lm} [nm]min{l,r}

for any non-negative integer [. It follows from (4.5)—(4.8) that Theorem holds for m

[e} k2 —ak

and 1 < j < m. Applying the identity [2‘] -l = [k]qq , we have

nz+-+nm_1+nine+-+nm_1nm—r

Sr(nla"'anm;07Q):ST(nb'"anm;qu_l)q )

n2+-+nm_1+nine+-+Fnm_1Nm—r

Tr(niye.oynm;0,q9) = Tr(nay ..oy m — l,q_l)q

Therefore, Theorem [I.2] also holds for m and j = 0. This completes the proof of Theo-
rem [I.2] Similarly, we can prove Theorem [I.1]for m > 2.

Remark 4.1. If we apply the following form of the ¢-Chu-Vandermonde identity

—k ke ke
[m +n2+1} :m g F =002 R (g )y k1 (G D=k
n —k = (00)s(6 @) s+ 2011 (G Dy —k—5(G Dng—k—s

then we have

n1 1
Sr(nla s 7nm;j7 Q) = Zq(ru—l)(’fm—l) |:nll:| |:n2 ;;TL_B;_ :|S7"(l’ N3y .y nm;jv Q), m > 37
=0

and so on.

5. Proof of Theorem
Let ®,,(g) be the n-th cyclotomic polynomial in ¢, i.e.,

()= [ (@—¢"),
1<k<n
ged(n,k)=1

where ( is an n-th primitive root of unity. Let |z ] denote the greatest integer not exceeding

x. We will need the following result (see, for example, [12, (10)] or [3,9]).

Proposition 5.1. The g-binomial coefficient [7,?] can be written as

| = oo

where d ranges over all positive integers such that |k/d] + |(m —k)/d| < |m/d].
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We now suppose that 7+s =1 (mod 2) and 0 < j < s. Lettingm =sandn; =--- =
ns = n in ((1.4), one sees that

no 9 11° 2
Z qj(k2+k)*(r+s)k[2k + 1t [ n+ ] =0 mod [2n + 1] [ n} .
k=0 n—Fk "

Noticing that

(5.1)  [2k+1] ﬁ?jlﬂ I (V_” k - L _2]:_ J) =0 mod [2n+1],

we immediately get
2
(]

- j(k2+k)—rk2k+1r<[2"]—[ 2n ->Szo d :
kzzoq [ Y Rl PR O ged (B 20+ 1Y)

But, by Proposition [5.1f we have

(5.2) ged <[2Tﬂ 2+ 1]) = 1.

This completes the proof of (1.7). Similarly, we can prove (1.8).

Remark 5.2. In general, for any positive integer n, we cannot expect gcd((?) ,2n+1) = 1.
This means that sometimes the g-analogue of a mathematical problem will be easier than

the original one, although in most cases the former will be much more difficult.

6. Proof of Theorem

We first give the following result, which is a generalization of ([5.2)).

Lemma 6.1. For all m,n € Z*, there holds

(6.1) ged ([m E”:l]]!!%]!![n]!, 2m + 1]) = 1.

Proof. Tt is well known that

and so

Therefore,

max{2m,2n}

— H B () 2m/ A+ 2n/d] = L(metn) d) —\m/d)—n/d]
d=1

[2m]![2n]!
[m + n]!m]![n]!
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For any irreducible factor ®4(q) of [2m + 1], we have 2m + 1 =0 (mod d). It follows
that d is odd and m = (d—1)/2 (mod d). Suppose that n = a (mod d) with 0 < a < d—1.
We consider the following two cases. If a < (d — 1)/2, then

) -

(6.2) _2m—d+1+2n—2a m+n—(d-1)/2-a m-(d-1)/2 n-a

d d d d - d

=0.
If a > (d+ 1)/2, then the left-hand side of (6.2)) is equal to

2m—d+1+2n—2a+d_m+n—|—(d+1)/2—a_m—(d—l)/2 n—a
d d d d d

This means that ®4(¢) is not a factor of %, and so the formula (6.1)) holds. [

It is clear that Theorem [[.1] can be restated as follows.

Theorem 6.2. Let ny,...,n, € ZT and j,r € N with j < m. Then the expressions

o , !
[nl]' H [m + niy1 + 1} Zq J(k2+k)—(2r+1)k [2/{ 4 1 2 +1 H |:27'LZ + 1:|

. | _
Pl [2n; + 1]! — n; — k
m ni
! -1 J(k*+k)=2rk o 27»+1
et S e e F [

i=1 k=0 =1
where ny,+1 = —1, are Laurent polynomials in q with integer coefficients.
Proof of Theorem 1.4l Letting ny = -+ = ngs = m and ngy1 = -+ = ngyy = n in Theo-

rem we obtain

m s :
[m 4 n + 1] Z qj(k2+k)—(r+s+t)k[2k st 2m+1|7[2n+1
m—k n—k
(6.3) k=0
[2m + 1)![2n + 1]!
=0 mod .
[m + n]![m]![n]!
By (5.1) and the definition of g-ballot numbers Amk(q), we deduce from (6.3]) that

m—i—n+ Zq *+k)—rk 2k+ 1]TAm k( ) An,k(Q)t

[2m]![2n]!
[mAn]!m]![n]!

ng(M [2m+1]s—1[2n+1]t—1)'

mAn]![m]![n]!

=0 mod

By Lemma [6.1} we have

c [2m]![2n]! m s=1r9, t=1) _
gd([m—l—n]![m]![n]!’p + 157 2n + 1] > 1.

This completes the proof. O
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Letting m = n + 1 or m = 2n in Theorem [1.4] we get the following result, which in

the ¢ = 1 case confirms a conjecture of Guo and Zeng |11, Conjecture 6.10]. Note that

1
[n+1]

[27?] is the famous g-Catalan number (see [4]).

Corollary 6.3. Let n,s,t € Z* and j,r € N withr +s+t =1 (mod 2) and j < s+ t.
Then

1 2n
Z”« 2k + 1" Aps12(0)* Ani(@) =0 mod [ }
1 4n
Z 7%[2k + 1) A2p 1(¢)* Ank(¢)' =0 mod ——— [ ] ,
k=0

where 7, = ¢/ FHR=TF o 7 = (*qu(g)"‘j(kQ‘i‘k)—(r—l)k,

7. Some consequences and conjectures

In this section, we will give some consequences of Theorem [I.I, Most of these results

are g-analogues of the corresponding results listed in [11, Section 6]. Note that there are

.. . (2 —
exactly similar consequences of T heorem For convenience, we let g, = ¢7(F" k)= (2r+1k

k .
or g = (—1)kq(2>+3(k2+k)_2rk throughout this section.
Letting no;_1 = m and ng; = n for i = 1,...,a in Theorem and observing the

symmetry of m and n, we obtain

Corollary 7.1. Let a,m,n € Z* and j,r € N with j < 2a. Then

m 1a 1a
ng[2k+1]2r+1[m+”+ ] [m+n+ ] =0 mod[m+n+1][m+n].
— m—k n—=k m

Letting n3;—o =1, ng;—1 = m and ng; =n for i = 1,...,a in Theorem we get

Corollary 7.2. Let a,l,m,n € Z" and j,r € N with j < 3a. Then

- l 11 11 I+1]°
ka[Qk-Fl]QTH tmt men R R mod[m+n+1]m+n.
— -k m—k n—k m

Taking m = 2a + b and letting n;, = nif i =1,3,...,2a — 1 and n;, = n — 1 otherwise
in Theorem we get

Corollary 7.3. Let a,n € Z* and b,j,r € N with j < 2a +b. Then

n—1 a a b
2n 2n 2n —1 2n
[2k + 121 = d .
kz(:)Ek +1] [n—k‘] [n—k—l] [n—k—l] 0 mo [n][n]
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By Theorem it is easily seen that, for all a,...,a,, € ZT,

(7.1) [nq]! H Ins + nZH + 1t Zek 2k + 1)+ H [2% + 1] (Mmg1 = —1)
=1

[2n; + n; —k

is a Laurent polynomial in ¢ with integer coefficients. For m = 3, letting (n1,ng,ns3) be
(n,n+2,n+ 1), (n,3n,2n), (2n,n,3n), (2n,n,4n), or (3n,2n,4n), we immediately get

the following three conclusions.

Corollary 7.4. Let a,b,c,n € Z* and j,r € N with j < a+b+c. Then

" om+11°T 2n+3 1°7 2n+5 ¢ om+1
7.2 2k + 1]%+1 =0 d[2n+5 )
(7.2) kzzoek[ +1] n—=k n—k+1| In—k+2 mod [2n + 5] n

Corollary 7.5. Let a,b,c,n € ZT and j,r € N with j <a+b+c. Then

n 11%T4n +11°%[2n + 11¢ 1
ng[gkﬂ]w{“* ] [”* ] ["* } ~0 mod [2n+1][6”+ ]

3n—k 2n — k n—=k n
" 6n +11%T4n + 11°[2n + 11° 6n + 1
2k + 1]7+1 = d[2n+1 )
Zek[ +1] {Bnk] [an] [nkz} 0 mod [2n+ ][ 3n ]

Corollary 7.6. Let a,b,c,n € Z* and j,r € N with j < a+b+c. Then

- 8n+1]%[4n +1]1°[2n + 17°
1 2%k 12r+1
[3n + ]kzoek[ +1] [4n—k‘] [Qn—k} [n—k]

1
=0 mod [2n+ 1]|[4n + 1] {8713—# } ,
n

" 8n+11%76n +11°[4n + 1€ 8n+1
2k + 1]%+1 =0 ddn+1 )
kgogk[ +1] [471,—14 [Sn— k] [2n—k] mod [4n + ][ 3n ]

We have the following conjectural generalization of Corollaries and

Conjecture 7.7. Let n,r,s,t € ZT withr +s+t=1 (mod 2) and j € N. Then

[4n + 1] kZZ:OﬁkAgn,k(Q)rAmk(Q)SAn,k(Q)t =0 mod [GnlJrl] [671; 1] ,
[4n-+ 1] kznonkAgn,uq)*Azn,k<q>SAn,k<q>t =0 mod T
[8n + 1] kZi:O771<:A4n,k(Q)TAQn,k(q)sAn,k(Q)t =0 mod [87132 1] ,

[6r + 1][8n + 1] Zn: 1k Aan k(@) Azn k(0)° A2n k(@) =0 mod [8n3: 1] :

k=0

where g = @00 or = (—1)kq("3)HER),
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For general m > 2, in ([7.1)) taking (ni,...,nmy) to be

(nyn+2,....n+m—-1n+m—-2n+m—4,...,n+1) if misodd,
m+1,n+3,....,n+m—1n+m-—2n+m—4,...,n) if mis even,

we are led to the following generalization of ([7.2)).

Corollary 7.8. Letm > 2, and let n,a1,...,a, € ZT and j,r € N with j < a1+ -+ am.
Then

2n+2i -1 2n+1
12+ _
E ek[2k + 1] Z|| [n+z— _1] =0 mod [2n+2m 1][ " ]

We have the following challenging conjecture related to Corollary

Conjecture 7.9. Let n,ry,...,rm € ZT withry + -+ 1, =1 (mod 2) and j € N, there

holds
1 2n
Anl _0 d )
E nkH +i-1,6(q mo [n+1][n}

(_1)kq(k§1)+j(k2+k)‘

where Ny, = qj(k2+k) or N =

Note that, form =1 and 0 < j < r1, Conjecture[7.9]is true by Theorem[I.3] For m = 2
and 0 < j < ry + ry, Conjecture is also true by the first congruence in Corollary [6.3]
Note that the ¢ = 1 case of Conjecture has been checked by Guo and Zeng |11] for
n=2,orm<6andn=4,9,10,11,3280, 7651, 7652.

We end the paper with the following conjecture.

Conjecture 7.10. Theorems [L.1] and [1.2] hold for all j € N.
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