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Inverses and Determinants of Toeplitz-Hessenberg Matrices

Roksana Stowik

Abstract. The inverses of Toeplitz-Hessenberg matrices are investigated. It is known
that each inverse of such a matrix is a sum of a lower triangular matrix L and a matrix
R of rank 1. The formulas of L and z, y such that xy” = R are derived. Using this
result we propose an algorithm for inverting Toeplitz-Hessenberg matrices. Moreover,

from the expression of the inverse a formula for the determinant is deduced.

1. Introduction

The Hessenberg (or lower Hessenberg) matrices are the matrices H = [hyj] satisfying
condition h;; = 0 for j —i > 1. More general, the matrix is said to be k-Hessenberg if and
only if H;; =0 for j —i > k.

Asplund [3] was probably the first who discovered that a nonsingular matrix is strictly
1-Hessenberg if and only if its inverse is a sum of a matrix of rank one and a lower
triangular matrix with zeros in the main diagonal. Analogous theorem is true for k-
Hessenberg matrices. It is interesting that even more can be said: the right upper block
of the inverse of k-Hessenberg matrix can be written as a product of n x k and k x n
matrices [10]. Moreover, it turned out that also inverses of N x N Hessenberg matrices
(on the condition they exist) can also be written as such sums [2]. This property of
inverses was discussed most intensively for the tridiagonal matrices [4-6]. Clearly, such
representation of inverses can result in proposing algorithms for finding its entries |12].

In this paper we would like to continue the discussion on this subject and assuming
that H—' = L — %xyT (where L is lower triangular and z, y are vectors) present the
formulas for L, x and y. Clearly, when the entries of H are arbitrarily chosen it is very

complicated. Therefore, we limit ourselves to the class of Toeplitz-Hessenberg matrices,
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i.e., matrices of the form

ag a_1
aj a a_q
as ai ag a—1
(1.1) H=H,=
Ap—2 Ap—3 oo apg a-—1
Ap—1 QAp—2 «ooooo... aq aq nxn

We will assume that H is strictly Hessenberg, i.e., a_y # 0. The first result we are

going to prove in this paper is the following.

Theorem 1.1. Let H be an invertible matriz of form (L.1)), where a_y # 0. Then H is

invertible if and only if

n—1 i—1
Y = 0p—2 — Qn-1 — g Apn—i—1 g ajflbzfjfl #0
=2 j=1

and in this case

T
= |~ — ~THYH
A 0 v
where
- b llZ, 1 k—1
Ay =1{" fizJ with by =1, by = ——— 3 agby_p1 for k> 1,
0 otherwise, a—1 .75
1 ifi=1,
i—1
TH); = l
( )Z — Z aj_lbi_j_l if 1 <i<n,
j=1
n—1
— Zan_j_lbj_l if 1<i<n,
(Yr)i = (TH)n41-i = j=i

1 if i = n.

Based on this theorem we propose an algorithm for inverting Toeplitz-Hessenberg
matrices. Moreover, we will present one more conclusion following from Theorem It
is natural that in some formulas and algorithms for finding inverses one may sometimes
use submatrices and subminors. For instance in [1},7] there are formulas for the entries of
H~! that involve the minors of H. In Section |3| we will present some other formula for
the inverse of a Toeplitz-Hessenberg matrix and comparing it with Theorem we will

obtain some formula for det(H,,).
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2. Inverses

Before we start, let’s introduce some notation. By H, or H we will mean a matrix of form
(L.1). The symbol My« (F) will stand for the set of n x m matrices over a (commutative)
field F', and we will abbreviate M« (F) to M, (F). I, will denote the n x n identity
matrix, whereas 0, %, the n X m zero matrix. Moreover, let Ej,,, be a matrix with 1 in
the position (k,m) and 0 in every other position (in the case of using this symbol the
dimension of Ej,, will follow from the context). We will also abbreviate (zg); ((ym)
respectively) to zp ;.

To prove Theorem we are going to use the result from [11] where more precise

expressions for L, x and y are presented. Namely, we need the following theorem.

Theorem 2.1. [11, Theorem 3.1] Let H be a strict k-Hessenberg matriz with the block

decomposition

B A
H = b ool A€ My 1 (F), Be Mpu_iyxi(F), C € Myyni)(F), D € Mp(F).

Then H is invertible if and only if CA™'B — D is invertible and if H is invertible we have

I O I B B 1
(2.1) e N e I —cat gl

For k =1 the blocks A, B, C, D are

a_q
agn a_—1
al a a_—1
p—4 A4p-5 -+ 49 G-1
an-3 Ap—4 -+ a1 ag a1 (n—1)x(n—1)

B = B, = [apa; ... an_g}T, C=0Cy=lap—2an_3...a0], D= D,=[an_1].

Note that (BT); = C,,_;_1. This fact is going to be useful later on. Formula (2.1 can
be simplified to

oo | YL [CA*l 1}
B A—l 0 CA_lB—D *A_lB o

0 0 1 —CA ! 1

A—l 0 CA_lB—D _A—lBCA—l _A—lB
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First let’s focus on determining A~'. For any 1 < k <n — 1, let CT(L@I(A) denote the
matrix I,_1 + Z?;kl 1 Gizk=1 .. Additionally, let C?S,Ozl(A) denote I,,_1. We can observe

a_1

the following.
Remark 2.2. Let A be given as in (2.2). Then A =a_; HZ;% Cék_)l(A).

The decomposition from Remark [2.2] can be used to find the inverse of A. First we

find the inverses of Cr(f_)l(A). Namely, one can check that they are given in

Remark 2.3. Let n,k € N, n >3, a € F'\ {0}, and let A be given as in (2.2). Then

n—1
CH (A =Tt — Y a1 Ea.
r=k+1

From Remarks and we get now the form of A~1.

Lemma 2.4. Let A be given as in (2.2) with n > 3. Then

1 n—2n—1—k
(2.3) A= — Z Z b Er ik
a-1 k=0 r=1
where by = 1 and by, = —i Zf;é arbg_p_1 for k> 1.

Proof. Since A is a triangular Toeplitz matrix, so is A~!. We prove (2.3) inductively on

n. We have

1 1 1
0 1 N N
0 -2 1| |2 0 1 by by 1
with 9
by = —aa—i, by = <aaol> - % = —j(aolh + aibo).

The first step of induction holds.

Consider now n > 4. We have

1 1 1

o 1 — | b | 1

0 b 1 — 1 =| b | b 1 :

0[bysg - b 1|]| 9= 1 buz | bu—g -+ by 1
S e~ O
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As it was mentioned before, from Theorem it follows from the fact that H~! can
be represented as L — %myT. Clearly, by Theorem in our case z, y are of the forms:

1
o= yn = [~cat 1.

Thus, we can give the following proof.

Proof of Theorem [L.1] Let 2 <i <n. Then

i—1 i—1
TH; = (—AilB)i_l = — Z(Ail)i_l’j . Bj = — Zbi_l_jaj—l.
P j=1

To find (CA™1); for 1 <i < n — 1 we can either perform the same calculations for A~1B

or make use of the following two facts:
(1) B;T - Cn-i—l—’ia

(2) the i-th entry of the k-th column of A~! is equal to the (n — 1 — i)-th entry of
(n — 1 —i)-th row of A~%.

From the first of these two ways we get the formula for y; that appears in Theorem [I.1
From the second one we obtain the equality y; = zy411-4.
We finish the proof by determining CA~!'B — D:

CA'B-D=) Ci(A"'B); - D

i=2
n—1 i—1
= Qp—2 — Z p—i—1 - Z aj_1bi—j_1 — Qp—1. O
i=1 j=1
From Theorem we derive the following algorithm for calculating H 1.
Algorithm 2.5. (1) let H = [0],xn; b = b + arbr_r_1,
by = — by,
(2) forsz,?;,...,nputH]’{k:ﬁ; F a1k
forr=0,1,....k—1
(3) putbo =1, Hyryo i = breas
fork=1,2,...,n—2 4) z1 =1
b =0, fori=2,3,...,n—1

forr=0,1,...,k—1 x; =0,
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fOTj:1)2)°"7i_]- Y =0ap—2 — an-1 — 7,

T; = x; —aj_1bi_j_1,
(6) fori=1,2,...,n

(5) v=0,
fori=2,3,...,n—1 forj=1,2,....n
V= i1 T Hz(j = Hz{j - %xi$n+1—j.

3. Determinants of Toeplitz-Hessenberg matrices

It is known that the determinant of H,, can be evaluated using the Trudi formula (see [8,9]).

Namely,

ki+ko+---+k e
(3‘1) det H, — Z ( 1 . k2 . n> (_ail)n k1 knalg1a’1€2 .. afL"_I_
ey 2K+t k=1 1, 2, s vm

In the present section we will obtain some other formula for det(H,). As it contains
some multiple sums, in comparison to it may seem more complicated. However, its
advantage is that it does not involve the partitions of n. Let’s copy from [1] a formula for
the entries of (H~1);; that the authors have concluded from the Cayley formula and the

Sylvester theorem on determinants:

i—j—1 det H1,2,...,j71 - det HHI’HQ"“’"
SIN (i . ' ) 1,2,...,5—1 i+1,44+2,...n
(3.2) (H )l] - ( 1) ( ]}_J(:) hz—k‘,z—k-ﬁ-l) det H ’

where Hl]j 1j::'l’Zm denotes the submatrix of H consisting of the entries standing in the
intersections of the rows k1,...,k; and columns lq,...,[,,.

Using (3.2)) we will prove the following theorem.
Theorem 3.1. Let H, be defined as in (1.1) with a_y # 0. Then

-1

2
n—2 i b .
(Zj:l aj—1 n—]—2)
Gp—2 — Apn—-1 — ZZ’ZQ Qp—i—1 Ej:l aj—-10—5-1

det(Hn) = (_ail)n—l : bnfl -

Proof. Since we are dealing with Toeplitz-Hessenberg matrices, the submatrices of H,
consisting of some k consecutive rows and columns are simply the matrices Hy. More-
over, since all the entries h;_j ;41 lie in the first superdiagonal, in this case we have
hi—ki—k+1 = a—1 for all 4, k. Thus can be transformed into

(—1)"a" det(H; 1) det(H, ;)

(3.3) (H,)ij = det(H,)
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_ (7a_1)n—1

H- D Now it is a natural

Substituting ¢ = n, j = 1 we obtain the equality: det(H,,)
idea to use Theorem [L.Tl This leads to

det(H,) = (—a-)"! _ (—a_y)"* _ (—a_1

(Hﬁl)nl bp—2 — %xnyl bp—o — %

2
n—2 i b .
(Zj:l aj—1 n—]—2)
Gp—2 — An—-1 — EZ’ZQ Qp—i—1 Ejzl Aj—-10—j5-1

)n—l

-1

=(—a_1)""'{bpo—

Obviously, (3.3]) used for various 4, j can lead to some combinatorial identities. One

example is presented below.

Corollary 3.2. If ag,aq,...,a,—1 are arbitrary numbers, then

kil + 4 kn n—ki—-—kn k1 ko kn
(—].) Ay " - Ap_q
. k]_7 ey k;n
k1+2ko+-+nknp=n

-1

(Z?j ajflbnfjfZ)Q

= (ma-)"" - {boa - n—1 i—1
U2 = Qn1 = D ;g Gn—i—1 (ijl aj—lbi—j—l)
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