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Blow-up Solution for 4-dimensional Generalized Emden-Fowler Equation

with Exponential Nonlinearity

Taieb Ouni

Abstract. Using some nonlinear domain decomposition method, we prove the existence
of singular limits for solution of generalized Emden-Fowler equation with exponential

nonlinearity in fourth-dimensional given by

A(a(z)Au) — V(x) div(a(z)Vu) = pa(z)e* in Q C R4,
u=Au=0 on Of).

The leading part A is, usually, called Laplacian operator. The potential V (z) belongs
to LS (RY) it is smooth and bounded and a = a(z) is a given smooth function over
Q, called the Schrodinger wave function. Namely, we are still looking for solutions
which concentrate at the points 27 € 0, j = 1,...,m as the parameter p tends to 0.
We find sufficient conditions under which, as p tend to 0, there exists an explicit class
of solutions which admit a concentration behavior with a prescribed bubble profile
around some given m-points in 2, for any given integer m. These are the so-called
singular limits. The candidate m-points of concentration must be nondegenerate (in
essential way) critical points of a suitable finite dimensional functional explicitly and

the higher order Green’s function with respect to the imposed boundary conditions.

1. Introduction and statement of the results

Let  be a regular bounded open domain in R*. We are interested in positive solutions of

the generalized Emden-Fowler equation with exponential nonlinearity:

Ala(z)Au) — V(z)div(a(z)Vu) = pta(z)e* in Q,
u=Au=0 on 0f2

(1.1)

when the parameter p tends to 0 verifying p* = 384¢%/(1 4+ £2)* ~ &* as ¢ tends to 0, the

o0

% (R*) and it is smooth and bounded, the function a = a(2) is

potential V' belongs to L
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a given smooth function over €2, called the Schrédinger wave function, solution of the so

called linear form of stationary smooth nonhomogenous Schrédinger problem

—Aa(z) + V(2)a(z) = Mf(z,a) in Q,

(1.2)
IValloo <

satisfying
(H) 0<e <a(z) <er < oo,

A and v are small parameters and f is a smooth bounded function over €.

The existence and multiplicity of nontrivial solutions a(z) of problem have been
extensively investigated in the literature, for various conditions of the potential V' (x) and
the nonlinearity f. Precisely, in [18], the author presents general results on exponential
decay of finite energy solutions to stationary nonlinear Schrodinger equations . Under
certain natural assumptions, he shows that any such solution is continuous and vanishes at
infinity and the solution is interpret as a finite multiplicity eigenfunction of a certain linear
Schrodinger operator and, hence, apply well-known results on the decay of eigenfunctions.
An interesting case is when the nonlinearity of f is supposed to satisfy the following
assumption: f is a Carathéodory function, a.e. it is Lebesgue measurable with respect
to z € R* for all @ € R and continuous with respect to a € R for almost all z € R%.
Furthermore,

1f(z,a(2)] < e(1+|a(2)]?), z€R acR

with ¢ > 0 and the potential V belongs to L3 (R*). (For more details about asymptotical
behaviors (exponential decay) of the solution a(z) of problem (1.2), see |18, Lemma 1,
Theorems 2, 5, 6] and some references therein. See also [2,3]).
To describe our result, let us denote by
1 14
A2 — A, = ~A(aAu) — Viz) div(aVu) = A%u+ Blu + X2y

a a

where

Yiu= 2% -V(Au) = V(z)Vloga -Vu and Y2u= (Aaa — V(x)) Au.

Then to solve ([1.1]) is equivalent to solve the following
A2y — Agu = ptet  in Q,
u=Au=0 on 0f)
when the parameter p tends to 0. Denote by G(z,-) the solution of
A2Gy(z,-) = 64725, in Q,
Go(z,-) = AGy(x,-) =0 on 0.
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It is easy to check that the function
Ro(z,y) = Ga(z,y) + 8log |z — y|
is a smooth function. We define the set of blow-up as
S:={x € Q| Iz, — x such that u,(z,) = +oo}

and
(1.3) W', . ,z™m) = ZR(xj,xj) +) G2

L a2 ... 2™ m-points in .

for x
Obviously, the application of the implicit function theorem yields the existence of a
smooth one parameter family of solutions (u, ) which converges uniformly to 0 as p
tends to 0, taking into account that A and v are small enough. This branch of solutions
is usually referred to as the branch of minimal solutions and there is by now quite an
important literature which is concerned with the understanding this particular branch of
solutions [13]. The question we would like to study is concerned with the existence of
other branches of solutions of as p tends to 0 with A and ~ are small enough.
Problem |V:0 has been treated in [15] in radial case. Problem without the
terms A(a(x)Au) has been studied by many authors, see [6,21]. Problem with

a = cte becomes:

A%y — V(x)Au = ple* in Q,
u=Au=0 on 0f2.

(1.4)

Problem ([1.4)1,— has treated by [1] as p tends to 0. Recently in [16] the authors have
treated problem ([1.4)y—, with nonlinear dissipative g-gradient terms A|Vul?, for ¢ € [1, 4]
as p, A and v tend to 0 under some hypothesis for ¢ = 4. In |7] Chen and McKenna have

suggested to investigate the following equation
(15) Ugpzr + Clgy = eu’

where they give some existence and nonexistence results. In a note on an exponential
semilinear equation of the fourth order, D. Mugnai, in [14], considers the related problem
to (|1.5). More precisely he takes the problem:

A2y +¢Au = b(e* —1) in Q,
u=Au=0 on 0f2

(1.6)
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where € is a bounded and smooth domain of R", ¢ € R and b € R. The author proves some
existence and nonexistence results for ((1.6|) via variational techniques. Such equations may
occur while studying traveling waves in suspension bridges. For more general problem,

see [19], for the following Navier boundary value problem:

A%y +¢Au = f(z,u) in Q,
u=Au=0 on 0f?

(1.7)

in R™, n >4 and f is nonlinear growth function. In conformal dimensional i.e., n = 4 and

f has the subcritical (exponential) growth on €, i.e.,

t—+o00 exp(at)

uniformly on x € Q for all @« > 0 and in some cases and hypothesis and using Adams

inequality, (see [10]), for the fourth-order derivative, namely,

sup / 3270 o < ClQ|,
{ue H2(Q)NHG(Q),|lul|<1} /Q

the authors show that the problem ([1.7) has at least two nontrivial solutions (for more
details see Theorem 1.3 in [10]) or infinitely many nontrivial solutions (for more details

see Theorem 1.4 in [10]). Many papers have been devoted to the case (a,V) = (cte,0),
where the problem ([1.1)) becomes

A%y = ple*  in 9,
u=Au=0 on Jf

when the parameter p tends to 0 (see for example [1]). Semilinear equations involving
fourth order elliptic operator and exponential nonlinearity appear naturally in confor-
mal geometry and in particular in the prescription of the so called @Q-curvature on 4-

dimensional Riemannian manifolds [4} 5]

1 .
Qg = 1 (—AyS, + Sz — 3| Ricy |2)

where Ric, denotes the Ricci tensor and Sy is the scalar curvature of the metric g. Recall

that the Q-curvature changes under a conformal change of metric
9w = €9,
according to

(1.8) Pyw +2Q, = 2Q,, ™"
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where

2
Py:=A+6 (3591 — 2Ricg) d

is the Panietz operator, which is an elliptic 4-th order partial differential operator [5| and
which transforms according to

4w _
e Pe2wg - Pg,

under a conformal change of metric g, := e*“g. In the special case where the manifold is

the Euclidean space, the Panietz operator is simply given by

2
Pgeucl = A
in which case (|1.8)) reduces to
Aw = Qe

the solutions of which give rise to conformal metric g, = € geua Whose Q-curvature is
given by @ There is by now an extensive literature about this problem and we refer
to [5,8] for references and recent developments. In dimension 4, Wei in [20], have studied
the behavior of solutions to the following nonlinear eigenvalue problem for the biharmonic

operator A% in R*. More precisely, consider the following problem

A%y = \f(u) in Q,
u=Au=0 on 0

(1.9)

and u* the solution of
A?u* = 647231 6, in
w=Au*=0 on Of).

The author proved the following result.

Theorem 1.1. [20] Let Q be a smooth bounded domain in R* and f a smooth nonnegative

increasing function such that
u
e “f(u) and e“/ f(s)ds tend to 1 asu — +oo.
0

For uy solution of (L9), denote by X\ = X [, f(ux) dz. Then many cases occur:
(i) ¥x — 0 therefore, ||u|foeo@) — 0 as A — 0.
(ii) X — +oo then uy — +o00 as A — 0.

(iii) Xy — 6472m for some positive integer m. Then the limiting function u* = limy_,q uy
has m blow-up points, {x!,... ™}, where uy(x’) — +o0 as A — 0. Moreover,

(x',...,2™) is a critical point of W.
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Our main result reads:

Theorem 1.2. Let a € (0,1) and Q2 be an open smooth bounded domain in R* and
S={xl,...,2™} C Q be a nonempty set. Assume that V(z) is smooth bounded potential
and a(z) is a smooth function, over Q, solution of the linear form of stationary smooth

nonhomogenous Schridinger problem

—Aa(z) + V(x)a(x) = Af(x,a) inQ,
IValloo <

and satisfying (H) and (z',...,2™) is a nondegenerate critical point of W, then there

ezist po > 0, Mg >0, y0 > 0 and {up x~}o<p<po,0<2<r0,0<v<r0 @ family of solutions of
Ala(z)Au) — V(z)div(a(z)Vu) = pta(z)e in Q,
u=Au=0 on 0N

such that

m

lim wu = ZG (z7,)

Py (AT
A 0

AT ]71

in CrY(Q—{at, ... ™).

loc

Our result reduces the study of nontrivial branches of solutions of to the search
for critical points of the function W defined in . Observe that the assumption on
the nondegeneracy of the critical point is a rather mild assumption since it is certainly
fulfilled for generic choice of the open domain (2.

We briefly describe the plan of the paper: In Section [2] we discuss rotationally sym-
metric solutions of and we recall some studies about the linearized operator around
the radially symmetric solution. In Section |3} we recall some Known results about the
analysis of the bi-Laplace operator in weighted spaces. Both section strongly use the b-
operator which has been developed by Melrose [12] in the context of weighted Sobolev
spaces and by Mazzeo [11] in the context of weighted Holder spaces (see also [17]). A
first nonlinear problem is studied in Section [d] where the existence of an infinite dimen-
sional family of solutions of which are defined on a large ball and which are close
to the rotationally symmetric solution is proven. In Section [ we prove the existence
of an infinite dimensional family of solutions of which are defined on  with small
ball removed. Finally, in Section [6], we show how elements of these infinite dimensional
families can be connected to produce solutions of described in Theorem This
last section borrows ideas from applied mathematics were domain decomposition methods
are of common use. Throughout the paper, the symbol ¢, > 0 (which can depend only on
k) denotes always a positive constant independent of &, A and v which might change from

one line to another.
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2. Rotationally symmetric solutions and linear fourth order elliptic operator on R*
We first describe the rotationally symmetric solutions of
A2y — Aqu — plet = 0.
Recall that, given € > 0, then
ue(x) := 4log(1 4 %) — 4log(e? + |z|?)

is a solution of

(2.1) A%y = ptet
when
4 384et
P (1+e2)*

Let us notice that equation (2.1)) is invariant under some dilation in the following sense:
If w is a solution of (2.1]) and if 7 > 0, then u(7-)+4log 7 is also a solution of (2.1f). With

this observation in mind, we define, for all 7 > 0
Uer(2) := 4log(1 + €2) + 4log T — 4log(e? + 72|z|?).

With these notations we define the linear fourth order elliptic operator
384
(1 + [?)*

which corresponds to the linearization of (2.1)) about the solution uy (= u.=1).

We are interested in the classification of bounded solutions of Lw = 0 in R%. Some

L:=A%—

solutions are easy to find. For example, we can define

bo(z) := 10 ()+4_4ﬂ
o(x) := rorui(x =4

where r = |z|. Clearly Loy = 0 and this reflects the fact that (2.1) is invariant under the
group of dilations 7 — u(7-) + 4log 7. We also define, for i = 1,...,4,

8561'

¢i(x) == —0g,u1(x) = W7

which are also solutions of LLg; = 0 since these solutions correspond to the invariance of
the equation under the group of translations a — u( - + a).

The following result classifies all bounded solutions of Lw = 0 which are defined in R*.

Lemma 2.1. [1] Any bounded solution of Lw = 0 defined in R* is a linear combination
of ¢; fori=0,1,...,4.
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Let B, denote the ball of radius r centered at the origin in R.

Definition 2.2. Given k € N, a € (0,1) and p € R, we introduce the Holder weighted
spaces Ci®(R*) as the space of functions w € C%(R*) for which the following norm

leollgho gy = lollgraz,) +sup (1 + 22w Ylora, s, )
r>1

is finite.

More details about these spaces and their use in nonlinear problems can be found
in [17]. Roughly speaking, functions in Cﬁ’a(R‘l) are bounded by a constant times (1-72)"/2
and have their /-th partial derivatives that are bounded by (14+72)*/2 for £ =1,...,k+a.
We also define

ks (RY) = {f € Ch®RY | f(x) = f(j2l), Yz € R,

As a consequence of the result of Lemma [2.1] we have

Proposition 2.3. [1] (i) Assume that > 1 and p ¢ N, then

Lyt Ci%(RY) — Cp2(RY)

w — Lw

18 surjective.
(ii) Assume that § >0 and 6 ¢ N then

4, 0,
Lrad,é: Crag,é(RZl) — Crag,574(R4)

w — Lw
18 surjective.
We set B) = B; — {0}.

Definition 2.4. Given k € N, a € (0,1) and p € R, we introduce the Holder weighted
space Cp'®(B)) as the space of functions in C{Zg (B)) for which the following norm

—x, = —H . —
”uHCﬁ’“(Bl) ng% (r |lu(r )”Ck’o‘(Bz—Bl)>

is finite.
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=

Then we define the subspace of radial functions in Cfaﬁ 5(B1) by

*

Craa(B1) = {f € G (RY) | f(2) = f(|a]).Vx € By},
For all e, 7, A,y > 0, we define R, ) 5 := 71 ) /¢ where
Teny i= max (g, \f)\, V)
We would like to find a solution u of
(2.2) A2y — Agu —plet =0
in B

re »- Using the transformation
2T

v(z) =u (Eg;) + 8loge —4log (
T
then equation (2.2)) is equivalent to
(2.3) A%+ SF v+ 32 v —24e’ =0

in Bg_,, where

ALY ) () Q-
Ye v= = V(Av) — V() (T) Vloga - Vv

52 v = (;)2 % ((i)_Q Ad— f/(m)a) Av,

where a(z) = a(£z) and Vi(z) = V(£z). Now we look for a solution of (2.3)) of the form

and

v(x) = ui(z) + h(z),

this amounts to solve

_ 384 h 1 9

in ERM'

We will need the following definition.

Definition 2.5. Given 7 > 1, k € N, a € (0,1) and p € R, the weighted space C,]f’o‘(BF)

is defined to be the space of functions w € C**(By) endowed with the norm

o —p . _
It lgge i = Nollereqmy + sup. (w0t ek, -5, ) -
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For all ¢ > 1, we denote by
Eo: CB’“(EU) — CB’“(R“)
the extension operator defined by

(=) for [z] < o,

E(f)(z) = N (m) ! (U ) for |z| > o,

o [
where t — x(t) is a smooth nonnegative cutoff function identically equal to 1 for ¢ < 1 and

identically equal to 0 for t > 2. It is easy to check that there exists a constant ¢ = ¢(u) > 0,
independent of o > 1, such that

(2.5) 1€ (W)l g0 may < ellwlleoe s, )

We fix
0 €(0,1).

Denote by Gs to be a right inverse of LL;,q s provided by Proposition To find a solution
of (2.4) it is enough to find a fixed point h, in a small ball of Ciﬁ 5(R4), solution of

(2.6) h = R(h)

where R(h) := G5 0 & o R(h) with

384

R = axpmi©@ —h-U- Sge(ur +h) = T3 _(ur + h).

For |z| = r, we have R(0) = —X1 (u1) — 32 (uq), where

Va ~ £\ 2 _
Ezli,a(ul) = 27 ’ v(Aul) - V(ﬂj) (;) Vloga- Vup

and

st = (5)" 1 ((5) " aa- V) au

T a T

Given k > 0, there exist ¢, > 0 (which can depend only on k), such that for § € (0, 1), we

have

4-5 4—§\1 4-5y2
sup 7 °|R(0)] < ¢y sup r Ea7g(u1)—|—c,{ sup r Ea7a(u1)
TSRE’/\;Y TSRE,)\,'\/ TSR&)\"‘/
_ Va
<¢. sup 1t J <2 -
TSRE,)\,'\/ a

V(@) + V) (£) 1V 10ga] V]

% <(i)_2 Ad— V(x)&) ‘ |Auy | .

€\2 _
+ ¢k (—) sup i
T TSRE,)\,'\/
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Using the fact that a(z) is solution of (1.2) satisfying (H) and V' (z) is smooth bounded

potential, we deduce

4-6 € 4573417
sup 77 °|R(0)] < ck||Va (—) sup r° ——%
P IRO)] = el Valloo { - DR

e\3
+ ¢kl Val|oo (7> sup g
T _Rs, i

e 2
+ ¢ (;) M| flleo sup 7

T<Re x5

Taking into account that for r very large we have (1 4 72)™# ~ 7728 the fact that
|Vall < 7, recall that r. ), := max(y/z, VA, /7) and & € (0, 1), then we obtain

sup 0 |R(0)] < exey + ene R + ewve® REYD + code® + cude®REY
TSRE,)\,"{

0,.1=6 0,.3—0

< c,is‘s’ys + cyeTr, Ay + cyer, Ay 020

+ e Ae? + e \e0r T2 any

< cﬁeérgv)w.

Recall that R(h) := Gs o E5 0 R(h), then there exist ¢, > 0 (which can depend only on k),
such that

1
ROt ey < ener25:

Making use of Proposition together with , hence,

(2.7) HhHC4a ®e) < 26xe 72\ ne

Now, let hy, hy in B(0,2c,7?, ) of Crad 5(R4), satisfying for each x € Bp

15 )\’y €,y

we prove that |h;(z)] — 0 as €, A and v tend to 0. Then we have
4-5
sup 7 °[R(h2) — R(h)]

T<Re x

<e¢o sup 014 |x)?)7? ‘ehz —eM 4 hy — hg‘

rgRs,A,’y
+euA sup i 5)2 hg—hl)‘—l—cn)\ sup 5‘2 (hg — h1)| .
TSRE,)\,’Y TSRE,)\,’Y

Recall that a functions w in Cfa’g s(R*) are bounded by a constant times (1+72)%/2 and
have their /-th partial derivatives that are bounded by (1+72)®=0/2 for ¢ =1,... . k+«
(a.e. |Viw| < cmr5_€||w]\c4,a (R4 (1+72)0=0/2 9=t for  very large), then there exist

rad,d
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¢x > 0 (only depend on k), using the fact that a(x) is solution of (|1.2) satisfying (H) and

V(z) is smooth bounded potential, we deduce

sup r4_‘5|9‘{(h2) —R(hy)]

TSRE,)\,'*/
<e¢o sup r40\hy — hy|lhg + By
TSRe,A,'y
s va ~ €2 ~
teoy sup 40 (2|22 V(A(he — hy))| + V() (7) IV log @] |V (hy — )]
r<R. ., a T
2 1 2 =,
+ (E) sup 0 <<€> Aa — V(iﬁ)a) |A(h2 = ha)
T/ r<Rex a \NT
2
< cx z; lhillre @ayllhz = hallgta goy +enreBersllhe = hallgte g

3.3 2 p2
+ cxve Rg,)\;thZ - thCi{ig(W) + ckAe RE,A,7||h2 - hl“c;‘éj’é(ﬂﬁ‘*)'

Provided h; € Cfﬁﬁ(R‘l) satisfies ||hi||c4’35(R4) < 2%567‘?%\77, then the last estimate, is
given by ’

sup 770 |R(he) — R(h)|

TSRE,A,'Y
4
< k€ TE,A,WHhQ - h1||cfég’6(R4) + CR'VTEJWH}L? - hl”cl‘}avg’é(w)
3 2
+ Cﬂﬁyrs,)\,'thQ - thCiﬁé(Rﬂ + cﬂ)‘rs,)\,’yH}@ - hl”Cf{;‘;(s(R“)'

Similarly, making use Proposition together with (2.5, we conclude that given xk > 0,
there exist €y, Ax, v, and ¢x > 0 (only depend on k) such that

(2.8) [R(h2) — N(hl)Hc;l;gyé(Rél) < 6HT€,A,v”h2 - hl”gf;;&(Rcl)-
Reducing €., A\ and -, if necessary, we can assume that
1
CrTeny < 5

for all € € (0,ex), A € (0,\;) and v € (0,7,). Then, (2.7) and (2.8)) are enough to show
that
h s R(h)

is a contraction from the ball

4, )
{hechas®Y) | Ihlgse g < 20’2, }

into itself and hence has a unique fixed point A in this set. This fixed point is a solution

of (2.6) in ERE,)\,W'

We summarize this in the following proposition.
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Proposition 2.6. Let § € (0,1). Given k > 0, there exist g,, > 0, A, > 0, v, > 0 (which
can depend only on k) and ¢, > 0 such that for all e € (0,e,), A € (0, \;) and v € (0,7x),
there exists a unique solution h € Cfﬁé(R‘l) of (2.6]) such that

v(z) = ui(z) + h(z)
solves (2.3) in ER&M. In addition

1)
HhHCiSS(R‘l) < 2cxe Tg,)\,'y'

3. Known results [1]

3.1. Analysis of the bi-Laplace operator in weighted spaces

Given z!,...,2™ € Q we define X := (2!,...,2™) and
QX)) :=Q—{z', ..., 2™},

and we choose 19 > 0 so that the balls B, (z') of center ' and radius 79 are mutually
disjoint and included in . For all r € (0,79) we define

Q.(X):=Q - G B(z7).

J=1
With these notations, we have

Definition 3.1. Given k € R, a € (0,1) and v € R, we introduce the Holder weighted
space Cp®(Q" (X)) as the space of functions w € C{Zg (Q°(X)) which is endowed with the

norm
m .
ol gt @ oy = I leke, pooy + 20 500 (r (@ + 7Y loka s, )
che @ (X)) R @) T 2, G0 ) Ck.o(Ba—By)

is finite.

When k > 2, we denote by [CE*(Q"(X))]o the subspace of functions w € Ci'® (" (X))
satisfying w = Aw = 0.
We will use the following

Proposition 3.2. [1] Assume that v < 0 and v ¢ Z, then
Lo [P — GO (X))
w — A2w

18 surjective.
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3.2. Bi-harmonic extensions
Given ¢ € C+¥(S3) and ¢ € C*%(S?) we define H® (= H(p,1;-)) to be the solution of
A’H' =0 in By,
Hi=p on 0By,
AH' =1 on 0B,

where, as already mentioned, B; denotes the unit ball in R%.

We set Bf = By — {0}. As in the previous section, we define
Definition 3.3. Given k € N, a € (0,1) and p € R, we introduce the Holder weighted
spaces Ci®(B7) as the space of function in C>*(BY) for which the following norm
= —u , _
Iy = su, (r (Yl gk (B, 3,))
is finite.

This corresponds to the space and norm already defined in the previous section when
Q=DB;,m=1and z' =0.

Let eq, ..., e4 be the coordinate functions on S3. We prove

Lemma 3.4. [1] Assume that

(3.1) / (8¢ — ) dvgs =0 and also that / (12¢ — ¢)egdvgs =0
S8 S3
for € =1,...,4. Then there exists ¢ > 0 such that

1 (0,93 Mlgsazy < € (I@lleraiss) + 1 llzass)) -

Given ¢ € C**(S3) and o € C?%(S?) we define (when it exists!) H® (= H®(p,;-))
to be the solution of
A’H¢ =0 inR*— By,

He =9 on 0B,
AH®¢ =1 on 0B,
which decays at infinity.

Definition 3.5. Given k € N, a € (0,1) and v € R, we define the space Ci**(R* — By) as
Fo(R4 _ B1) for which the following norm

the space of functions w € C,

— 71/ - J—
[0l s s,y =502 (et g 5,-p))

is finite.
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‘We recall

Lemma 3.6. [1] Assume that

(3.2) Y dugs = 0.
S3

Then there exists ¢ > 0 such that
| H (0, ;- )Hc‘f;*(w_Bl) < c(llelleae(ssy + 19z (ss))-
We will need
Lemma 3.7. |1] The mapping
P- C4,a(s3)L % CQ,a(S{’:)L N CB,a(sS)L % Cl,a(s@)L
(o, 1) — (0,H' — 0,H®,0,AH" — 0,AH®)

where H' = H(p,1;-) and H® = H®(p,v;-), is an isomorphism.

4. The first nonlinear Dirichlet problem

Recall that for all e, 7, A,y > 0, we define

Ren~ i=Trepq/c
where
Tedy = maX(\/E, \/Xv ﬁ)
Given ¢ € C+¥(S3) and ¢ € C%(S3) satisfying (3.1]), we define

wi=uy +h+ H (0,95 (- /Repy))-
We would like to find a solution u of
(4.1) A%y + E%,EU + E%vau —24e" =0
which is defined in Bpg,_, , and which is a perturbation of w. Writing u = w + v, this

amounts to solve the equation

_ B384 H ([ Renn)) _ 384
b= Ty (¢ ' ‘1‘“>+<1+7«2>4
— 3%, (w1 +h+ H(p,9; (- /Repy)) +v) + 53 (ur + h)

=53 (w+h+ H (9,03 (- /Repy)) +v) + 55 (ur + h),

(e" —1)v
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since H' is bi-harmonic. Then taking in to account that (E%a)i, i = 1,2 are linear

operators, then

=38 h (e Repa e _q ) 4 S8 oh
42) Lv = (1—}—7‘2)46 (e g 1 v)+(1+ 2)4(6 1)v

= Sge (H' (0,05 (+/Bepg)) +0) = B3 (H' (0,95 (- /Bepg)) +0)
In the following, we will denote by K(v) the right-hand side of (4.2)). We will need the

following definition.
Definition 4.1. Given 7 > 1, k € N, a € (0,1) and p € R, the weighted space Cﬁ’a(B?)
is defined to be the space of functions w € C**(By) endowed with the norm
||w”cﬁ,a(§F) = ||w||ck,a(Bl) + 1S<1;EF (T_I'LHUJ(T' . )Hck’&(El_Bl/Q)) .
For all ¢ > 1, we denote by
&y Cg’a(ga) — CS’Q(R‘l)

the extension operator defined by

&UX@:X<§Uf(ﬁ;>

where t — x(t) is a smooth nonnegative cutoff function identically equal to 1 for ¢ > 2 and
identically equal to 0 for t < 1. It is easy to check that there exists a constant ¢ = ¢(u) > 0,
independent of o > 1, such that
(4.3) ||50'(w)||cg’o‘(R4) < CHw”cgvﬂ(Ea)‘

We fix

€ (1,2)

and denote by G, a right inverse provided by Proposition To find a solution of (4.2)),
it is enough to find v € Cﬁ’o‘(R‘l) solution of
(44) V= N(€7A777 7—78071/];1))

where we have defined

N(Ea)‘v’YaTvgovw; ) _gNOERe)\'y’C( ))

Given k > 1 (whose value will be fixed later on), we now further assume that the
functions p € CH%(S3), ¢ € C#%(S?) and the constant 7 > 0 satisfy
(4.5)

log(l/i)HOg(T/T*)' < W?,Am [plleaa(gsy < m“g,,\,«/ and  [[¥|g2.0(g3) < ’ﬂ"i/\,w
£,y

where 7, > 0 is fixed later.

We have the following technical:



Blow-up Solution for 4-dimensional Generalized Emden-Fowler Equation with Exponential Nonlinearity 141

Lemma 4.2. Given k > 0, p € (1,2), § € (0,1), V(z) is smooth bounded potential and

a(z) satisfies (H) and solution of

—Aa(z) + V(z)a(z) = Af(z,a) in Q,
IValloo <~

then there exist €, > 0, A\ > 0, v, > 0, ¢x > 0 and ¢, > 0 such that, for all € € (0,¢),
A€ (0,\;) and v € (0,7x),

(4.6) IN (e, A7, 750,15 0) | gt ay < ene?'r? x o
Moreover,

(47) HN(E, A YTy P 1/)7 UQ) - N({;‘, A, YTy P ¢, Ul)”cﬁva(]}gzl)

< Ef@rs,)\;y”UQ — U Hcﬁv"‘(]}@)

provided U = v1,vy € Cﬁ’a(R4), € CH(83), ¢ € C2(S?) satisfy

\WHcﬁ,a(Réx) < 2%5“7"?,,\,77 H‘PHCM(SS) < /‘”"g,ma WHCM(S% < W?,A,w

and |log(/7.)| < kr? Ay log(1/r? Ay

Proof. The proof of these estimates follows from the result of Lemma [3.4] together with the
assumption on the norms of ¢ and ¢ and recall that a functions in Cﬁ’a(R‘l) are bounded
by a constant times (1 + r2)#/2 and have their /-th partial derivatives that are bounded
by (1+ 7“2)(“4)/2, for £ =1,...,k+ «. Indeed, let ¢, denote constants which only depend
on k (provided e, A\ and v are chosen small enough), it follows from Lemma and the
estimates given by and under the hypothesis , the coefficients of 0 and 7! vanish
and hence, at least formally, the expansion of H? only involves powers of r that are greater

than or equal to 2, then
(48)  [[H (0,93 (- /Rexs))letn 3, DS < ewR25 (I@llcaacss) + 19lleza(ss) < cxe

Therefore, using the fact that for each z € By we have |h(z)| < CJ?T\‘;, which tends

€,A,7”

to 0 as €, A and ~ tend to 0, we get

< c,{52.

14| [2) el (B @t /Renq)) _q
a1 2ter( ) e

\h(z)| < er?td

then for all * € Bg Sy

Using the fact that ||h||c4a ®RY) < 2ce0r?

5/\'y7 e,

tends to 0 as €, A and ~ tend to 0 and from the asymptotic behavior of H? given by



142 Taieb Ouni

the estimate (4.8) and since a(z) is solution of (1.2)) satisfying (H) and V(z) is smooth

bounded potential, we deduce

Se (H' (@03 (- /R: .
[=5e ot CRera ) o 5,

< H2: -V (A (H' (9,95 (- /Reny)))

—V(z) <§> Vloga -V (H' (¢, 95 (- /Rex)))

0,0
Cﬂ—a‘l(BRs,)\,’y)

<CH'YT )\ ek QHHl(QO’ ’( /Ré)\,"f))Hc‘lo‘BR Ay )

and

X2 (H'(p,¢; (/R
[=2. (e s TR | g,

T 0,
6#34(31%5,/\77)

< H ()1 <(5)2 At - V(@&’) A (H' (9,95 (- /Reps))

< e\ HH (0,05 (- /Rep))llte (Bn,, )
Provided H? satisfies (#.§]), we deduce that

w2
S CRETTE Ny

ke o s C/Rea ) oo
p—4 €,y

and

w,.2
< cke TE A~

2 (H' (e 05 (/R _
Q)]

Using Proposition and (4.3)), we conclude that

||N(€’ >\a NERZ w’ 0) ”Cﬁ’a(Rﬂ S CNE”T?,)\W

which derive the desired estimates given by .

To derive the second estimate, we recall that a functions w in C,If’a(R4) are bounded
by a constant times (14 72)*/2 and have their £-th partial derivatives that are bounded by
(14+r2)B=0/2 for ¢ =1,...,k+a (ae. |Viw| < c,{r“*EHchz,a(Rﬂ, (14 r2)B=0/2  pu=t
for r very large), then there exist ¢,, > 0 (only depend on &) such that we use the fact that

we have |h(z)] < 2t | and |vi(z)| < cﬁrgi"v, which they tend to

for each = € Bpr Ay

e,
0 as £, A and v tend to 0, then given x > 0, there exists ¢, > 0 such that

H(l + - ‘2)*46Hi(90,¢;(‘/Rs,x,w))Jrh(evz — et — vy + vy)

A
CHSL‘;(BRE,)\,’Y)

< cneuri)\ﬁva — leCﬁ,a(W)
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and

H(l +] P <€Hi(¢’w;('/RE’M)) - 1) (v2 —v1) _ < cpe?||vg — Villghe gay-

0,
€l B )

Provided h € Cfé‘jé(R"‘) satisfies ||| .0 ®é < 2¢,,€%72 we deduce that
’ rad,d

A’

| )7 = 1 = o)

. = < el pta gy llvz — viflpra
o (Br ) RIS (R) Cw* (R
< cna‘srikﬁHvz — U1||Cﬁ,a(R4).

Since a(z) satisfying (H) and V (z) is smooth bounded potential, then

Hzili,s(UQ - ’Ul)‘

0,0
CME‘A‘(BRE,)\,W)
Va

T
a

V(A(vg — 1)) — V() (;)2 Vloga - V(vs — v1)

0 =
Cﬂg‘l(BRE,)\ﬂ)

< CK'YTE,A,7||U2 — V1 ”Cﬁ’a(R“) + CK’Y?“?A,V |U2 — U1 ||Cﬁ’a(R4)'

Since a(z) is solution of (1.2)) satisfying (H), and V' (z) is smooth bounded potential, we

deduce

HE%,E(W - Ul)’

O B ) H (%)2% ((i)_Q AG — 17(3:)6) A(vs —v1)
“\(Bn, , .

< C,{)\Ti)\’,YHUQ — vl”cﬁ’a(R‘*)'

0,0 (B
cﬂf“(BRSAW)

Using Proposition and (4.3)), we derive the desired estimates given by (4.7)). O

Reducing g4, Ax and -, if necessary, we can assume that

_ 9 1
CrTe Ny < 57

there exist ¢, > 0, Ay > 0, 7, > 0, ¢, > 0 and ¢, > 0 such that, for all € € (0,¢,),
A€ (0,\;) and v € (0,7x). Then, (4.6) and (4.7) in Lemma are enough to show that

v N(e, A\, 7,7, 0,1;0)
is a contraction from
4 4 2
{v € ChORY) | vllpser gy < 2cﬁeﬂr€M}

into itself and hence has a unique fixed point v(e, A, 7, T, , ;) in this set. This fixed

point is a solution of (4.4)) in Bg_, ..
We summarize this in
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Proposition 4.3. Given k > 1, there exist ¢, > 0, Ay, > 0, v, > 0 and ¢, > 0 (only
depending on k) such that given @ € CH*(S3), ¢ € C?>%(S3) satisfying (3.1)) and 7 > 0
satisfying

[log(r/7)| < w12\, log(1/12 ), ll¢lletacssy < wr2y,  and  |[Wllezacss) < w125,

the function

u(e, A\, v, 70,05 ) ==y + h+ H (0,03 (- /Repy)) +0(e, A\, v, T, 0,15 )

solves (4.1) in Br_, .. In addition,

H’U(E—:, Aa 7T P, d}v : )Hcﬁ’a(Rll) < 2CNE“T?,)\,7‘
Observe that the function v(e, \,7, 7, ¢, ;- ) being obtained as a fixed point for con-

traction mapping, it depends continuously on the parameter 7.

5. The second nonlinear Dirichlet problem

For all (g,,7) € (0,73)3, we recall that

Tedny i= max(v/e, \f)\, V)

Recall that G,(x,-) denotes the unique solution of
AG,(z,-) = 64725,

in Q, with Gy(z,-) = AGy(z,-) = 0 on 0. In addition, the following decomposition
holds
Ga(z,y) = —8log|z — y[ + Ra(z,y)

where y — Rq(z,y) is a smooth function.
We recall in this section a result which concerns the properties of the Green’s function

in the following lemma.

Lemma 5.1. There exists C' > 0 such that for all x,y € Q, © # y, we have that
IViGa(z,y)| < Clz —y|™%, i>1.

Proof. This estimate is originally due to Krasovskii [9] and some reference therein. O

1

Given =, ...,z € Q. The data we will need are the following;:

(i) Points Y = (y',...,y™) € Q™ close enough to X = (z!,...,z™).
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(ii) Parameters 7 = (77%,...,7™) € R™ close to 0.

(iii) Boundary data ® = (p!,...,¢™) € (CH*(S3))™ and ¥ = (l,... ™) € (C>¥(S3))™
each of which satisfies (3.2)).
With all these data, we define

m

U= (1+iP)Ga(y )+ D> Xno (- =)V H(D 075 (- = ¢7) [rens)
j=1

j=1
where X, is a cutoff function identically equal to 1 in B, /, and identically equal to 0
outside B, .
We recall that p > 0 is defined by

. 384et
P =1+t

We would like to find a solution of the equation
(5.1) A%y + Sy 4 2 — plet =0,

which is defined in ©,_, (Y) and which is a perturbation of @. Writing u = @ + v, this

amounts to solve
(5.2) A% = ptet — A2u — 3L (w +7) — 22 (u + 7).
We need to define an auxiliary weighed space:

Definition 5.2. Given 7 € (0,79/2), k € R, a € (0,1) and v € R, we define the Holder
weighted space Ch'®(Q7(X)) as the space of functions w € C5*(Qx(X)) which is endowed

with the norm

”wHClIf’a(ﬁ?(X)) = Hw||ck’a(§r0/2(X) + Zre[ilil(i))/m (r_l’Hw(xj +r- )Hck,a(§2_Bl)) .

For all o € (0,79/2) and all Y € Q™ such that || X — Y| < ro/2, we denote by
oy CIN(Q(Y)) — CI(Q(Y)),

the extension operator defined by g’g,y( f)=finQ,(Y)

Ear (N +2) =X ('i') / <y i "|2|>

foreach j =1,...,m and goy(f) = 0 in each B, /5 (y 7), where t +— X(t) is a cutoff function
identically equal to 1 for ¢ > 1 and identically equal to 0 for ¢ < 1/2. It is easy to check

that there exists a constant ¢ = ¢(v) > 0 only depending on v such that

(5.3) €0y ()llega @ (xy) < elwlles, x))-
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We fix
ve(—1,0),

and denote by QNMY the right inverse provided by Proposition Clearly, it is enough to
find 7 € C*(Q*(Y)) solution of

7= N(g,\7,7,Y,®,0;7)

where we have defined

N(@) := N(e,\, 7,7, Y, ®, U; D)
=Go&. v (p4eﬁ+a — A% - Yl +7) - 22(u+ 5))
=Gy 0 &, v(SO)).

Given k > 0 (whose value will be fixed later on), we further assume that ® and ¥

satisfy
2 2
(5.4) ||(I)H(C4,a(53))m < KTZ My and H\IJH(CQ,a(Ss))m < KTZ Ay
Moreover, we assume that the parameters 17 and the points Y are chosen to satisfy

(5.5) il < wrly, and [IY = X|| < mrepg.

Then, the following result holds.

Lemma 5.3. Given k > 1. There exist ,, > 0, A\x > 0, v, > 0, ¢, > 0 and ¢, > 0 such
that, for all e € (0,ex), A € (0,\;) and v € (0,7x), we have

(56) ||N(57 )\7 v 777 Ya q)> \II; O) ”C,‘f’a(ﬁ*(Y)) < C”ri/\ﬁ'
Moreover,

(57) HN(E7 )‘7 Y, ﬁa Y? q)v \:[Jv :172) - N(€7 )‘7 v, 777 Y7 (pv \Ilu fﬁl)”cl‘f’a(ﬁ*(}/))

< ewrZaq 102 = Billgae @ vy

provided T = vy, vg € Cy*(Q(Y)), ® = By, Dy € (CH(S3))™, U = Uy, Uy € (C22(S3))™
satisfy

[0llgae @ vy < 2exr2 3 @l caaszym < wrss,  1Wlczaseym < K12y,

and [i] < kr2 YV = X|| < Krepgy-
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Proof. The proof of the first estimate follows from the asymptotic behavior of H¢ together
with the assumption on the norm of boundary data &' given by . Recall that functions
in CE*(Q°(X)) are bounded by a constant times the distance to X to the power v and
have their /-th partial derivatives that are bounded by a constant times the distance to X
to the power v — /¢, for £ = 1,..., k + «. Indeed, let ¢, be a constant depending only on &
(provided &, A and 7 are chosen small enough) it follows from the estimate of H¢ := H;J,W
(Observe that (3.2)) implies that the expansion of H¢ only involves powers of r that are
lower than or equal to —1), given by Lemma m then

’Hej w] ( yj)/rg7>\’,y)’ < C,ﬁ’f‘?’)\’,\f’r

Recall that N(?) = G, o §,.€’ oy © S(v), we will estimate N(0) in different subregions of

%

-1

Q.
eIn Bm/z(yj) 1 <j <m, we have x,,(r —3’) = 1 and A%% = 0 so that
H [ (14+77) 7’.)+H;j,w((zfy.7‘)/rs,x,w) + |2zlz("~1’)| + |2§(1~L)”
<e H | 8(1+7) H |z — | 8(1+7) +\El |+\22 |
j=1 (=1,04]
< etz —y ‘—8(1+n )

+ 20+ )EG )| + Z (Xro (- = ¥ H(@ 075 (- = y7) [renn))

+ DA+ T)SUG W, )|+ D2 (o - = ) HP, 875 (- = 47) [rens))) |
Jj=1 j=1
where we recall
1 Va 2 ACL
Yow=2— V(Aw) =V (z)Vloga-Vw and 3jw=|——V(z)]Aw.
a a

Since a(x) is solution of ([1.2]) satisfying (H), and V(x) is smooth bounded potential we

deduce,

15(0)] < enele — 7| 30FT)

07 2T V@G ) - V()T oga TGl )|

Jj=1

+ Z 2V(x)% -V (A (X (- — y ) HO (&, 975 (- — yj)/""a)w)))
j=1

+ 1> Vioga -V (xe (- — ¥ )V H (@975 (- = 47) [re0)
j=1
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+[Dae ) (—v< >)A<G< i)

+1> (Aa B ) A (xro (- = )V H (075 (- = 47) [120)

< cpel| — o |3 ey (14 77|z — 7|72+ e+ 77)yla — 7|
Y172+ (L + 7)) Az — ¢ |72

+e(L+ 0yl syl — 7|7+ exvrd

+ c,{)\re/w\x — yj\_?’.

Hence, for v € (—1,0) and 7 small enough, we get

HN(O)HC,%@(U?L:I B(y?r0/2)) < sup 7’47V|N(O)\

Te,ny <T<7T0/2

< Cng4r€ Ay + 2¢cky + 20,.@77“?’)\77 + e\ + cn)\rg)w
< CHTS,A,V'
e InQ, . (recall that Q. ; = Q\U; By, (y7)), we have x,,(z —y’) = 0 and A%u = 0,
then
m
S(O)] < exela =3[ T o= ' [BO7) 4 S0 Ga(,97)| + |24 Gala, 1))
0=1,0#

< cpetlz — o7 |30 4oy (14772 — o2
+en(+ )yl — 7 7+ e+ 7)) Az — o7 |72

Thus
||]V(O)||C;1,a( o) < ¢, sup rt” Z’|S( )| < ceet + 2¢,7 4 ceX < C,{T‘i/\’,y.

r>ro

e In B, (y/) — Br0/2<yj), for j = 1,...,m, taking into account that A%2G,(x,3’) = 0,
using the fact that a(x) is solution of (1.2 satisfying (H), and V' (x) is smooth bounded

potential, we obtain

15(0)] < e’ ﬁe(1+ﬁj)Ga(yj,-)eXm(I—yj)Hfj i (@=)/rens) A% + |Stal + [Slal
j=1

< cxetla -y [T 4 Z +i7) A% (Galy’, )

m

Z (Xro (- = ¢V H (@707 (- = y7) [rens)

=1



Blow-up Solution for 4-dimensional Generalized Emden-Fowler Equation with Exponential Nonlinearity 149

J=1

H 04 (5 v ) AGu )

a

Jj=1

+ D22 V (Al (- =) H (475 (- = 17) [reas))

+ Z Vioga -V (Xro(' - yj)He(SOjﬂ/}jQ (- — yj)/re,)\,'y))

+ Z (Aa —V(z )> A (Xro( T yj)He((Pjv wj; (- yj)/rsv)‘v"/))

304 ) 250 VG ) - V@)V oga- T(Gal. )

< etz — o |30 pee? 4 ooy(L+ )|z — o7 |72 + eu(1+ 7P| — 7|

R N e I e S e ) Il oo O 2 DY P Vol

+ Cn)\rmﬁl‘ — 7|73

So, for |z — 4’| = 7, we have r9/2 < r < rq then all quantity of type |z —y7|°

, which appear

to estimate |S(0)| are bounded, then using (5.3) and Proposition we derive

<c¢. sup r*YIN(0)]

INV(0) Hcé’a(B(ijTO)*B(ijm/z)) r0/2<r<ro

< 0,454 + 0552 + 2¢cy + 20,477"?7)\77 + e\ + C,{)\Tg’)\ﬁ

< c,.irg’ Ay
Finally in each subregions of Q, we conclude that
1N (0)

To derive the second estimate, we use the fact that for ||v;| cho@

in different subregions of ", we derive the following estimates

4/ u+tve u+v,
pr(e"T — et ~
H @y, (V)
_ ,04 sup T4—V(eu+v2 _ €u+v1)
ey . (Y)

m
TG xrg (x—y? ) HE i
< ot H L(HT)G 5 X o(@=y)HZ; 55 (@=y?)/rex 7)
i=1
4 ~ ~
< cxmax(er_ Av’ eH||[za — v1||cg,a@*(y))

< cp?||[Ty — Ul gae @ vy

2
HCZ"“(Q—U§":1 By reny)) — Crle Ny

)<Cn7“5>\ fori=1,2

2—e¢

U1




150 Taieb Ouni

and the fact that for all w € Cp*(Q(Y)), there exist ¢ > 0 such that |Viw| < erv—*
|]wHC4,a(§*(Y>), the fact that the function a(z) satisfying (H) and V(z) is smooth bounded
potential and ||Va|« < 7, then

HE;(’TL +vg) — E}z(a + 51)“03’“(5*(Y))

< ¢, sup  r*V ’Z}l(ﬂg — 51)‘

reQr_, (Y)
v |5 V@ ~ _ ~ ~ _ ~
<e¢, sup 1 2— -V(A(vg —11)) = V(z)Vloga - V(vy —v71)
reQ,, (V) a

<egy sup  r|ve — 51HC;1,Q(§*) +ecey  sup 3Ty — 51HC;1,0¢(§*)

(Y) TEQTE,A,'Y (Y)

and

|52+ T2) — B2+ 2) | gaegr iy S & sup Y |S2@ — )|

(32 -vi) e -w)

a

<e¢. sup ri?
reQ, (Y)

€,

S c’foHOO)\ 7Sllp 7’2"62 - fﬁl”cﬁ‘a(ﬁ*)
TEQTE’)W(Y)

S Cm)\H:Jl — 52”C3,a(§*).

Using (5.3)) and Proposition we conclude that

HN(fﬁl) - N(52)||C§aa(gre R ’Y,yj) < Cﬂ?,x,ﬂﬁl - 52“(33’“(5*)' O
Reducing ¢4, A\ and -y, if necessary, we can assume that
_ 1

Chean < 5
for all € € (0,e4), A € (0,);) and v € (0,7). Then, (5.6) and (5.7) are enough to show
that
U N(e A\ 7,7, Y, @, W;9)

is a contraction from

{7 et @ () | Wllgse @y < 2607200}

into itself and hence has a unique fixed point v(e, 7, Y, ®, ¥;-) in this set. This fixed point

is a solution of (5.2]).

We summarize this in
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Proposition 5.4. Given k > 0, there exists €, > 0, Ay > 0, v, > 0, and ¢, > 0 (only
depending on k) such that for all ¢ € (0,e4), A € (0,\s), v € (0,7x) and for all set of

parameters 1, points Y satisfying

n| < K‘Tz,)\,'y and Y — X| < kre g,

and boundary functions ® and U satisfying (3.2) and

H(I)||(c4,a(53))m S HT‘g’)\ﬁ and H\If”(c2,a(s3))m S RT?,)\,’Y'

The function

(L+77)Ga(y,) + D Xro (- = )V H (P 075 (- = ¢7) [rens)
1 j=1

17(6, )\7 7> 57 Ya (I)a \Ilv : ) =

M

J
+0(e, A\, 7,1, Y, 0,0 -)

solves (5.1)) in Q,_, (Y). In addition,

[0 Ay, 1, Y @, 05 )| g ey < 26672 5 -

Observe that the function v; ) , 7 yv,,w being obtained as a fixed point for contraction

mapping, it depends continuously on the parameters 77 and the points Y.

6. The nonlinear Cauchy-data matching

Keeping the notations of the previous sections, we gather the results of Propositions
and From now let x > 1 is fixed large enough (we will shortly see how) and assume
that € € (0,e4), A € (0,As) and v € (0, ,).

Assume that X = (2!,...,2™) € Q™ is a nondegenerate critical point of the function
W defined in the introduction. For all 7 =1,...,m, we define >0 by

—4logt! = R(a?,27) + ZGa(xZ,xj).
i

We assume that we are given:
(i) points Y := (y!,...,y™) € Q™ close to X := (z!,...,2™) satisfying (5.5).
(ii) parameters 7 := (7%,..., ™) € R™ satisfying (5.5).

(iii) parameters T := (71,...,7™) € (0,00)™ satisfying (4.5) (where, for each j =

1,...,m, 7y is replaced by 77).
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We set
J N
Ra,)\,'y =T /TE«\,’Y'

First, we consider some set of boundary data
D= (ol ..., 0™ e (C(S®)™ and W= (L,..., ™) € (CP¥(S3))™

satisfying (3.1) and (4.5).

Thanks to the result of Proposition we can find wu;y; a solution of
A%+ Yhu + Y20 — plet =0
in each B,_, (y7), which can be decomposed as

Uint (57 )\7 Y, Ta Y7 (I)a \Ij’ 33‘) = UE,Tj ($ - y]) + h(Rg,)\,'y(x - yj)/r&)\a’y)
+H(¢ 975 (2 = y7) [reps)
+ ’U(8, )\7 v Tju ()0]7 w‘jv Ré)\"y(x - yj)/rsv/\ﬁ)

in By, (v7).
Similarly, given some boundary data

®:= (3., @) € (CH(SY))™ and U= (9., P") € (CBH(S)™
satisfying (3.2)) and (5.4)), we use the result of Proposition to find wuext @ solution of
A%+ Yhu + Y20 — plet =0

in Q,_, (Y), which can be decomposed as

m

Uext (8,0, 7,7, @, W3 2) = Y (1+77)Ga(y),2) + > X (@ — ¢ VHA(F 07 (z — 1) 70 5)
j=1 j=1

+ 5(67 A’ 77 ﬁ? Y? 67 El; x)'

It remains to determine the parameters and the boundary functions in such a way that
the function which is equal to uing in UJ; By, | (y7) and which is equal to tey; in Qr_, _(Y)
is a smooth function. This amounts to find the boundary data and the parameters so

that, for each j=1,...,m
Uint = Uext, Orling = aruexta Atting = Auext’ Or Ating = 8TAuexta

on 0B,_, (y7). Assuming we have already done so, this provides for each e, A and 7
are small enough a function w; ), € C**(Q) (which is obtained by patching together the

u —

function ui,; and the function ueyt) solution of A(a(z)Au)—V (z) div(a(z)Vu)—pra(x)e
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0 and elliptic regularity theory implies that this solution is in fact smooth. This will
complete the proof of our result by applying Schauder’s fixed point theorem in the ball
of radius m“g Ay in the product space, as €, A and v tend to 0. The sequence of solutions
we have obtained satisfies the required properties, namely, away from the points 7 the
sequence we ), converges to . Ga(27,-). For reader’s convenience see [1] about the rest

of the proof.

Remark 6.1. To see how the condition (z!,...,2™) is a nondegenerate critical point of the

function W, defined in (|1.3), enters in our analysis and in order to make the exposition
of this “nonlinear domain decomposition technique” as clear as possible, the reader is

referred to a comments in [1, pp. 18-19].
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