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Positive Approximation Properties of Banach Lattices

Dongyang Chen

Abstract. In this paper, an equivalent formulation of extendable local reflexivity
(ELR) introduced by Oikhberg and Rosenthal is given. We introduced the positive
version (PELR) of the ELR in Banach lattices to solve the lifting problem for the
bounded positive approximation property (BPAP). It is proved that a Banach lattice
X has the BPAP and is PELR if and only if the dual space X* of X has the BPAP.
Finally, we give isometric factorizations of positive weakly compact operators and

establish some new characterizations of positive approximation properties.

1. Introduction and main results

Recall that a Banach space X has the approzimation property (AP) if for every compact
subset K of X and every € > 0, there exists a finite rank operator S on X such that
|Sz — z|| < e for all z € K. If, in addition, there exists A > 1 such that we can always
choose a finite rank operator S on X with ||S|| < A, then we say that X has the A-bounded
approximation property (A-BAP). If a Banach space X has the A-BAP for some A, we say
that X has the BAP.

A Banach lattice X is said to have the positive approzimation property (PAP) if for
every compact subset K of X and € > 0, there exists a positive finite rank operator S
on X such that ||Sz — z|| < ¢ for all x € K. If the positive finite rank operator S can
be chosen with ||S|| < A, then we say that X has the A-bounded positive approzimation
property (\-BPAP for short). If a Banach lattice X has the A-BPAP for some A, we say
that X has the BPAP.

It is an open problem whether, in Banach lattices, the AP (BAP) implies the PAP
(BPAP) (see |3, Problem 2.18]). There are many already classical results on AP. However,
there has been little attention paid to PAP. Thus “to what extent things about AP (BAP)
work for PAP (BPAP) in Banach lattices” becomes an interesting topic.
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How the geometric structure of Banach spaces permits to lift BAP from Banach spaces
to their dual spaces has been studied in [8}10,|{11}/13,20-22], etc. A new geometric prop-
erty of Banach spaces was introduced by Oikhberg and Rosenthal |19], and Johnson and
Oikhberg [11] proved that this property permits to lift BAP from a Banach space to its

dual space. Let us recall the definition and result.

Definition 1.1. [19] A Banach space X is said to be p-extendably locally reflexive (u-
ELR) (p > 1) if for every finite-dimensional subspaces F C X** and F' C X*, and for
every € > 0, there exists an operator T': X** — X** such that

(1) T < p e
(i) T(E) C ix(X);
(iil) (Tz**)(z*) = ™ («*) for all 2** € E and z* € F.

We say that a Banach space X is extendably locally reflexive (ELR) if X is u-ELR for

some fi.
A well-known result is:
Theorem 1.2. [11, Theorem 3.1] Let X be a Banach space and let A,y > 1.
(a) If X has the \-BAP and is pu-ELR, then X* has the Au-BAP.
(b) If X* has the \-BAP, then X is \-FLR.

Oja [22] proved that if a Banach space X is ELR and has the AP, then X* has the
AP whenever X is complemented in X**. Moreover, it is said in [22] that it is not known
whether the ELR permits lifting the AP. A. Lima [13] answered this question and proved
that if a Banach space X is ELR and has the AP, then X* has the AP. In [21], the lifting
problem was considered for a more general situation of bounded approximation properties
defined by operator ideals. In contrast, whether the ELR permits to lift BPAP seems to
be unknown so far.

In this paper, an equivalent formulation of ELR is given as follows.

Lemma 1.3. Let X be a Banach space and p > 1. The following statements are equiva-

lent.
(i) X is u-ELR;

(i) for every finite-dimensional subspaces E C X** and F C X*, and for every ¢ > 0,
there exists an operator T: X** — X** with ||T|| < p+ € such that T(E) C ix(X)
and |(Tz**)(z*) — =**(a*)| < el|a™*||||z*|| for all x** € E, x* € F.
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In Section [2| we present an elementary and self-contained proof of Lemma [I.3] The
proof is due to Professor W. B. Johnson. The author is grateful to him for providing it.
Based on Lemma I introduce the positive version of ELR in Banach lattices as

follows.

Definition 1.4. A Banach lattice X is p-positively extendably locally reflexive (u-PELR)
(n > 1) if for every finite-dimensional subspaces E C X*™* and F' C X*, and for every
€ > 0, there exists a positive operator T': X** — X** such that

(W) TN < p+e;
(ii) T(E) Cix(X);
(iii) [(Tz**)(z*) — ™ («*)| < gf|lx**||||z*| for all z** € E and z* € F.

We say that a Banach lattice X is positively extendably locally reflexive (PELR) if X is
u-PELR for some p > 1.

Then we can use the PELR to lift the BPAP from Banach lattices to their dual spaces.
Theorem 1.5. Let X be a Banach lattice and let A,y > 1.
(a) If X has the A-BPAP and is pn-PELR, then X* has the Au-BPAP.
(b) If X* has the A\-BPAP, then X is A-PELR and has the \-BPAP.

Consequently, a Banach lattice X has the BPAP and is PELR if and only if X* has the
BPAP.

It is proved in [16] that X has the 1-BPAP if X* has the 1-BPAP. Actually, the proof
is applicable to the A-BPAP for every A > 1. In the proof of Theorem [L.5(b), I provide a
slightly direct proof of it. The proof of Theorem [I.5| will be presented in Section [2]

It is a classical result due to Grothendieck [9] that a Banach space X has the AP if
and only if for every Banach space Y, K(Y, X) = F(Y, X). But, in the case of PAP, there
is a long-standing open problem:

Open Problem. |18, p. 102] A Banach lattice X has the PAP if and only if for every
Banach lattice Y, K(Y, X) 1 = F(Y, X) 4.

Kim [12] showed that a Banach space X has the AP if and only if for every Banach space
Y, K(X,Y) C F(X,Y)". Subsequently, Choi, Kim and Lee [4] showed that a Banach
space X has the AP if and only if for every Banach space Y, K(Y, X) C F(Y, X) “.

In the final section, I shall be concerned with to what extent the above two character-
izations of AP work for PAP. In Theorems [3.8| and I characterize the PAP by positive

weakly compact operators under the condition “KB-space”. I do not know whether the
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positive weakly compact operators in Theorems [3.8 and [3.9] could be strengthened to be
the positive compact operators. Furthermore, I still do not known whether the condi-
tion “KB-space” could be removed. However, it should be noted that, if we relax the
Banach lattices Y in Theorems and to Banach spaces Y, then we can replace
positive weakly compact operators by compact operators. Moreover, we can remove the
condition “KB-space”. Thus, in this sense, Theorems and are optimal so far. In
Theorems (3.8 and it is assumed that X* or X is a KB-space. It is worth mentioning
that KB-spaces do not necessarily enjoy the PAP. Actually, Szankowski [25] constructed
a reflexive Banach lattice Z without the AP. So it follows from [17, Theorem 2.4.15] that
Z and Z* are KB-spaces, but Z fails the PAP.

Our notations and terminologies are standard as may be found in [15] and [17].
Throughout this paper, all Banach lattices are real lattices. By an operator, we always
mean a bounded linear operator. For a Banach space X, ix: X — X™** denotes the canon-
ical embedding. Let X, Y be Banach spaces. We denote £(X,Y") (resp. F(X,Y)) by the
space of all operators (resp. finite rank operators) from X to Y. If X =Y, we denote
L(X,Y) (resp. F(X,Y)) by L(X) (resp. F(X)) simply. If X and Y are Banach spaces, we
let 7. denote the locally convex topology on £(X,Y") of uniform convergence on compact
sets in X. Let A be a subset of a Banach space X. We denote by ¢o(A) the closed convex
hull of a set A. For Banach lattices X and Y, we denote by F(X,Y )4, K(X,Y)+ and
W(X,Y ) the set of all positive finite rank operators, positive compact operators and
positive weakly compact operators from X to Y. For a Banach lattice X, we denote by
X the positive cone of X, i.e., Xy :={z € X : 2 > 0}.

2. Proofs of Lemma and Theorem

Proof of Lemma [I.3] Let E and F be finite-dimensional subspaces of X** and X*, respec-
tively, and let ¢ > 0 be given. Choose a basis {z},5,..., 2} for F'. Take biorthogonal
functionals {u1, ug, ..., u,} in X** to {x7,25,...,25}. We may enlarge E such that E con-
tains {uy, ug,...,uy}. Thus E is total over F'. This means that the operator R: E — F*
defined by R(x**) = 2**|F is surjective. Thus the dimension of the quotient E/(E N F*)
is n. Note that

span{ui, us, ..., u,} N (ENFLY) = {0}

Therefore E can be written as the direct sum of span{uy, us, ..., u,} and ENFL. Take a
basis {tni1,...,Un} for ENFL (dim E =m). Then {u1,ua,. .., Un, Uni1, ..., Uy} forms
a basis for E. Let

Z = (span{ug, ua,...,un}) ={z* € X* 1 up(2*) =0,k =1,2,...,n}.
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Then Z is total over span{uy41, ..., uny,}. This also implies the operator

Ri:Z — (span{unH, s Um})*v Rl(x*) = $*|span{un+1,...,um} (l'* € Z)

is surjective. Thus there exist x}_ ,..., x5, € Z such that {Ri(x}_,),...,Ri(x;,)} is
biorthogonal to {un41,...,um}. SO {tnt1,...,un} is biorthogonal to {z}, ,,...,z,}. Let
Fy = span{x},25,..., 25,25 1,..., 25, }. Then Fy contains F'. Choose x1,22,...,Ty, € X

such that {z7,x3%,..., 2%} is biorthogonal to {z1,z2,...,zmy}. Let C' > 0 be such that

m

Z apUk

k=1

m
>l <C
k=1

Let 6 > 0 be such that

5+&lggJWM(§]MMWM>V%<8

k=1

Now applying the assumption to E, F} and &, we obtain an operator T: X** — X** such
that [|T|| < p+ 9, T(E) C ix(X) and

|(T™) (%) = 2™ (@")] < ofj2™[[]"]]

for all ** € E and «* € F}. Define an operator S: F — X by

m
Sup = (1= Tug(xp)vx — Y Tup(z))z;, k=1,2,...,m.
jk =1

By the choices of {uy,ua, ..., um}, {z7,..., 25} and {z1,22,...,2m}, we get
(T + ) () (@) = wela3), kg =1.2...om
This implies that
(T + S)(z™)(z") =™ (x¥), Va™ e€E, ¥ € F.

Choose a projection P from X** onto E with |P|| < y/m. Then the operator T+ SP

satisfies

(T + SP)(z™)(z*) = 2™ (2¥), Va*™ e FE, 2" € F;

and

(T + SP)(E) C X.
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By the choices of {u1,us,...,um}, {z7,...,2},} and the inequality condition for 7', we
get, forall k=1,2,...,m,

m
ISukll < (1 = Tug(@i)zel + || D Tur(z})a;
k. j=1

m
< Sllapllluslllzell + Y Sl w2l
J#k.j=1

m
= k) Y ll5 Iz
j=1

m
<5 e Il 31l
_5121}%);1!!1%!!’ IH%HH%H
]:

Thus, for all scalars a1, ..., a,,, one has

m m m

<\ 2l
> axSur _( |ak|>5lgnka<xm||uk||l AT
k=1 k=1 7=1

m
< > Mgl
< C(Slrgr}faSXmHukH 2 |2 [I]]5]]
J:

m
E apug
k=1

It follows that .

e ST

[S<C max. [Jull Z; (e liE]
‘]:

Thus
m
< * ; <
I+ SPI < 0408 max ol | 3 sl | Ve < o+

]:

which completes the proof. O

To prove Theorem [1.5] we need the principle of local reflexivity in Banach lattices due

to Conroy, Moore [5] and Bernau [2].

Theorem 2.1. [2, Theorem 2| Let X be a Banach lattice and let E be a finite-dimensional
sublattice of X**. Then for every finite-dimensional subspace F' of X* and every € > 0,

there exists a lattice isomorphism R from E into ix(X) such that
@) (IRl IR <1+e;
(ii) |x*™*(z*) — Rx™* (a*)| < el|lz™*||||=*|| for all z** € E and z* € F.

We also need a lemma due to Lissitsin and Oja [16] which demonstrates the relationship

between finite-dimensional subspaces and finite-dimensional sublattices in Banach lattices.
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Lemma 2.2. [16, Lemma 5.5] Let E be a finite-dimensional subspace of an order complete
Banach lattice X and let € > 0. Then there exist a sublattice Z of X containing F, a
finite-dimensional sublattice G of Z, and a positive projection P from Z onto G such that
|Px — x| <e|lz| for allx € E.

Proof of Theorem [1.5. (a) Let E and F be finite-dimensional subspaces of X** and of
X*, respectively, and let € > 0 be given. We shall find an operator U € F(X*); with
U] < (1+ e)Ap such that

|27 (Uz") — 2™ (27)] < efl2™ |||

for all z** € F and z* € F.
Choose a d > 0 so that (14 9)3 <1+ ¢ and

S(146)*Au+ 01+ ) +6(1+8)u+6 <e.

Since X is u-PELR, there exists a positive operator T': X** — X** with T(F) C ix(X)
and [|T|| < (1 + d)p such that

|(Tz™) (") = 2™ (2")] < ofj2™[[]«"]]

for all z** € F and z* € F. Since X also has the \-BPAP, there exists an operator
S € F(X)4 with ||S]| < A such that

ISiA Ta™ — i Ta™| < 8| Ta™|

for all x™* € E.
Now, consider the finite-dimensional subspace G := T*ix«S*(X™*) of X***. Then it
follows from Lemma that there exist a sublattice Z of X*™* containing G, a finite-

dimensional sublattice G of Z , and a positive projection P from Z onto G such that

for all z*** € GG. By Theorem there exists a lattice isomorphism R: G = ix (X™)
with ||R||, ||[R7Y| < 1+ 6 such that

|27 (2™) = (Ra™) (2™)] < olJ™|[[]«™]]

for all z*** € G and z** € E.

We define the desired map U € F(X*)4 via the composition of the following operators

=L

x5 b e gz B G B i (xr) 25 x



624 Dongyang Chen

Then for every a* € X*, we have
U] < (1 + G)IPT ix-S"a"|| < (14 0)(|T™ix=S"2™|| < (14 8)*Aul|2™]),
hence ||U|| < (1 + ¢)Ap, and for every z** € E and z* € F, we also have
2™ (Ua”) — ™ (7))
= |2 (it RPT ix«S*x*) — 2™ (x¥)|
< |a**(ix: RPT*ix+S*a*) — (PT*ix+S*z*)(2**)|
H|(PT ix=5"2") (™) — 2™ (27)]
<O||PT™ix=S ||| || + |(PT ix+S"2" ) (™) — 2™ (z™)|
< O(L+0) Al (||| + [(PT ix+S*a*) (@) — (Tix-S"z")(«*)]
+ [(Tix-5"") (™) = (T2™) (2")] + [(T2™) (27) — 2™ (27)]
< (1 +8) Anllz™ [l || + (1 + &) Aufl ™ l|z*|
H (ST T2™) (27) — (Ta™) ()] + 8[|z ||="|
< (S(1+8)2A+ (14 )M+ 5(1 + 8)p + &) ||2** || |||
< ezl fl="-

Then the same argument as in the proof of [11, Theorem 3.1] shows that

idy. € (9 FX), o <™
where T, is the weak operator topology. Put A :={S € F(X*)4 : ||S| < Au}. We have
ero _ erto — j7c7

where Ty, is the strong operator topology. The first equality follows from (L£(X™), Two)* =
(L(X™), Tsto)™ (cf. |7, p. 477, Theorem 4]) and the convexity of the set A, and the second

one follows from the uniform boundedness of the set .A. Hence we complete the proof of

(a).
(b) Let E and F be finite-dimensional subspaces of X** and X*, respectively, and let
e > 0 be given. Choose a § > 0 so that (14 §)? <1+ ¢ and

S(1+HA+0A+0<e.
Since X* has the A-BPAP, there exists U € F(X*); with ||[U]| < A such that
[Uz* — ™| < o]

for all z* € F. By Lemmal|2.2] there exist a sublattice Z of X** containing Ey := U*(X**),
a finite-dimensional sublattice G of Z, and a positive projection P from Z onto G such
that

[P™ — ™| < 6]«
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for all #** € Ey. It follows from Theorem that there exists a lattice isomorphism
R: G —ix(X) with ||R||,||[R7Y| < 1+ 6 such that

|27 (2%) — (Ra™) (2%)| < o™ ][]

for all ** € G and z* € F. Then the map T := RPU* is a positive finite rank operator
from X** to ix(X).

Now, for every z** € X**, we have
IT2*|| < 1+ 8)|PU*z™| < (1+6)*|U*x™ || < (1 + )M«
hence ||T']] < (14 ¢)A, and for every z** € E and z* € F, we also have

|(T2™) (") — 2™ (")
< [(RPU™2™)(2") — (PU"2™) (") + [(PU"2™) (") — 2™ (27)]
< S| PUT [l + [(PUT™)(2™) — (UT2™)(a")] + [(UT2™) (") — 2™ (27)]
< S(L+ )T |l2™ ]| + ollU 2™ ||| + o] ][]
< (S(L+0)A+ oA+ )|z [[|="]

< el [[|="]]-

Hence X is A-PELR.

In order to prove the second part, let £ and I’ be finite-dimensional subspaces of X
and X™, respectively, and let € > 0 be given. Let U, P, and R be the operators in the
proof of the first part. Then S := i RPU*ix € F(X); and as in the proof of the first
part, we have ||S]| < (1 + &)\ and

|27 (S2) — 2™ ()] < efl”|[|]

for every x € E and x* € F. We can now use the argument in the proof of (a) to complete

the proof of the second part. ]

3. Isometric factorization of positive weakly compact operators and positive

approximation properties

We need an isometric lattice version of the Davis-Figiel-Johnson-Pelczynski factorization
lemma (DFJP factorization lemma) 6] to characterize positive approximation properties.
A subset A of a Banach lattice X is said to be solid whenever |z| < |y| (z € X, y € A)
implies that x € A. The solid hull sol(A) of a subset A of X is the smallest solid set that
contains A. A solid linear subspace of X is called an ideal of X. Recall that an operator
T: Z — X between two Banach lattices is said to be:
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(a) interval preserving whenever 1[0, z] = [0, T'z] holds for all z € Z;
(b) a lattice homomorphism whenever T'(z1 V z3) = T'z1 V T'z9 holds for all z;, 29 € Z.

Aliprantis and Burkinshaw [1] established a lattice version of DFJP factorization

lemma as follows.

Theorem 3.1. [1, Theorem 1.7] Let K be a convez, solid and norm bounded subset of a
Banach lattice X . For each n, put Uy, := 2"K+2""Bx, and denote by ||-||», the Minkowsksi

functional of Uy, i.e.,

||| :=inf{a >0:2 € al,}, z€X.

Set Z .= {z € X : |||lz[|| = (X2, HxHi)l/Q < oo}, and let J: Z — X be the inclusion
map. Then

(a) (Z,||]-1l) is a Banach lattice and Z is an ideal of X;

(b) K C By,

(¢) Both J and J* are interval preserving lattice homomorphisms;
(d) (Z, ||| - I) is reflexive if and only if K is relatively weakly compact.

Just following the same arguments as in [14], we obtain the isometric version of The-
orem [3.7] as follows.

Corollary 3.2. Let X be a Banach lattice and let K be a closed, convex and solid subset
of the unit ball Bx of X. Then there exists a Banach lattice Z such that

(a) K C By;

(b) Z is an ideal of X;

(c) the inclusion map J: Z — X is positive and ||J|| < 1;

(d) Z is reflexive if and only if K is weakly compact.
Corollary yields the following result.

Corollary 3.3. Let T be an operator from a Banach lattice Y to a Banach lattice X such
that sol(T'(By)/||T||) is relatively weakly compact in X. Let K := co(sol(T(By)/||T|))
and let Z be the Banach lattice associated with the set K in Corollary 3.2l Define the map
R:Y - ZbyRy=Ty (y<€Y). Then we have that

(a) the maps R and J are weakly compact operators;
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(b) R is positive if T' is positive;
() [Tl = lIR| and ||J]| = 1;
(d) T =JR.

Lemma 3.4. Let X be a Banach lattice and let K be a weakly compact, convex and solid
subset of Bx+. Let Z be the Banach lattice associated with the set K in Corollary [3.2]
Then

weak™

(Z7)+ =JHix(Xy)
where J: Z — X* is the inclusion map.

eak™

Proof. Suppose not. Then there exists a 2§ € (Z%)4 \ J*ix(Xy) . By the separation

theorem there exist a zy € Z and a real number ¢ such that
J(z0)(x) = J¥ix(x)(20) < ¢ < z5(20)

for all z € X;. Then we see that ¢ > 0 and J(zp) < 0 in X*. Since J: Z — X* is
one-to-one and lattice preserving, zp < 0 in Z and so 0 < ¢ < zj(20) < 0. This is a

contradiction. O

Recall that a Banach lattice X is called a Kantorovié-Banach space (KB-space) if
every increasing norm bounded sequence in X is norm convergent. It should be noted
that the convex solid hull of a relatively weakly compact subset in a Banach lattice need
not be relatively weakly compact [17, p. 108]. However, in KB-spaces, the convex solid
hull of a relatively weakly compact subset remains relatively weakly compact |17, Propo-
sition 2.5.12]. We refer to |17] for more about KB-spaces.

The next well-known result in Banach lattice theory, which gives a method to perturb
positive finite rank operators on Banach lattices, preserving positivity, will be very useful
for us in the sequel. This is quite different from Banach space case. Let X and Y be
Banach spaces. For T' € F(X,Y), the nuclear norm of T' is defined by

m m
w(T) := inf {Z i lllyell : T =) 2k @ i, {2}y € X* {m}iey C Yim e N} :
k=1 k=1

Lemma 3.5. [24, p. 148] Let X and Y be Banach lattices. Then the set

m
{sz @ uyp: {af )y C (X)) {u}i, C Yi,me N}
k=1

is vo-dense in F(X,Y) .
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We also need two results, which are slightly stronger than the positive versions of [23,
Corollaries 4.3 and 4.4]. They enable to represent positive finite rank operators U: X — Y
in the special form J.S or SJ, where J: X — Y comes from the isometric lattice version of
the DFJP factorization lemma and S are positive finite rank operators on X or Y. They

are of independent interest. Their proofs use basic Banach lattice theory.

Proposition 3.6. Let X be a Banach lattice and let K be a weakly compact, convex and
solid subset of Bx+. Let Z be the Banach lattice associated with the set K in Corollary [3.2]

Then we have

0]

F(X,Z")y c{J*ixS:Se F(X)+}
where J: Z — X* is the inclusion map.

Proof. By Lemma [3.4 and the reflexivity of Z, we get

weak™ eak

(Z7)+ = Jrix(Xy) =Jrix(X4) = Jrix(Xy).

Now, let T = >";"  z} ® 2z € F(X,Z*)4 and let € > 0 be given. By Lemma we
may assume that 7 € (X*); and 2}, € (Z2%)4 forall k =1,...,m. Choose a 6 > 0 so that
§(> iy lz;]l) <e. Then for each 1 < k < m, there exists an ; € X such that

Iz — Jhix ()| < 6.

Define S € F(X)4+ by

m
S = sz ® T
k=1
Then we have .
vo(T — J¥ixS) < llaillllzh — Trix (zp)]| < e O
k=1

Proposition 3.7. Let X be a Banach lattice and let K be a weakly compact, convex and
solid subset of Bx. Let Z be the Banach lattice associated with K in Corollary 3.2 Then

for every Banach lattice Y, we have

F(Z,Y)y c{ST:Se F(X,Y) }"°,
where J: Z — X is the inclusion map.

Proof. As in the proof of Proposition we have (Z*)y = J*((X*)1). Now, let T =
Yooz @y € F(Z,Y)4 and let € > 0 be given. By Lemma we may assume that
zf € (Z*)4y and yp € Yy forall k =1,...,m. Choose a § > 0 so that §( >, [lyk|) <e.
Then for each k = 1,...,m, there exists an z} € (X*)y such that

Iz = T (zp)ll < 0.



Positive Approximation Properties of Banach Lattices 629

Define S € F(X,Y ) by

S = Zx;’; ® Y.
=1
Then we have m
w(T = SJ) <Yz = T (@) lllyell < e. H
k=1

Theorem 3.8. Suppose that X* is a KB-space. The following statements are equivalent.
(a) X has the PAP.

(b) For every Banach lattice Y and every T € L(X,Y )4, we have

Te{TS:SeF(X):}".

(c) For every reflexive Banach lattice Y, W(X,Y); C F(X,Y)y .

(d) For every Banach lattice Y and every T € W(X,Y ), we have

Te{TS:SecF(X)+}".

Proof. Simple verifications show (a) < (b). It remains to prove that (c¢) = (d) and (d)
= (a).

(c) = (d). We follow the argument in the proof of |23, Proposition 4.6]. Let Y be a
Banach lattice and let 7" € W(X,Y )4 (in fact, an arbitrary weakly compact operator).
Since, in KB-spaces, a relatively weakly compact set has a relatively weakly compact
solid hull, we can apply Corollary to the subset K := ¢o(sol(T*(By~)/||T||)) of X*.
Then there exists a reflexive Banach lattice Z, which is an ideal of X*, and an operator
R:Y* — Z such that T* = JR, where J: Z — X* is the positive inclusion map. Since
J¥ix € W(X, Z*)4 and 1 is stronger than 7, it follows from (c) and Proposition [3.6] that

Jrix € {J*¥ixS:S e F(X),}".
Thus there exists a net (S,) in F(X )4 such that
J¥ixSa 75 Jix.
Since iy TSy =T** S ix = R*J*ix S, and iyT = T*"ix = R*J*ix, we have
iyTSa 55 iyT.

Hence
TS, 5 T.
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(d) = (a). Let f € (L(X),7.)*" be arbitrary. We prove that f(idx) < sup{f(5):S €
F(X)+}. Then by an application of the separation theorem we are done.

Now, by Grothendieck’s description of (L(X), 7.)* |9] (see, e.g., |15, Proposition 1.e.3])
there exist sequences (z,) and (z},) in X and X*, respectively, with > ||z,||||z;| < oo
such that

FU) =) w(Uzy)
n=1

for every U € L£(X). We may assume that ||z}| < 1 for every n, [|z}| — 0 (n —
00), and ) ||z,| < oo. Consider the weakly compact convex and solid subset K :=
co(sol({x}}>2,)) of Bx+. Then by Corollary there exists a reflexive Banach lattice
Z, which is an ideal of X™*, with K C By such that the inclusion map J: Z — X* is a

positive weakly compact operator and ||J|| = 1. By (d) we have

JYix € {J*¥ixS: S € I(X)+}IC.

Since K C By, there exists a sequence (z,), in Bz such that J(z,) = z} for each n.
Define g := )", 2, ® &, € (L(X, Z%),7.)*. It is clear that f(idx) = g(J*ix). Thus

flidx) < sup{g(J7ixS) : S € F(X)+}

= sup {Z(J*z'Xan)(x;) :S e ]:(X)+}
n=1
=sup{f(S):S5 € F(X)+}. O
Theorem 3.9. Suppose that X is a KB-space. The following statements are equivalent.
(a) X has the PAP.

(b) For every Banach lattice Y and every T € L(Y, X )4+, we have

Te{ST:SecF(X)+}".

(c) For every (reflexive) Banach lattice Y, W(Y, X)), C F(Y, X), °.

(d) For every Banach lattice Y and every T € W(Y, X ), we have

Te{ST:SecF(X)+}".

Proof. We only prove that (c) = (d) and (d) = (a).

(c) = (d). Let Y be a Banach lattice and let ' € W(Y, X)1 (in fact, an arbitrary
weakly compact operator). We can apply Corollary to the weakly compact subset
K :=7co(sol(T(By)/||T||)) of X. Then there exists a reflexive Banach lattice Z, which is
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an ideal of X, and an operator R: Y — Z such that T' = JR, where J: Z — X is the
positive inclusion map. By (c) and Proposition we have

Je{SJ:SeF(X).}"
Thus there exists a net (S,) in F(X )4 such that
Sad 5.

Hence
S, T=8,JR8 JR=T.

(d) = (a). We follow the argument in the proof of Theorem [3.§(d)=>(a). Let f =
Yo Tn(-xy) be arbitrary in (L(X),7.)*, where ) |z,]||||2}| < co. We may assume that
|zn]] < 1 for every n, ||z,]| — 0 (n — o0), and >, ||z;|| < co. Consider the weakly
compact convex and solid subset K := ¢o(sol({z,}32,)) of Bx. Then by Corollary
there exists a reflexive Banach lattice Z, which is an ideal of X, with K C By such that
the inclusion map J: Z — X is a positive weakly compact operator and ||J|| = 1. By (d)

we have

Je{SJ:5e F(X), }".

Since K C By, I find a sequence (z,), in Bz such that J(z,) = z, for each n. Define
g:=,Th®z, € (L(Z,X),71.)* and it is obvious that f(idx) = g(J).
Thus

f(dx) <sup{g(SJ): S € F(X)+}
=sup{f(S):S5 € F(X)+}. O
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