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Carleson Measures and Trace Theorem for S-harmonic Functions
Heping Liu, Haibo Yang and Qixiang Yang*

Abstract. General harmonic extension has no uniqueness and harmonic functions may
have different non-tangential boundary values in different convergence sense. In this
paper, we establish first S-harmonic functions in ultra-distribution frame. Further,
we consider the characterization between Carleson measure space and boundary dis-
tribution space. For S-harmonic functions with boundary distributions, there exists
no maximum value principle. We apply Meyer wavelets to introduce basic harmonic
functions and basic observers. We apply Meyer wavelets and vaguelette knowledge to
prove the uniqueness of S-harmonic extension and prove also that S-harmonic function

converges to boundary distribution in the relative norm sense.

1. Introduction

A classic harmonic function in Riﬂ is a function satisfying the following equation:

(1.1) G+ Y 0| fte)y=0 Ry
i=1,....n

In this paper, we extend the classic harmonic functions to S-harmonic flow functions
with boundary distributions. Denote (—A)? the S-order Laplace operator defined by the
Fourier transform:

(CA)YPu(€) = [¢2Pa(6) in R

B-harmonic function in RT‘I is defined as the flow distribution in R™ of parameter t. The
exact sense of the following equation (1.2)) will be discussed in Section

Definition 1.1. Given 5 > 0. A function f(¢,z) on ]R?fl is called to be a B-harmonic

function, if

(1.2) O2f(t,x) — (=A)Pf(t,z) =0 in R
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The study of S-harmonic functions plays an important role in the PDE problem. For

example, the following generalized Navier-Stokes equations:
O+ (—AYu+u-Vu—Vp=0 in len,
(1.3) V-u=0 in RLF™,
ult=0 = uo in R"™.

Picard’s iterative process is to find out a mild solution near the 28-harmonic function

w0 = e*t(*A)EUO where ug is a distribution. Denote

B(u,u)(t,z) = /0 et=9)A {Z D, (ugu) — ZZ(—A)lﬁxl&cl,V(uluy)} ds.
l l 14

For all 7 =0,1,2,..., denote
wItD (¢, 2) = uO(t,2) — B9, uW)(t, z).

For small initial value ug, B(u'?),u())(t, z) is an error term. Picard’s contraction principle
tells that u(?) converges to a unique solution of the above Navier-Stokes equations .
See Cannone [2| and Koch-Tataru [8] for § = 2; see Li-Yang [10,/11] and Lin-Yang [14] for
B > 1. Hence, it is helpful for the non-linear problem to understand better the properties
of B-harmonic functions generated from distributions.

B-harmonic function f(¢,x) satisfying is just a ultra-distribution. In this paper,
we study the relation between distributions f(z) on R™ and the S-harmonic functions

f(t,z) on Rﬁ“. That is to say, we consider the following Cauchy problem of the equa-
tion (|[1.2)):

O2f(tx) — (~AY f(t,2) =0 in RH,

f(0,2) = f(z) in R™.

But we know, even for 5 = 1, the above problem is an ill-posed problem. A distribution

f(x) on R™ can be extend to different S-harmonic functions f(t,z) on R%™!. Further,

a (-harmonic function may have different non-tangential boundary value for different

(1.4)

convergence sense. In Section [2] we establish S-harmonic functions in ultra-distribution
frame. We provide a strict sense of boundary distribution and S-harmonic function. See
Theorems 2.8 and .10l

Let C, = I'((n+1)/2)/7("+1)/2 and let

Cn
P =
@ TRy
(T Cht
P(x)=t"P (;) = (2 + ‘x’2)(n+1)/27

~

Py(¢) = e "4l
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The Poisson integral of f is defined by

ft,z) = Pf(zx) = - Pi(x —y)f(y) dy.

For f(x) satisfies the following condition

[ e

nl+ |$|n+1

its Poisson integration P; f(z) corresponding to a classic harmonic function. For § =1 and
f(t, x) satisfies the maximum value principle, the harmonic extension f(t,z) of function
f(x) becomes Poisson extension. Triebel [19] considered the Poisson characterization of
Besov spaces where Poisson extension has uniqueness. Alvarez-Guzmaéan-Partida-Pérez-
Esteva |1] extend harmonic extension to distributions.

If we replace harmonic extension to Poisson type extension, the equation becomes
the following equation . For 8 > 0, we consider the Cauchy problem of the following

heat equations:

{0y + (—A)ﬁ/Q}u(t,:r:) =0 in Riﬂ,

(1.5)
u(0,2) = f(x) in R™.

Poisson type extension is unique. See Proposition [2.5] Harmonic extension has no
uniqueness. See Theorem Harmonic functions have different non-tangential boundary
values in different convergence sense. See Proposition [2.9

But in Section [3] we consider a one-to-one relation between Carleson measure and
the g-mean oscillation functions. S-harmonic functions with boundary distributions have
no maximum value principle. We apply Meyer wavelets to establish theorem about the
uniqueness of the generalized S-harmonic functions extension and to established that the
B-harmonic function converges to boundary distribution in the relative norm sense. See
Theorems [3.6] and [3.7 From Sections [4] to [7, we present some results on Meyer wavelets,
vaguelets and Poisson type extension. In last section, we apply these results to prove these
two theorems.

In fact, in Section [ we present some preliminaries on Meyer wavelets and wavelet
characterization of g-mean oscillation space M“9. Meyer introduced the conception of
vaguelettes in [15]. In Section [5| we use Meyer wavelets to study two kinds of vaguelettes
relative to S-harmonic functions. By applying Meyer wavelets, the Poisson type extension
is changed to the sum of basic S-harmonic functions. The computation about boundary
distribution is changed to the inner product of S-harmonic function and the basic ob-
servers. The basic S-harmonic functions and the basic observers are all vagulettes on the
parameter t. The derivative of basic S-harmonic functions and the integration of basic

observers are all located at t27°.
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In Sections [6] and [7}, we apply vaguelette knowledge to prove the properties of Poisson
type extension of g-mean oscillation spaces and boundary distribution of Carleson mea-
sures. In Section [§] we prove Theorems [3.6] and [3.7| which are independent to Poisson type
extension.

Some notations:
e U <V represents that there is a constant C' > 0 such that U < CV.

e For convenience, the positive constants C may change from one line to another and

usually depend on the dimension n, «, 8 and other fixed parameters.

e The Schwartz class of rapidly decreasing functions and its dual will be denoted by
S(R™) and S'(R™), respectively. Let

So(R™) = {f c S(R”),/:ﬂf(:n) dz =0, e N”}

and denote its dual by S)(R™).

e Denote f(z) € Seip(R™), if f(x) € S(R™) and there exists 0 < C; < Cy such that
Supp f(€) C {¢€ € R".C1 < [¢] < Ca).
e For >0 and ¢t > 0, denote SZ;’O(R”) = e*t(*A)ﬁ/QSO(R”) and
She(R") = (Sho(R™))"

]?denotes the Fourier transform of f.

2. p-harmonic functions in ultra-distribution frame

The meaning of the Cauchy problem of the equation ([1.2)) is not clear. We will give a
clear meaning of the Cauchy problem ([1.4]) in this section. First, we present two kinds of
harmonic flows relative to harmonic extension. Then we consider harmonic extension. In

the end of this section, we consider the meaning of boundary value.

2.1. Poisson type flow

Poisson integrals are applied to characterize a series of function spaces. See [4,/17,/19].
Denote LIIOC(R”) the locally integrable function spaces on R™. When one studies the
harmonic function spaces with Poisson kernel, one assumes often the local integrability

condition
f E LIIOC(Rn)'
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See Essen-Janson-Peng-Xiao [4], Fabes-Neri [6] and Wu-Xie [21]. Local integrable property

may cause the incompleteness of function space. In fact, V1/2 < p < 1, Hardy spaces

HP(R") are completed quasi-norm spaces, but HP(R) N L (R) are not completed spaces.

Example 2.1. Let ¢ € S(R) and [ p(z) dz = 1. We have

% {¢ (5)-¢ (”““ - 1)} € HP(R) N L. (R).

The limitation of the above Cauchy sequence is not a locally integrable function. In fact,

;g%i{wf) —¢(x;1>} — 5(@) = 3w — 1) ¢ Lhe(R).
{;_xil}'

[6(z) = 0(z — 1)[|pr) = 0.
1fr 1
Tl x-—1

0 < [|6(x) —d(x —1)||gr < 0.

Further,
H{o(x) —0(x—1)} =

1
us

For 1/2 < p < 1, we have

< 00.

Lp

Hence for 1/2 < p < 1,

To avoid the local integrability condition, Stein-Weiss [18] used the Poisson semi-

group operators and bounded distributions to consider harmonic functions in Hardy spaces
HP(R™)

(2.1) Pf(€) =: el f(e).

If f(z) is a bounded distribution in &'(R™), then P, f is a distribution in &'(R™) and one
can define the non-tangential maximum function.

But e /¢l is not smooth at zero. The above equation can not extend a distribution
f(z) in §'(R™) to the Poisson flow f(¢,z) in &’'(R™). In fact, we have

Example 2.2. Let f(z) = 22 € §'(R). Then Vt > 0, we have
(i) Pif(x) can not be defined as a distribution in &’(R).

(ii) P;f(x) is the zero element in S{(R).
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In fact, we know f(x) = 22 € S'(R). Note that,

y?  (z—y)? T —y 9 1

Pile—p? Cr@-—9? Bra-p? 2ty
For all g(z) € S(R), formally,

2
/Bf(x)g(w) dx = /yQPtg(y) dy —/ méi_wg(w) dzdy

:/g(x)dx/%dy—Q/wg(:r)dm/Wdy

—I-/:UQg(x)dx/Wdy.

(i) If we take g(z) € S(R) such that [g(z)dx =1 and [xg(z)dz = [2%g(x)dz = 0.
By a direct calculation, for all ¢ > 0,

ty2
P S A VS
[ @t e = [ty = o
For all t > 0, we know P, f(x) ¢ S’(R).
(ii) If g(x) € So(R), then [g(z)dx = [zg(x)dz = [ 2?g(x) dz = 0. Hence V¢ > 0,
[ Ps@gards = o
That is to say, V¢ > 0, P, f(x) is the zero element in S|(R).

We clarify first the sense of Poisson type semigroup operator. Denote Ptﬁ a Poisson

type semigroup operator defined as follows:

(2:2) flt,@) = P f(a) = e 'O fa) = (2m) / e 7 F(e)er™t de.

For 8 € 2N, we have

Theorem 2.3. (i) V f(z) € S'(R") and V't > 0, we have P f(z) € S'(R™).
(i) ¥ f(z) € S4(R™) and ¥t > 0, we have P f(z) € Sh(R™).

(i) Further, f(x) € S'(R™), Vt > 0, z € R", Vy1 € N, 79 € N", there exists a positive

real number CJ)" such that
(2.3) |02 f(t, )] < CPy™.

Proof. (i) For 8 € 2N and g € S(R"), we know et€I°G(¢) € S(R™). For all f(z) € S'(R™)
and any parameter ¢,
(Pl f(@),9(2))] < Ci.
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Hence we have P f(z) € 8'(R™).
(ii) is similar obtained as (i).
(iii) V¢ > 0, z € R", Vv € N, 79 € N, we have

oo (t.) = (2m) " [ €9 (g ey Fleetde.

Further, for f € 8'(R™), there exists N, M € N and v € N”, there exist ayn and fy(§) €
L*>°(R™) such that

F& =0+1EPY Y ayndl £1(6)

[vI<M

Hence there exist polynomial functions a, y(t,z) and P, y(§) such that

NP fta) = 3 / T N (8 @) Pyn (€) F (§) ™ d.

Iv|<M

So we get the estimate ([2.3]). O

For § > 0 and § ¢ 2N, the equation (2.2)) can not extend a distribution in &'(R"™) to
a distribution in §'(R™). But we have

Theorem 2.4. Given f(z) € S'(R") or f(x) € S4(R™). For all t > 0, we have P/ f(z) €
SHR™).

Proof. Since S'(R™) C S{(R™), it is sufficient to consider the case where f(z) € Sy(R™).
For 8> 0, g € So(R™), we know e H€I°5(€) € Sy(R™). That is to say, ¥ f(z) € Sy (R™) and

for any parameter ¢,

(PP f(z), g(a))] = [(f(x), P g(x))| < Ci.
Hence we have P f(z) € SH(R™). O
For 8 > 0, we know

Proposition 2.5. For f(x) € SH(R"™), Ptﬂf(m) is the unique solution of (1.5)) and it is a

B-harmonic function.
Proof. Applying Fourier transform to the first equation of ((1.5]),
(0 + [€]7)u(t, €) = 0.

We get formally the equation (2.2)). Hence Ptﬁ f(x) is the unique solution of the equa-
tion ((1.5]). O
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2.2. Ultra-distribution flow Htﬂ and Harmonic extension

For g > 0, denote Htﬁ the operator defined as follows:
—_A)8/ —-n B 1T
HY §() = " (@) = 2m) ™ [ 9" Fepetde.

H{? can map good function to good function. It is easy to see
Theorem 2.6. For all B> 0,t >0 and f € Sstrip(R™), we have Hff(:n) € Sqtrip(R™).
But Hf maps only distribution to ultra-distribution:
Theorem 2.7. For >0,V f(z) € S(R™) and Vt > 0, we have
HY f(x) € S5,(R™).

Now we consider the harmonic extension. The Cauchy problem of the equation (|1.4)
is an ill-posed problem. For all C7 € C and Cy = 1 — C;, denote

PP f(2) = CLH] (@) + CoFY f(2).
For all C € C, Pf’clf(:c) is a f-harmonic function with initial value f(z).
Theorem 2.8. For f(x) € S)(R™), we have
(i) The distribution f(t,x) = PP f(z) € Sp4(R™), Vit > 0.
(ii) For all Cy € C, Pf’clf(a:) satisfies the equation (1.4).
(iii) All the B-harmonic extension functions must be the form PtB’le(w).

Proof. The conclusion of f(t,z) = Ptﬁ Cp(z) € Sj+(R™) is the direct corollary of the
theorems at the begin of this subsection.

Further, applying Fourier transform to the equation (|1.2]), we have
OFF(t.€) — €7 f(t,€) = 0.
The formal solution of the above equation is

Fit.) = {Cre” + coe=t7 fe),
where C',Cs € C.

Considering the initial value condition, we must take Co = 1 — Cy. Then the function
flt,x) = Ptﬂ’clf(:):) satisfies the equation ((1.4)). O

We can not use maximum value principle to get the uniqueness of the S-harmonic
extension for B-harmonic function with boundary distribution. We will present how to

use Meyer wavelets to get the uniqueness of the S-harmonic extension after Section
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2.3. Integral boundary value

For harmonic function, different convergence sense may produce different non-tangential
boundary value. In fact, Stein-Weiss [18] considered Hardy spaces HP. We know that
Pi(z) — P(z — 1) € HP(R%), V1/2 < p < 1. We consider the almost everywhere conver-
gence, LP norm convergence, HP norm convergence and convergence in distribution sense

of this flow function. We have
Proposition 2.9. (i) limy_o{P,(z) — P(z — 1)} =0, V& #£ 0, 1.

(i) limy_ | Pi(2) — Pi(z — 1)[| oy = 0, VO < p < 1.

(ili) lim¢so(Fi(z) — Pi(z — 1), ¢(2)) = ¢(0) — (1), Vé(x) € S(R).

(iv) limg | Pi(2) — Pi(w — 1) = {8(x) = 8(x — 1)} oy = 0, ¥1/2 < p < 1.

Proof. The proof of (i), (ii) and (iii) is direct. To prove (iv), we use the following charac-
terization of HP(R) (0 < p < 1):

fe H(R) <= feLP(R)and Hf € LP(R).
It is easy to see that the following equation is true:
(2.4) lim || F(2) = Py(w —1) = {0(2) = 0(z = D}l[r@ =0, ¥O<p<L

Further

1 x r—1
H{Pt(-f)—Pt(x_l)}:ﬂ.{xQ_i_t? o (x—1)2—|—t2}

and

Ao - 8- 0y =2 {3 - 4 |

Tl x-—1

Hence V1/2 < p < 1, we have

25) ggn% [H{R) - Bla — 1)} - H{() - 8z ~ )} m) = 0.
By (2.4) and (2.5)), we get the conclusion of (iv). O

The classic harmonic functions may have different non-tangential boundary distribu-
tion in different convergence sense. Hence we introduce integral boundary value
of the S-harmonic functions. See also [7,24]. Let ¢ € S(R™) be a radial real valued

function such that

yg|<2} and / ¢>t1/ﬁ -4 ;Ao

l\.'J\r—l

Suppa C {
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N TRV Y
o={ [Tt s

Write ¢y(z) = t~/Bp(t=/Pz) with ¢(€) = ¢(t1/P¢). For a B-harmonic function f(t, z),

its boundary distribution is denoted as follows

Denote

dt
bya) = [ Ftg)ante — ) Gy
R1+1 t
The following boundary distribution theorem shows that the integral boundary value by (x)

plays the same role as the classic trace:

Theorem 2.10. For 3-harmonic function f(t,x), if the boundary distribution by belong
to S'(R™), then the boundary distribution of S-harmonic function Pt’Bbf(a:) is still by.

Proof. By Fourier transformation, we have

/ (t1/8)e—t &t / Byt ge) & dt
If g € S (R"™), then
3 dt
(2.6) g(x) = Py g(y)ée(x —y) —dy.
R1+1 t
Further,
dt dt
[ Byt = o) Fug(o) ) = by, [ Plota— ) Gy ).
ry ! ryH t
Applying the equation (2.6)), we get the conclusion. ]

3. Carleson measures and g-mean oscillation functions

Carleson measures play an important role in the classic harmonic function theory. We
extend here these meaures to the S-harmonic functions. For § > 0, the relative Carleson

box based on a cube I is defined by
Ss(I) =1 x (0,6(I)°] = {(t,z) e RT™ . x € I,t € (0,6(I)°]}.

Definition 3.1. (i) A positive measure y is called to be a Carleson measure in R’/ if

up M(55(1)

— < X
r ’

where sup; indicates the supremum take over all cubes in R".
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(ii) A Carleson measure p is called to be a local compact Carleson measure in Rﬁ“ if

o m(Ss(D)
-0 |1
For m € N, denote V"™ = (9;",...,0;").

Definition 3.2. Given m € N, |a| < m.

(i) If 1 < g < oo, we define Carleson spaces C’%’q(Riﬂ) as the space of all S-harmonic

functions such that
[ fllcaa = Sl;p{(f, O < +oo,

where

(f.Con(1) = 1]} / V™ F (8, ) [0/ g,
Ss(I)

Further, f € C%:%(R’_ﬁ“), if f € Ch?(R" ) satisfying that

im ol a .
i {(4.C5) P =0

(i) We define S-harmonic function f(t,z) € Cpy™, if

n
sup sup t(m_o‘)/ﬁz |0z f(t, )| < oo.
t>0 z€R? =

Remark 3.3. For 8 =1, a = 0 and g = 2, C’,O,QQ(RZ‘rH) becomes the space HMO(R’};H)
introduced by Fabes-Johnson-Neri [5].

The above generalized harmonic functions spaces correspond to the following bounded
g-mean oscillation space M*9(R™) whose functions need not to be locally integrable. The
space M®4(R") is the dual space of the end point Triebel-Lizorkin spaces F; oa/(a=1) (R™).
See Lin-Lin-Yang |13] and Triebel [19]. Let ¢ € C§°(B(0,2n)) and ¢(x) = 1 for = €
B(0,+/n). Let Q(xo,7) be the cube centered at zy with edge parallel to the coordinate
axis and with side length r. For simplicity, sometimes, we denote @) = Q(r) the cube
Q(zo0,r) and let pg(x) = p((x —zg)/r). Given m € N, |a| < m, 1 < ¢ < co. For arbitrary
function f, let S™%f be the class of the polynomial functions Py = ngm a,x” with

degree less than m.

Definition 3.4. Given m € N, |a| < m.
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(i) If 1 < g < oo, we say that f belongs to the fractional g-mean oscillation space
M*4(R™), provided

-le¢ — .
suplQI7 il Ieelf = Fop)lpge < oo,

where the superum is taken over all cubes ). f belongs to the local compact frac-
tional g-mean oscillation space My ?(R™), if f € M*?(R™) and

lim [Q|"Y  inf P v = 0.
|Q\—>O‘Q| Pnyesm,q’f”SOQ(f @.5) | g

ii g is the fractional Bloch space BX™ (R™).
ii) M®°°(R"™) is the fractional Bloch B R

Remark 3.5. (i) The definition M*4(R™) (m € N, |a| < m, 1 < ¢ < o0) has no relation
with pg and Pg r. Because their wavelet characterization spaces have no relation
with these quantities. See Theorem

(ii) M~12 = BMO™! is the famous space in Koch-Tataru [8].

(iii) Local compact property is equivalent to that the norm of the high frequency party
of a function is small. Hence the local compact property is satisfied for all the
Besov spaces By*? and Triebel-Lizorkin spaces Fjy*? where a € R, 0 < p < oo and
0<qg< oo

For classic harmonic function, one consider often the locally integrable function spaces.
For example: Fefferman-Stein consider the Hardy space H' = Flo 2. Fabes-Johnson-Neri
5] characterized the spaces HMO(R") with trace in BMO(R"). Essen-Janson-Peng-Xiao
[4] considered @ spaces. Further, Sjogren [17] considered the symmetric spaces by Poisson
integrals. Triebel [19] considered the Poisson characterization of Besov spaces. Alvarez-
Guzman-Partida-Pérez-Esteva [1] extend harmonic extension to distributions. Here, we
establish the trace theorem on the basis of S-harmonic extension. We prove the uniqueness
of the generalized S-harmonic functions extension and the convergence sense on basis of
the function norm for boundary distributions.

By Theorem 2.8 harmonic extension has no uniqueness. In classic harmonic analysis,
we apply maximum value principle to get the uniqueness of harmonic extension. But (-
harmonic functions with boundary distributions do not have maximum value principle. In
this paper, we apply Meyer wavelets to get still the uniqueness of harmonic extension and
establish a one-to-one relation between S-harmonic function in Careleson measure space
C? and integral boundary value in g-mean oscillation space M®4. More precisely, we

have

Theorem 3.6. m e N, |a] <m, 1 < g < 0.
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(i) If f € M™9, then f can extend uniquely to a 3-harmonic function in Cp?.
ii) If f(t,x) € O, then the relative boundary distribution by must belong to M4,
f

Further, for local compact spaces, we have, the integral boundary value is just the
non-tangential boundary value. That is to say, f(¢,z) converges to f(z) in the relative

norm sense:
Theorem 3.7. m €N, |a] <m, 1 < g < co.
(i) If f € My™?, then f can estend to a unique B-harmonic function in C%.

(ii) If f(t,z) € C’ﬁfb’%, then the relative boundary distribution by belongs to My"?. Further,
(3.1) hm [| £(2, ) = byl area = 0.

We will prove Theorems and in the last section. We use Meyer wavelets
and relative vaguelette knowledge to consider the S-harmonic extension and trace theorem
in precise meaning. In Section [4] we present some preliminaries on Meyer wavelets and
characterization of certain function spaces. In Section [5| we consider some properties on
basic harmonic functions and basic observers. In Sections [6] and [7} we consider Carleson
measures. To simplify the notations, we consider only the case m = 1. For m > 1, it is
sufficient consider more derivatives for basic harmonic functions and more integration for

basic observers.

Remark 3.8. Given m,m’ € N, m > |a|, m' > |a| and 1 < ¢ < co. From the above
theorem, we know that Cpy? = C:l’,q. That is to say, different derivatives produce the same
space. If « =0, ¢ = 2 and m > 0, then Cp;? = BMO. That is to say, BMO space has

different characterization.

Remark 3.9. (i) For g = 1, Triebel [19] considered the Poisson characterization of Besov
spaces. Essen-Janson-Peng-Xiao [4] considered the Poisson characterization of @) spaces.
It is known that the Poisson extension has uniqueness. We consider S-harmonic extension
for arbitrary positive . It is known that the S-harmonic extension has no uniqueness. So
even for 8 = 1 and Besov spaces or () spaces, we need new skills.

(ii) For a distribution f, normally, it can extend to many S-harmonic functions. The
uniqueness in the above two theorems is obtained by using wavelets and the restriction of
the norm of B-harmonic functions in Cp;?. See the proof of the main theorems in Section [§]

(iii) In the above section, we have seen that a classic harmonic function may have
different boundary value for different convergence sense. See Proposition [2.9] But in
Theorems [3.6] and we have proved the existence of boundary distributions in the

equation ((3.1)) under the relative given function norm sense.
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Remark 3.10. (i) M*4(R™) can be seen as the generalizations of the following function

spaces:
M%2(R™) = BMO(R"), bounded mean oscillation space;
M~12(R"™) = BMO™}(R"), Koch and Tataru’s space;
MY>®(R™) = BL>®(R"), Bloch space;
M*>®R")=C*R") (0<a<1), Holder spaces.

See [15], Section 6.10].

(ii) More generalized function spaces have been considered extensively in real analysis.
See Cui-Yang [3], Li-Yang [10,[11], Liang et al. [12], Lin-Yang [14], Yang-Yuan [25], Yuan-
Sickel-Yang [26] and the reference therein. If we replace the B¢ norm to Bp*? norm
or Fy"? norm in Definition and we make the respective modification for Carleson
measures in Definition [3.2] our method can be applied to these general function spaces.

To simplify the notations, we restrict ourselves only to g-mean oscillation spaces.

4. Preliminaries on wavelets

4.1. Meyer wavelets

We present some preliminaries on Meyer wavelets ®¢ and refer the reader to Meyer [15],

Wojtaszczyk [20] and Yang [23] for further information. Let

E, = {0,1}"\ {0},
F,={(e,k):e€ E,, k€ Z"},
An=A{(e,j,k): €€ Ep,j € Z,k € Z"}.

We will use the real-valued Meyer wavelets. Let U9 be an even function in C§°([—4/3,

4w /3]) with

0< () <1 and WOE) =1 for [¢] < %”

From now on, let

Q) = V(¥0(£/2))? — (¥°(6))%

Then () is an even function in C§°([—8n/3,87/3]). Clearly,

Q&) =0 for |£] < 2%,
D) +9%(20) =1 =L () + P (2r—¢) for e [2;4;]
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Let U(¢) = Q(€)e /2. For any € = (eq,...,€n) € {0,1}", define ®(x) by (&) =
[T, e (&;). For (e,4,k) € Ay, let

©p(z) = 22027 — k).

The set {@;k : (6,4, k) € An} forms a wavelet basis. For any € € {0,1}", k € Z" and a

function f on R", we write f7, = < [ @5 k> The following result is well-known.

Theorem 4.1. The Meyer wavelets {(I)j‘,k}(ejk)
Consequently, for any f € L*(R™), the following wavelet decomposition holds in the L?

cp, Jorm an orthogonal basis of L3(R™).

CONnvergence sense:

f= > Fa®

(€,5,k)EAn

4.2. Wavelet characterization of g-mean oscillation spaces

Meyer [15] gave the wavelet characterizations of Besov spaces. See Sections 6 and 10
of [15]. By this result, we could get the following result. We omit the proof and refer the
reader to [9, Lemma 2.2] and [23, Theorem 5.4] for the details.

For f = Z(e,j,k)eAn f5 1P s we have
Theorem 4.2. Given m € N, |a| < m.

(i) Let 1 < g < o0. A function f € M*(R") if

1/q

sup Q|71 Yy awlednEen/a) | pe 19 < oo,
Q Q;kCQ

(ii) A function f € M (R") if

sup 2M/2+e ‘f;k‘ < 00.
(67]7k)

Applying Theorem we get
Corollary 4.3. Givenm € N, |a| <m and 1 < g < oo.

MCM,(] (Rn) g MQ,OO (RTL)



1122 Heping Liu, Haibo Yang and Qixiang Yang

5. Some properties on vaguelettes

In this section, we consider two kinds of vaguelettes derived from S-harmonic functions and
Meyer wavelets. It allows us to use the method of discretization to consider S-harmonic
functions. Hence, we do not need the skills of Calderén-Zygmund operators like the corre-
sponding author of this paper did in [22]. In Section 5, Chapter 8 of [15], Meyer introduced
the conception of vaguelettes in R™ which are introduced to study the L? boundedness. See
also [16]. Vaguelettes there are defined as Holder smooth functions decreasing at certain
speed and with a certain zero vanishing moments. To make the vagulettes to adapt our
situation, we assume that vaguelettes are sufficient smooth functions decreasing enough

fast and with enough zero vanishing moments. That is to say,

Definition 5.1. The functions f;x(x) (j € Z, k € Z™) on R™ are called to be vaguelettes,
if there exists m € N and a sufficient big N > n such that

107 f5(x)] < €202 41270 — k)N, Y|y <m,
/xvfj,k(fb‘) de =0, V|y[<m-—1.

We generalize this conception to two kinds of vaguelettes in Ri“ with parameter ¢.
For wavelettes %, (x), we consider Ptﬁfbjk(x) and [ ¢¢(z — ¥)®5 1. (y) dy.

5.1. Two kinds of vaguelettes

By wavelette theory, all the S-harmonic functions can be seen as the linear combination
of the basic S-harmonic functions Pt'B P51 (2).
Lemma 5.2. There exists small positive real number ¢ such that

‘Pfcb;’k(:g) < 0221 4 |2z —K|)N, w2 <1,

‘Pf@;)k(:x)‘ < C2M2 (1238 N =27 (1 4 |9ig — k)TN, V28 > 1,

/ P/ @5 . (z) da = 0.
Proof. By Fourier transform, we have
PP®S ) (z) = (2m) "2/ / e e (27 g) el ME g
— (2m) /2 / o127 G )12 RIE e
Hence, we get
[P0 ()| < (2m) 202 / |2 Be () e g

< C2nj/267ct2jﬁ'
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If 272 — k| > 1, we assume that the first biggest component of 2/z — k is the v-th
component. By integration by parts for the v-th component N times, we get
PPas (x) =i N (20w, — k)N (2m) 20/ / e 2P gl (g {agei@fr—k)s} de
=N (D) @, — k) Vw2l o {e i} e g,
Hence, we get the proof of the conclusion of this lemma. O

Further, we consider some vaguelette relative to boundary distribution. Let @5, (¢,z) =
[ pe(z — y)@ik (y) dy. Then the observed quantity

. dt
/Rn+1 F(t, ) %5, (t y) —dy

of f(t,y) equals to the wavelet coefficient (bs(x) k> In fact,

d d
(by(@), @) = < L e =) fdy, k> = [ SO T

The basic oscillators (I);,k: (t,z) play a role of observers. They can pull back a S-harmonic

functions to its boundary distribution. Further,
Lemma 5.3. There exists 0 < C7 < Cy such that
(i) @5.(t,z) =0 for 297 > Oy or 1298 < (.
(ii) If Oy < 1298 < Cy, then
|06 (8, 2)| < CN292(1+ 272 — k)N, YN >n.
(ili) [ @5,(t @) dz = 0.

Proof. The Fourier transform of ®5, (¢, z) is the following function:

/ St z)e T dy = / oe(x — y)<I>§~7k(;L/)e_wg dxdy

/ bo()e " da / B (y)e ™ dy

= o117 Be(2 g e,

By Meyer wavelettes properties, (i) and (iii) are true.

By inverse Fourier transform, we have
/ O(x — y) @5 (y) dy = (2m) 27"/ / (/P Be(27)e M e
= (2m)~"2m/? / P(2711/PE)De(€)e!PoRIE g,

By Meyer wavelette properties, we get (ii). O
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Remark 5.4. In this paper, we use Pf@; r(x) and @, (¢,z) to consider the Poisson type

extension and relative boundary distribution theorem.

(1) Ptﬁ ®¢ () is a vagulette which is not located at ¢ = 2778 s0 we consider its m order

derivatives.

(ii) @, (¢, z) can not be adapted to the norm of Carleson space Cr,?, we need its m

order integration.

(iii) In the next subsection, we consider the derivatives for basic S-harmonic functions
and the integrations for the basic observers. To simplify the notations, we consider
only the case m = 1. For m > 1, we need only consider m order derivatives for basic

B-harmonic functions and m order integrations for the basic observers.

5.2. Basic S-harmonic functions

For w = 1,...,n, we consider ]—Z.Bl;u’e(t,:c) = BIMPf@;k(:c), the derivative of the basic
B-harmonic functions Ptﬁ 5 ().

Lemma 5.5. (i) If 298 < 1, then

‘Pb’“f (t, ‘ < On2tM9/2(1 4+ (292 — k)N, VYN >n.

(ii) If t278 > 1, then there exists small positive real number ¢ such that
[P, 2)| < On2T 321208 ) Ve 2P (11 2l — k)N, VN > .
Proof. By Fourier transform, we have
Pt x) = 00, P O 4 (@)
= i(2m) "2 /2 / Eue P @e(277 )27 RIE g
_ i(gﬂ)—nzjﬂrnj/?/gue—ﬁ’ﬂlfB&(f)ei@jx—k)f de.

Hence, we get

O, PO ) (2)| < (2m) 2732 / eue 21V G ()i h¢ | qg

< 02j+nj/2670t2jﬁ.
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If 272 — k| > 1, we assume that the first biggest component of 2/z — k is the v-th

component. By integration by parts for the v-th component N times, we get
Oy, PP DS ()
Tutt *hk
= Y@, — k)N (am) R [ 60T o) g
= N )Y @y — k)TN (2m) T2 / 08 { e 1€ @ (g) | /@ ¢ e,
Hence, we get the proof of the conclusion of this lemma. O

We consider then the integration of the basic f-harmonic functions. For € = (€1, €9, ...,
€n) € Ep, denote by i. the smallest index such that ¢;, = 1. Let 9. = 9,, and I.®“(z) =
I; ®¢(x). For IJDJ{;,’:(t, x) = 1635(1)5',/&(33)7 by similar way in the above lemma, we have

Lemma 5.6. (i) Ift2/% <1, then

. ],,j(t,x)’ < On27tM2(1 4 |29 — k)N, YN > n.

(ii) If t29% > 1, then there exists a small positive real number ¢ such that

Pt 0)] < On2 T2 (1200 Ve (1 2ig — )N, YN >

5.3. Basic observers

We consider some properties on the integration of the basic oscillators D%k =[x

y)®5 . (y)dy. For i =1,...,n and any function f, define

z;
:/ f(xlv"'7x—1+ieay7x1+ie7'"axn)dy'
—00

Let Bf . (t,z) = I.®5 (¢, z) and

d
(5.1) Fop = (bs(x), ®5) = — / 0cf(t:y)Bji(t:y) %dy‘

R+
Lemma 5.7. There exists 0 < C1 < Cy such that
(i) Bj(t,z) =0 for 298 > Cy or 1297 < Cy.

(ii) If Cy < t298 < Oy, then

|BS 4 (t,2)] < Cn27/27 (14 202 — k)™, YN >n.
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Proof. By a direct computation, we have

/Ig@e(x)e_mg dr = (ifié)—1/¢e($)e—ix£ da.

Hence, for B;k(t, x) = I€<I>§.’,€(t,x), we have

/B;k(t, z)e T dx = (ifie)‘1$(t1/5§)@(2—jg)e—i2‘jkf,
By inverse Fourier transformation, we get
B;k(t, x) = (277)n2nj/2/$(t1/ﬁ€)(i€ie)16\6(2j£)ei(x2_jk)£ de
= (am) 2 [ G 9 i, 1B (e e

which implies the desired conclusion of the above lemma. O

6. Fractional Bloch spaces and S-harmonic functions

The boundary value of a harmonic function in CO"OO(RZL_H) may not be locally integrable.
We can characterize the boundary distribution in such spaces with fractional Bloch spaces
Bg‘ooo(]R") For Poisson extension, we use the properties of basic S-harmonic functions.

For trace result, we use the properties of the basic observers.
Theorem 6.1. Let |a| < m.
(i) For any f € M*>°(R"™), we have

f(t,z) =: P f(x) € CL=(RTH).

(ii) For any f(t,x) € C™ (R™), there exists a function f € M*>(R") such that

f(t,z) = P/ f(x).

Proof. For m > 1, we need only to consider more derivatives and more integrations. To
simplify the proof, we consider only the case m = 1.
(i) Note that

00, PLF =" f5400, P05 ().
67.j7k



B-harmonic Function Spaces and Carleson Measures 1127

Applying Theorem [£.2] and Lemma we have

c%quf‘ <c S 2001 42l — k)N

1218<1 k
+C0 Y 0 (12if)Ne=et2P (1 4 |9l — k|)~N
12i8>1k
<C Z 9i(l-a) 4 & Z 2j(1—a)(t2j5)N€—Ct2j5
12i8<1 1218 >1
< Cla=1/8

(ii) Applying Lemma and the equation (5.1]), we get

fo < / 1eD/8 | B (1, )| de
’ C1<t2i8<Cy JRN ’ t

<c / (o189 /23 (1 1 (270 — k)N da ™
C1<t2i8<Cy JR™ t

<C tla=1)/Bo—nj/2—j @
C1<121B<Cy t

< 02 mi/2ie O

7. B-harmonic function and oscillation spaces

In Section by Theorem we extend the functions in M*9(R™) to [-harmonic
functions on R’}fl. The essential ideas are to decompose functions with Meyer wavelets,
then apply the properties of basic S-harmonic functions to prove the relative results. In
Section by Theorems and we apply the basic observers to pull back the 3-
harmonic functions in Ciy?(R7H) into their relative boundary distribution in M*4(R™).

7.1. B-Poisson extension

In this subsection, we extend the functions in M*4(R"™) to S-harmonic functions in Car-

leson spaces. In fact,
Theorem 7.1. Let 1 < g < 0o and |o| < m. For any f € M*4(R"™), we have
f(t,2) =: P f(x) € CRa(®RY*).

Proof. For m > 1, we need only to consider m order derivatives. To simplify the notations,

we consider only the case m = 1. For i = 1,...,n, denote

Cri= |I|—1/ |8y, f(t, )| 90—/ B gt
Sg(I)



1128 Heping Liu, Haibo Yang and Qixiang Yang

By wavelet characterization, we write 0y, f(¢,2) to the sum of basic harmonic functions

8xif(t7 .%') = Z f;,kpj,l?&(tv .%')

€7j7k
We decompose it into two terms
Lite)= Y fxPic(to),
e,5,k,29 | I|<1
IL(tz)= Y fPh(ta).
€,5,k,279 |I|>1

Fori=1,...,n, denote
C},i = ‘I’_l / |I:(t, x)‘th(l—a)/ﬁ—l dxdt,
Sp(I)
C’?’i = ml/ ‘Hi(tw)’qtq(l*a)/ﬁfl dadt.
5(1

For || f||aresa < 1, we only need to prove that

supC7, SC, s=1,2,i=12,...,n.
I

On Carleson box Sg(I), I;(t,x) can be estimated by constant depending on /. In fact,
by Corollary [1.3] |f5,| < C27797"9/2, For all (t,z) € Ss(1), we have

Lta)ls Y 2R Pl ()
€,5,k,27 | I]<1

< Y 20 e — k)Y
€,5,k,279 |I|<1

< o|1|le=bin,
Hence, we have

Cii < ml/ |7jate=D/nga(=a)/B=1 goqr < C.
Sp(I)

For arbitrary small positive d, we have

(L (t, )|

q—1
s ¥ Q(qfl)(jﬂw'/?*j‘s)|f;k|q‘Pf;€i’€(t,x)’ > 2*j*”j/2+j5‘Pf;j’f(t,x)‘
€,5,k,2n7|1|>1 €,5,k,2"I|I|>1

Sem@O/B N gl )Gn/2=i0) | g 1o
€,4,k,279 |I|>1

P



B-harmonic Function Spaces and Carleson Measures 1129

Hence, we get
Cia
SIII_I/S " S DGRz | pe 1
B

D) ejk,2mi|11>1

= |I|*1/ Z 9(a=1)(i+nj/2—i8) |f;,k|q ’Pf,’f’e(t,x)‘ $4(1=a)/B=1—(¢=1)8/B g4
Ix[0,2798] (s g and | I|>1

+ |]|—1/ . Z 9la=1)(j+nj/2-j5) |f;,k|q j’;c} (t,x)‘ 1a(1=a)/B=1=(a=1)8/B q..1¢
Ix[2738,1(1)P]

€,3,k,279 | T|>1
There exists 2" different dyadic cube I; such that
(i) dist(L;, I;) =0, Vi,j=1,...,2"%
(i) 27| < |L| = L] < |, Vi, j=1,...,2™

For all [ € Z", denote Sy; = {(j, k) : 2™|I| > 1,1;;, C l|I;|*/" 4+ I;}. Denote

oM = 1! / oa—1)(j+nj/2-53)
’ - Ix[0,273P] Z
&(k)EST

X[l Pt )| ¢ B30 gy,

o2l = |t / S ola-DG+n/2-50)
Ix[27981(1)B] .(j.k)EST

x| 5l ‘Pfif’e(t, :1:)’ =)/ B @m008 qaat.

By this way,

CIZN 202,1,z+ Z 221'

lezn lezn

We apply (i) of Lemma to the estimate of 02’1’l For |I] < 4™, we have

Ci’il’l < C’|I|1/ | Z 94(j+n/2)—nj—(q-1)jé ‘f;,kr] 14(1=a)/B=1=6/B .. ¢
[0,277%] €,(3,k)EST,1
< Csup|Q| ™ Z 9dj(a+n/2-n/q) | ;,k‘q‘
@ Q) CQ

For |I| > 4™, we have

crit < Cm_l/ D 2aUtn/2mng a8 | pe 19 (9 |1/ g N/ B0 g
0,272 ¢ ,(4,k)EST 1
<C’sup|Q| 1 Z 211](04+n/2 n/q)|fe | |l|n7N,
Qj,kCQ
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We apply (ii) of Lemma to the estimate of C?? . For || < 4™,

< C‘Il—l / . 211(j+"/2)—"j—(q—1)j5(t2j5)Ne—ct2j‘3 |f;,k’q 14(0=a)/B=1=6/8 g, 1t
[2798,1(1)7] ,(j,k)EST

<CswplQl Y g |
Q Q;rCQ

For |I| > 4™, we have
22! < o) / $ /D= 0id (i N et | pe ja

[2772.U1)7] €,(5,k)€ST 1

([N 0= 51575 g
< Csup|Q|™* Z gui(etn/2=n/a) | pe ||y n=N
Q

Q;,kCQ
4 q
Since supg |Q[ ! ZQMCQ ai(atn/2=n/q) fixl <C, we get
Ch<Cy @a+pN+cd a+uN<c O
lezn lezn

7.2. Boundary distribution

The boundary value of a S-harmonic function in C'*¢ (R?fl) may not be locally integrable.

But we have

Theorem 7.2. Let 1 < g < oo and |a| < m. For any f(t,z) € C*4(R"™), there exists a
function f € M*“4(R"™) such that

f(t,z) = PP f(2).

Proof. For m > 1, we need only to consider m order integrations. To simplify the nota-

tions, we consider only the case m = 1. For simplicity, for any ¢, let

(WD) = 17130 et/ [,
(4,k):1;,CI

We write

(e =17 5, 2WEEETR[TS D (W),

(e,4,k)EAR T 1, CT €
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Because the contribution of S-harmonic function f(¢,z) to the vaguelette P5 Rt x) is
$r = —(0cf(t,2), BS (L, x)), we have
(f, Wo)(T)
=17t Z 9gi(a+n/2)—nj ‘ ;,k:’q

IjJCCI
1 gj(at+n/2)—nj - dt|?
=17t ) 2 O (t,9) B (b, y) dy—
I;xCI R™
DS 2W+"/2—"J/ et Bt arg
I; xCI

y (/OO/ 1B, (1 )| dydt)ql

<‘[‘122qj +n/2)—nj—(g—1)(n/2+1+5)j // \afty\q‘ kty\dy

J rCI
Denote I = I, , and VI € Z", denote I; = 2770 + I , = 27701 + I. Hence

(f, W), Z 17|t Z 9dj(at+n/2)—nj—(¢—1)(n/2+1+5)j
leZm™ ]kCI

//Iafty\q! kty!dy

= Z 057[71.

lezn

For |I| < 2"*!, we have

Cp2- 98
Coa sl Y e [ [ oy’
i |1]>1 Cr2798 1y
Co2™ iB
S S [ s
ani|1)>1 7 €1277°
For |I| > 2"+, we have
Co2™ JB
Cery S| 1 Z 9aj(a—1)—(q—1)Bj 2] J0|l| / /‘8fty’qdy
oni|1]>1 Cr2798 1,
C2™ iB
L D R A [
oni|f)>1 7 1277

Since |17 Y g 151 fcl222 JJf:fIl |0 f (t, y)| 79 =/B=1 dydt < C, we get

(LW (D) <C Y 1+l O
leZn
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8. Proof of Theorems and

In this section, we apply the above results to prove Theorems and in Section

8.1. Proof of Theorem

We prove first two preliminaries theorems.

Theorem 8.1. Givenm €N, |a] <m, 1 < q<oco. If f(x,t) € O, thenV (6,5, k) € Ay,

/OOO (f(t.2), P05 () dt' <cs,

Proof. We consider only m = 1. By integration by parts, we get

/OOo <f(t,x),Pf ;7k(x)> dt = —/OOO <8€f(t,x),IGPtB<I>§7k(z)> dt.

By applying Lemma and the property f(x,t) € Cp?, we get the conclusion. O

Theorem 8.2. Givenm €N, |a] <m, 1 <qg<oo. If0# f(z) € M9, then there exists
(e,7,k) € Ay, such that

= OQ.

| (#r@. Pres@) @

Proof. By Fourier transform and inverse Fourier transform, we have
/0 (H f(2), PP @S () ) dt
= C2 2 /oo dt {/ el Fle) et Ge (2T g) i e df}

0 n

; o0 ~ — . )

—crit [T a{ [ Flowiger a

0 R
—c 7 dr (1) #50)

oo
—Clpul [ at
0
That is to say, if f]ﬁk # 0, then

/0 (H) f(x), PP® () dt :C|f;,k}/0 dt = . O

Proof of Theorem [3.6] By Theorems and in Sections [6] and [7, we need only

prove the uniqueness of B-harmonic functions. In fact, if f € M“? then

PPfe ot ShRY.
B / n B I (Tom : _ :
Further, H, f € §j ,(R™). By Theorem H/ f ¢ S)(R™). Hence the unique S-harmonic

function in the relative Carleson measure space is Pf 0 f= Ptﬁ f. This completes the

proof. O
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8.2. Proof of Theorem
First we prove a preliminary theorem.

Theorem 8.3. Givenm €N, |a| <m, 1 < g <oo. If f € My"?, then

lim || f(2) — P f(@)]| =0

t—0 Mesq

Proof. 1t f € Mg"?, then for all 0 < § < || f||ase.a, there exists jo € N such that
[f1.6(@)|area <6 and || f2,5(2)l[rrea <0+ || fllarea,

where f15(z) = 30 s jon [ir®5 k(@) and fos(x) = > 55k f5xP5 (). It is easy to see
that

|16 = PP s <2

Let
€ —t(=A)B/2 € ¢
Qg b = <(€ AT j,k(f)a‘bj’,kf($)>-

By Fourier transform, we have
0 = 27801 / (78" — 1)@e(27 €)@ (277 €)e TR HNE g
—250-7) /(etWﬂIéﬁ _ 1)6\5(6)@(ijj’g)efi(kﬁj‘j'k’)& de.
The support of the Fourier transform of Meyer wavelets is contained in a ring, then
VIi—i1>2 S, =0
Further, for [¢] ~ 1, a,u € N, v € R, we have 0g (£"[¢]") < C. If [j — j'| < 1, we have

< Ct2P (1 + |k — 277K |) N,

N4
@ k.j' K

By the orthogonality of Meyer wavelets, we have

!/ /!
fos(@) = PP fos(x) = > RS P g ().
676/7k7k17j<j07|j7j/|§1

For a dyadic cube @ with side length 2770, denote @ the dyadic cube which contains
@ with double side length. We decompose R” into the union 21701 + Q, 1 € Z™. If ¢ =1,
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then
-1 j'(a—n/2) e &€
Q| > 2 kK k!
€,Q ;1 1 CQ €,5<Jjo,|i—3'|<1.k
i ’
<t > 2y > |5kl a5k g e
€,Q;1 1 CQ LEZ™ ¢ j<jo,|j—i"|<1,Q;,sC21~9014+Q
~i—1 ) €€ j(a—n/2) | re
< E Q| 51115 _ E aj,k,j’,k” E : ~2 | 3.k
lezn Qi kC2I70IHQ e Qs 1/ CQ.5 <105 —57|<1 €Q; kC219014+Q
Bj —n—117—1 jla—n/2 €
<1209 3" (14 1) Y@ il | f5 .
lezn €Q;,xC21=9014+Q

If 1 < ¢ < oo, we choose a sufficient small positive real number § and denote 7 =

(g—1(n+d)/q
If Qj’,k” C @ and |l| < 4" then

q
e &€ e |9
Z j7kaj’kaj/7kl S Z ‘fj’k‘ )
Qj,rC2179014+Q Q;,kC2901+Q
If Qjy C Q and |I| > 4", then
q
€ E,E/ € |49
> v e IS DR /7
Q;xC2' 014G Qj xC2179014+Q
and
q
—1 i (a+n/2— e,e/
Q| Z 9as’ (a+n/2-n/q) Z R
Q1 CQ €.<do.li—3'|<1.k
-1 i"(a+n/2— q| ee
<Q| > wlednamn/g) > | £l |5k e
€,Q ;1 1 CQ €,5<jo,li—Jj'|<1,k
-1 i’ 2— q| e
< |Q‘ Z 9ai’ (atn/2—n/q) Z Z |f;,k| a;’,;,j/,k’
¢Q;r k CQ €L ¢,j<jo,|i—3'1<1,Q4,kC21014+Q
-1 . € j(atn/2— q
= DIC/RE SN I DR o D DRV
lezn QyrC21I0IHQ ¢ ' <14j0,Q;r 1 CQ €Q;,rC2179014+Q
1 —n—1;~]—1 ] 2— q
SEED SRl lo/ D DI Tl T WL
lezm €,Q, kC2179014Q
We choose t sufficient small such that 2% < §, we get the conclusion. O

Proof of Theorem [3.7. (i) By Theorem the unique (-harmonic function in Cpy? is

Ptﬁ f. Now we only need to prove

(8.1) Pl fecys.
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For all 0 < & < [[f||peea, there exists jo such that fj, = D2 jsjo k) [56®5(x) and
HijHMg,q < 4. Hence HPffJO ‘Caq < C6.

To prove the conclusion of (§ -, we need to consider

[ =T = Z f;,kq’}k@)

(57j<j07k)

For j < jo and v € N and |y| = m, denote

9j~(t, ) Zf;,gﬁpﬁ & (7).
(e,k)

Since f(z) € M7 C M™>, we have
lgjn| < €207,

Since a < m, hence

P ~ £0)] < C2om

That is to say,
17t [ | g e
Sg(I)
S’I|1b/‘ 9a(a—m)joyq(m—a)/B=1 g, 14
Sg(I)
< QQ(a*m)jol(I)q(m*a) — {Qjol([)}Q(m*a).

We choose 2701(I) sufficient small, we get the conclusion.
(ii) By Theorems|7.1]and we get by € M*?. Now we prove that by € M. Similar
to the proof of Theorem we have

(f, WH)e(I)
< I 1 Z 9aj(a+n/2)—nj—(q—1)(n/24+1+8)j / / 0 f(t,y ‘q’ k(t’y)’ dy%.
JkCI

Denote I = I, i, and VI € Z", denote I; = 2790 + I; = 279°] + I. Hence

(f, W) (I) < Z 17|71 Z 9aj(a+n/2)—nj—(q=1)(n/2+1+p)j

lezn I; pCI

//\6fty\q\ kty\dy

Ce 11l
leZm™
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For |I| < 2"*!, we have

. G2’ dt
Con g™t 3 awilet-tavm | 0Lty dy
N C12-38 I
oni|1]>1
Cp2— 3P
SH Y / | /\@f(t,y)\qtq(l_a)/ﬁ_ldydt-
oni|f|>17 C12777 I
For |I| > 2"+, we have
Co2™ JiB
Cory ST Z 991 (a=1)=(a=1)Bj (97 =do 1)~ / / 0cf(t,y) ]qdy—
2n3 |1|>1 12797
Co2™ iB
SRS SR Y ¥ e T
2n]|[|>1 C12— JB Il

Since f(t,x) € C.'{, then for any 0 < § < ||f|lgea, there exists I such that, for any
8
1] < s, we have [T]71 Y g 1151 Jrass [y, 10cf (£,)|190=0/51 dydt < €, we get

(f, W () <C Y (1+]I) N < Co.
lezn

By Theorem [8:3] we get

%g%”bf—f(t,x)”Ma,q =0. O
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