GEOMETRIC DATA FITTING
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Given a dense set of points lying on or near an embedded submanifold M, C R" of Eu-
clidean space, the manifold fitting problem is to find an embedding F : M — R" that ap-
proximates My in the sense of least squares. When the dataset is modeled by a probability
distribution, the fitting problem reduces to that of finding an embedding that minimizes
E,[F], the expected square of the distance from a point in R” to F(M). It is shown that
this approach to the fitting problem is guaranteed to fail because the functional E; has no
local minima. This problem is addressed by adding a small multiple k of the harmonic
energy functional to the expected square of the distance. Techniques from the calculus of
variations are then used to study this modified functional.

1. Introduction

In this paper we are concerned with the following problem. Let My be the image of
a smooth embedding F, : M — R", where M is a smooth, compact manifold without
boundary, and let Y = {yj,...,y;} C R" be a collection of points that we assume to be
contained in a smooth tubular neighborhood Q of My. The manifold fitting problem is
to find an embedding F : M — R" such that F(M) is a good approximation to M in the
sense of least squares.

This situation occurs in a variety of contexts such as medical imaging [2, 14, 16, 17,
18], geography [1], computer graphics and vision [5, 6, 9, 10, 15, 19, 22], and mechan-
ical engineering [12, 13, 20]. In this setting, a scanning device is used to collect a set of
points on or near the surface of an object, and the goal is to reconstruct the surface of
the object from that point set. Viewing the surface as an embedding of a 2-dimensional
manifold into R? reduces the reconstruction problem to a special case of the manifold
fitting problem.

Our approach to the manifold fitting problem is to replace the dataset Y by a smooth
probability density p, which we assume has support in Q. We measure the goodness of fit
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of the embedding F by the expected square of the distance to F(M):

1

Bl =3 | Ix=FOe() I*p0dx, (L1)

where the projection index Ap : R" — M is the map that assigns to each point x € R" a
point in M such that F(Ar(x)) realizes the distance from x to F(M). This reduces the
fitting problem to the problem of finding local minima of this functional.

The critical points of E; are called principal embeddings. The motivation for this name
comes from the work by Hastie and Stuetzle [7] where the term of principal curve was
coined to formalize the notion of “a curve passing through the middle of a dataset.” Prin-
cipal curves generalize the concept of linear principal components of a probability distri-
bution, that is, straight lines that fit the distribution by least squares.

Duchamp and Stuetzle [4] showed that every critical curve of E; is a saddle point, and
in Section 3 we generalize this result to arbitrary manifolds. Therefore, any method which
seeks to minimize E; is guaranteed to fail.

We address this problem by adding a “regularizing term” to E4. There are a number of
possible terms, but a particularly simple one is the harmonic energy of the embedding F,
which is defined by the expression

1( . /oF oF
Ey[F] = JMg’] (22,25 Yavol, (12)

where g is a Riemannian metric on M and (-,-) denotes the Euclidean metric on R".
Thus, we set

E[F] = E4[F] + kEy[F], (1.3)

where k > 0 is a suitably chosen parameter, which we call the spring constant, and we seek
embeddings that are local minima of E. In Section 4 we establish sufficient conditions for
the existence of a local minimum of this functional. Roughly speaking, the functional E
will have a local minimum whenever the spring constant k is sufficiently big.

Our assumption that the support of p lies in a tubular neighborhood of M, permits
to limit the class of embeddings F : M — R" to the class of Q-regular embeddings. We say
that x € R" is a point of ambiguity if its distance to F(M) is realized by more than one
point in F(M).

Definition 1.1. Let Q C R” be a closed, smoothly bounded region. An embedding F is
Q-regular or regular with respect to Q if it satisfies the following conditions:

(i) F(M) is contained in the interior of Q,
(ii) Q does not contain any point of ambiguity of F(M),
(iii) the projection index A : QO — M is a smooth (n — m)-disk bundle, and its restric-
tion to the boundary Ar : 0Q — M is a smooth (n — m — 1)-sphere bundle,



José L. Martinez-Morales 833

(iv) for all x € M, the disk Az'(x) and 9Q have transverse intersection; that is, for all
x €A (x)NQ,

TeAr ! (x) + Tx0Q = TxR". (1.4)

We denote the class of Q-regular embeddings by €. We will henceforth assume that
Q is a fixed region that supports at least one Q-regular embedding, and we consider only
probability densities whose support is contained in Q.

The paper is organized as follows. In Section 2 we give a jet bundle formulation to the
theory of Q-regular embeddings. We believe that this is the natural framework to study
the variational properties of the functional E. We start with some background material
that will be needed in the following sections. We discuss isometric embeddings into R”
and normal coordinates of an embedded manifold F : M —R". Also, the concept of trans-
verse statistics of a probability density is introduced.

In Section 3 we show that the distance functional does not have local minima within
the class of Q-regular embeddings. This generalizes the results of Duchamp and Stuetzle
on critical curves [4].

In Section 4 we lay the ground for the study of the general manifold fitting problem,
paying particular attention to the variational properties of E on the class of Q-regular
embeddings. We characterize the critical points of E in terms of harmonic maps and the
extrinsic geometry of the embedded manifold F(M). We also investigate conditions under
which a critical embedding is a local minimum.

We conclude this paper with Section 5 where we summarize our results and explore
topics of future research.

Notation 1.2. Einstein’s summation convention is enforced throughout this paper. We use
the first letters of the alphabet g, b, ¢, to denote indices varying between m + 1 and #; the
indices i, j, k vary between 1 and m. Finally, Greek letters vary between 1 and #.

2. The geometry of regular embeddings

In this section we give a jet bundle formulation to the theory of Q-regular embeddings.
We believe that this is the natural geometrical framework for the study of the varia-
tional properties of the functional E. We start with some background material that will be
needed in the following sections, such as isometric embeddings into R” and normal co-
ordinates of an embedded manifold F : M —R". We conclude this section with the notion
of transverse statistics of a probability density.

2.1. Embeddings into R”. In the forthcoming sections we deal with embedded mani-
folds in R”. In this section we introduce the basic definitions and notation we will use
throughout.

Let F: M — R" be an Q-regular embedding. We denote by Ny the orthogonal com-
plement of F, (T, M) in Tr)R", and define the bundle Ny whose fiber at x € M is Ng(y).
We call N the normal bundle of F.
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By parallel translation with respect to the Euclidean metric, we may identify the tan-
gent space Tr(R" with R” itself. This gives rise to a bundle map

Np% M x R"
L k (2.1)
M———M

Recall that the projection index Ar : R" — M is the map that assigns to each point x €
R™ a point Ap(x) € M such that F(Ap(x)) realizes the distance between x and F(M). We
consider the region Q) as an (n — m)-disk bundle with fiber at x € M given by Q) =
Az (x). Since Q does not contain any point of ambiguity of F(M), we can identify Q with
a subset of Ng via the commutative diagram

Q' o Ng
A Jn (2.2)
M——M
where i is the map defined by
i:Q3x— (Ap(x),x—Ar(x)) € Np C M XR", (2.3)

and 7 : Np — M is the canonical projection.

Let h be the pullback along F of the Euclidean metric on R”. We want to distinguish
it from the background metric g on M; that is, these are two different metrics defined
on M.

Recall the definition of the second fundamental form B: TM X TM — Ng, which in
local coordinates is given by

o 9 o°F
(B350 )%) = (oagrr) vene 24

We consider the linear selfadjoint operator S: Np X TM — TM defined by
(S(n,X),Y) = (B(X,Y),v), X,YETM,vENE. (2.5)

This is called the shape operator of F. For convenience, we denote S(v,X) by S, X. Let V
denote the covariant differentiation operator in R”. It is not hard to see from the defini-
tion of second fundamental form B that S, satisfies

($,X,Y) = —(Vxv,Y). (2.6)

Remark 2.1. In local coordinates,

(sv)f=hf"< oF v>. 2.7)

oxkoxi’
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Example 2.2 (curves in R"). Let M = S'. Denote by T € C*(S!,IR") the unit tangent vec-
tor field along F(S') and by dT/ds € C*(S!,R") its derivative with respect to arc length.
Then, the shape operator S, in this case is a scalar multiplication by (dT/ds,v). To check
this, let X = fT, Y = ¢T € C*(S',R"), and compute as follows:
<SVX3 Y> = <VXY3V> = <va(gT)av> = <fvT(gT)JV>
= (fgViTv) + (fT(g)T,v) (2.8)
= fg(ViT,v) = ((ViT,v)X,Y),
which implies §,X = (dT/ds,v)X.
We close this section with the definition of normal connection V+ : TM ® N — N,
given by
(X,v) — Vxv=Vxv+S§,X. (2.9)

It is easy to verify that V+ has all of the usual properties of a connection, that is, it is linear
in X, additive in v, and satisfies the Leibniz rule,

Vxfv=fVxv+X(flv, feC*(M). (2.10)

2.2. Normal coordinates of an embedded manifold M. In this subsection we will be
concerned with the geometry of tubular neighborhoods of a submanifold M of Euclidean
space. In this setting, the most convenient coordinates to use in computations are normal
coordinates.

Definition 2.3. The normal coordinate map of F is the map vg : Np — R" defined by the
formula

vr(x,v) = F(x)+v. (2.11)

This is a difftomorphism of a neighborhood of the zero section of Ng.

For future reference, we calculate the Jacobian determinant of the normal coordinate
map. Let {e,} be a locally defined adapted frame relative to F(M) in R”, and let {0*}
denote the corresponding dual basis. We define a system of local coordinates (x,v) in N
by writing v € NE(y) as v = v®e,(x). Consider the local frame { fs} C T'Nf defined by

d
fi=e, l=<is<m, fa:W’ m+1l<a<n. (2.12)

We compute the matrix representation of the differential g, relative to the frames {e,},
{fs}; that is, we compute the numbers 6*(dve(fs)), 1 < &, < n, where dvp : TNp — R"
denotes the derivative of vp. For 1 < i, j < m, we get

0" (dve (f;)) = 0 (dve(ej)) = 0 (ej(F+v)). (2.13)
Since e;(F) = Fye; is identified with e; and since e;(v) = —S,e; + ijv, we get

0" (dve(f;)) :9i(ej—Svej+V‘§jv). (2.14)
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Since Gi(ij) =0, we get

0'(dve () = 0'((1 - 8,)e;). (2.15)

We now compute 8 (dve(f,)), 1 <i<m,m+1<a < n. We get

0 v (£2)) = 65 (F40)) 2.16)
Since v = vPey,

0 (dve(f,)) = 0'(ea) = 0. (2.17)

Finally, we compute 0%(dve(fp)) form+1<a,b <n:

0
0"(dve (f)) = 6525 (F+) ). (2.18)
After computing the derivative and simplifying, we get
0% (dve(f)) = 0. (2.19)

Using (2.15), (2.17), and (2.19), we see that the matrix representation of vg, relative to
the frames {eq}, { fg} is of the form

o= (117990 @ lanieD),

0 5 (2.20)

whose determinant is computed as det(I — S, ). Therefore, the Cartesian volume element
dx in R" becomes det(I — S,)dvdvol,, where dv denotes the induced Euclidean volume
element on Np.

Example 2.4 (curves in R"). In this case, we have det(I — S,) = 1 — (dT/ds,v). This follows
from the computation in Example 2.2.

2.3. Regular jets. In our approach to the manifold fitting problem, we compute the ex-
pected value of the distance to F(M) by making a change of variables to normal coordi-
nates. This involves an integration over M and an integration over the transverse disks
to F(M). When formal calculations are performed, it is natural to use the language of
jets. In this way, the study of the regularity properties of E; reduces to the analysis of
differentiable functions defined on a suitably chosen jet bundle.

Let C*(M,R") denote the space of smooth maps from M into R”. We consider the
pth jet space J#(M,R"). Recall that it consists of the equivalent classes j£F of maps
F € C*(M,R") with the same Taylor series expansion up to order p at x € M. A local
coordinate system of J?(M,RR") is defined as follows. Let (x’, y*) be a local coordinate
system of M x R". Define the local coordinates (x, y%, yf,... »Yi-.i,) in JP (M, R") by

oF® OPF“
a(Ppy 4« afPry a  (Ppy i
yrGeF) =y (F@),  yi(xF) = 55 x,m,yn.-.zp(JxF) o |

(2.21)



José L. Martinez-Morales 837

This is called the induced coordinate system on J (M, R"). We are concerned with the open
subset J5 (M, R") of J* (M, R") of those p-jets ]fF such that the linear map Fy : T,M — R”"
has rank m. We define the notion of an Q-regular p-jet.

For F € € an Q-regular embedding, the distance functional E4[F] is defined by

Ea[F] = %L} Ix — FQe(x) | p(x)dx. (2.22)

Observe that the vector x — F(Ap(x)) is normal to F(M) at F(Ar(x)). Denote by Qp(x)
the connected component of Q N (F(x) + Np(x)) containing F(x). By Fubini’s theorem,
we can compute E;[F] by integrating over the normal disks Qp(y), and then integrating
over M. This gives

Ea[F] = % JM L} V12 p(F +v)det (I = S, )dvdvol,. (2.23)
F(x)

Written in this way, the computation of E4[F] implies the knowledge of the tensor
Sy : TxM — T M at every point x € M and every direction v € Qp(y). This is a pointwise-
defined quantity which can be written in local coordinates as a function of up to second-
order derivatives of F (Remark 2.1). We can consider S, as the value of a tensor-valued
function locally defined near the two-jet j2F € J2(M,R").

Recall that for ij € Jh(M,R") the linear map Fy : T,M — R" has rank m. Let h(ij)
denote the induced scalar product on T,M by j£F defined as

(h(GEF))(X,Y) = (FLX,F.Y)|,, X,Y € T.M. (2.24)

In local coordinates, we write h;j = (0F/0x'|,0F/0x/|) and let h'/ denote the (i, j)-entry
of the inverse matrix of h(j£F). Henceforth, we restrict ourselves to the case p > 2. For
v € Np(x), define the real numbers (Sv),j = Wk(92F/dx*0x|,,v) and express any vector
X € T, M in terms of the local basis {0F/9x!|,,...,0F/0x™|,}, as X = X'9/0x'|,. We define
the linear map SV((]}‘?F)) :TyM — TyM by

i . 0F
P _ Jyi Y
(Sv(]xF))X = (Sv)iX oxd |,

(2.25)

This is called the formal shape operator of j£F along v € N(y. It is a direct computation

to show that this definition is coordinate independent. It follows from Remark 2.1 that

at each x € M, the local expression for the shape operator of F coincides with its for-

mal analog S, ( jf F). In particular, if we let I : TyM — T, M denote the identity map, the

determinant det(I — S, ( jf F)) is an invariantly defined smooth function on JE(M,R™).
We are now prepared to state our formal definition of Q-regular jets.
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Definition 2.5. j£F & Jh(M,R") is Q-regular if it satisfies the following conditions:

(i) F(x) is in the interior of €,

(ii) for all v € R™ with F(x) +v € Qp(y), det(I — S, (j¥F)) >0
(iii) Qpx) is diffeomorphic to an (n — m)-disk,
(iv) 0Q and Qp(y) intersect transversally.

The subset of Q-regular p-jets is denoted by J. This is an open submanifold of J5 (M,
R™) since the conditions (i) to (iv) above are open.

2.4. Transverse statistics. In this section we define various statistical quantities associ-
ated with a probability density p and an Q-regular embedding F. For x € M, the restric-
tion of p to Qp(y) is called the transverse density induced by p. We can do multivariate
analysis on Qp(y) and talk about the mean and the covariance matrix of the transverse
probability density. These concepts arise naturally as we use a system of normal coordi-
nates of F in computations.

We assume that for almost every x € M the set supp(p) N Qp(y) has positive measure
as a subset of the disk Q).

Definition 2.6. The kth transverse moment is the map Ay : M — Hom(R" x - - - X R",R)
defined by

Ao(x) = p(F(x)+v)dv, k=0,
-Ql-(x
(2.26)
MK X = [ (X (Ke) p(E) 4) v, k>0,
-Ql-(x
for Xi,..., Xk € R™.
Definition 2.7. The mean of the transverse density is the map
f. : M — Hom (R",R) (2.27)
defined by
A
= (2.28)

The covariance tensor of the transverse density is the symmetric map o2 : M —
Hom(R" x R",R) defined by

A
ol = A—é — U ® U, (2.29)

Example 2.8 (radial distributions relative to a manifold M). Let Q be a tubular neigh-
borhood of a manifold M with constant radius, and let p be a probability density on Q
depending only on the distance to M. We call p a radial density relative to M. In this case,
the transverse mean y, vanishes identically and the transverse covariance tensor o2 is
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a constant multiple of the Euclidean scalar product restricted to the disks Qp), x € M.
To see this, write v € Qp(y) in terms of the orthonormal frame {€14/,...,€,} C NE(x) as
v = 1%¢,. Since Q) is a radially symmetric tubular neighborhood of M and p depends only
on the distance to M, all of the transverse integrals

J p(F(x)+v)dv, J vep(F(x)+v)dv, I v p(F(x)+v)dv  (2.30)
QF(x) Q) QF)

are constant. In particular, those whose integrand depends on odd powers of v* vanish.
To check this, change to polar coordinates v = 16, r > 0, 6 € §"2 to compute them. Since
p(F(x)+v) is a function of r only, integration over §"~2 vanishes because the values of
v* taken on one hemisphere are exactly canceled by the values taken on the antipodal
hemisphere. Therefore, the transverse mean y, vanishes as well as the off-diagonal en-
tries of the matrix representation of 02 with respect to the basis {e14m,...,e,}. Since Qp(y)
is homothetic to the unit disk D"~ and p depends only on |v/|, all of the diagonal en-
tries (02)% are the same. Consequently o2 is a constant multiple of the Euclidean scalar
product restricted to Qp(y).

3. Extremal properties of E;

Recall that for an m-dimensional compact orientable Riemannian manifold M without
boundary and an Q-regular embedding F : M — R", the distance functional is one half of
the expected value of the square of distance to F(M),

ElFl =3 | [x= F(e0) |*px)dx, (1)

where A is the projection index and p is the probability density. As we mentioned in the
introduction, this functional does not have local minima within the class of smooth Q-
regular embeddings. In this section we prove this fact by studying the extremal properties
of Eg.

3.1. Function spaces. Up to now the functional E; has been defined for smooth embed-
dings. To study its extremal properties we consider it as a functional defined on a Banach
space. Since these properties can be formulated in terms of differential equations, it is
convenient to consider Sobolev spaces for the domain of Ej.

For an m-dimensional compact Riemannian manifold M without a boundary, we de-
fine the Sobolev spaces I*(M,R"), k = 0, 1,..., as follows. Let {U;};c; be a finite cover of
M by local charts diffeomorphic to open bounded subsets of R™. Let {¢;} be a partition
of unity subordinate to {U;}. For F € C*(M,RR"), we let

gl = 3 [ 1D%(0iP) % (32

lal<k ™!
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be the square of the k-Sobolev norm of the vector-valued function ¢;F : U; — R". Then
I*(M,R") is the completion of C*(M,R") with respect to the norm

Il - (anofni)m. (33)

iel

For k > 0, let C¥(M,R") be the Banach space of C* functions with the norm of the
supreme. Sobolev’s lemma establishes that the inclusion T**%(M,R") — C*(M,R") is
continuous, where kg = 1+ [(m — 1)/2] and [(m — 1)/2] denotes the least integer greater
than or equal to (m — 1)/2.

We extend the class of Q-regular embeddings € to include those embeddings in
T*(M,R") satisfying conditions (i) through (iv) of Definition 1.1. We denote this sub-
set of T*(M,R") by €k, For k = 2 + kq, this is an open subset of T*(M,R"). This fol-
lows from Sobolev’s lemma and from the fact that the subset of Q-regular two-jets J3 is
an open submanifold of J2(M,RR"); that is, any embedding F € €£, has a neighborhood
U c TK(M,R") such that for all F € U, the difference between the Taylor series expan-
sions up two second order of F and F is so small that F also satisfies conditions (i) to (iv)
of Definition 1.1.

LemMa 3.1. Let | and q be positive integers and let k > m. Then the map C: €& x
CHH1(J3,RY) — TF(M,R?) defined by
(C(F.8)) (x) = g (jiF) (3.4)

is a well-defined C' map.

Proof. We define some quantities first. For V € C*(M,R"), let >V : M — TJ3 be the
map defined in local coordinates by the formula

2 rya
6%V = r:ZI oxi - -V-axiv ayf?...ir’ (3:5)
For j =0,1,...,/, let
j times

dVg:J3 — Hom (TJ3 x - - - x TJ3,R1) (3.6)

be the jth total derivative of g. We define the map

j times
CU) 1 €q x CKH1(J3,RT) — Hom (C™ (M,R") x - X C (MLR"), CH - (M, RY))

(3.7)

given by

(CO(F,) (Vis..., V), = (dVg(jIF)) (8?V1,...,8%V;), Vi€ C*(M,R").  (3.8)
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We denote by B(I**2(M,R") x --- x T¥2(M,R"),[*(M,R9)) the Banach space of
bounded operators between I**2(M,R") x - - - x T&*2(M,R") and T*(M,R4).
The proof of Lemma 3.1 consists of the following steps.

(1) For j =0,1,...,1, we show that the map C'/) extends to a B(T'**2(M,R") x - - - X
T52(M,R"),T¥(M,R4))-valued function defined on €5 x CF*1(J2,R9). We
also show that for fixed g, the map

C(-,g): €52 — B(I*2(M,R") x - - - x T2 (M, R"),T¥ (M, R1)) (3.9)

is continuous.
(2) For fixed g, we show that C//)(-,g) is the jth derivative of C(+,g).
(3) Finally, we show that C is a C! map.

For the proof of the lemma, a formula to compute the derivatives of C/)(F,g) in local
coordinates is needed. Let (U x R";x, y7) be alocal coordinate system on M X R”, and let
(W;sxi, y7, yiy yeees y,};...iz) be the induced local coordinate system in J&. For a multi-index
a=(a,...,am), ai € N, let |a| = >, a;. Denote the a-derivative of a smooth function
feC>(U) by

wp_ delf
D f - a(xl)al . _a(xm)am' (310)

For an embedding F € €, and a function g € CK*H1(J3,R?), we compute

Z D“((C(j>(F>g)) (V1>~-->Vj)x)

|al<k

k/2]-1
= > > Siao--a; (jE2F) (D¥F,D* Vy,...,D% V), (3.11)

=0 |aptagt---taj|<k+2-i

Vi,...,Vj € C*(M,R"),

j times
——t—
where the functions gi4,...o; are Hom(R" X - - - X R",R?)-valued C! functions defined

on W. This formula follows by inductively computing the derivatives of (C/)(F,g))
(V1,..., V) using the definition (3.8). For j = 1, we get

2
g (j2F VY
(CO(F,g)) (V) Z 2 axn---axfr' (3.12)

By the Leibniz rule,

> DH(CI(F,0))(V), = Z SN gD ﬁ(aag(ij ,)>D“(axila.r.v.yaxi,>’ (3.13)

la| <k r=1|a|<k f=<a
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where # < @ means b; < a; for 1 < i < m, and the numbers ¢, are positive integers whose
exact value is irrelevant to our present needs. We compute the (« — f$)th derivative of
0g(j2F)/dy} ...; by using the chain rule, and then writing the result in the form

[k/2]—

>, D(C(F,g)( Z >, &ap(jiF)(D*F,DPV), (3.14)
lal <k i=0  |a+f|<k+2-i

where the g;12,05 are Hom(R" x R",R7)-valued functions defined on W. These are at least
C! since they are given in terms of the first k + 1 derivatives of g, which is C<*H1,

Step 1. Let F € €2 and g € CHHI(J2 IRY). Consider a sequence {F;} C € converg-
ing to F in the k2 (M, R") topology. We show that for any set of vectors Vy,...,V; €
C*(M,R"), we have (C(f)(Fl,g))(Vl,...,Vj) e I*(M,R%). Moreover, we also show that
CY(Fy,g) defines a bounded operator in B(T**2(M,R") x - - - X [¥*2(M,R"),T¥(M,R9)),
and that the sequence {C/)(F},g)} € B(TM2(M,R") x - - - x T<2(M,R"),T*(M,R2)) is
Cauchy. By completeness of the operator space, this sequence converges and we define its
limit as CY)(F,g). This defines C//)(F,g) as a bounded operator in B(I'**?(M,R") x - - - x
T52(M,R"),T¥(M,R%)). In particular, the map C)(-,g) : €& — B(T**2(M,R") x - - - X
[%*2(M,R"),T¥(M,R?)) is continuous for fixed g, by construction.

To show that (CY(F;,g))(Vy,..., Vi) e I'*(M,R2), we apply formula (3.11) and show
that it defines a square integrable functlon on U C R™. Notice that the order i+ 2 of
the jets ji2F) satisfies i +2 < [k/2] — 1+ 2, since the sum over i runs up to [k/2] — 1.
Because k > 2, we have that [k/2] —1+2<k+2—-1-[(m—1)/2] = k+2 — ko, where
ko = 1+ [(m — 1)/2]. By Sobolev’s lemma, the sequence {F;} is a converging sequence
in Ck*2~% (M, R"). Consequently, the closure of the set {ji*?F; € J5?:1€ N, x € M} is
contained in a compact subset K C Ji?, since in any local coordinate chart, the Tay-
lor series expansion of the Fi’s is bounded. In particular, the functions g, . ~a (ji2Fy)
are bounded on U C R™. On the other hand, suppose that two multi-indices a; and «a;
in (3.11) satisfied |osl, o] >k + 2 — ko. We would have |as + ;| = || + |as| > 2(k +
2 — ko). Since these indices vary between 0 < |as + ;| < k+2 — i, and i varies within
0 <i<[k/2] — 1, wewould have 2(k+2 — ko) < k+2 — ([k/2] — 1). A computation shows
that this contradicts our assumption on the value of k. As a conclusion, at most one
multi-index «; is strictly greater than k + 2 — ko in magnitude. By Sobolev’s lemma, we
have that j out of D®F;,D*V,...,D%V; are continuous functions on U C R™. This
shows that (3.11) is square integrable. By defining a partition of unity subordinated to
a finite cover of M by local charts, we conclude that CY)(F},g)(Vy,...,V;) € T*(M,R%).

We next show that C/)(Fj,g) € B(TF2(M,R") x - - - x TF2(M,R"),T*(M,R9)) for all
I e N, and that {CY(E, g)} is a Cauchy sequence. We start by estimating the difference
(CY(Fp,g) — CY (Fpu,g)) (Vi,...., V;) in the T*-norm. We write

Giag-- a,(]’+2Fl)(D“°Fl D*V1,...,D%V}) = gia,-- a](]HzF ) (D%F,,,D*' V1,...,D% V)
= Giao- o (2 F1) (D®F; = D*Fyy, D V..., D% V)

+(g,~,a0 (],’;r2 1) = &iao---a (ji*Eu)) (D*F,,, D V4,...,D% V).
(3.15)
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Let W be a local chart of J&* induced by the chart U ¢ R™. Without loss of generality
we assume that W is a convex subset of Euclidean space. By the mean value theorem
applied to the C? function Sip-a; - W — Hom(R" X - - - X R",IRY), there exists ¢ € [0,1]
such that

(gi,%' e (j)l;+2Fl) — iy (j)ic+2Fm))

, : . , 3.16
= dgigy.-a; (1= 1) ji2F + 12 F,,) (672F; — 8™2F,,), (3.16)

where dgi,...q; : TW — Hom(R" X - - - X R",R?) denotes the differential of g;,...o; and
the map 8"2F,: U — TW is defined by (3.5). By hypothesis, the sequence {F;} ¢ T**?(M,
R") is Cauchy and by Sobolev’s lemma, it is also Cauchy in C¥*>~% (M,RR"). Therefore,
since i+2 < k+2 — ko, the convex hull of the set {ji2F, € J§?:1€ N, x € M} is con-
tained in a compact subset K C ]}{ 2, and then the maps Sixo-+-aj> Aiay---a; are bounded
on W. We now use (3.15) and (3.16) to obtain a global estimate in the I*-norm of the

difference (CY)(F},g) — CY (F, @) (V1,..., V) using a partition of unity. This gives
< allFi = Fallg ol Vil - - Villgsa (3.17)
+ 0| |Fy = Fnl | eeoso | Eml [k IV [z =+ - [TVl
for positive ¢y, ¢;. Since {||Fyllk+2} C R is a bounded sequence of real numbers and the
inclusion T**2(M,R") — Ck*2=ko ()M, R") is continuous, the last term above is bounded
by a positive multiple of [|F} — Fy |lk+2ll Villg42 - - - | Vjllk+2. This shows that CUY(F,, g) -
CY)(F,,g) is a bounded operator in B(T**2(M,R") X -- - x T¥*2(M,R"),T*(M,R%))

whose operator norm is bounded by a positive multiple of || F; — Fy, [|x+2. This shows that
the sequence

{CY (Fl,g) — CY (Fypog)} € B(TF? (M,R") x - - - x T**2(M,R"),T*(M,R1))  (3.18)

is Cauchy. This concludes the proof of Step 1.
Step 2. Fixg e Cktlrl (]é,Rq). For j = 1, we show that the limit

C(F+tV,g)—C(F,g)

lim - c<1>(F,g)VH =0, (3.19)
t—0 t k

forall F € €q, V € C*°(M,R"). Since the map
CV(-,g): €5 — B(I'"*?(M,R"),T* (M, R)) (3.20)

is continuous, we conclude that C'V(+,g) is the derivative of C(+,g) [11, page 37].
To prove (3.19), we consider a cover of M by local charts. In each of these charts U C
R™, we have the pointwise limit

. (4
ling 2. D

(g(jﬁ(ﬂtv» -g(jfF)
t

—dg(j2F) - 82V> =0. (3.21)
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We can write the quotient (g(j2(F +tV)) — g(j2F))/t by applying the mean value theorem
to the function ¢(t) = g(j2(F+tV)). We get

gUE+tV)) - g(j2F)
t

=dg(j}(F+uV)) -8V, (3.22)

for some |#;| < [t|. We apply the Lebesgue dominated convergence theorem to the se-
quence

{Zpa< SUELV) “gUsE) _ goopy . v )}» CI(URY)  (323)

la| <k t

tel

to show that the limit (3.21) holds in the I'’-norm. For this, it suffices to find a function
G € I'°(U,R) such that

> DUg(j2(F+tV))-8*V | <G, (3.24)

lal<k

for all € I, since by (3.22) we will have

(F ’F
> D"‘( Ji(F+ tVt)) gU:F) —dg(j2F) - 82V> <2G. (3.25)
o <k
To construct such a function G, we give a uniform estimate on t of
> DYg(j2(F+tV)) - 8*V (3.26)
o <k
By formula (3.11), we have
> Dedg(jA(F+1tV)) - 82V
lal <k
[k/2]-1 (3.27)
= 22 (V) (DU(F+1V),DFV).

i=0  |at+p|<k+2-i

Since t varies within a small interval, the set {]”2 (F+tV) e ]}{2 :tel, xe M} is con-
tained in a compact subset K C J§ 2 and then the functions Zi.ap are bounded on it. We
estimate

[k/2]-1
> D%dg(j2(F+tV)) <c > > |D¥F+tV)||DPV|
|| <k i=0  |atfl<k+2—i
(3.28)
<c > Y (|DF|+|D*V|)|DPV|,
i=0  |at+f|<k+2-i
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for some ¢ > 0. Set

[k/2]-1
G=c > > (|D°E|+|D*V])|DPV]. (3.29)

i=0  |at+p|<k+2-i

A computation shows that at least one of the multi-indices «, 8 is less than or equal to
k+2 — ko. By Sobolev’s lemma, at least one of D*F, DPV is a continuous function. This
shows that G € T°(U,R). Therefore, the limit (3.21) holds in T°(U,R4) for every local
chart U of M. A similar argument shows that C/)(+,g) is the j-derivative of C(-,g). This
proves Step 2.
Step 3. To show that the map C is C', we first note that for g, g, € CF*1(J3,R?) we have
1(i2F) + g (j2F) = (g1 + £2)(j2F); that is, the map C(F,g) is linear in g and, since it is
a bounded operator for fixed F, it is also smooth. We have also shown that C/)(F,g) is
continuous in F for fixed g, therefore it suffices to show that it is jointly continuous in F
and g.

Let (F,g) be a fixed pair in €52 x CK1+1(J2,R%) and let (F,§) be in a neighborhood of
(F,g). We estimate the operator norm of CY)(F,g) — CY)(F,g). We have

IICV(F.g) - COEII < [IICV(F.g) - CPE I + [IICV(F.g -l (3.30)

Since the map C'/)(+,g) is continuous, it suffices to show that |||C/(F,g — §)||| goes
to zero as (F,g) tends to (F,g). So we estimate the norm |||CY)(F,g — g)||| using local
coordinates of M. Let Vy,...,V; € k2 (M, R"), by formula (3.11), we have

> D*((CP(Fg—2) (V... Vi), )

lal<k

Z z (gi,ao"'lxj (])lc+2ﬁ) _gi,om---ocj (]ch+2F)) (331)

2]-1
i=0  |ap+ay+--+aj | <k+2—i

[k/
i

- (D*F,D%Vy,...,D% V),

where giq,...o; and i, .o; are Hom(R" X - - - X R",R9)-valued functions which depend
linearly on the derivatives of g and g, respectively. We find an upper bound for the ex-
pression above in terms of the C**'*1-norm of the difference g — g. This will show that
(3.30) goes to zero as (F,¢) tends to (F,g).

By Sobolev’s lemma, a neighborhood U of F in T¥*2(M,R") is contained in a neigh-
borhood W of F in Ck*2=k(M,R"). Since the order i+ 2 of the jets ji*>F is bounded by
k+2 — ko, the set {j};*zﬁ €J¥?:x € M, F € U} is contained in a compact set K of JiF2,
Therefore, the functions giq,---a;> §ia---a; are bounded on their domain, and by using a
partition of unity we can bound the difference (CY)(F,g — ¢))(V1,...,V;) by the CF/+1-
norm on the compact K of g — ¢. We get

(CY (F,g = 8)) (Vise.., Vi)l

i ~ (3.32)
= Cl||g_g||ck+f+1(K,R~1)||F||k+2||V1||k+2 “Villesa
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where ¢; is a positive number independent of F € U, and we used the fact that j of
the functions D*F, D Vy,..., D% V; are continuous. Since the subset of real numbers
{IIF|lxs2 € R: F € U} is bounded, we have found that, for some ¢, >0 independent
of Fe U, |||C(f)(15,g - DI < e2llg = gllcrrni (g ray. This proves Step 3 and the lemma.

O

3.2. Regularity properties of E;. In our approach to the manifold fitting problem, we
compute the expected value of the distance to F(M) by making a change of variables to
normal coordinates. This results in an integration over M and an integration over the
transverse disks to F(M). This double integration leads us to consider the manifold of
Q-regular jets 5 in which the study of the regularity properties of E4 can be reduced to
the analysis of differentiable functions defined on J5.

Denote by Ck(Q) the space of functions with continuous kth-order derivatives in the
interior of Q that are bounded in Q, with norm

I fll ey = max sup |D*f1. (3.33)
For k > m, define the map E; : €5 x C**3(Q2) — R given by
1
Ea(F,p)=5 JQ Ix— F(le(x)) | 2p(x)dx. (3.34)

TueoreM 3.2. Let k > m. Then E4 is a C*> map.

Proof. By formula (2.23), the map E; can be written as
E(F,p) = J J V2p(F +v)det (I - S,)dvdvol,. (3.35)
2 m o

We write this double integral in terms of a function defined on J§. For p € Ck3(Q),
consider the C¥*3 function s, : J§ — R given by

5,(j2F) = % Lm vI2p(F(x) +v) det (I — S, (2F) ) dvh (2F) /\gx),  (3.36)

where dv denotes the induced Euclidean volume element on Qp(,) and g is a Riemannian
metric on M. We have

Ea(F, p) = JMSP( J2F) dvol,. (3.37)

Therefore, in order to prove Theorem 3.2, it suffices to show that the map €, x Ck3(Q) >
(F,p) = sp(j2F) € C*(M) extends to a C* map from €2 % C3(Q) into T*(M). But this
follows from Lemma 3.1. O
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3.3. First variation of E;. In this section we characterize the critical embeddings of the
distance functional E4 by computing its first variational derivative at an Q-regular em-
bedding F. Consider a smooth variation of F, that is, a smooth function

O:Mx(—€,+€) — R" (3.38)

such that ®(-,0) = F. Differentiating ® with respect to t at t = 0 gives a vector field V'
defined along F(M). We call V a variational vector field. Let @, = O(-,t) and let A(-,¢):
Q — M be the projection index associated with ©;.

TaEOREM 3.3. Let F be an Q-regular embedding and let © be a smooth variation of F. Then

dEd[(D(a t)]
dt

- J (5, V) dvoly, (3.39)
M

t=0

where tp : M — R" is the normal vector field along F defined by
Tr(x) = —J p(F(x)+v)det(I-S,)vdv, (3.40)
QF(x

and V is the variational vector field generated by ®. Moreover, the embedding F is critical if
and only if it satisfies the equation

T = 0. (3.41)

Proof. This is a direct calculation. Set E4(t) = E4[®(-,t)]. Then

Ej(t) = dtZJ |x— ®\(x,1),1) |* p(x)dx

. (3.42)
_ _JQ <X_®(A(X’t),t)’BCID(/\(x?t),t) oAi(x,t) N E)CD(A();,t),t) >p(x)dx.

ox! ot )

Note that for x € Q, the vector 0®,/dx’ is tangential to ®¢(M) at ®(A(x,1),t). Since
D(M(x,1),t) is the point on ®;(M) nearest to X, it follows that x — ®(A(x,1),) is orthogo-
nal to 0D (A(x,1),t)/9x'. Thus

E\(t) = - JQ <x —O(A(x,1),1), M)Wa’:””> p(x)dx. (3.43)

By switching to normal coordinates, we obtain

E(0) = J (x - F(\(x,0)), V(A(x,0))) p(x)dx

= (3.44)

—J J (v, VYp(F+v)det(I —S,)dvdvoly.
M J Qpx)

Taking the integral over the normal disks Q) inside the scalar product (v, V) and writ-
ing the result in terms of 7r gives (3.39). O
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3.4. Second variation of E;. We now show that the distance functional does not have lo-
cal minima within the class of Q-regular embeddings. As a preparation for the statement
of our result, we introduce the following notation.

For X € C*(M,R"), we define the vector-valued one-form dX € R"” ® T*M given by
the differentials dX*, a = 1,...,n, of the components of X relative to the canonical basis
of R". For a normal vector v € N, we define the one-form (dX,v) € T*M by

(dX,v)(Y) = (dX(Y),v), YeTM. (3.45)

We denote by (dX,v)* € TM the contravariant representative of (dX,v).
Our formulation of the second variation of E; involves two additional quantities: the
function Pr : M — R defined by

Pr(x) = J p(F(x) +v) det (I - S,)dv (3.46)

F(x)

and the map Hp : C*(M,R") X C*(M,R") — C*(M) given by

Hp(X,Y) = J (meX —(dX,v)*,(1=8,) " (Y —(dY,v)¥))
r (3.47)
X p(F+v)det(I-S,)dv,
where

) & T R" — ToeM (3.48)

denotes the orthogonal projection of Tr)R" onto T, M. This formula may look more
complicated than it really is.

Remark 3.4. Inlocal coordinates, we have

(X, )%, (1-8,) " (dY,0)*) = <a—)(i,v>hij[(1 - sv)’l]xa—y v>. (3.49)

ox oxk’
We check this formula by writing (dX,v)* in local coordinates as
0X > oF

(dX,v)* = hff'<

Hence

(¢dX,v)*, (1 8,)"(dY,v)")

_ (i {9X )\ 9F ~150 /Y 8_F>
_h<h]<8xi’v>8xf’(1_s") h <8xk’v>axl (3.51)

/10X Y oF _10F
— i { 22 klf“~ il _ il
h <8xi’v>h <8xk’v><ax1’(l S) 8x’>'

Define the numbers [(I - S,) ']} by

~10F ~17m OF
(=825 =[=-s)"] 55 (3.52)
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then (3.51) gives

{(dX,v)*,(1-8,)"(dY,v)*)

ij [ 9X k/9Y oF e
=h1<a o >h <a k,v><w,[(l_sv) ]1 axm> (3.53)
79X oY -1/ oF OoF
_ ij Kl _ —
g <az >h <a eV >[(I S:) ]1 <ax1’ax"'>'

Since (0F/dx/,0F/0x™) = h im»> a simplification of the formula above establishes (3.49). To
check (3.50), we multiply both sides by a vector Y € T, M and write the left-hand side in
local coordinates.

Consider a smooth variation ® : M X (—¢€,+€) X (—€,+€) — R" such that ®(-,0) = F
Let ®y = O(-,s,t) and let A(-,s,t) : QO — M be the projection index associated with ®.

THEOREM 3.5. Let F be a critical embedding of the distance functional and let @ be a smooth

variation of F. Then the second variation of Eq is given by the formula

azEd [(D( S t)]
0sot

o JM (Pe(V, W) — Hp(V, W))dvoly, (3.54)
S,t)=

where V and W are the variational vector fields generated by ©. Moreover, all critical em-
beddings are saddle points of E,.

Before proving Theorem 3.5, we discuss the meaning of the quantities Pr and Hp. We
assume that for almost every x € M the set supp(p) N Qp(y) has positive measure as a
subset of the disk Qp(). Then, the function Pr is positive almost everywhere since the
determinant det(I — S, ) is nonvanishing in Q. Moreover, integration of Pr over M gives

J Prdvoly, —J I p(F(x)+v)det(I —S,)dvdvoly —J px)dx =1, (3.55)

where we switched back from normal coordinates to Cartesian coordinates. Consequent-
ly, the function Py is a probability density on M.

ProrosITION 3.6. The map Hp satisfies the following properties:

(i) He(X,Y) = He (Y, X); X, Y € C°°(M R™),
(ii) Hp(X,X) = 0 and Hp(X,X) = 0 if and only if X € Ng and V+X = 0.

Proof. Property (i) follows from the fact that the shape operator S, : T,xM — T,:M is self-
adjoint. To derive property (ii), observe that the operator I — S, is positive definite for
an Q-regular embedding F € €, since the Jacobian det(I — S,) of the normal coordinate
map does not vanish in Q. This implies that Hp(X,X) = 0. If Hp(X,X) = 0, then

(meX = (dX,v)*, (1= 8,) 7 (meX = (dX,v)7)) =0, (3.56)
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for all v € Qpy). Since I — S, is positive definite, we have X — (dX,v)* =0 forall v €
Np(y). Set v = 0, then pX = 0, which implies that X € Ng. On the other hand, all (Y,v) €

TM X Qp(y) is such that
0= ((dX,v)*,Y) = (dX(Y),v) = (v, VyX),

which implies V3 X =0 for all Y € T, M. Therefore, VX = 0.
We conclude this section with the proof of Theorem 3.5. By (3.43),

0%E4(s,1) 0 0D (A(x,5,1),5,1)

St = s L} <x— D(A(x,5,1),5,1), at>p(x)dx.

Let

ot

ds ‘

g(x,s5,t) = 9 <x — O (A(x,5,1),5,t),

Differentiation and an application of the chain rule give

(x,5,1) = 0D (A(x,s,t),5,t) OAi(x,s,¢) 0D (A(X,5,1),5,t)
XS = o s ot

N <3CD(/\(x,s,t),s,t) B(D()L(x,s,t),s,t)>

0s ’ ot

>0 (A(x,5,1),5,t) OAI(X,s,1)
oxiot ds

*O(A(x,5,1),5,t)
0sot '

- <x — O (Mx,s,1),5t),

. <x_ O(Ax5),51),

We compute g(x,0). Let Z = 0*®(-,0)/dsot. Substituting the identities

90(A(x,0),0)  OF

= - a_xi(Mx’O))’
w - V(A(x,0)),
w = W(A(x,0)),
9D (A(x,0),0) A (x,0) _ A
oxJ o5

>0 (A(x,0),0) oA (x,0)
ox/ ot 0s

AW ((x0)) (%(X,O))

(3.57)

O

(3.58)

(3.59)

(3.60)

(3.61)
(3.62)
(3.63)
(3.64)

(3.65)
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into (3.60) at s,t = 0 gives

2(x,0) = <%(x,0)+ V(A(X,O)),W(A(X,O))>

(3.66)
- <x—F(A(x,O)),dW(A(x,O)) (%(x,O)) +Z(A(x,0))>.
Since dA(x,0)/0s is tangent to M, we can write
an an
<g(x,0),W(/\(x,0))> _ <g(x,0),ﬂpa(x,o))W(A(x,O))>. (3.67)

Substituting (3.67) into (3.66) and collecting the factors of dA(x,0)/ds gives

g(X’O) = (V(A(X,O)),W(A(X,O))}
+ <7TF(/1(x,o)) W(A(X,O)) — <dW(A(X,0)),X — F(A(X,O)) >#, %(X,O)> (3.68)

—(x-F(A(x,0)),Z(A(x,0))).

We need a formula for dA(x,0)/ds. Observe that

<x — O (A(x,5,1),5,t), (3.69)

—aQ(A(X’S?t)’S’t)> —0, i=1,..,m,
ox!

identically in s and ¢ since x — ®(A(x,s,1),s,t) is normal to @y (M) and 0D/dx" is tan-
gential to @y (M). Differentiating with respect to s at s = 0 gives

0D (A(x,0),0) 91/ (x,0) N 0D (A(x,0),0) 0D (A(x,0),0)
a oxJ 0s 0s ’ oxi

(3.70)
20 (1(x,0),0) Ni(x,0) . PD(A(x,0),0)\
! <X - ®(x0).0), 0xioxJ s 0xios =0
Using the identities (3.61) through (3.65) gives
oA oF
- (S 0+ VA 0), 2 (A(x0)))
oF oF
+(x= FO50)), Viowmino) o (1060)) +4V (050)) (2 (00)) ) ) =0
(3.71)
We use (2.5) to write
oF oA oF
<X - F(M(x,0)), V(a)t/as)(x,o)ﬁ(l(x,o)» = <Sx—F(A(x,o))g(X>0), Ew (A(X,O))>-

(3.72)
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Substituting (3.72) into (3.71) and collecting the factors of dA/ds and dF/dx’ gives

<(Sx7F(/\(x,o)) - I) %(X,O) + (dV()L(X,O)),X - F(A(X,O)) >#
(3.73)

T VA0)), S (1x,0) ) =0

This holds for every basis element dF (A(x,0))/0x in the local coordinate frame. There-
fore, we must have

(Sx-F(x0) — 1) %(x,O) +(dV (A(x,0)),x~ F(A(x,0)))" — mrax0y V (A(x,0)) = 0.
(3.74)

Since F € €q, the operator Sx_rx,0)) — I : Tax,0)M — Tax,0)M is nonsingular for all x € Q.
Solving for dA(x,0)/0s in (3.74) gives

oA

5, (60) = (I =Scraeon) " ({dV (4x0)),x = F(A(x,0)))” = mracson V (Mx,0))).

(3.75)
Substituting into (3.68) gives

g(x,0) = (V(A(x,0)), W (A(x,0)))
— (mraon V (A(x,0)) = (dV (A(x,0)),x ~ F(A(x,0)))",
(I- Sx—F(A(x,o»)_ H(mraeon W (A(x,0)) = (dW (A(x,0)),x — F(A(x,0)))") )

—(x—-F(A(x,0)),Z(A(x,0))).
(3.76)

Multiplying by the probability distribution p(x), integrating over ), and reverting to
normal coordinates gives
0°E,
dsot (s,t)

=J 2(x,0)p(x)dx
Q

= JMJQ {(V,W) - <7TFV— (dV,v)#’([_SV)*l(ﬂFW_ (dW,V>#)>

- (v,Z)}p(F+ v)det (I —S,)dvdvoly.
(3.77)

Distributing the factor p(F +v)det(I — S,) and writing the result in terms of P, Hp, and
TF gives
0%’Ey
0sot

o™ JM PRV, W) = He(V, W) + (5, Z) } dvol,. (3.78)
St

If F is a critical embedding of E4, then 77 = 0 and formula (3.54) follows.
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To prove that critical embeddings are saddle points of Ey4, set W = V with V € Ng
in (3.54). If V-V = 0, by Proposition 3.6, we have Hr(V,V) = 0. This gives a positive
second derivative.

On the other hand, since V € Ng, npV = 0. Hence

Hp(V,V) = JQF

((dV,v)*,(1=8,) " (dV,v)*) p(F+v)det (I - S,)dv. (3.79)

For an operator A : T:M — T, M, let |A| denote its operator norm. We can estimate
Hg(V,V) as

He(V, V) s[

. | (1-8,)7" [ [(dV,v)" |” p(F +v)det (I - S,)dv. (3.80)

Now we give an estimate of the squared norm of the vector (dV,v)* € TM. Consider a
local orthonormal frame {e;} along F(M). We have

AV, v)* |7 = (e (dV,m)*) (3.81)

i=1

Since, by definition, {e;, (dV,v)¥) = (V,,V,v) and since v € N() is a normal vector to
F(M), we have

AV, v)* |2 = S VeV < S [ VEV v (3.82)

i=1 i=1

by the Schwartz inequality. Substituting into (3.80) and factoring out the squared norm
|VEV|2= 31 [VEV? gives

He(V,V) < | VLV|2L) |(1=8,) 7" [ IWPp(F +v)det (I - 8,)dv. (3.83)

Therefore, choosing a variation with large | V+ V| and small | V| (in the L? sense) in (3.54)
leads to a negative second derivative.

4. Extremal properties of the energy functional

In this section we lay the ground for the study of the general fitting problem. Our main
concerns are the variational properties of E on the class of Q-regular embeddings. We
characterize the critical points of E in terms of harmonic maps and the extrinsic geom-
etry of the embedding F : M — R". We also investigate conditions under which a critical
embedding yields a local minimum.

4.1. Regularity properties of E. In this subsection we continue with the analysis of the
regularity of E started in Section 3.2. We will show that the harmonic functional Ej, is a
C* map defined on an appropriate Sobolev space.

For k > m, consider the map E : €5 x C**3(Q) x R — R given by

E(F, p,k) = E4(F, p) + kE,(F), (4.1)



854  Geometric data fitting

where E; is defined by (3.34) and Ej, is the harmonic functional (1.2). Our goal in this
section is to prove the following theorem.

TueoreM 4.1. Let k >m. Then E is a C*> map.

Proof. We show that Ej, : T¥*2(M,R") — R is a smooth map. Then, from Theorem 3.2, it
will follow that E is C2.

Consider a local orthonormal frame {ef”} C TM with respect to the metric g. Let
F,V e T&2(M,R"). We have

E(F+tV)— Ey(F)

_J 8 (dF (eM),dV (eM))dvol,

t
(172) [,y 8T {{d(F +t V) (eM),d(F+tV)(e}')) — (dF (e}"),dF (e}')) }dvol,
_‘ :
—I 8 (dF (eM),dV (eM) ) dvol,
_ %JM 8(dV (eM),dV (eM)) dvol,.
(4.2)
Thus
lim En(E ”Vt) J 8 (dF (&), dV (M) dvol, | = 0. (4.3)
Then, the Gateaux derivative §Ej,(F) € I**2(M,R")* of Ej, at F is given by
SER(F) -V = J 8 (dF (eM),dV (e)) ) dvol,. (4.4)

We now prove that this is continuous as a map 8Ej, : T**2(M,R") — T**2(M,R")*. This
will imply that Ej, is a C! map [11, page 37]. For F;,F, € %2(M,R"), we have

|0E(F1) - V = 8E(F2) - V|
_ ’JMaiJ‘(dFl(eiM),dV(ey»dvolg—J 8 (dF, (eM),dV (¢M))dvol | (4.5)

= ||F1 —F2||1||V||1-

Thus [|0Ex(F1) — SEn(Fo) Itk arrnys < IIF1 — Fallgs2; that is, Ej, is a C! map. By (4.4), the
map JEy is linear, therefore smooth. This proves that Ej, is smooth. O
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4.2. First variation of E. In this subsection we characterize the critical embeddings of the
functional E by computing its first variational derivative at an Q-regular embedding F.

Let A, denote the Laplace-Beltrami operator relative to the metric g in M. In local
coordinates,

19 . Of

Consider a local orthonormal frame {elM } € TM with respect to the metric g and let h be
the Euclidean metric induced on M.

THEOREM 4.2. Let F be an Q-regular embedding and let © be a smooth variation of F. Then

dE[D(-,1)]
dt

_ JM (5, V) dvol, +kJM (AGF, V)dvol,, (4.7)

t=0

where V is the variational vector field generated by ®. Moreover, the embedding F is critical
if and only if F : M — F(M) is a harmonic map and satisfies the equation

rF@ —k&"B(eM,e}!) =0, (4.8)
N/

where T is the normal vector field to F defined by (3.40).

We call (4.8) the transversal Euler-Lagrange equation of a critical embedding. Before
proving Theorem 4.2, we discuss some examples.

Example 4.3. Curvesin R". Let M = S'. Then a critical embedding F has a constant speed
parameterization and for all X € R",

_AI(X)+A2<Z_§’X> - (%) <2—f,X> =0, (4.9)

where Ly denotes the length of F(S'),T € C*(S',R") is the unit tangent along F(S'), and
dT/ds € C*(S!,R") denotes its derivative with respect to arc length. To verify (4.9) we
compute the Euler-Lagrange equation of a critical curve. We use the identities

@ = |F") AgF = _F”. (410)
/4
By Example 2.4, we have det(I — S,) = 1 — (dT/ds,v). Let X € R". By (3.40),
(15, X) = <— p(F+v)<1 - <d—T,v>>vdv,X>. (4.11)
Qr ds

We expand this out and write the result in terms of the transverse moments Ay. We get

(7r,X) = —Al(X)+Az(Z—f,X>. (4.12)
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By the definition of arc length,
s= [ 11 (4.13)
0

we can write dT/ds as T'/|F'| in (4.12). We get

(tr, X) = _AI(X)+A2<%,X>. (4.14)

We scalar-multiply (4.8) by X and use (4.10) to write the result

(X)) IF'| —k(F",X) =0. (4.15)
By (4.14), we get
T’ 4 144 _
(—A1<X)+A2(W,X))|F |~ k(F",X) = 0. (4.16)

Set X = F’. Since Ax(F') =0, we get (F",F’) = 0. Thus, a critical embedding F has con-
stant speed |F’| which can be computed by using (4.13) as

L
|F'| = 71”71. (4.17)

The second derivative F”' can be written as F” = (|F'|T)" = |F'|T’. Substituting into
(4.16) and taking the derivatives with respect to arc length gives

(—AI(X)+A2<L‘%,X)>|F’|—k<|F,;SdT,X> 0, (4.18)

Substituting (4.17) into (4.18) and dividing the result by |F’| gives (4.9).

Example 4.4. For radial distributions relative to a curve I' (see Figure 4.1), the covari-
ance tensor is a constant multiple |02 | of the Euclidean scalar product restricted to Nr(y)
(Example 2.8). Let F: S! — R" be a constant speed parameterization of I' and set k =
27|02 |/L%. For this value of k we have that T is a critical curve. To check this, we ver-
ify (4.9) for all X € R". By Example 2.8, we have y, = 0, which implies A; = 0. Using
Definition 2.7 to write A, in terms of g2 gives

_ dar .\ _kLg /dT >_ z(d_T )_kﬁ<d_T >
Al(X)+A2<dS,X> 2ﬂ<d5,x = po? (Tox) - SE(S0X). @a9)

Since 02 is a constant multiple |02 | of the Euclidean scalar product restricted to Ng(,) and
since dT/ds € Np(), we have

dT kLg /dT dT kLp dT
2 _ — 2 _
AOUJ‘(_dS ,X) o <—ds ,X> Ag aL|<—d5 ,X> (—2 ”)<_ds’X>' (4.20)
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Figure 4.1. A radial distribution relative to a curve.

We now compute an explicit formula for Ay. We switch to normal coordinates in the
integral [, p(x)dx and express the result in terms of the transverse moments,

Le dT
1=J p(X)dX=J p(F(s)+v)<l— <v,—>)dvds
Q 0 Jary ds
Ls dT
=, (ho=m ()
Since Ay is constant and A; = 0, we have that Ay = 1/Lg. Substituting into (4.19) gives
dT kLp /dT 1 dT kLr dT
2 (4L _ kLp fal _ (L 2 /a4t _ (KLF al
AOUL( ds ’X> 2m < ds ’X> (Lp) o] < ds ’X> ( 2 ﬂ) < ds ’X>' (4.22)

Since k = 27|02 |/L}, we have that (4.19) vanishes identically. This shows that I'is a critical
curve.

(4.21)

Example 4.5 (the annulus). In this example we consider a special probability distribution
in the plane. Let

Q={xeR?:r <|x| <n} (4.23)

Assume that p depends only on |x|. Let

v =J p*p(p)dp. (4.24)

We assert that if the spring constant k satisfies

1/2m —v*

< (4.25)

r

then the circle of radius r = (1/2m — v*)/k is a critical curve.
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To prove the assertion we verify (4.8). We consider the embedding
F(u) = r(cos(u),sin(u)), u e [0,2mr]. (4.26)

Denote by N the unit normal vector field along F(S') oriented so that the pair (T,N) is
consistent with the standard orientation of R2. We have the identities

T 1 h

<—,,N> =—-, vh_ r, F" = —rN. (4.27)

|F"| r Jg
To compute 77, we note that for this type of distribution the disks Q) are line segments
perpendicular to the circle F(S!) whose length is equal to the width of the annulus, that
is, r, — r1. Then the transverse integration along Qp(,) in the definition of 7 can be per-
formed by computing an ordinary integral on the interval [r; — r,r, — r]. We use the first
identity in (4.27) to write 7 as

7

Tp = — 5 p(F+v)<1— <|:,|,VN>>dev

- (4.28)
=- L_r p(r+v) (1 + %)dev.
Simplifying and making the change of variables p = r + v gives
TR = —% :p(p —r)p(p)dpN, (4.29)
which, written in terms of the ¥*’s, reads
et ’; "N (4.30)

We give an explicit formula for v!. By changing to polar coordinates in the integral
Jo p(x)dx, we get

1= [ poodx= [ || ptorpdpds, (431)

from which it follows that 1 = 29! or »! = 1/27. Substituting this into (4.30) gives

a2
5 = %WN. (4.32)

We now write (4.8) multiplying 75 by v/h/,/g = r and adding kAgF = —krN:

o kg (—v2+1n)N—krN. (4.33)
Vg 2

This expression vanishes identically since r = (1/2m — *)/k. This shows that F is a critical
embedding.
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Example 4.6. The spherical shell. We now consider a probability distribution that is sup-
ported on the region

Q={xeR:r < x| <nl (4.34)

We assume that p depends only on |x|. Let

= J ok p(p)dp. (4.35)

We assert that if the spring constant k satisfies
3

< — S 4.36
S Okt 1/am -7 (4.36)

then the sphere S? of radius r = v3/(2k + 1/47) is critically embedded in Q.

To verify this assertion we check that the inclusion i:$? — R’ satisfies the Euler-
Lagrange equation (4.8). For this, we compute the quantities appearing in it. First no-
tice that the quotient of volume elements is given by

\/—ﬁ =7 (4.37)

V&

since the sphere S? is a dilation by a factor of r of the standard unit sphere $*. Let fi €
C®(M,R") be the outer unit normal vector field along S?, and denote by vii € Ng(y),
v € R, any vector normal to $? at F(x). By the symmetry of the sphere, the shape operator
S is a scalar multiplication by —1/r. Then, we can write a formula for 75 as

r—r 2
Tp = — p(F+vﬁ)det(I—Sv)vﬁdv=—I p(r+v)<1+;> vidy. (4.38)
Qp r—r

To evaluate this integral, we make the change of variables p = r + v and write the result in
terms of the v’s. We get

(3 — 12 A
Sl Cal L.} (4.39)
r

We next compute an explicit formula for v? using the identity [, p(x)dx = 1:

= J p(x)dx = Vol (2) J p(p)p2dp = 4, (4.40)
Q "

Substituting v? = 1/47 into (4.39) gives

— (¥ —r/4m)h

> (4.41)

Tf =

M M
i€

8B (e e)!) = 67 (SeM, e} )i, (4.42)

Finally, we write a formula for 6"/ B(e ) in terms of the shape operator S as
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Using that S is a scalar multiplication by —1/r and the identity 8 (e, eM ) = 2r? gives
8B(eM N My = 2. (4.43)
Using (4.37), (4.41), and (4.43) to write (4.8) gives
TF*/—E —ké7B(e},e}) = - <v3 - 2rk) f, (4.44)
N/3 4

which vanishes since r = %*/(1/47 + 2k). This shows that S? is a critical sphere.

Proof of Theorem 4.2. This is a direct calculation. Set E;(t) = E4[®(-,t)] and Ex(t) =
Eu[®(-,1)]. By the definition of harmonic energy, we have

E,(t) = d II g <82(x 1), (D(x t)>dvol

dt2 ox! i (4.45)
— [ (L, 22 (1))l
; Mg o 1) Gy 1) ) V0
Evaluating at t = 0 yields
o OF oV B
Eh(O)—JMg (2220 volg—JM (AgF, V)dvol,, (4.46)

where the last equality follows by integrating by parts. Adding this to the first variation of
E; computed in Theorem 3.3 gives formula (4.7).

We now prove the second statement of the theorem, that is, that F is a critical em-
bedding if and only if F: M — F(M) is a harmonic map and satisfies (4.8). For F to be
a critical embedding, the derivative E’'(0) must vanish for all V. This is equivalent to the
condition

rF\/—g +kAgF =0, (4.47)

where the difference in the volume element between the two integrals in (4.7) is expressed
in terms of the quotient v/4/./g. Since 75 is normal to F(M), the tangential component
of A F is zero,

(AF), =0. (4.48)
Therefore, a critical embedding F is harmonic, considered as a map from M onto its
image, thatis, F : M — F(M) [21, page 138].

We now compute the normal component of A¢F. Let V € Np. We use (4.6) to compute
(A F, V) taking into account that (9F/0x', V) = 0. We have

./ OF oF OF
(AF,V) =g ]<axiaxj’v> = <B (ax’ axl> V> (4.49)
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by the definition of second fundamental form. Since this equality holds for every V € N,
we get

. (0F OF -
(AgF) | = —g’13<$,@) = —0YB(e}",e}f). (4.50)
Substituting into (4.47) establishes (4.8). O

We close this section with a technical lemma that will be needed.

LemMma 4.7. Let Fy € C*(S',R"). Then there exists € > 0 such that for all F € C*(S',R")
with ||F — Fyllc: < € there exist V € N, and a diffeomorphism ¢ : S' — S' such that

F=(Fy+V)o¢. (4.51)

Moreover, F has constant speed; that is, |F'|" = 0 if and only if ¢, when viewed as a real-
valued function, has its inverse given by the formula

61 (u) = ﬁ Jou |Fy(v)+ V' (v) | dv. (4.52)

Proof. Let V =F — Fy o Ag, o F. Since Af, assigns to F(u) € Q a point A, (F(u)) € S' such
that Fo(Ag,(F(u))) realizes the distance between F(u) and Fo(S'), we have that V(u) is
normal to Fy(S") at Fo(Ag, o F(u)), that is, V() € Ng, (15, oF(u))- We also have

F=Fyolp oF+V. (4.53)
To prove the lemma, it suffices to show that the map ¢ : S' — S! defined by ¢ = Ag, o F is
a diffeomorphism. For this, we apply the following sublemma.

SuBLEMMA 4.8. Let Fy € C*(S',R"). Then there exists € >0 such that for all ug € S' and
all F € C*(S',R") with ||F — Fyllcr < €, the angle between To(ug) and T(u) is less than 7/2,
forallu € ' {uo}.

Proof of Sublemma 4.8. For F in a C' neighborhood of Fy and u € ¢~ {u}, we show that
[To(uo) — T(u)| < V2. (4.54)

Let €; > 0 such that if |F — Fyllc: < €1, then || T — Tollco < 1/+/2. Since Tg o Ap, : Q — R”
is a uniformly continuous function on the compact Q, there exists €, > 0 such that for
all x1,x; € Q with |[x; — x2| < €2, we have |Tg o Ag,(x1) — Tg o Ag,(x2)| < 1/3/2. Setting
€ = min{€,€,}, we have

|'To(u0) —T(u) | = [ To(p(u)) — T(w)|

4.55
< IT()((/)(M)) *TO(AFO o F()(u)) | + |T()()LF0 o F()(u)) *T(u)| ( )

Writing ¢ = A, o F, and since |F(u) — Fy(u)| < € < €,, we get
1T (1) = T(w) | < = + | To (A, o Folus)) — T(w)|. (4.56)

V2
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Since Ag, o Fy: S' — S! is the identity map,

1T (1) — T(w)| < %Jr T (1) = T(w) . (4.57)

Using |To(u) — T(u)| < 1/+/2 gives (4.54). O

We now continue with the proof of Lemma 4.7. We use Sublemma 4.8 to prove that ¢
is a diffeomorphism.

We start by showing that ¢ is injective. Let ug € S! and consider the subset {u;};c; C S!
such that ¢(u;) = ug. Then u; € ¢~ {uo} and F(w;) € )Lgol {ug} for all i € I. Consider now
the plane N, (,,) orthogonal to Fy(S!) at Fo(uo). Then {F(u;)} C N, () is the set of points
at which F(S') intersects Ng,(,,)- By Sublemma 4.8, the angle between the tangent vectors
To(uo) and T(u;) is less than 72/2, for all i € I. This can only happen if {F(u;)} consists of
one element only. This shows that ¢ is injective.

Next we show that ¢ is surjective. Since ¢ = Ap, o F is continuous and since S' is Haus-
dorff and compact, by the closed map lemma, ¢(S') is closed. In particular, we have that
¢(S!) contains its boundary d¢(S') C S!. Assume that 0¢(S!) # @ and let u; € S' with
(u1) € 9p(S). Set ug = ¢(u1). Then uy € ¢~ {up}, and by Sublemma 4.8, the angle be-
tween To(uo) and T(u;) is less than 71/2. In particular, there is an open segment near
F(uy) in F(S') that projects onto an open segment of Fy(u) in Fo(S'). This contradicts
that ¢(u;) € 9p(S'), and then 0¢(S') = &. This shows that ¢ is surjective.

From the homeomorphism theorem, it follows that the continuous bijection ¢ : S! —
S! from the compact and Hausdorff space S! onto itself is a homeomorphism. A sufficient
condition for a smooth homeomorphism to be a diffeomorphism is that its differential
be nonsingular at every point of S'. Since F is an embedding, to show that ¢, = (Ag, o F)«
is injective, it suffices to show that A, , T(u) # 0, for all u € S'. If A, , T(u1) = 0 for some
u; € S, the angle between T(u;) and To(Ag, © F(u;)) would be 7/2. This contradicts
Sublemma 4.8, and therefore Ag,, T(u) # 0 for all u € S'. This shows that ¢ is a diffeo-
morphism.

We now prove the second statement of the lemma, that is, that F has constant speed if
and only if ¢! is given by (4.52).

View ¢ as a real-valued function defined on the interval [0,27]. Without loss of gen-
erality, let ¢(0) = 0. We compute |F’| by applying the chain rule in (4.51). This gives
[F'| = |(Fy+ V") odll¢’|. Since ¢ is a diffcomorphism and ¢(0) = 0, ¢’ > 0. Hence

[F'l=[(Fo+V')oglg'. (4.58)
We use the formula for the derivative of the inverse function (¢~!)" o ¢ = 1/¢" and (4.58)
to obtain (¢~1) o ¢ = (1/|F'|)|Fy+ V'] o ¢. Composing with ¢ on the right and integrat-

ing from 0 to u € [0,27] gives

e (M RW V)]
#7970 = | o (4.59)
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since ¢(0) = 0. If |F’| is constant, then this formula implies (4.52). Conversely, assume
that (4.52) holds. Then we have

J” |Fs(n)+ V' (V)|

1 v, ,
o PO dV=|F,(u)|LIFo(v)+V(v)|dv. (4.60)

| ’

By taking the derivative with respect to u and simplifying, we get |F’|" = 0. This proves
the lemma. O

4.3. Second variation of E. We now investigate conditions under which a critical em-
bedding yields a local minimum of E by computing its second variation.

Denote by g* the induced metric in the cotangent bundle T;*M. Our formulation of
the second variation of E involves two additional quantities:

(i) the symmetric functional Qr : C*(M,R") x C*(M,R") — C®(M) given by

Qr(X, ) = k69 (dX (&), dY (o)) — Hy (X, 1) L (461)

N/4
(ii) the bilinear map gr : (R" ® T*M) x (R" ® T*M) — C* (M) given by
grX®&Yen) =k(X,Y)g"(&n)

- L} )Y, (8, (1= 8,) ™) pF+ v)det (1 - 8,)dv 2.
' (4.62)

N

Our main goal in this section is to prove the following.
THEOREM 4.9. Let F be a critical embedding of E and let O be a smooth variation of F. Then

the second variation of E is given by the formula

PPE[D(-,s,1)]
dsot

=J PF(V,W)dvolh+J Qe(V,W)dvol,,  (4.63)
M M

(s,t)=0

where V and W are the variational vector fields generated by ®. Moreover, if Pr > 0, the
bilinear map qr is positive definite, and M = S', then there is an € > 0 such that all F € €q
with ||F — F|c: < € satisfy E[F] < E[F].

TuEOREM 4.10. Consider the standard sphere S* C R with the induced Euclidean metric.
Let F: §* — §? C R® be a critical embedding of E. If qr is positive semidefinite, then the
second variation of E is positive semidefinite.

Before proving Theorems 4.9 and 4.10, we discuss some of their consequences.

Example 4.11 (curves in R"). In this case g is positive definite if and only if

kIX|? - % >0, XeR" (4.64)
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To verify this we compute formula (4.62) using the identities

g (& n) Vh

1-8,) det(I-8,) =1, ) = , S =IF 4.65
(1-5,) " det(1-5,) @) =Eg CESFL e
We get
grXe&Yen) =kX,Y)g*&n)
" s , (4.66)
- | Y gt EmIE 1 p(E v
Simplifying and writing the result in terms of A, gives
(XY
ar(X e &Y o) =g (€ (kx, 1) - 25T, (467)

from which the statement follows.

Example 4.12. Let p be a radial density relative to a curve I'. From Example 2.8, it follows
that the covariance tensor o2 is a constant multiple |62 | of the Euclidean scalar product
restricted to Qp(y). If k = 27|0? |/L}, then T is a critical curve by Example 4.4. In this case,
we have

grX @& Y ®n) =k(T,X)(T,Y)g" (& n). (4.68)

To verify this, use the identities Ag = 1/Lg, y, =0, |F'| = Lg/2m, and k = 27|0? |/L%, and
write A, in terms of 62 in (4.67). We have

2
(X ot Yen =g &n (ki y) - 2% +P’|iF@f’|Hi)(X,Y))

2r|o? [ (X,Y) _( 1 )af(X,Y))

(4.69)
=g &n (T

Lr

LF/ZH

Since the covariance tensor is a constant multiple |02 | of the Euclidean scalar product
restricted to Qp(,), we get that the scalar product of the normal components (X,,Y,)
cancels (here X, = X — (T,X)T). This implies the assertion.

Example 4.13. For critical curves in the plane, we write
p(Nw) =p (), o (N(u),N(w) =07 (). (4.70)
Then g is positive definite if and only if

2o (p? +0?)

k> L

(4.71)

In particular, for an annular distribution, this condition is satisfied if and only if the
radius of a critical circle is less than 1/(271°), where +° is defined by (4.24).
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To verify this, we use the identity |F'| = Lg/2m, write X = (T,X)T + (N,X)N, and
write A in terms of y, and ¢2 in (4.67). We have

k|X|2 _ AO(UJZ_ +/"J- ®#L)(X’X))

ar(XeEX 0 =g (50| G

(4.72)

Ao(of +u?) <N,X>2>

ok 2 2y _
¢ (&f)(k((T,X) NX)?) e

This is positive for all X € T,S!, X # 0, if and only if k > 2wAg(y> + 02 )/Lr. Now set
X =dT/ds in (4.9). We get

dr dT dT\ (kL) /dT dT\ _
a0 ) - G ) ) o (47

By (4.67), we have that gr is positive definite if and only if —A,(dT/ds) > 0. For a critical
circle with radius r in an annular distribution, we have, by the definition of A,

A (‘;—f) - J: <‘jl—f,vN> p(r+v)dv. (4.74)

Using (dT/ds,N) = —1/r and making the change of variables p = r + v gives

dT S
(%) - ‘L (=) -npep (4.75)
Simplifying and writing the result in terms of v* gives
1_ a0
_A1<d_T> _rom (4.76)
ds r

Since v! = 1/27 (Example 4.5), we get that gr is positive definite if and only if r <
1/(2m°).

Example 4.14 the spherical shell. In Example 4.6 we showed that the sphere S? of radius
r =13/(2k + 1/4) is critically embedded in Q. For this, the second variation of E is posi-
tive semidefinite if the quadratic form

A;(h)

k(X,Y) - (Ao(yl ®u,+02)+ )(X, Y), X,Y€ER" (4.77)

is positive semidefinite. To verify this claim, we compute gr and apply Theorem 4.10.

We substitute the identities

<g#,n#>=g*(r%, (1-8.)  det(1-5,) =1+, VE_ 2 s

V&

in definition (4.62) of gr to obtain

gr(X ®E,Y ® 1) = k{X,V)g" (E,7) L) g Emr? (1 + ;)p(F Fv)dvrt (479)
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We write v = (vii,/i) and use the definition of transverse moments Ay to get

ar(XOEY o) = KX Vg En - g Em (A1) +as (X1, 2)). (480)

Writing A, in terms of the transverse mean y, and the covariance tensor o? gives (4.77)
multiplied by the factor g*(&, 7). Therefore gr is positive semidefinite if and only if (4.77)
defines a positive semidefinite quadratic form.

Example 4.15 (embedded surfaces in R3). We write the second variation of the func-
tional E for the case when the manifold is an embedded surface in R®. The second vari-
ation of E is expressed in terms of the function Pr and of Q. The following corollary to
Theorem 4.9 states that if the variational vector fields are normal to the embedded sur-
face and if a certain quadratic form that depends on the spring constant, the metric of
the surface, the Euclidean metric induced in the surface, the second and third moments,
and the shape operator is positive definite, then the second variation is positive definite.
The meaning of this corollary is that a necessary condition for an embedding to be a
minimum of the functional E is that the spring constant is sufficiently large so that this
quadratic form is positive definite.

Let i denote the outer unit vector to M and let the second variation of the functional
E involve the shape operator. The following is the definition of an operation of 2 x 2
matrices. This operation is applied to the shape operator in the calculation of the second
variation.

COROLLARY 4.16. Suppose that

(1) X and Y are normal to F(M), 4 '
(2) for almost all x € M, kg'i—(~/h/ /)h™* (u? 8 — > (S1);) is positive definite.

Then 0*E[®(+,s,t)]/0s0t| (s,n—0 is positive definite.

In the proof of Corollary 4.16 one computes Qr in terms of the quadratic form in the
statement of the corollary evaluated at the gradients of the magnitudes of the variational
vector fields. For it, the partial derivatives of the variational vector fields are computed in
local coordinates. On the other hand, the function P is positive almost everywhere since
the determinant det(I — S,) is nonvanishing in Q and since, by hypothesis, the quadratic
form is positive definite; Theorem 4.9 implies that the second variation of E is positive
definite.

Proof of Corollary 4.16. By Hypothesis (1),

oX o(nX), . on
ox  ow O (8,X) oxi’

(4.81)

Therefore,

9X oY\ _ a(h,X) 3(h,Y) (i on aﬁ>
<8xi’axj>_ ox' o <n’X>8x"’<n’Y>axj ’ (4.82)
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since (fi,0f/0x’) = 0. By (4.82), (4.61), and Hypothesis (1),

0X dY . .k
Q:6,¥) = ke (5,55 — Cerad (X80, (1 - 05 grad (1, ) 7
— kgl (EN;‘%) 8(;};’> N <<ﬁ’X> aaﬁi,(ﬁ»ﬂ §;>> (4.83)
o(X,h) ko(Y,n) Vh
o h]( ”381‘)] P \/g

The function Pr is positive almost everywhere since the determinant det(I — S, ) is nonva-
nishing in Q. Then, by (4.83), Hypothesis (2), and Theorem 4.9, 0?E[®(+,s,t)]/9ds0t| (5,10
is positive definite. 0

Proof of Theorem 4.9. By (4.45),

PEn(s,t) g LI PO
959t 0s oxi 05 Bto

0°D 0*0 0D PD
:JMg <<88 1( )5, 1), 59 ](xs t)> <ax"(x’5’ 1), pyeyEm ](x s, )>>dvolg.

——(x,s, )>dvolg

(4.84)
Evaluation at s,t = 0 gives
8| L2 (2 2
0s0t | (sn=0 Jm oxi’ ox/ oxi’ oxJ ¢ (4.85)

_ IM (8 (dV (eM),dW (¢M)) + (AgF, Z) ) dvol,

where Z = (0*®/0s0t)| (5,10, and we integrated by parts in the last step. Adding this to
the second derivative of E; (formula (3.78)) gives

PE@C,s0]| _PEOGs0)| | PE[OCs0)]
dsot (5,£)=0 a dsot (5,£)=0 dsot (5,£)=0
- J (Pe(V, W) — Hp(V, W) + (15, Z) ) dvol, (4.86)

+kj (8 (dV (eM), dW (¢M)) + (AgF, Z) ) dvol,

Since F is a critical embedding, Theorem 4.2 implies that the terms involving Z cancel.
Writing (4.86) in terms of Qr establishes (4.63). O

Next we prove the second statement of the theorem, that is, the sufficient conditions
for a local minimum of E. We have the following proposition.
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PROPOSITION 4.17. There is a neighborhood Uy of Fy in C*(S',R") such that for any em-
bedding F in this neighborhood satisfying |F'|" = 0, there exists V € N, such that F =
(Fo+ V) o ¢, where ¢ :S' — S! is a diffeomorphism that, viewed as a real-valued func-
tion, has its inverse defined by (4.52). Moreover, for all such embeddings F € U, there
exist C,€ >0 such that if |F — Follc2 < €, then the second variation of E at F satisfies
8?E[F] = C||V |13, where || V|12 is the square of the Sobolev norm of V.

Proof of Proposition 4.17. This is a consequence of Lemma 4.7. To prove the “moreover”
part we let W € C*(S',R") be a variational vector field. We compute §>E(W, W) as

W = [ {PF(W”W” k() - ()

+qF(VLWi, VLWL)}du.

We will prove this formula later; we use it now to find a lower bound of §2E(W, W). Since
qr, s positive definite, by Lemma 4.20, there are Cy,€; > 0 such that for all F € € with
||F — F()”Cz < €1, We have

2

g (dW.,dW,) = C, |V1‘f| (4.88)
If Pg, > 0, by Lemma 4.18, there are Cy,€; > 0 such that if |F — Fyllc2 < €2, then
Pr|F'| = C,. (4.89)
Combining inequalities (4.88) and (4.89) with estimate (4.87) gives
7 2
SPE(W, W) = J {cz ‘W, |*+C i }du > min {Cy, G} ||[W. ||}, (4.90)
Sl

Now we consider a constant speed variation ®; = (F 4+ tV) o ¢, and compute W =
(d®./dt)l=o. By the chain rule,

o,

dt = [(F,‘FtV’)Oﬁbt'¢;]t=o+V°¢t|t=o:F,‘p”t:o"'v- (4.91)

t=0

Since F'(u) € T,S', we get W, = V. Substituting this into (4.90), we get that if ||F —
Follcz < min{€y, €,}, then the second variation §>E(W, W) is bounded below by

S2E(W, W) = min {C, G} IV 3. (4.92)
This proves Proposition 4.17. O

We now continue with the proof of Theorem 4.9. We use Proposition 4.17 to define
a constant speed variation of Fy given by @, = (Fy +tV) o ¢, with ¢, given by (4.52).
Consider the real-valued function defined by E(t) = E[®,]. By Taylor’s theorem,

1

E[F] - E[Fy] = E’(0)+J0 (1-OE" (Hdt. (4.93)
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Since Fj is a critical embedding, then E’(0) = 0. Since E” > Cl[tV |2 = Ct2|| V|13, we have

2
_ClvIE

E[F] - E[Fo] e

(4.94)

We use this inequality to show that Fj is a local minimum. Any F € U, can be written as
F = (Fy+V)o¢with V€ Ng, and ¢:S' — S! a diffeomorphism. Let F be the constant
speed embedding defined by F = (Fy + V') o ¢ with ¢ given by (4.52). We show first that
E[F] < E[F], and then use (4.94) to conclude that E[F] < E[F] for all F € U,.

Let y = (Fo+ V)(S!) be the image curve of S' under F, + V. Since the length of y does
not depend on the parameterization of S', we have

2 B 2
J |F'|du=1, = j \F | du. (4.95)
0 0
Since |F’| is constant, we have |F'| = Ly/2m. Hence

1 2n , LZ 1
Ey[F] = Ejo |F |2dM= é = .

0

2 2
j P |du> . (4.96)

By Schwarz’s inequality,
1 2m m 5 B
Ex[F] < —J lzduJ F | 2du = By [F). (4.97)
4m Jo 0

Since the expected value of the distance to y does not depend on the parameterization of
S', that is, E4[F] = E4[F], by (4.97), we have

Ed[F] +kEh[F] = Ed[p] +kEh[F] =< Ed[ﬁ] +kEh[F~] (4.98)
By (4.94), we conclude
E[Fy] < E[F] < E[F]. (4.99)

This shows that F is a local minimum.
To complete the proof of Theorem 4.9 we need to prove formula (4.87). For this, we
use formulas (4.137) through (4.140). We start by computing (4.138) using the identities

p— W’
F)”

eM =T, dw (eM)

1

r2
SUR(AW) (M), dW) (e})) = <T, |¥,”|> . (4.100)

Since W = (T, W) T, Wﬁ = (T, W) T+ (T, W;)T’". Hence, the normal component of
W), is given by

T/
B(eM,W)) = (T, WH)W- (4.101)
This implies that
T T
B(W),W)) = (T,W))’ =,  BleM,el!) (4.102)

F’ N
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By the Gauss equation [3, page 135],
Re(Wi,e, el wy) = (B(W), Wy),B(e,e!)) — (B(Wy,eM),B(Wj,efl)).  (4.103)

Substituting (4.101) and (4.102) gives

T T T T
Wi,eM,eM W, W) —, — )= ((T,W T, W =0.
Re(Wy,eM et W) = <( ) 7] |F,|> <( |\)|F, X |>|F,|>
(4.104)
Therefore (4.138) can be written using (4.100) as
Wi\ 2
S*E(W, W)) :kLl <T, | F,”|> du. (4.105)

We next compute §2E(W);, W, ), computing the three terms occurring in (4.139). By
(4.100) and (4.101),

T W,
(B, W))W, () = ((TW)) oo ). (4.106)
By (4.102),
W, T
_<dWL(WH))B(e£VI:e§VI)> = _<<T) WH)W) W> (4.107)

By Example 2.2, the shape operator Sy, is a scalar multiplication by (T'/|F’|, W_ ). Using
this, together with the first two identities in (4.100), gives

—(dW(e"),Sw, e}") = <|V;,|,<|§:|,WL>T>. (4.108)

We add (4.88), (4.107), and (4.108) to write a formula for §>E(W, W ). After simplify-
ing, we get

2 WI,\ T
1) E(WH,WL) = -k <T, p >< p ,Wl>du. (4.109)
st [F'[/ \|F'|

Finally we compute §>E(W,, W, ). We have

T’ Tl Tr 2
M my _ ([ 2 L _ (1
(Sw, e, Sw,et!) <<|F,‘,WL>T,<|F,|,WL>T> <|F,|,WL> . (4.110)

Substituting this into (4.140) gives

’ 2
82E(WL7WL):J' PF(WL,WL>|F/‘du+J’ {k<|:—,|,Wi> +qF(vLWi,vLWL)}du.
N St
(4.111)
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Now we add (4.105) twice (4.109) and (4.111) to obtain 62E(W, W). After simplifying,
we get (4.87).

Proof of Theorem 4.10. We compute 82E(V,V) = §2E(V|, V)) +28%E(V|,V.) + 8*E(V,
V) and show that 8?E(V|,V}),8?E(V,,V,) = 0 and 6>E(V|, V) = 0. This will give the
result. To compute each of these terms, we apply Lemma 4.21.

We begin by showing that §2E(V|, V) = 0. By (4.138), we have that §°E(V|, V) is the
second variation formula of the harmonic functional [21, page 155]. By Theorem 4.2, we
have that F : $? — §? is a harmonic diffeomorphism. Since a harmonic diffeomorphism
between Riemannian surfaces is minimizing [8, Theorem 3], we have that the second
variation 62E(V/j, V||) is nonnegative.

Next we prove that §2E(V,V,) = 0. Let i € C*(S%,R") be the outer unit normal
vector field along S?. Write V, = fA, for f € C*(S?). We compute separately the three
terms occurring in (4.139) starting with

87(B(eM,v)),dV.(el)) = 8 (B(eM, V), e} (f)n+ fdi(el)). (4.112)
Since (A, dﬁ(eﬁu)) =0, by (2.5), we get
87(B(el", V), dV.(ef')) = 87 (ef (f)Sei", Vi) = (Sgrad, f, V), (4.113)

where grad, f = SiieM(f )ej»w denotes the gradient of f with respect to the metric g. Note
that in this case, the shape operator S: T,;S?> — T,S? is a scalar multiplication by —1. Since
g = h, we have

87(B(e)",V)),dV.(e))) = —(grad, f,V}) = =Vy(f). (4.114)
Next we compute

=87{dv. (v)),B(el,ef")) = =87V (f)+ fda(V)),B(el,ef")). (4.115)

Proceeding as before,
=87(dV.(V)),B(el,ef")) = =87 (Vy(f)Sel,ef') = Vii(f)87(e]",e}!).  (4.116)
Since g = h,
~5(dV, (V). B(eM,el)) = Vi (f)2 (4.117)
Finally we compute
=87(dv(e}"),Sv.ef') = —67(dV ("), - fe}'). (4.118)
Since g = h,

A CAYI G My, Sv.ej My = fdivVy. (4.119)
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Adding (4.114), (4.117), and (4.119) gives
SE(V),V,) = kj div (f V) dvolg, (4.120)
SZ

which vanishes by the divergence theorem.
We finally prove that §2E(V,,V,) > 0. For X € T,S?, we have

VAV, (X) = Vi fh=X(f)A, (4.121)

Hence V+V, = i®df. Since g is positive definite, we have qp(V+V,,V+V, ) = gp(h®
df,fi® df) > 0. Therefore, by (4.140), we have 6*E(V,,V,) > 0. This shows Theorem
4.10. O

We conclude this section with some technical lemmas used in the proofs of Theorems
4.9 and 4.10.

Lemma 4.18. The map P : €q x C(Q) — C(M) given by

P(F,p) = sz p(F+v)det (I—Sv)dv% (4.122)

is continuous. Here C(M) and C(Q)) are considered as Banach spaces with the norm of the
supreme, and also €, is considered as a subset of C*(M,R").

Proof. Let € >0. We write P(F, p) in terms of a continuous function defined on J§. Let
sp 15 — R be given by

h(jF
jiF) J p(F(x)+v)det(I —S,(jF))dv Uz ) (4.123)

@

Then we write (P(F, p))(x) = s,(jZF). Assume there exists a neighborhood N C J3 of the
set {j2F € J§ : x € M} such that its closure N is compact. Since s, is uniformly continu-
ous on N, there exists 8 > 0 such that for all F € €q with ||F — F||c2 < 8, we have

. D5 €
sup [5p(j2F) = sp (jzF) | < 5. (4.124)
Consider now the continuous function s : J3 — R given by

h(j%F)
/g (x) '

We see that s, < s|[pllc(q). Since P is linear in p, we estimate |P(F, p) — P(F,p)| as

SGEF) = | det( =8, 2F)) dv (.125)
F(x)

|P(F,p) - P(F,p)| < |P(F,p)—P(F,p) | +P(F, p—ﬁ)

. 4126
Ssxplsp(ﬁlg)—s |+supS ) - lp = Pllciy (4.126)
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If[|[F-Fllcz < 8and llp—pllci) < €/(2supys), by (4.124), we have |P(F,p)—P(F,p)| <e.
This proves the lemma. O

LemMa 4.19. Let F € €q such that qr is positive definite. There exists C >0 such that all
x€Mandall (X,&) eR" X TFM,X #0,& # 0, satisfy qr(X ® E,X ® §) > Cg*(&,&) X2

Proof. Suppose that the lemma is false. Then, for all n € N, there exist x, € M and (X,,,&,)
€ R" x T M with [X,[* = 1, g*(£,&) = 1, such that gr(X, ® §,,X, ® §,) < 1/n. Since M
is compact, there exist sequences {x,} C M, {(X,,&,)} C R" x T} M converging, respec-
tively, to x € M, (X,§) € R" x T} M with |X|*> =1, g*(£,&) = 1. Hence

FrX®§Xef) = limgr(X, &, X, ® &) < 3@1;% =0. (4.127)

This is a contradiction since we assumed that gr was positive definite. This proves the
lemma. O

LemMa 4.20. Let (F,p,k) € €q x C(Q) X R such that qr is positive definite. Then there
exists a neighborhood U C C*(M,R") x C(Q) X R of (F, p,k) such that all (15,‘5,12) eU
with F € €q satisfy that qj is positive definite, and the constant C given by Lemma 4.19 is
independent of (F, p,k) € U.

Proof. We write gr in terms of a continuous function defined on J§. Let s : J§ X T*M X
R" — R be given by

s(EREX) = | e (Em (808,20 ) o

F(x)

n(2F) (4.128)
X p(F(x)+v)det (I —S,(jiF))dv :
g(x)
By formula (4.62), we can write gr(X ® £, X ® &) as
gr(X®EX®E) = kg™ (8,8)|X|* -5, (j*F,E,X). (4.129)

To prove the lemma we show that this formula defines a continuous function in both
variables F and p.

Consider the space 6 of continuous functions f : J§ X T*M X R" — R with the topol-
ogy of the uniform convergence on compact sets. Consider also the composition map
C: (C*(M,R") n€q) x C(Q) — 6 given by

(C(F,p)) (jiF,&,X) = s, (jiF,E,X). (4.130)

We will prove that C is continuous. Assume this for now and suppose that the lemma
is false. Then there would exist sequences {(Fy, pnkn)} C (C*(M,R") N €q) X C(Q) X
R, {(x4,¢4)} € T*M with g*(&,,&,) = 1 and {X,,} C S"°!, such that {(F,, pn,kn)} con-
verges to (F,p,k) and gr, (X, ® &, X, ® &) < cg*(&:,&,)1 X1, with ¢ > 0 defined as in
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Lemma 4.19. Since M is compact, there exist (x,&) € T*M with g*(£,&) = 1and X € "}
such that a subsequence of {(x,,&,)} converges to (x,§) and a subsequence of {X,,} con-
verges to X. On the other hand, by the continuity of the composition map C, the sequence
{C(Fy, pn)} C 6 converges uniformly on compact sets, and therefore it is equicontinuous
on compact sets. This implies

ar(X @&, X ® &) = lim qr, (X, ® £, X, ® £,) < cg™ () IX 2. (4.131)

By Lemma 4.19, this is a contradiction since we assumed that qr was positive definite.
This proves Lemma 4.20. O

We now prove that the composition map C(F, p) is continuous. Let (F, p) € (C*(M,
R™") N€q) X C(Q) and let K; C J3, K, € T*M, K3 C R" be compact subsets such that
the set {j2F € J4 :x € M} C K;. Let € > 0. Since sp is uniformly continuous on K = K; X
K, x Kj, there exists 8 > 0 such that for all F € C2(M,R") n€q with ||F — F||c2 < 8, we
have

|sp GZF6X) =5 (ZF.6X)| < 5, (4.132)

for all x € M, £ € K, X € K3. Now consider the continuous function s: J3 X T*M x
R" — R given by

s(jzF,&X)
-1 h(jiF)
— K [ 2 _ P 1 5 - 5
_Lmh (jxF) (E,[(I $,(j2F)) '] f) (X, v)>det (I - S, (j2F))dv ok
(4.133)
By (4.128), we have
sp < sllipllc. (4.134)

Since s, is linear in p, then the composition map C(F, p) is also linear in p. We estimate
the supreme on K of the difference C(F, p) — C(F, p) as

IC(F, p) — C(E, p)ll iy < IIC(E, p = p)ll ey + [IC(F, p) = C(F, p)| oy
= S%P |s5—p (joF,6,X) | +5111P |sp (j2F,&,X) =5, (jiF, €,X) |.
(4.135)

If|[F—Fllc:<8and || p — plica) < €/(2supgs), then by (4.132) and (4.134), we have
o _ €
IC(F, p) = C(F, p)ll iy < s‘;PSHP —plloy + 5 <€ (4.136)

This proves that C is continuous.
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LemMa 4.21. For F € €, let Rp : TM X TM — Hom(TM, TM) be the curvature tensor of
M with respect to the induced metric h. Write Vi = ngV and V, = V — V). Then

8?E(V,W) = 8?E(V,W)) +8*E(V, W,) + 8?E(V_, W) +8*E(V,,W.), (4.137)
where

SE(V, W) = k| 89 {(dV)(e).dw, ()

(4.138)
—h(RF(VH,efw)e?’I, W”)}dVOZ 5
SE(V),W :kJ ST{(B(eM, V), dW_(eM)) — (dW,(V),B(eM,eM
(ViI, W) N {(B(e/, V)),dW . (e]')) — (dW . (V)),B(ei",ef")) (4.139)
—{dV)(eM),Sw, ej-”)}dvolg,
8*E(V,, W) :J Pp(V., W, )dvoly
M (4.140)
+j k6% (Sv. e, S, M) +qr (V- V., 9 W) }dvol,,
M
where V+ denotes the normal connection of F.
Proof. We compute each of these formulas separately.
Proof of (4.138). By (3.47),
Hi (V) W)) = j (e vy = (dVipv), (1= 8,) " (W = (dW,v)7))
Qr (4.141)
- p(F+v)det(I—-S,)dv,
where 7 V| = V. We also have (dV|,v)¥ = S, V| since, for any Y € T, M,
((@v,v)",Y) = (dVy(Y),v). (4.142)
By (2.5),
((dVi,v)"Y) = (S V), Y). (4.143)
Therefore we can write the integrand above in a contravariant way as
Hy (V) W) =j (Vi =8V, (1=8,) " (W) = $,W)) ) p(F +v)det (I - S,)dv
o (4.144)

- JQ (Vi =S, Vi (1= 8,) " (1= S,) W) ) p(F +v)det (I - S,)dv.

F
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Simplifying and using (2.5) gives
Hp(V), W)) = JQF Vi, W) = (dWy (V),v)) p(F +v)det (I = S,)dv
— (V)W) JQFp(F+v)det(I—Sv)dv (4.145)
+(awy (vi), - JQ p(E+v)det(1-8,)vdv).
By the definition of Pr and 75,
Hp(V), Wy) = (Vi W) P+ (d W) (V)), 7r). (4.146)

Using this in the definition of Qr gives

QF(V”,WH)
= ko7 (dVvy(e)),dw(e}")) — ((VH,WH>PF+(dW”(VH),TF»@. (4.147)
V&
By (4.8),
QF(VHxWH) k6]<dv\|( ) dW”( )> — <V|;W|>PF% 1)

—(dW;(V)),k67B (e}, e})).

We write the first term (dV)(e}), aw (e; M)) separating it into normal and tangential
components of dV|j(eM) and dW; (e ). We get

Qr (Vi, W) = k& (B(e!, v)),B(e}!, W))) + k87 h(d V) (e}"),dW (e}'))

(4.149)
- <V|,W|>PF$— (B(Vy, W), k8" B(e}",e})),

where we also used (dW(V})). = B(V};, W)). By the Gauss equation |3, page 135],

Qe (V), Wy)
ii 4.150
— K8 (@Y, (), dW, (e)) - Re(Vyselh et ) — (Vi w10
NS
By (4.63),

52E(V|\’W\|)=JM{k5”( (dVy(eM),dW(et")) — Re(Vy,el,el!, Wy)) Jdvolg, (4.151)

where the term involving Pr has been canceled. This gives (4.138). a
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Proof of (4.139). By (3.47),

Hp (V) W,) = L)F (v = (dvi, )", (1=8,) " (meW. — (dw,,v)7))

Xp(F+v)det(I —S,)dv.

Using the identities 7z V| = V|, (dV),v)* = S, V|, and mp W, = 0 gives

(Vi=$Vi(1=8)" (= (dw.,n)"))
= ((I=8) Vi, (1=8,) " (= (dw,,»)7)).

Since (I —S,)* is selfadjoint,

(Vi=$Vi,(1=8,) " (= (dw.,»)"))
= (Vi (= (dWL,9)")) = (= dW L (V)),v) = (v,—dW . (V))).

Substituting into (4.152),

Hp(V,W,) = JQ (v,—dW_(V}))p(F+v)det (I —S,)dv

<— JQ p(F+v)det (I - Sv)vdv,dWL(V|)>.

By the definition of 7z,
He (V) W1) = (tp,d WL (V).

Using this in the definition of QF gives

Qe (Vi W) = ko (V) (), W, (1)) - <TF,de<v|>>§.

o3 | =

By (4.8),

Qe(V,Wy) =kd7(dV(e}),dW. (e})) — k87 (B(e!,e}),dW. (V))).

(4.152)

(4.153)

(4.154)

(4.155)

(4.156)

(4.157)

(4.158)

We write the term (dV (eM),dW (ej-” )) separating it into normal and tangential compo-

nents of dV (/) and dWl(eju). We get

Qe (Vi W) = k&7 (— (Sw.ef',dVi(el")) + (B(el, V)),dW . (e}")))
— k&7 (B(e",e)),dW. (V))).

Using (4.63) gives (4.140).

(4.159)

O
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Proof of (4.140). By (3.47),

HF(VL’ Wi) = JQ <7TFVL - (deV>#J (I_Sv)_l(ﬂFWL - (dWL)V>#)>
X p(F+v)det(I —S,)dv (4.160)

:J (Vo) (1-8) " (dWL,v) ) p(F +v)det (I -S,)dv.
Qp
We have (dV ,v)* = ((dV,).,v)*. Hence

He(V.,W,) = J <<(dVL)l,v>#, (1—sv)*l(((dWL)l,v>#)>p(F+v)det (1-S,)dv.

Qr
(4.161)
Using this in the definition of Qf gives
QF(VJ_a WJ_)
= k& (dV, (e}),dW.(e}"))
# 1 # Vh
_L)F<<(dvgl,v> (=87 ((aw.), ) )>p(F+v)det(I—Sv)dv(§éz)

We write (dV, (eM),dW L(eé” )) separating it into normal and tangential components of
dV_(e}) and dW_(e}). By (2.9),

QF(VJ_) WJ_)
= ko (Sy, €M, S, e¥) + k8T ((dV (M), (dW . (e))) )
# #

—j <<(dVL)l,v> ,(I—SV)’1(<(dWL)l,v> >>p(F+v)det(1—sv)dv@.

Qr N3
(4.163)

This can be written in terms of gr as

Qr(VL,W.) = k&7 (Sy, e}, Sw. e!) +qr(V* VL,V W,). (4.164)
Using (4.63) gives (4.140). O

5. Conclusions

In this paper we studied the variational properties of the functional

E:éq—R (5.1)
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on the class of Q-regular embeddings of a manifold M into a closed region O C R”. We
characterized the critical embeddings of this functional by the Euler-Lagrange equation
(4.8). In the special case when M is diffeomorphic to the circle, we gave conditions under
which critical embeddings are local minima (Theorem 4.9).

A number of open questions remain. Two important special cases of the manifold fit-
ting problem are the curve and surface fitting problems. The problem of global existence
of regular local minima remains open, even in the relatively simple case of curves. In
the case of surfaces, we have not yet succeeded in finding an easily verifiable sufficient
condition for a critical surface to be a local minimum of E.
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