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1. Introduction

Let ¢ be an odd increasing homeomorphism from R onto R which satisfies
¢(0)=0and let f :[a,b] x R xR+ R be a function satisfying Carathéodory
conditions.

Separated two-point and periodic boundary value problems containing the
nonlinear operator (¢ (1'))’, or its more particular form, the so-called p-Laplace
operator, have received a lot of attention lately (cf. [6, 7, 8, 14, 15] and the
references therein).

On the other hand, three-point (or m-point) boundary value problems for the
case when (¢ (u"))’ = u”, that is, the linear operator, have been considered by
many authors (cf. [3, 9, 10, 12, 13]).

The purpose of this paper is to study the following three-point boundary
value problem which contains the nonlinear operator (¢ (u'))’,

(p@h) = ft,u,u),

/ (1.1)
u(a) =0, u(m =u(b),

where 1 € (a, b) is given. We are interested in the case when problem (1.1) is
at resonance, meaning by this that the associated three-point boundary value
problem

(¢(u’(t)))/ =0 a<t<b,

/ (1.2)
u(a) =0, u(n) =u(b)

has the nontrivial solution u(t) = A, where A € R is an arbitrary constant. For
the linear operator, three-point boundary value problems at resonance have been
recently studied in [3, 11].
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192 Solvability for nonlinear three point

At this point we introduce some notation. We will denote by C[a, b] (C Ya, b))
the classical space of the continuous (continuously differentiable) functions de-
fined from [a, b] into R. The norm in Cla, b] is denoted by |- |s. Also we
will denote by L!(a,b) the space of measurable real-valued functions (equiv-
alence classes) whose absolute value is Lebesgue integrable on (a,b). The
Brouwer and Leray-Schauder degree will be, respectively, denoted by degp
and deg; g.

This paper is organized as follows. In Section 2, we provide an abstract
formulation for problem (1.1) and we establish a general continuation theorem
for the solvability of that problem in the same spirit of [6, 14]. Using this
result, in Section 3 we obtain two existence theorems. Thus in Theorem 3.1 of
Section 3 we generalize [3, Theorem 2.2] obtained for the linear operator within
the framework of the coincidence degree of Mawhin [17]. Our second existence
result in Section 3 is closer in spirit to the existence results of [6].

To illustrate those results we state next some consequences of them for
the particular situation containing the one-dimensional p-Laplace operator,
(¢p(u)), where ¢, p > 1, is the homeomorphism from R onto R defined
by

p(s) = Is|P~2s fors £0, $p(0)=0. (1.3)
THEOREM 1.1. Consider the problem

(¢p)) = ft,u,u), te(ab),

/ (1.4)
u(a) =0, u(m = u(b),

where n € (a, b). Assume that f : [a,b] X R xR +— R is continuous and satisfies
the following conditions.
(1) There are nonnegative functions dy, dy, and r in L! (a, b) such that

|ftu )| <di@ulP " +da )P +r (1), (1.5)

fora.e.t €la,bl and all u,v € R.
(ii) There exists ug > 0 such that for all |u| > ug, it holds that

| f(t,u,v)] = AlulP~' = Ajp|P~ - B, (1.6)

where A > 0, and A, B > 0 are fixed constants.
(iii) There is R > 0 such that for all lu| > R, either

uf(t,u,0) >0 forae.t¢ela,b], (L.7)

or

uf(t,u,0) <0 forae.tela,b]. (1.8)
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Then, if
A - )| d 1 1.9
X‘H —a) I 1||L1(a,b)+|| 2||L1(a,h)< : (1.9)
it follows that problem (1.4) has at least one solution with u € C'a,b].

THEOREM 1.2. Let f : [a, b] x R?2 — R be a function satisfying Carathéodory’s
conditions. Assume that there exist functions dy, do, v in L! (a, b) such that

| £t u,0)| < diOlul? ™ +da @) olP = +r (1) (1.10)

for a.e. t € [a,b] and all (u,v) € R%. Suppose further that there exists an
M > 0 such that

f@,u,v)>0, ifu>MVtela,b], veR, (1.11)
ft,u,v) <0, ifu<-—-MNVtela,b], velR. (1.12)

Then the boundary value problem (1.4) has at least one solution in C'[a,b]
provided that

(b_a)(p_l) ”dl “Ll(a,b) + ||d2 ”Ll(a,b) <L (1.13)

The proofs of Theorems 1.1 and 1.2 are direct applications of Theorems 3.1
and 3.2, respectively.

In Section 4, we prove some existence results with the help of time-mapping
techniques as in [6, 7, 8]. Our main purpose here is to obtain existence results
with one-sided growth restrictions for the three-point boundary value problem.
Conditions of this type have been considered by Schmitt [20], Mawhin and Ward
[18], and Fernandes and Zanolin [4] for the periodic case and the second-order
linear differential operator, by de Figueiredo and Ruf in [1] for the second-order
linear differential operator and Neumann boundary conditions, and by Mana-
sevich and Zanolin in [16] for the one-dimensional p-Laplacian and Dirichlet
boundary value conditions.

We introduce here a technical condition for the homeomorphism ¢ which will
be used in Section 4 in order to guarantee some properties of the time-mapping
for non-homogeneous operators (see [6]).

We say that ¢ satisfies the lower o -condition if for any o > 1,

liminfd)(as) >1
§—+00 ¢(s)

(1.14)

We end this section by stating a theorem which is a consequence of Theorem
4.3 in Section 4 and which illustrates the type of results that we will obtain in
that section. We first give the following definitions. For g € L!(a, b), we set

m 1 :
q" = sup q(t)dt, qm ‘=
se(a,b] S —a4 Ja

/sq(t)dt. (1.15)

inf
s€(a,bl s —a



194 Solvability for nonlinear three point

Also from [2], we recall that the number 7,, which will be used below, is
defined by

L ds (/p)
o _1\/p _ _Nl/p 18
wp:=2(p—1) fo A _sm)i7p — 2(p—1) Sn(t/p)’ (1.16)
THEOREM 1.3. Consider the problem
(¢p@)) +gw) =q(), (1.17)

u'(a) =0, u(m) =u(b),
where n € (a,b) and q € L'(a,b), with q", qm defined in (1.15) such that
—00 < Gm, g™ < +o0. (1.18)

The function g : R +— R is continuous and satisfies

gis)>qg" >0 fors>d>D0,

g() <qm <0 fors<-—d. (1.19)

Suppose also that G(s) := fos g(t)dt satisfies

G P
limint ¢ §k<< T ) , (1.20)

s—>+oo |[s|P b—a

then problem (1.17) has at least one solution.

The proof of this theorem will be given in Section 4.

2. Abstract formulation and a deformation lemma

We begin this section by developing a general continuation theorem for the
solvability of problem (1.1). Assume that f*: [a,b)] x R x R x [0,1] —~ R
satisfies the Carathéodory conditions, that is, f*(-,s,r, A) is measurable for all
(s,r,A) e RxR x[0,1], f*(,-,-,-) is continuous for a.e. ¢t € [a, b], and for
each R > 0 there exists a Lebesgue integrable function ug : [a, b] — R such
that | f*(t,s,r,1)| < ug(t) for ae. t € [a,b] and all (s,r,A) with |s| < R,
|r| < R, and A € [0, 1]. Furthermore, suppose that f*(¢,s,r, 1) = f(t,s,r) for
all (z,s,r) € [a,b] x RxR.
For A € (0, 1], consider the problem

M/ ' * /
<¢(7>> =/Guuh), 2.1)
u'(a) =0, u(n) =u(),

and let Q C C'[a, b] be an open bounded set. We have the following continua-
tion lemma.
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LEMMA 2.1. Assume that

(i) there is no solution u to (2.1), 0 < A < 1, such that u € 02,
(ii) the equation

b T
F(s) :=/ ¢1(/ f*(t,s,0,0)dt)dr =0 (2.2)
n a

has no solution on Q2 NR,
(iii) the Brouwer degree

degg[F, QNR, 0] # 0. (2.3)

Then, problem (1.1) has a solution in Q.

Proof. 1If (1.1) has a solution in 92, then there is nothing to prove, hence we
suppose that (1.1) has no solutions belonging to 9€2. This assumption combined
with (i) implies that there are no solutions to (2.1) in 32 for 0 < A < 1.

We show next that (2.1), for A € (0, 1], is equivalent to an abstract equation.
Indeed, define the operator W* : Clla,b]x[0,1]— C! [a, b], by

b K
W*(u,k)(t)::u(a)-i—/ ¢1</ f*(r,u(z),u/(r),x)dt)ds
n a

‘H\ftflb_l(/s f*(r,u(r),u/(r),)»)dt> ds.

We note that for u € C'[a, b] and A € [0, 1], it holds that fECu@),u'(), 1) e
L'. Thus the mapping s +— f(; f*(z,u(t),u’(-), \)dr is absolutely continuous
and hence the operator W* is well defined since ¢! (f; f*(r,u(r),u'(r),A)dt)
is continuous.

Now, by integrating the equation in (2.1) and using the boundary conditions,
we find that if u is a solution of (2.1), then it satisfies

(2.4)

u=w*u,xr), (2.5)

together with

b N
/ ¢—1(/ f*(r,u(t),u/(f),)\)df) ds =0. (2.6)
n a

Next, for A € (0, 1], assume that u is a solution to (2.5), that is, u satisfies

b s
uty=ut@+ [ 47! (/ f*(t,u(t),u/(t),x)dt) ds
n a

+k/t¢_1</s f*(f,u(f),u/(t),k)dr> ds,

2.7)
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for all ¢ € [a, b]. Differentiating (2.7), we find that

/ t
¢<” m) =/ FH(ru(). i (x).0) dr, 2.8)

A

and hence ¢ (u'(t)/)) is absolutely continuous. By differentiating (2.8) then u
satisfies the first equation in (2.1). Also from (2.8), u’(a) = 0, and evaluating
(2.7) for t = a, we find that

b s
/¢—‘</ f*(t,u(t),u’(t),k)dt)ds=0. (2.9)
n a

Hence, from (2.7)

b K
u(b)—u(n):k/ ¢1</ f*(r,u(z),u/(r),x)dt>ds=0. (2.10)
n a

This shows that, for A € (0, 1], any solution of (2.5) (equivalently (2.7)) is
actually a solution to the boundary value problem (2.1).

Setting W (u) := W*(u, 1), we observe that u is a solution of (1.1) if and only
if it is a fixed point of W.

Standard arguments show that W* is a completely continuous operator. More-
over, assumption (i) of Lemma 2.1 can be restated as

u WU, 2 Yued, VaeO,1]. @2.11)

We show next that this is also true for A = 0. We note from (2.4) that ¥*(u, 0)(¢),
t € [a, b], is a real constant for each u € C![a, b]. Thus, if for some u € <2,

u = W*(u,0), 2.12)

then, for all ¢ € [a, b], we have that u(¢r) = s € R, and so u(a) = s. Hence, from
(2.7), with A =0,

s=s+/b¢_l(frf(t,s,0,0)dt)dr=s—|—F(s), (2.13)
n a
which implies that F(s) = 0, for s € RN 42, contradicting assumption (ii) of
Lemma 2.1. In this manner we have verified that
u#EW*u,)) YuedQ, Vae[o,1]. (2.14)
Then, from the homotopy invariance property of the Leray-Schauder degree, it
follows that
degy g (I —V*(-, 1),9,0)

= deg; g (I —¥*(-,0),Q,0) =degg (I —¥*(-,0)|r, 2.0)  (2.15)

= degg (F.0,0) #0,
where 9 = QNR. In this form we obtain that the mapping ¥ = ¥*(-, 1) has at

least one fixed point in €2 and hence that problem (1.1) has at least one solution
in Q. U
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3. First existence results
Consider the boundary value problem (1.1) given in Section 1. We have the

following result.

THEOREM 3.1. Assume that f : [a,b] x Rx R+ R in problem (1.1) is contin-
uous and satisfies the following conditions.
(i) There are nonnegative functions dy, d», and r in L' (a, b) such that

| @ u, )] < di @) (lul) +da(¢(Jv]) +r (D), (3.1

fora.e.t €la,b] and all u,v € R.
(ii) There exists ug > 0 such that for all |u| > ug, for all t € [a,b] and
v € R, it holds that

| £t u,v)| = Ad(jul) — Ap(lv]) — B, (3.2)

where A >0, and A, B > 0.
(iii) There is R > 0 such that for all |u| > R, either

uf(t,u,0) >0 Vtela,b], (3.3)
or
uf(t,u,0) <0 Vtela,b]. 3.4)

If, in addition ||d2 |14 < 1, and the function © : [0, +00) — [0, +00),
defined by

Alldi] 1 Alr Il B
@&r=¢”< () + R
A(l - HdZ ”Ll(a,b)) A(l - Hd2 ”Ll(a,b)) A
(3.5)
Hd1“L1( b) 17 21 (a,5) )
+(b—a)! ( “E—p(2)+ £ ,
(1 - Hd2 ”Ll(a,b)) (1 - ”dZ “Ll(a,b))
satisfies
lim sup ) <1, 3.6)

z—+00 <

then, problem (1.1) has at least one solution u € Cl[a, b].

Proof. We consider problem (2.1) with f*(¢,u,u’,A) = f(t,u,u’) for all A €
[0, 1], that is, we consider the problem

W\ ,
(¢<7>> =Fuw, (3.7)

u'(a) =0, u(n) = u(b),
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and show that Lemma 2.1(i), (ii), and (iii) are satisfied. Let u be a solution to
(3.7), for A € (0, 1). Then, by (3.1),

()

and hence, since A € (0, 1), and by integration, we find that

o(lu'()]) < ¢(|M}\ﬂ)

<di(O¢(lu@®)]) +da2()p (1" ()]) +r (1), (3-8)

(3.9
= ¢(|”|00)”d1 HLl(a,b)+¢(|u/|°°)Hd2 HLl(a,b)"‘”r”L'(a,b)'
Therefore
”dl”Ll( b) 17 1 a.m)
d(1u'lo0) £ —— - (|Uloo) + — T, (3.10)
U P PR AL e 7
which yields

lai] 1o 17121 o
|t |oo < 7! (—(“’) d(luloo) + ——= @D ) (3.11)
> 1— ||d2 ||L1(a,h) ( OO) - ||d2 ||L1(a,b)

In our next argument assume first that there is 1y € [a, b], such that |u(7p)| <
ug. Then, since for any ¢ € (a, b)

t
u(ro)—i-/ u'(s)ds

0

lu(t)| = < |u(r0) |+ 1t/ |oo (b —a), (3.12)

by (3.11), we find that

d
luloo < MO+(b—a)q§_1 (m¢(|u|m) 4 M)
1= ||d2 ”Ll(a,b) 1- ||d2 ”L‘(a,b) (3.13)

= u0+®(|u|oo)~

Suppose next that |u(¢)| > ug for all ¢ € [a, b]. Then since u () = u(b), there
must be 11 € (n, b) such that u'(t1) = 0, that is,

fﬂ f(t u(o),u'®))dt =0, (3.14)

which in turn implies that there is 7 € (a, 71), such that f (7o, u (7o), u’(70)) = 0.
Hence from (3.2), we obtain

¢ (|u(w0)|) < Agp(|u' (v0)|) + B < Agp(1u'lo) + B, (3.15)
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where A = A/A, B = B/A. This implies
|u(w0)| < ¢ (Ap(1u'|c) + B). (3.16)
Now from (3.12) and (3.16), we find that
luloe < ¢~ (Ad(Iuloc) + B) + (b — )i/, (3.17)
and thus by (3.10) and (3.11), it follows that
ltloo < O(Jtloo)- (3.18)

Therefore by (3.6), in both situations we obtain the existence of zop > 0 such that
|#|oo < 20, and thus by (3.11) there is an Rg > R (R defined by hypothesis (iii))
so that condition (i) of Lemma 2.1 is satisfied for Q2 = B(0, R) C C!([a, b]),
for all R > Rp. Since hypothesis (iii) implies that conditions (ii) and (iii) of
Lemma 2.1 are satisfied for R large, the proof of the theorem is completed. [

In our second application we consider the boundary value problem

(")) + f(t,u,u'y = q(1),

/ (3.19)
u(a)=0, u(n) =u(b),

where 1 € (a, b).

THEOREM 3.2. Assume that g € L'(a,b), and that g™ and q,, defined in (1.15)
satisfy (1.18). Suppose also that f : [a,b] x R xR+ R is Carathéodory and
satisfies the following conditions.

(1) There are nonnegative functions di, d», and r in L'(a, b) such that

| £t u,0)| < di @ (|ul) +da @ (Iv]) +r(2), (3.20)

fora.e. t €la,bland all u,v e R.
(i1) There exists d > 0 such that

f(t,u,v)>q" foru=>d,

3.21
ft,u,v) <qy foru<-d ( )
holds for a.e. t € [a,b] and all v € R.
(iii) There is R > 0 such that for all |u| > R, either
uf(,u,0)>0 fora.e. tela,b], (3.22)

or

uf(t,u,0) <0 forae.tela,b]. (3.23)
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Furthermore, let

”dl ”L'(a,b)
(1 - ||d2 ”L'(a,b))
where ¥ (t) =r(t)+|q(t)|. Then if

I'(z):= (b—a)¢—1< qb(z)—i—M), (3.24)

(1 - ||d2 ”L'(a,b))

r
lim sup ﬁ <1, (3.25)

z—>4o00 <
it follows that problem (3.19) has at least one solution u € C'[a, b].

Remark 3.3. We note that if ¢ > 0 and ¢, < 0 in Theorem 3.2, then the
conditions in (ii) imply (3.22).

Proof. The proof is based again in Lemma 2.1 and thus we will show that
conditions (i), (ii), and (iii) of that lemma are satisfied. Thus consider problem
(2.1), where this time we take f*(t,u,u’, 1) :==q()— f(t,u,u’), and thus we

consider the problem
(¢(”—/))/— () = f(t.u,u)
x)) =1 s (3.26)

u'(a) =0, u(n) = u(b),
where 1 € (a, b), and A € (0, 1). By (3.20), we obtain that
lg() = ft,u,0)| <di(O$(jul) + 2P (J0]) +7().  (3.27)
and hence as in Theorem 3.1, from (3.26), we find that
Wl <1 ( 1] 21 oty (i) + Ve > G
1= “d2 ”Ll(a,b) 1- “d2 ”Ll(a,b)

Next, let u be a solution of (3.26) for some A € (0, 1). We claim that there is
at € l[a,b], such that

—d <u(f) <d. (3.29)
Indeed, integrating the equation of (3.26), we find that

¢<ux/) = (/tq(r)dt—/tf(t,u(r),u/(t))dr) (3.30)

Henceifu(t) > d forallt € [a, b], then from the first condition in hypothesis (ii),
we find that

/()

which cannot be because of the boundary condition u(n) = u(b).

t
</ g(t)dt —q"(t—a) <0, Vtela,bl, (3.31)
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Similarly, if u(¢) < —d for all ¢t € [a, b], then from the second condition
in (ii),

t
/ F(t,u),u' 1)) dt < gu(t —a), (3.32)

and hence

¢<%> >/ q(1)dT —gm(t—a) >0, Vi€ l[a,bl, (3.33)

which again cannot be. Hence in the case that the solution is a constant, say
u(t) = c, then necessarily |c| <d.
In this form we find that

luloo < d+u'|oc(b—a). (3.34)
Combining this inequality with (3.28), it follows that

ltloo < d+T(|uloo), (3.35)

and thus from (3.25) there must be a zg > 0 such that |u|~ < zo. Hence com-
bining with (3.28), we find that there is Ry > R (R as in hypothesis (iii)), so
that for all R > Rg if @ = B(0, R) C C'([a, b]), then for all A € (0, 1), problem
(3.26) has no solution in 9€2. Hence hypothesis (i) of Lemma 2.1 is satisfied.
Also, by hypothesis (ii), it follows that

t t
/(q(r)—f(r,ﬁ,o))dz<f (¢(r)—q")dr <0, Vie(a,bl, (3.36)

and thus F'(s) as defined in (2.2) satisfies F (ﬁ) <0, for R large enough. Simi-
larly F(—R) > 0, and hence Lemma 2.1(ii) is satisfied.

Finally, condition (iii) of this theorem implies that Lemma 2.1(iii) is also
satisfied with

degg (F, B(0, R)NR,0) = £1, (3.37)
for large R. This ends the proof of the theorem. (]
Remark 3.4. We note at this point the important fact that for the two theorems

we have proved in this section there is no need of additional hypotheses on the
function ¢ besides being an odd increasing homeomorphism.

4. Existence results via time-mapping
In this section we will consider the problem

(o)) +gt,u) =q (),

/ 4.1
u(a) =0, u(m = u(b),
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where 1 € (a,b), g is Carathéodory, and ¢ € L'(a, b). In this respect the fol-
lowing obvious modification of Lemma 2.1 will be used.

Let g* : [a, b] x R x [0, 1] — R be a function which satisfies the Carathéodory
conditions and is such that

ght,s,1)=g(t,s) V(t,5)€la,b]xR, “4.2)

and for A € (0, 1], consider the problem

u, ' * —
(¢<x>> +g (tu, 1) =q(), (4.3)

u'(a) =0, u() =u).

LEMMA 4.1. Let Q@ C C%a, b] be an open bounded set, such that

(i) there is no solution u to (4.3), 0 < A < 1, such that u € 92,
(ii) the equation

b T
G(s) :=/ ¢—1</ (q(t)—g*(t,s,O))dt)dr:O (4.4)
n a

has no solution on 0QNR,
(iii) the Brouwer degree

degg[G, Q2NR, 0] #O0. 4.5)
Then, problem (4.3) has a solution in Q.

In our following step we show that under certain conditions on g* solutions
to (4.3) which are bounded from above or from below are in fact bounded. See
[18, 19], for analogous results in the periodic case for the linear operator, that
is, ¢ (s) = s, and [6] for the Neumann case.

LEMMA 4.2. Let g™ and q,, be defined as in (1.15) and suppose they satisfy
(1.18). Assume that there exists d > 0 such that

gt s,0) >q" fors=>d,
) (4.6)
g (t,s,\) <qm fors<-—d

holds for a.e. t € [a,b] and all A € [0, 1]. Then,

(i) for any solution u to (4.3), for A € (0, 1), there exists a t € [a,b] such
that

—d=<u(f)=<d, “.7)

(i) for any solution u to (4.3), for » € (0, 1), we have that for each R > d
there is a p(R) > R, such that

maxu <R or minu > —R implies |ulooc < p(R), 4.8)
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(iii) if there exists R > d such that there is no solution u to (4.3), with
A € (0, 1) such that maxu = R, (minu = —R), then problem (4.1) has
at least one solution i with maxu < R (minu > —R).

Proof. Let u be a solution to (4.3) for some A € (0, 1). Since the proof of (i)
is entirely similar to that of (3.29) of Theorem 3.2, it will be omitted. Also,
and as in that theorem, we continue the proof assuming that « is a nonconstant
solution.

To prove (ii) we only consider the case maxu < R, since the argument in the
case minu > — R is completely similar. Thus suppose #; and 7, are, respectively,
two points in [a, b] where u reaches its absolute maximum and minimum. We
note that 7; and #; belong to [a, b) and thus v/ (t;) = 0, and u’(z;) = 0. We assume
11 < tp, with a similar argument for the other case. Integrating the equation of
(4.3) on [t1, 1], we find that

15 n
/g*(r,u(r),x)drzf g(v)dr. (4.9)
n

1

Let A={te[t;,tr] :u(t) < —d}and B={t € [t;,12] : —d < u(t) < R}. Then,
by (4.9) and hypothesis (4.6),

/A|g*(r,u(r),k)—qm|dt
=A(qm—g*(f,u(f),)»))df
:/qm dt—/zq('[)d‘f—i—/ (g*(r,u(r),k)—qm)dt+/qmdr
A t B B

[5)
ZQm(IZ_tl)_/
n

which in turn implies that

5]
/ |g* (T, u(t), ) —gm|dr
n

o e+ [ (5 (ru.)=an)dr.
(4.10)

@.11)
< (|gm|+ |q”’})(b—a)+2/3 |8 (t.u(r), A) — gm| dT.

Since g* satisfies the Carathéodory conditions, we find that
|g*(t, s, )| <), ae.tela,bl, se[—d,Rlandall 1 €[0,1], (4.12)

and where i = g € L'(a, b). Then, the last integral in (4.11) can be bounded
from above by fB (u(t) —gqm)dt, and thus

15}
/ |g* (1, u(x), ) =g | dT < (2|gm| +4™)(b—a) +|uly := C1(R). (4.13)
1
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Now, by integrating the equation of (4.3) on [#1, ¢], we find first that

u/ t
‘d’(?) le q(v)dr

and then, using (4.13), we find a constant C>(R) such that

=

t
+f |g*(t,u(r), 1) dr, (4.14)
3l

lu'(H)| < Co2(R) Vi e[t,n] (4.15)

We observe that |u|o is reached at #; or f,. Also we note that there must be a
point #3 € (t1, f2) such that |u(#3)| < d. Thus by integrating (4.15) from ¢; to z3,
and assuming first that |u|s is reached at ¢, we obtain that

ltloo = |u(t1)| < d+C2(R)(b—a) := p(R), (4.16)

where, without loss of generality, we have taken p(R) > R. Since a similar
argument applies if |u|oo is reached at 1, the proof of (ii) is completed.

Finally we prove (iii) by using Lemma 4.1. Let R > d be such that there
is no solution u to (4.3), with A € (0, 1) and maxu = R (the other case being
analogous). Let p(R) be the bound given in (ii), and define

Ri:==n(R)+1. (4.17)
Define also Q C C%[a, b] by
Q={ueCa,bl: =Ry <u(t) <R}. (4.18)

For A € (0, 1), suppose u is a solution to (4.3). We claim that u ¢ 9<2. Indeed,
ifu e, then —R| < u(t) < R for all ¢ € [a, b] and thus by our hypotheses,
u(t) < R. Now from the choice of R; > p(R) > R we have that u(t) > —Ry,
concluding that —R| < u(t) < R for all ¢t € [a,b]. Thus u € Q2 and (i) of
Lemma 4.1 is satisfied.

Next we note that QNR = (=R, R) and I2NR = {—Ry, R}. Also by
hypothesis (4.6), it follows that

t t
/(q(r)—g*(r,R,O))dr</q(r)dr—quO Vtela,b]l, (4.19)

and thus G(R) < 0. Similarly G(—R) > 0. Hence, Lemma 4.1(ii) holds and
also (iii) of that lemma is satisfied with

degy (G, QNR,0) = —1. (4.20)

We conclude from Lemma 4.1 that there is at least one solution u to (4.1) € Q
with maxu < R. O
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We continue by reviewing some basic facts concerning time-mappings. Thus
consider the equation

(¢ @) +h@w) =0, 4.21)

where 4 : R — R satisfies limg_, {00 2(s) sgn(s) = +o0. This equation can be
equivalently written as the autonomous system

=97y, ¥ =—h@. (4.22)
Set
H(s):/sh(t)dt, CD*(s):/sd)_l(t)dt, (4.23)
0 0

and suppose that (u(t), y(¢)) is a solution to (4.22) with (#(0), y(0)) = (0, S),
S > 0. Then, it holds that

H(u(t)) +0*(y(1)) = ©*(S) (4.24)
for all € R. Let dy > 0 be such that
h(s)s >0 V|s|>dy (4.25)
and take d; > dj such that
max{H(s):|s|§d0} <min{H(—d1),H(d1)}. (4.26)
Now, if the constant S selected above satisfies
D*(S) zmax{H(—dl),H(dl)}, (4.27)

then the corresponding solution z is unique, defined in R and periodic. Let 7 > 0
be the first maximum point of u on (0, 400). Then upmax = u(T) = R > d; so
that

H(u@))+®*(y()) = H(R) (4.28)

for all ¢ € R. Hence y(¢) > 0 and from (4.22), u’(z) > 0 for all ¢ € (0, T'). Thus
O<u(t) < Rforallt € (0,T), with y(T) = 0. Therefore we obtain

y(t) =W (H(R) — H(u())), (4.29)

where W, denotes the right inverse of ®*, that is, the inverse of the restriction
of ®* to [0, +00). Then, from the first equation in system (4.22),

u'(t) = ¢~ (W (H(R)— H(u(1)))), (4.30)
so that
u'(t) _
¢~ (¥ (H(R)— H(u(1))))

(4.31)
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for all ¢ € [a, b). Integrating (4.31) on [0, T')) we obtain

Ty (R) '—T—/R du
PETIT ) e (W (HB - Hw))

(4.32)

We call this function 7}, so far defined for large positive values of R, the time-
mapping of & with respect to ¢, or simply the time-mapping of 4. In a similar
form we can define T}, for large negative values. Indeed by assuming that u i, =
u(—T) = —1§, R> 0, we have

- N 0 du
R e T

where now W denotes the left inverse of ®*. We note that in our case W(s) =
—W,(s), since we are assuming ¢ is odd.

THEOREM 4.3. Assume that the odd increasing homeomorphism ¢ from R onto
R satisfies the lower o -condition. Let ¢ € L' ((a, b), R), with g™, g, defined in
(1.15) satisfy (1.18) and g : [a,b] Xx R +— R be a Carathéodory function such
that for a.e. t € [a, b]

(g(t.9)—q")=0 fors>d>0,

434
(8(t.9)—qm) <0 fors <—d. (4.34)

Let hq : [0,400) — R be a continuous function such that limg_, {5 ho(s) =
+o00, and

g(t,s) <ho(s) Vs=>d, ae.t€la,b], (4.35)
if
limsup 7p,,(s) > b—a, (4.36)
§—>+00

then problem (4.1) has at least one solution.

Proof. The proof is based on Lemma 4.2, to this end define

q" +qm

> (4.37)

q =
and set

gt.s)=g.9)=q,  qo(t)=q(t)—q. (4.38)
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Now define a continuous function e : R — R such that e(s)s > 0 for s # 0. In
addition e satisfies

e(s)<2(¢"—q)+1 Vs=0,

e(s) > (¢" —q) Vs > d,
e(s)>—-2(G—gm)—1 Vs <0, (4.39)
e(s) < —(G—qm) Vs < —d.

Next define a one-parameter family of functions by
g (t,s,A) ;= (1 —ANe(s)+Arg(t,s) forirel0,1], (4.40)
so that g*(¢,s,1) = g(¢,s) for all s € R and a.e. ¢ € [a, b]. Also if
h(s) :=ho(s)+ 14| +2max {¢" —G.G —gm} +1, (4.41)
and taking into account that g (¢, s) sign(s) > O for all |s| > d, we obtain that
g¥(t,s,)) < h(s), (4.42)

for all s > d, for a.e. tr € [a, b], and all A € [0, 1].
Next we consider the problem

W\,
<¢(I>) +g*(t,u,A) = qo(t), (4.43)
u/(a) =0, M(U) =u(b).

We now show that g* in (4.43) satisfies hypothesis (4.6) of Lemma 4.2.
Set

(90)" = sup : fsqo(t)dt (90), = inf ! /sqo(;)dt
se@b] S —a Ja ’ m T seabl s —a Jg '
(4.44)
Then,
(90)"=¢"=G=0,  (q0),,=am—q <O. (4.45)
On the other hand, since
g (tu,2)—(q0)" = (A=)e)+A(g(t.8) —g™) +(1=2)(G—q™). 46)

g5, u, M) —(qo0),, = (1=1)e(s) +1(g(t,8) = gm) + (1 =2) (G —gm)

it follows from (4.34) and the definition of e that hypothesis (4.6) of Lemma 4.2
holds, thus the conclusion of that lemma applies to problem (4.43).

CLAM 4.4. There are arbitrarily large levels R where the maximum of any
solution to (4.43), with A € (0, 1), is not achieved.
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To prove this claim we argue by contradiction. Thus assume that
maxu =R > d (4.47)

for some solution u of (4.43), with 0 < A < 1. By Lemma 4.2, there is a 7 €
[a, b], such that

—d <u(f) <d. (4.48)

Thus there exists an interval [#1, ] C [a, b] such that either u(¢1) =d, u(t) =
Umax = Rand d < u(t) < Rforallt € (t1,1), or u(t]) =umax = R, u(tr) =d
and d < u(t) < R forall ¢ € (11, 1p).

We only consider the first case, the other being the same. Set

t /
Q1) := / go(s)ds,  y= ¢<”7) — 000, (4.49)
and rewrite the equation in (4.43) as
u' =xp~ (y+ Qo). v =—g*(t,u,A). (4.50)

We note first that since u(z) > d for all ¢ € [t1, t;], the condition on g* gives
that y is strictly decreasing in [71, 2], that is,

y(t) <y(n) Vie[n,n] (4.51)
Therefore,
W' () =21~ (y()+ Qo) ¢~ (y(t1)+]Qo| ) (4.52)

so that

t

2
u'(s)ds

R—d=u(t2)—u(t1)=/

n

[5)
< [ 070+l ol s (453
n

<b-a)¢~" (y(11)+|Qo|)-
From here we conclude that if we choose R sufficiently large, namely
R>%+d, (4.54)

where 9 := (b —a)$p ™" (2| Qolwo), then y(t1) > |Qoloo and thus there exists a
unique point t* € (1, ) such that y(t*) = | Q¢|co. Furthermore

W'()>0, y(@) <0 forae.reln,r*], (4.55)

implying that y is strictly decreasing and u is strictly increasing in [¢1, t*].
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Now we do some estimates for u(ty) —u(t), t* <t < t. To this end, we first
estimate »’ in this interval. We have

u'(s) =2~ (y(s)+ Q0(s)) < 2p ™ (y(t¥) + Qo(s))

. B (4.56)
=21¢""(|Qo|+ Qo)) <07 (2| Qo)
Thus, we obtain
[5)
/ u'(s)ds < (—1)p~"(2| Qo ) <D, (4.57)
and hence
u(t)=R—-% forte[t*, n] (4.58)

Now, from system (4.50) and the definition of / in (4.41), we obtain
h(u®)u' ) +¢ 7 (y(1) = Q0| )y @) =0 ae.on[n,1*], (459

and thus
%[H(M(U)Jrfb*(y(t)— |Qo]..)] = 0. (4.60)

where H(s) = [ h(t)dt.
Integrating (4.60) from ¢ to t* and recalling that y(t*) = | Q¢ |0, We find

®*(y(1)—|Qol ) < H(R)— H(u(1)), (4.61)
and thus
y(t)+ Qo(1) <2|Qo| +VY[H(R)—H (u(®))], (4.62)

where as before W denotes the right inverse of ®*. Since u’ = A0~ (v + Qo),
we obtain

u'(t)
<1. 4.63
¢ T @I00], + P [HB) ~ H@®)]) - 69
Hence integrating from #; to t*,
r u'(t) dt
<t*—1, 4.64
| FEe e amay < o

and using that u(t*) > R —%, we find that

R—9% du 65
<t*—n. 4.
/d Qo] rv[a® _HW]) = 1 G
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Now since from [6, Lemma 3.1], it holds that

du
0 ¢71(2|Qo| ,+VY[HR)—Hw)])
/R du
R ¢~ (2| Qo+ V[H(R) — Hw)])

— 0 as R —> +o0o,

(4.66)

—0 asR— +oo,

then from [6, Lemma 3.3], with K = 2|Q¢|c0, and (4.65), (4.66), we obtain that

limsup 7Tj, (R) = lim sup /
R—+4o00 R—+400 ¢

<b-—a, 4.67
H(R)—H(u))) @ @D

and hence from [6, Lemma 3.4], and (4.41), we finally find that

limsup 7j,,(R) < b—a. (4.68)
R—+o00

Since this contradicts (4.36), the claim is proved. The remaining part of the
proof is a direct application of Lemma 4.2(iii). |

Remark 4.5. Theorem 4.3 was proved under a one-sided growth condition at
~+o0 for the function g. A symmetric result under a growth restriction at —oo on
g can be obtained by applying Theorem 4.3 to problem (4.1) after the change
of variables u — —u.

As in [6] a variant of Theorem 4.3 in which a two-sided condition on g holds
is the following.

THEOREM 4.6. Suppose that the odd increasing homeomorphism ¢ from R onto
R satisfies the lower o-condition, q € Ll((a,b),R), with ¢, qn defined in
(1.15) satisfying (1.18), and g : [a,b] x R — R is a Carathéodory function
such that for a.e. t € [a, b]

(g(t,s)—qm) >0 fors>d>0,

(g(t.9)—qm) <0 fors < —d. (4.69)

Let hy : R — R be a continuous function such that limg_, 5 ho(s)sign(s) =
+o00o, and

g(t,9)| < |ho(s)| VIs|=d, forae.t€la,bl. (4.70)

If either
hm 1nf Thy(s)+1limsup Ty, (s) > b—a “4.71)

§—>—+00
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or
limsup Ty, (s) +liminf T, (s) > b—a, 4.72)
§—>—00 §—>+00

then problem (4.1) has at least one solution.

We omit the proof of this theorem since it is similar to the proof of Theorem
4.3. See also [5] for related results for the case of the linear differential operator
and periodic boundary conditions and [6] for the Neumann case and a general
operator (¢ (u'))’.

We end this section with the proof of Theorem 1.3.

Proof of Theorem 1.3. We check that the conditions of Theorem 4.3 are satis-
fied. Clearly conditions (4.34) hold. Now define

ho(s) = g(s) + (). 4.73)
with
14
0<e< ( il ) liming 2¢9) (4.74)
b—a §— 400 |s|l7

and where G (s) := f(; g(t)dt. Since ho(s)/¢p(s) > ¢, forall s # 0, we have that
ho(s) = +o00 as s — +o00. Thus the proof will be concluded if we show that

limsup 7, (s) > b—a. 4.75)
§—> 400
Integrating (4.73), and using (4.74), we find that
H, p
fiminf P10 _ (7o )" (4.76)
s— 400 |S |P b—a
where Hy(s) = fos ho(t)dt. Hence from (v) of [16, Corollary 2.6], it follows
that (4.75) holds true. O
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