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In a real separable Hilbert space, we consider nonautonomous evolution equa-
tions including time-dependent subdifferentials and their nonmonotone multi-
valued perturbations. In this paper, we treat the multivalued dynamical systems
associated with time-dependent subdifferentials, in which the solution is not
unique for a given initial state. In particular, we discuss the asymptotic behaviour
of our multivalued semiflows from the viewpoint of attractors. In fact, assum-
ing that the time-dependent subdifferential converges asymptotically to a time-
independent one (in a sense) as time goes to infinity, we construct global at-
tractors for nonautonomous multivalued dynamical systems and its limiting au-
tonomous multivalued dynamical system. Moreover, we discuss the relationship
between them.

1. Introduction

In [8, 12], we considered a nonlinear evolution equation in a real Hilbert space H
of the form

u' (t)+ 99" (u(t)) +g(t,u(t))  f(t) inH, t>s(=0), (1.1)

where d¢' is the subdifferential of a time-dependent proper lower semicontinu-
ous (Ls.c.) and convex function ¢' on H, g(t, -) is a single-valued perturbation
which is small relative to ¢f, and f is a given forcing term. Assuming that ¢’,
g(t,+), and f(t), respectively, converge to a convex function ¢ on H, a single-
valued operator g*(-) in H and an element f* in H in appropriate senses as
t — +o0, we also considered the limiting autonomous system

W () +09 (u(t)) + g~ (u(t)) > f* inH, t=0. (1.2)
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In fact, in [12] we showed the existence and global boundedness of the solu-
tions for (1.1) and (1.2). In [8], considering the case when the Cauchy prob-
lems (1.1) and (1.2) lose the uniqueness of solutions, we discussed the large-
time behaviour of multiple solutions for (1.1) and (1.2). In such a situation,
the solution operator E(t,s) (0 <s <t < +o0) for (1.1) is multivalued. Namely,
E(t,s) (0 < s <t < +00) is the multivalued operator from D(¢*) into D(¢!) which

assigns to each uy € D(¢*) the set

E(t,s)ug := {z€ H | there is a solution u of (1.1) on [s,+0) : u(s) = ug, u(t) =z}.
(1.3)

Of course, the solution operator S(t) (¢t = 0) for the limiting autonomous sys-
tem (1.2) is similarly defined as a multivalued operator in D(¢®), and the family
{S(#); t € Ry} forms a multivalued semigroup, where R, := [0,+00). Then, in
[8] we showed that there exists a global attractor for multivalued evolution oper-
ators {E(t,s)} and it is semi-invariant under S(¢). Moreover, we gave a sufficient
condition in order that the global attractor for (1.1) is invariant under S(¢).

In this paper, we consider the asymptotic stability for nonautonomous evo-

lution equations in a separable Hilbert space H of the form
u' (1) + 09" (u(t)) + G(t,u(t)) o f(t) inH, t>s(=0), (1.4)

where G(t, -) is a multivalued operator which is small relative to ¢.

Recently, in [6] Kapustian and Valero constructed the global attractor for
(1.4) in the case that ¢’ = ¢, G(t,-) = G(+), and f(¢) =0.

In Mel’nik and Valero [9], they constructed the uniform global attractor for
(1.4) with ¢' = g and f(¢) = 0, which implies that the domains of solution op-
erators {E(t,s)} are independent of time t,s € R,.

The main object of this paper is to construct a global attractor for (1.4), which
implies that the domains of { E(t,s)} move with the time ¢, s € R;. Under suitable
convergence assumptions for ¢f, G(t, -), and f(t) as t — +oco, we shall construct
the global attractors for (1.4) and discuss the relationship to the one for the
multiple flows associated with the limiting autonomous system.

Moreover, in Section 6, as a model problem, we consider a parabolic varia-
tional inequalities with time-dependent double obstacles. By applying our ab-
stract results, we can discuss the asymptotic stability for the double obstacle
problem without the uniqueness of solutions.

Notation. Throughout this paper, let H be a (real) separable Hilbert space with
norm | - |y and inner product (-, -)y. For a proper lLs.c. convex function ¢ on
H, we use the notation D(¢), d¢, and D(d¢) to indicate the effective domain,
subdifferential, and its domain of ¢, respectively; for their precise definitions
and basic properties see [2].
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For two sets A and B in H, we define the so-called Hausdorff semi-distance

disty (A, B) := sup inf |[x — y|n. (1.5)

XxEA y€EB

2. Preliminaries
In this section, let H be a real Hilbert space and we consider an evolution equa-
tion of the form
V(1) +0¢' (v(t)) 2q(t) inH, te] (2.1)
where J is an interval in R+, d¢’ is the subdifferential of time-dependent proper
Ls.c. and convex function ¢ on H, and q is a function given in L}, .(J;H).
Definition 2.1. (i) For a compact interval J := [ty,;] C Ry and q € L*(J;H),
a function v: J — H is called a solution of (2.1) on J, if
ve C(;H)N Wltcz((to, tH), ¢ (v(+) € L, (),
v(t) € D(d¢') forae. te], (2.2)
q(t) —=v'(t) € 9¢' (v(1)), ae.te].
(ii) For any interval J in R, and g € L}, (J;H), a function v: ] — H is called

a solution of (2.1) on J, if it is a solution of (2.1) on every compact subinterval
of J in the sense of (i).

Here let {a,} := {a,; r € R, } and {b,; r € R, } be families of absolutely con-
tinuous (real) functions a,, b, on R, with parameter r € Ry, such that

a, € L'(R;) nL*(R,), b, € L'(R;). (2.3)

By (2.3), the limits a,(4+00) := lim;—., a,(¢) and b,(+o0) := lim;_ . b, () exist,
so a, and b, are considered as continuous functions on R := [0, +co].

With these families {a,} and {b,}, the evolution equation (2.1) is formulated
for any family {¢'} in the class ®({a,}, {b,}) specified as follows.

Definition 2.2. The family {¢’'} € ®({a,},{b,}) if and only if ¢’ is a proper Ls.c.
convex functions on H satisfying the following property:

() Foreach r e Ry, s,t € [0,+], and z € D(¢°) with |z|y < r, there exists
Z € D(¢") such that

2=zl < a0 -a )| (1+ |9°(2)|"?),

(2.4)
9'(2) = ¢°(2) < | b, (1) = b (s) | (1 + | ¢°(2) |).

Given a family {¢'} € ®({a,}, {b,}), consider the evolution equation (2.1)
on J, where J is an interval of the form [fo, t;] or [fo, t1) with 0 < tg < t; < +oo0.
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The Cauchy problem for (2.1) is usually formulated for any given vy € H and
interval J with initial time #, (= 0). A solution v of (2.1) on J satisfying v(ty) = vo
is called a solution of the Cauchy problem for (2.1) with initial value .

According to the results in [7], we have the following statement:

(I) The Cauchy problem for (2.1) subject to the initial condition v(t,) = vo €
D(¢") has one and only one solution v on J = [fy, 1] or [ty, 1), 0 <ty <t <
+oo, such that (- —tp)"?v' € L>(J;H), (- — t)9 ) (v(+)) € L=(]), and ¢ (v())
is absolutely continuous on any compact interval of (ty, t;). In particular, if vy €
D(¢"), then the solution v satisfies that v € L?(J;H) and ¢ (v(+)) is absolutely
continuous on any compact interval in J.

Next, we introduce the notion of convergence of convex functions as follows.

Definition 2.3 (cf. [10]). Let v, v, (n € N) be proper Ls.c. and convex functions
on H. Then we say that y,, converges to  on H as n — +o in the sense of Mosco,
denoted by v, = v on H as n — +oo, if the following two conditions (i) and (ii)
are satisfied:

(i) for any subsequence {y,, } C {y,}, if zx — z weakly in H as k — 400, then

likmian//nk (zx) = v(2), (2.5)
—+0o0
(ii) for any z € D(y), there is a sequence {z,} in H such that

Zy— 2z inHasn— +oo, nlirflm Wn(zn) = ¥(2). (2.6)

The next statements (II) and (III) are found in [5].
(II) Let {¢'} € ®({a,}, {b,}). Then
(i) @' = ¢ on H asn — +oo forany ty € R, and any {t,} C Ry witht, — t
as n — +oo; of course, in case fy = +00, the convergence t, — t, means
that t, — +00;
(ii) if the level set {z € H; |z|}; + ¢'(z) < r} is compact in H for any r >0
and t > 0, then UteRT{Z € H; Izlfi +¢'(2z) < r} is compact in H, too, for
any r > 0.
(IIT) Let {¢!,} be a sequence of families in ®({a,}, {b,}), {g.} be a sequence in

LIZOC(I;H) and {vp,} be a sequence in H with v, € D((pff). Assume that ¢!, = ¢’
on H for each t e Ry, g, — g in leoc(];H) and vy, — vy in H with vy € D(¢%)
as n — +o0o. We denote by v, (resp., v) the solution of (2.1) on J corresponding
to the source term g, (resp., q) and initial value v, (fy) = vo,,, (resp., v(fo) = vo).
Then for every compact subset J; of ,

va — v inC(J;;H),

(- —to)mv; — (- —to)l/zv’ weakly in L (J;; H),

J @4 (va(t)) dt — J @' (v(t))dt asn— +oo,
Ji A
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Remark 2.4. In (II1), if the level set {z € H; |z|} + ¢'(z) < r} is compact in H
for every finite r >0 and ¢ > 0, then the convergence g, — q in Li., (J; H) can be
replaced by g, — q weakly in L}, (J;H).

3. Global boundedness of solutions

Throughout this paper, let H be a real separable Hilbert space. In this section,
we consider an evolution equation of the form

u'(t)+ 09" (u(t)) + G(tu(t)) > f(t) inH, t=s(=0), (3.1)

where G(t, -) is a multivalued operator from a subset D(G(t, -)) C H into H for
eacht € Ry and f € L}, _([s,+0); H). Also, the Cauchy problem for (3.1), asso-

loc
ciated with initial value uy € H, is referred to as (3.2), namely

u' (1) + 99" (u(t)) +G(tu(t)) o f(t) inH, t=>s,

u(s) = u. (3.2)

Definition 3.1. Let ] be any interval in R, with initial time s. Then
(i) a function u: ] — H is called a solution of (3.1) on J, if there exists a
function g € L}, (J;H) such that g(t) € G(t,u(t)) for a.e. t € ] and u is
the solution of (2.1) withg = f —gon J;
(ii) a function u : ] — H is called a solution of the Cauchy problem (3.2) on
J with given initial value uy € H, if it is a solution of (3.1) on ] satisfying
u(s) = up.

We show the existence and global boundedness of a solution of (3.2) on
[s,+0) for {¢'} € ®({a,}, {b,}) and G(-, -), which satisfy some further condi-
tions as follows:

(A1) there exists a positive constant C; > 0 such that
¢'(z) = Clzl3, VteR,, Vze D(¢'); (3.3)
(A2) for each r >0 and t € Ry, the level set {z € H; ¢'(z) < r} is compact
in H;
(A3) D(¢') € D(G(t,)) C H for any t € R,. And for any interval ] ¢ R, and
@ y y

ve Ll (J;H) withv(t) € D(¢') for a.e. t € ], there exists a strongly mea-
surable function g(-) on J such that

g(t) e G(t,v(t)) forae te]; (3.4)

(A4) G(t,z) is a convex subset of H for any z € D(¢") and t € Ry;
(A5) there are positive constants C,, C3 such that

gl < C9'(2)+Cs,  VieR,, VzeD(¢'), VgeGltz);  (3.5)
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(A6) (demi-closedness) if z, € D(¢™), gu € G(tn, zn), {ta} C Ry, {@"(2,)} is
bounded, z, — zin H, t, — t and g, — g weakly in H as n — +oo, then
g€ G(t2);

(A7) for each bounded subset B of H, there exist positive constants C4(B) and
Cs(B) such that

¢'(2) +(g,z2—b)y = C4(B)|zlf; — Cs(B),

. (3.6)
Vte Ry, Vg e Gltz), VzeD(¢'), VbeB.
By the same argument in [11, 12], we can get the global existence and bound-
edness of the solution for (3.1) on [s, +o0).

TueoreMm 3.2 (cf. [11, 12]). Assume that {¢'} € ®({a,}, {b,}) and (Al), (A2),
(A3), (A4), (A5), (A6), and (A7) hold. Let f € L}, (Ry, H). Then, for each s > 0
and uy € D(¢*), (3.2) has at least one solution u on [s, +c0).

Furthermore, assume that

Syi=suplflrma < +oo, (3.7)
120

then, the solution u of (3.2) on [s, +0) has the following global estimate:
t+1

sup | u(t) |7, +sup t goT(u(T))dT§N1(1+S}+|u0|§i>, (3.8)

t>s t=s

where N\ is a positive constant independent of f, s = 0 and uy € D(¢*). Moreover,
for each & >0 and each bounded subset B of H, there is a constant N,(J, B) > 0,
depending only on § >0 and B, such that

sup | | Fagupign + sup ¢' (u(1)) < Na(8,B) (3.9)

t>s+8 t>s+8

for the solution u of (3.2) on [s,+00) with s = 0 and uy € D(¢*) N B.

4. Global attractor for the autonomous multivalued dynamical system

In this section, we assume that the source term f(f) converges to some element
f* € H in the sense of Stepanov as t — +co, that is,

| f(t+-) = | oy — 0 ast— +oo. (4.1)
Here by (i) of (II), note that {¢';t € R:} € ®({a,}, {b,}) implies that
t 00

¢' = ¢ on H in the sense of Mosco [10] (4.2)

ast — +oo,
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From assumptions (A6), (4.1) and the fact (4.2), it follows that the limiting
system for (3.1) is of the form

u' (1) +09® (u(t)) + G (u(t)) 2 f* inH, t=0, (4.3)

where G% := G(o, -).

Now, we consider the limiting evolution equation (4.3) on R, and construct
a global attractor for (4.3).

The limiting autonomous system (4.3) can be considered as the special case of
(3.1) with 9" = ¢, G(t,-) = G®(+), and f(t) = f*. Therefore applying Theorem
3.2, we have the global bounded solution of the Cauchy problem for (4.3) on R,
with initial value uy € D(¢>). So we can define a family {S(¢); t € R, } of solu-
tion operators. But we do not show the uniqueness of solutions for (4.3) on R,
with a given initial value uy. Hence the solution operator is multivalued. Namely,
for each t € R,, the solution operator S(t) assigns to any uy € D(¢*) the set

S(t)ug :={v € D(¢>) | there is the solution u of (4.3) on

(4.4)
Ry : u(0) = ug, u(t) =v}.

Clearly, the following conditions are satisfied:

(S1) 8(0) = I (the identity) on D(¢>);

(S2) S(t+s)ug = S()(S(s)ug), for all uy € D(¢*), forall s, € R,.

Therefore {S(t); t € R;} forms a multivalued semigroup on D(¢®). More-

over, we see the closedness of S(-)(-) in the following sense.

LEmMMA 4.1. Assume that t,, t € Ry with t, — t, ug,, to € D(¢*®) with up, —
in H and an element z,, € S(t,)uon converges to some element z in H as n — +oo.
Then, z € S(t)uy.

Proof. Since t, — t as n — +oo, without loss of generality, we may assume that
there is a finite time T such that ¢,¢, € [0, T] for any n € N.
Since z, € S(t,)uon, there exists a global solution u, of (4.3) on R, such that

Uy (ty) = zn, 1, (0) = ugy. (4.5)

Let § be any positive number. By Theorem 3.2, there is a positive constant N
depending only on § such that

2 72 0
sup | un(t) | +sup | uy, | 12 4150) +5Up @™ (4a(t)) < Np. (4.6)
t=8 t=8 t=8

Therefore, we observe that there exist a subsequence {nx} C {n} and a function
us € C([6, T];H) such that

Uy, — us inC([8,T);H), u, — uy weaklyin L?(8, T;H)  (4.7)

as k — +oo.
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By the convergence result (IIT) with (A2), (A6) and Remark 2.4, (by taking a
subsequence of {ny} if necessary), we see that u; is the solution of

us(t) + 09~ (us(t)) + G*(us(t)) > f* inH, ae.t€[5T]. (4.8)

Here by the usual diagonal argument with respect to §, we can construct the
solution u € C((0, T];H) of

u' (1) + 09 (u(t)) + G®(u(t)) > f* inH, ae. t€(0,T]. (4.9)

Using the same technique of [11, Lemma 3.10], we show that
u(t) —ug inHast— 0, (4.10)
which implies that u is the solution (4.3) on [0, T] such that u € C([0, T];H) and
u,, — u inC([0, T];H) as k — +oo. (4.11)

Now, we show that z = u(t), namely, z € S(t)uo. Here, let ¢ be any positive
number. Since u € C([0, T]; H) and t,, — tas k — 400, there is a positive number
K such that

lu(t,) — u(t) |, < § Vk > K. (4.12)

On the other hand, it follows from (4.11) that there is a positive number K, .
such that

[
e =l oy = 50 Yk =Ko (4.13)

Moreover, since z,, — z in H as k — +co, there is a positive number K3, such
that

g, Vk > Ks.. (4.14)

Noting (4.5), (4.12), (4.13), and (4.14), we have

lz—ut) |y < |2=2u | g+ |2 —ultn) [ g+ |ult) —u(®) |4

= |Z_an|H+ |”nk(tnk) _”(tnk) |H+ |”(tnk) _”(t)IH

4.15
< lz=zu g+ lun, — vl oy + [uta) —u(®) | (4.15)
e & ¢
< 3 + 3 + 3= g Vk>K +Ky+Ks,.
Since ¢ is arbitrary, we conclude z = u(¢), namely
z € S(t)uy. (4.16)

Thus, Lemma 4.1 is proved. O
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Furthermore, we have the following properties of the multivalued semigroup
{8(#); t € Ry}, which can be proved by the same way as in [5, Lemma 4.1]. For
a detail proof, see [5, Lemma 4.1].

Lemma 4.2 (cf. [5, Lemma 4.1]). Suppose the same assumptions of Theorem 3.2
and (4.1). Then
(i) for each bounded subset B of H, the set U;cr, S(t)(D(¢*) N B) is bounded
in H;
(ii) for each bounded subset B of H and each positive number §, the set

Cs == JS(t)(D(p~) N B) (4.17)

(=1

is relatively compact in H, and ¢* is bounded on Cs;
(iii) there exists a compact and convex subset By of D(¢®) such that

sup ¢~ (z) < +oo (4.18)

zE€By

and for each bounded subset B of H there is a finite time T > 0 satisfying
S(t)(D(¢p=) NB) By Vt=Ts. (4.19)

Remark 4.3. By taking into account Lemmas 4.1 and 4.2, we easily see that for
each bounded subset B of H and each positive numbers &,

S(+)(+) is upper semicontinuous on J X (D(q)‘”) N B), (4.20)

where ] is any compact subinterval of [§, +c0). For the definition and property
of the upper semicontinuous mapping, see [1, 3], for instance.

Now, we mention the existence of a global attractor for the multivalued semi-
group {S(t); t € R, } associated with (4.3).

THEOREM 4.4. Suppose the same assumptions of Theorem 3.2 and (4.1). Then,
there is a subset o of D(¢*) such that
(1) A is nonempty and compact in H;
(ii) for each bounded subset B of H and each number € > 0 there exists Tge > 0
such that

disty (S(t)z, Ao ) <€ (4.21)

uniformly in z € D(¢®) "B and all t = Tg;
(iii) S(t)A e = Ao forany t € R,.

We say that ., is a global attractor for {S(); t € R}, if it possesses proper-
ties (i), (ii), and (iii) of Theorem 4.4. Clearly, the global attractor is unique if it
exists.
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Proof of Theorem 4.4. On account of Lemmas 4.1 and 4.2, we can construct
a global attractor sl for {S(¢); t € R, } by the standard technique established in
[4, 13]. Actually, using the compact absorbing set By obtained by Lemma 4.2(iii),
the global attractor ${« can be defined by

Ao = JSE)Bo. (4.22)

s=0 t=s

Now, we show that the set s has the properties (i), (ii), and (iii) of Theorem
4.4.

By the global existence of solutions for (4.3) and the compactness of By, it
is easily seen that oo is nonempty and compact in H. Hence, Theorem 4.4(i)
holds.

Next we show (ii). Since By is the absorbing set, it suffices to show that

disty (S(£)Bg, ) — 0 ast — +oo, (4.23)

We prove (4.23) by contradiction. Namely, assume that s{., does not attract
By. Then there are §, > 0 and sequences {t,} C Ry with ¢, > n, {z,} C By, and
{w,} € H with w,, € S(t,,)z,, such that

[wa =yl =68, Vy€Eds. (4.24)

Since By is the compact absorbing set in H, there exists a finite time T'(By) >0
such that

S(t)B() CBy, Vt= T(B()) (425)
Hence, the set
{wn € H; w, € S(tn)zn, Vt, = T(By)} (4.26)

is relatively compact in H. So, there are a subsequence {nx} C {n} and a point
w € H such that

Wy, — w inHask — +oo. (4.27)
Since wy,, € S(tn,)zn, and {z,, } C By, it follows that
W E Ae. (4.28)

This contradicts (4.24). Hence, the set o, attracts the compact absorbing set By,
which means that Theorem 4.4(ii) holds.

Now we prove Theorem 4.4(iii). At first let us show ol C S(t)H « foranyt €
R,.Let z be any element of s Then, there exist sequences {t,} C R, {x,} C By
and {z,} C H with z, € S(t,)x, such that

ty 1400, z,—2z InHasn— +oo, (4.29)
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Since By is the compact absorbing set in H, there exists a finite time T(By) >0
such that

S(T)B() CBy, Vr= T(B()) (430)
For each t € R, it follows from (S2) that
zn € S(t)S(t, — t)x, for any n with t, > t+ T(By). (4.31)
Hence there is an element w,, € S(t, — t)x, such that
Zn € S()wy. (4.32)
By (4.30), we easily see that the set {w, € H; n € Nwith t, > t+ T(By)} is rela-
tively compact in H. So, there are a subsequence {#;} C {n} and a point y € H
such that
Wy, — ¥y in H ask — +oo. (4.33)
Clearly, y € Hw.
Moreover, by taking a subsequence of {nx} if necessary, if follows from
Lemma 4.1, (4.29), (4.30), (4.32), and (4.33) that
ze S(t)y, (4.34)
which implies that z € S(¢) «. Therefore, we have

Ao CS(H)HA», VEieER,. (4.35)

Next we show S(t)sd« C A« for any t € R,. By the result as above, we see
that for any t € R,

S() sl € S(1)(S(T) ) = S(t+17)Aw, V7T ER,. (4.36)

Let y be any element of S(t)«. By (4.36) we may assume that there are se-
quences {7,} C Ry with 7, = nand {x,} C s such that

y € S(t+7Tn) Xy (4.37)
Since A« C By, from the attractive property (ii) of Theorem 4.4 it follows that
y € o, (4.38)

which implies that S(#)sde C o for any ¢t € R,. Thus, (iii) of Theorem 4.4
holds. =
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Remark 4.5. The authors in [6] had already constructed the global attractor for
(4.3) with f* = 0. However, our situation is different a little. So, we have given
the above our proof of Theorem 4.4, which will be used in the next section.

5. Global attractor of the nonautonomous multivalued dynamical system

In this section, we construct a global attractor for the nonautonomous system
(3.1).

By Theorem 3.2, we define the solution operator E(t,s) (0 <s <t < +o0) for
(3.1). But we do not have the uniqueness of solutions for the Cauchy problem
(3.2) on [s,+00), hence E(t,s) is multivalued. Namely, E(t,s) (0 <s <t < +00)
is the operator from D(¢*) into D(¢*) which assigns to each uy € D(¢*) the set
E(t,s)ug given by (1.3) for (3.1).

It is easy to check the following properties of {E(t,s); 0 <s <t < +oo}:

(E1) E(s,s) = I on D(¢*) for any s > 0;
(E2) E(ty,8)z = E(t2, t1)E(t1,s)z forany 0 <s < t; < t, < +o0 and z € D(¢*).

Moreover, by the same argument of Lemma 4.1, we have the closedness of
E(-)(+) in the following sense.

LEMMA 5.1. Assume that s,,s,t,,t € Ry with s, — s and t, — t, up, € D(¢*),
uy € D(¢*) with u, — ug in H an element z,, € E(t,, + Sy, Su)Uon cOnverges to some
element z in H as n — +oo. Then, z € E(t +s,5)uq. In particular, if s = +co, then

z € S(t)uy.

In order to construct a global attractor for the multivalued evolution operator
E(t,s) associated with (3.1), we give a definition of a w-limit set under E(¢,s).

Definition 5.2. Let B(H) be a family of bounded subsets of H. Then, for each
B € B(H) the set

wg(B) := ﬂ U E(t+s,s)<D(<ps) mB) (5.1)

7>0 t>7,5=>0

is called the w-limit set of B under E(t,s).

Remark 5.3 (cf. [9, Lemma 1]). By definition of the w-limit set wg(B), it is easy to
see that x € wg(B) if and only if there exist sequences {t,} C R, with ¢, — +oo,
{sn} C Ry, {z,} C B with z, € D(¢*) and {x,} C H with x, € E(t, + $p,1)2n
such that

X, — x inHasn— +oo, (5.2)

Now, we mention our main result in this section, which is the existence of the
attracting set for (3.1).



Noriaki Yamazaki 465

TueOrREM 5.4. Let {¢'} € ®({a,}, {b,}) and assume that (A1), (A2), (A3), (A4),
(A5), (A6), (A7), and (4.1) hold. Then, the set A 4,

Ay 1= U wp(B) (5.3)
BEB(H)
satisfies the following:
(i) Ay € D(¢*) and A is nonempty and compact in H;
(ii) for each bounded set B € B(H),

disty (E(t,8)z, %) — 0 uniformlyins>0, z€ D(¢) N B (5.4)

ast — +oo;
(iii) Ay C S(H)A 4 C Ao forany t € R,

To prove Theorem 5.4. we prepare Lemma 5.5.

For the moment, we fix a bounded subset B € %B(H), and using the global
boundedness result obtained in Theorem 3.2, choose constants rz > 0 and
M3z >0 so that

Iwlg <rg foranys,t>0, z€ D(¢5) NB, we E(t+5,5)z, (55)
5.5

¢ (w) <Mp foranys>0,t>1,z€ D(¢) "B, w € E(t+5,5)z.

Next, we observe from property () of time-dependence that for each s > 0,
ze€D(¢)NB,t=0,and w € E(t +s5,5)z there is Z:= Z,;;,, € D(¢) satisfying

|Z—w|, < (J lay, (o) da>(1+M}3/2),
t+s

(hence |Z|y <7+ (J |a,, (0)] do) (1+My?) ::r{g),
0

. (5.6)
o) < ([ 16,000 do ) 14000
t+s
<Mp+ (J |b;.(0)] da) (1+Mgp) =: My,
0
Now, we define the set B by
B:={ze€H; |zly < rp} nD(¢=). (5.7)

Since By is the absorbing set for {S(¢); t € R, }, there exists a finite time T:=
Ty > 0 such that

S()Bc By, Vt=T. (5.8)

By using the above facts, we show a key lemma to prove Theorem 5.4.
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LEmMMA 5.5. Let By be the absorbing set for {S(t); t € R} obtained in Lemma
4.2(iii). Then

wg(B) C By, VB e RB(H). (5.9)

Proof. For each B € B(H), let x be any element of wg(B). Then, by Remark 5.3,
we see that there exist sequences {t,} C Ry with ¢, — +o, {s,} CR4, {z,} CB
with z, € D(¢*) and {x,} C H with x,, € E(t, + 4, 5,)z, such that

X, — x InHasn — +oo. (5.10)
Let T be the positive finite time obtained in (5.8). It follows from (E2) that

Xn € E(ty+Sp,ty+5u — T")E(t,, +5, — T,sn)zn for any n with t,, > T+1.

By (5.11), there is an element y, € E(t, +s, — T, $1)z, such that 1
Xn € E(ty+Sp,ty+ 5y — T“)yn. (5.12)

Here note that
| yn| gy < 1B, (pt"+5"_T(yn) <Mgp foranynwitht,>T+]1, (5.13)

where rg andO Mg are positive constants in (5.5).
From property () of time-dependence that for y, € E(t, +s, — T, s,)zy there
is ¥, € D(¢*) satisfying

o= ([ la(o) do ) 12,

ntsn—T

(hence | Vul g <18+ (J la; (0)] do) (1+M}?) = rg),
0
(5.14)

[eY)

ntsn—

oG <us (|7 It @ldo) 1)

< Mg+ (jm b, ()] da>(1+MB) — M,
0

Clearly, {y, € D(¢*); n € Nwith t, > T+ 1} is relatively compact in H, hence
we assume that

Yn — Yo InHasn— 4o (5.15)
for some ¥., € H; it is easily seen that j., € B and

Yo — VYoo InHasn— +oo. (5.16)
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Here, applying Lemma 5.1, it follows from (5.10), (5.12), and (5.16) that

x € S(T) Ve, (5.17)
which implies that
x € S(T)B c B,. (5.18)
Therefore, we observe that
wg(B) C By. (5.19)
]

Proof of Theorem 5.4. By Lemma 5.5, we observe that s, C By. Therefore,
Theorem 5.4(i) holds. Also, it follows from (5.3) and Remark 5.3 that Theorem
5.4(ii) holds.

Now, we show Theorem 5.4(iii). At first, we show that ., C S(¢)sd. for any
t € R:. To do so, let x be any element of 9. By the definition of .., we may
assume that there exist sequences {B,} C ®B(H) and {x,} C H with x, € wg(B,)
such that

X, — x inHasn— +oo, (5.20)

It follows from Remark 5.3 that for each #, there exist sequences {f,;} C Ry

with tnj — +00, {8y} CRy, {2} CBy with Znj € D(¢*™i), and {vnj} C H with
Vn,j € E(ty,j + Sn,j»Sn,j)Zn,j such that

Vnj— Xy inHasj— +oo. (5.21)
Let t be any time in R,. We note that
Vnj € E(tyj+Snjstnj+nj—)E(tnj+Snj—1,50)2nj (5.22)
for j with t, ; = t+ 1. Hence, there is a w;,j € E(t,j + sy, — 1,54,j)Zn,j such that
Vi € E(tuj +Snjo tnj +Snj — 1) Waj. (5.23)

For each n, by global estimates obtained in Theorem 3.2, {w,; € H; j €N
with £, ; > t + 1} is relatively compact in H. So, we may assume that the ele-
ment w,, ; converges to some element We € H as j — +o0. Clearly, We, € wg(B,).
Moreover, from Lemma 4.1, (5.21), and (5.23), we observe that

Xn € S(t)We C S(t)wE(By), (5.24)
which implies that

xn € |JS(Hwe(By), Vnz1 (5.25)
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Moreover, by Lemma 5.1, we observe that for each X C B,

S(HX cS(HX, VtecR,. (5.26)

Since (5.20), (5.25), and (5.26), we see that

X € U S(t)wg (B,)

nx=1

=S(t) | g (Bx)
nx=1 (527)

c S(t) U wE(Bn)
n=1

C S(t)dy.

Hence, we observe that o is semi-invariant under the multivalued semigroup
S(t), namely

A CcS(t)Ay, VteR,. (5.28)
Next, we show that S(¢)sdy C Ao for any t € R.. By (5.28), for each t € R,
S(t)dy CS()S(1)Ax =S(t+1)Ay, VTER,. (5.29)

Since o« C By, from (5.29) and the attractive property (ii) of Theorem 4.4, it
follows that

S(t)Ayx CHAw, VteER,, (5.30)

hence, we conclude that
Ay CSH)Ay C A, VEER,. (5.31)
O

Theorem 5.4 says that the attracting set sd, for (3.1) is semi-invariant under
S(t) associated with the limiting autonomous system (4.3), in general.

In order to get the invariance of d under S(t), we use the concept of a regular
approximation which was introduced in [8].

Definition 5.6. Let z € D(¢*). Then, we say that S(¢)z is regularly approximated
by E(t +s,s) as s — +oo0, if for each finite T > 0 there are sequences {s,} C R, with
sn — +oo and {z,} C H with z, € D(¢*) and z, — z in H satisfying the following
property: for any function u € W2(0, T; H) satisfying u(t) € S(t)z for all ¢ €
[0, T] there is a sequence {u,} C W2(0, T;H) such that u,(t) € E(t+ s,,54)zn
forallt € [0,T] and u, — uin C([0, T];H) as n — +o0.

Using the above concept, we can show that the invariance of s, under S(¢)
and the relationship between o, and H .
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THEOREM 5.7. Suppose that all the assumptions in Theorem 5.4 hold true.
(i) Assume that for any point z of Ay, S(t)z is regularly approximated by
E(t,s) ass — +oo. Then,

Ay =St)Ay C A foranyt € R, (5.32)

(ii) Assume that for any point z of A, S(t)z is regularly approximated by
E(t,s) as s — +o0. Then,

-Sﬁ* = xsﬁoc. (5.33)

Proof. By the same way in [8, Theorem 3.2], we can prove Theorem 5.7(i). For
the detailed proof, see [8, Theorem 3.2].

Similarly, we can show Theorem 5.7(ii) by the similar argument of (i). In fact,
let x be any element of 9. It follows from Theorem 4.4(iii) that

xE€Aw =S(t)dw, VteR,. (5.34)
Let t € R be fixed. Then there exists an element w € s, such that
x € S(t)w. (5.35)

Now, by our assumption, we see that there are sequences {s,} C Ry, {w,} CH
and {x,} C H such that

Sp — 4o, wy,€D(¢™), w,—w inH, (5:36)
5.36
X, €EE(t+5$p,5:)Wn, Xyn—x inH

asn — +oo.
Since {w,} is bounded, namely {w,} C B for some B € B(H), (5.36) implies
that

x € wg(B). (5.37)
Therefore, we have
Ao C wg(B) C Ax. (5.38)
Hence, it follows from (5.38) and Theorem 5.4(iii) that

Ay = HAw. (5.39)
|

By Theorem 5.7, we get the invariance of ${, under S(t). Therefore, we say
that the set o is the global attractor for nonautonomous systems (3.1).
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Remark 5.8. 1f the solution operator S(t) is single-valued, namely the solution
of the Cauchy problem for (4.3) is unique, the assumptions of Theorem 5.7 al-
ways hold. Thus, Theorems 5.4 and 5.7 include the abstract results obtained in
[12] which were concerned with the asymptotic stability for the single-valued
dynamical system associated with time-dependent subdifferentials.

6. Application to an obstacle problem for PDEs

Let Q) be a bounded domain in RY (1 < N < +00) with smooth boundary ' = 9Q
and p be a fixed number with 2 < p < +co. We use the notation

ap(v,2) := J |Vv|P2Vy - Vzdx, Vv,ze WLP(Q) (6.1)
Q

and denote by (-, -) the usual inner product in L>(Q).
The obstacle functions oy and o; are prescribed so that

0 € L°(Ry; WEP(Q)) N LY (R, x Q),
do;

d_tl € L'(Ri; WH(Q)) n L (R WHP(Q)) N L' (R L7(Q)) N L* (R4 L™ (Q)),
(6.2)
fori=0,1, and
01—0p=cy ae.onR; xO (6.3)
for some constant ¢y > 0. For each t € [0, +], we define
K(t):={z€ W"P(Q); 0o(t,) <z < 01(t, ) a.e. on Q}, (6.4)
where 0;(+, -) = lim;— 0i(t,-) in W2(Q),i=0,1.
Also, let f be a function in L}, (R1;L*(Q)) and f* € L*(Q) such that
| f(t+) = ] porazqy — 0 ast— +oo. (6.5)

Furthermore, let & be a nonnegative continuous function on R, X R satisfy-
ing that there is a positive constant Lj, such that

|h(t,Zl)—h(t,Zz)| SLh|Zl—Zz| (66)

forallt € Ry, z; € R,andi=1,2. For any z € R, h®(z) := lim,_ . h(t, z) exists.
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Now, under the above assumptions, for given b € L*(Q)", we consider an in-
terior double obstacle problem (6.7): find functions u,q : [s,+) — L?(€)) such
that

u € C([s,+0);L2(Q)) N L ((5,+00); WEP(Q)) N WiZ (s, +00);LH(Q))s
g€ L™ ((s,+);L*(Q));
u(t) e K(t) fora.e.t=>s;
0=<q(t,x) <h(tu(t,x)) ae on(s,+00)x Qs
(' () +q(t) +b - Vu(t) — f(1),u(t) —z) +a,(u(t), u(t) —z) <0

forany z € K(t), a.e. t > s.
(6.7)

And we also consider the limiting (autonomous) problem (6.8) for (6.7): find
functions u, q : Ry — L2(Q) such that

ue C(Ri;L2(Q) NLL (Ry; WHP(Q)) N WE (R LH(Q));
q € L™ ((0,+); L2 (Q));
u(t) e K(co) forae.teRy;
0<q(t,x) <h®(u(t,x)) ae onR;xQ;
(' () +qt)+b- Vu(t) = f°,u(t) —z) +a,(u(t),u(t) —z) <0
for any z € K(), a.e. t € R,.
(6.8)

In order to apply the abstract results in Sections 3, 4, and 5, we choose L?(Q)
as a real separable Hilbert space H. And we define a family {¢'} of proper Ls.c.
convex functions ¢’ on L2(Q) by

t lj \VelPdx ifze K1),
¢'(z) =4 PJo (6.9)
too ifz € 12(Q) \K(b).

Also, we define a multivalued operator G(-, -) from R, x H'(Q) into L*(Q)
by

G(t,z):={ge*(Q):g=1+b-Vzin L*(Q),

6.10
0 < l(x) < h(t,z(x)) a.e. on Q} (6.10)
for all t € Ry and z € H'(Q). And G* is also defined by replacing h(t,z(x)) by
h*(z(x)) in (6.10).
By the same calculations in [14, Lemma 5.1], we get the following lemma.
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LEmMa 6.1 (cf. [14, Lemma 5.1]). (i) Foranyr = 0 and t € R,

t
a,(t) = b,(t) := ML {1001 o)+ 100 [ winiy + 101 | 1=y + 101 | wingoy 4T
(6.11)
where M is a (sufficiently large) positive constant. Then, {¢'} € ®({a,}, {b,}).
(ii) Assumptions (A1), (A2), (A3), (A4), (A5), (A6), and (A7) hold for ¢' and
G(+, ).

Clearly, the obstacle problem (6.7) can be reformulated as an evolution equa-
tion (3.1) involving the subdifferential of ¢’ given by (6.9) and the multival-
ued operator G(t, -) defined by (6.10). Similarly, the limiting system (6.8) is also
rewritten in the form (4.3). Therefore, by Lemma 6.1, we can apply abstract re-
sults in Sections 3, 4, and 5. Namely, we can obtain the existence of the global so-
lutions for (6.7) and (6.8). Moreover, there are the global attractors s for (6.7)
and o, for (6.8) such that

A CS()Ax CHAw, VEER,, (6.12)

where S(t) is the solution operator associated with (6.8).

Additionally, we assume that oy(t,x) is nondecreasing and o,(t,x) (resp.,
h(t,x)) is nonincreasing with respect to t € R, for any x € Q (resp., x € R),
and f(t) = f®. Then, we easily see that the assumption of Theorem 5.7 holds,
so we have

ﬂ* = kﬂoo. (6.13)
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