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The nonlocal boundary value problem, v’ (£) +Av(t) = f(t) (0 <t < 1),v(0) =
v(A)+u (0 < A <1),in an arbitrary Banach space E with the strongly positive
operator A, is considered. The coercive stability estimates in Holder norms
for the solution of this problem are proved. The exact Schauder’s estimates in
Holder norms of solutions of the boundary value problem on the range {0 <7 <
1, x € R"} for 2m-order multidimensional parabolic equations are obtained.

1. Introduction

We consider the following nonlocal boundary value problem for the differential
equation

VO +Avn) = f() O0=<t<1),

(1.1)
vO0)=v)+u O<ar=D,

in an arbitrary Banach space with linear (unbounded) operator A. It is known
(cf. [4]) that various nonlocal boundary value problems for the parabolic equa-
tions can be reduced to the boundary value problem (1.1). We obtain the coercive
solvability of problem (1.1) in some function Banach space. The role played by
coercive inequalities in the study of boundary value problems for elliptic and
parabolic partial differential equations is well known (cf. [5, 6, 7]). Coercivity
inequalities for the solutions of an abstract differential equation of parabolic

type
V() +AVE) = f(t) (0<t<]1), v(0) = vo, (1.2)

were established in the various norms of Banach spaces by Sobolevskii P. E. and
Da Prato and their colleagues under the assumption that A is a strongly positive
operator, that is, — A is the generator of the analytic semigroup exp{—tA} ( > 0)
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of the linear bounded operators with exponentially decreasing norm (see [3]).
In [1], the coercive solvability of a Cauchy problem (1.2) was established in
Cg’V(E) (0 <y < B, 0 < B < 1)—the space obtained by completion of the
space of all smooth E-valued functions ¢(¢) on [0, 1] in the norm

B t+0) ot +1) —00)|
Il cpr gy = max ”(p(t)”E-"_OSti];lErgl = . (1.3)

that is established in the following theorem.

THEOREM 1.1. Let A be a strongly positive operator in a Banach space E and
f(t) e CEV(E) (0<y < B, 0< B <1). Then for the solution v(r) in Ct"” (E)
of the initial value problem (1.2), the coercive inequality

< M |vgl 5, +87 A= 1 g )] '

holds, where M does not depend on B, v, v6, and f(t).

THEOREM 1.2. Let A be a strongly positive operator in a Banach space E and
f@ e Cg’V(Ea,y) O<y<B<a 0<a<]l). Then for the solution v(t) in
Cg’y(Ea_y) of the initial value problem (1.2), the coercive inequality

v ||C§’V(Ea_ﬁ) + ”A”“cg’V(Ea_ﬁ) + HU/HC(EH_V) s
< M[ Il +o A=) W g, ] |

holds, where M does not depend on a, B, y, v, and f(2).

Here C(E) stands for the Banach space of all continuous functions ¢(t)
defined on [0, 1] with values in E equipped with the norm

lellc) = Jnax le®] 2. (1.6)

and the Banach space E, (0 < @ < 1) consists of those v € E for which the
norm (see [3])

Ivllg, =supz'~*| Aexp{—zA}v| . +Ilvle (1.7)
z>0

is finite.
A function v(¢) is called a solution of problem (1.1) in Cg Y (E) if the fol-
lowing conditions are satisfied:
(i) If the functions v'(¢), Av(¢) € Cg’y(E).
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(i1) If the function v(¢) satisfies the equation and the boundary condition
(1.1).

From the existence of such solutions evidently follows that f(¢) € Cg Y(E)
and u € D(A).

In the present paper, the coercive inequalities in the norms of the same spaces
for the solutions of the boundary value problem (1.1) are obtained. The exact
Schauder’s estimates in Holder norms of the solution of the boundary value
problem on the range {0 <t < 1, x € R"} for 2m-order multidimensional
parabolic equations are obtained.

2. Coercive solvability in Cg Y (E)

It is known that an operator A is strongly positive in E if and only if —A is
the generator of the analytic semigroup exp{—¢A} (¢t > 0) of the linear bounded
operators in E with exponentially decreasing norm when ¢ — 400, that is, the
following estimates hold.

| exp{—rA}| E—E= Me™, t| Aexp{—rA}| E—g =M, @1
t>0, M>0,8>0. '
For a strongly positive operator A we have that
-1 M
|(1 —exp{—=2A}) " |z < oo 0<x=L (2.2)

THEOREM 2.1. Let A be a strongly positive operator in a Banach space E and
f@e Cg’V(E) (0 <y < B, 0 < B <1). Then for the solution v(t) in Cg’y(E)
of the boundary value problem (1.1), the coercive inequality

+1lAv||

” U'”cgw) clr(E)

. B 2.3)
= M[|An+f 0= F O, +B7 A=A I sy

holds, where M does not depend on B, y, u, and f(t).

Proof. From the strong positivity of A, it follows that

A

v(t) = exp{—tA}(I —exp{—)»A})_1 {u+/ exp{— (A—S)A}f(s)ds}
0

t
+/ exp{—(t—s5)A} f(s)ds
’ (2.4)

for the solution of problem (1.1) in the space Cg Y(E) (cf. [4]). Using this
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formula, we have that

vy = f£(0)— Au(0)
A
=(I—exp{—kA})_1/() Aexp{—(—)A}(f) = f(s))ds

— (1 —expt=24) " Ap+ £ ) — £(0)
= 11 +12,

(2.5)

where
A
11:(1—exp{—AA})‘1/O Aexp{—(—9)A}(fW)—f(s)ds,  (2.6)

L= —((I—exp{—2A}) " Au+ £ (1) — £ (0)). @7

Then the proof of Theorem 2.1 follows from the inequality (1.4) and the
estimate

[ols, , <M[|An+FO =1 O], +8 Q=B Iflgpr gy |- @8
Using formula (2.7) and the estimates (2.1), (2.2) for z > 0, we have that

P | A D
<= p [ LA (A - £ O]

P ATEDA £ = F O

Z1=Bty\B—y
< M{ ||Al/~+f()»)—f(0) ||Eﬂ7y +T”f”c§'yuf)}

= M{|Au+F O = O, F1F e |
(2.9)

Therefore
[2lls, , = M[[An+FGI=F Ol g, |, +1 1 pr ) 2.10)

Now we estimate /1 in the norm Eg_,. Using formula (2.6) and the estimates
(2.1), (2.2), for any z > 0 we obtain

P AeT

A
— -1 — — —
< =) M [ £ = )] s

o (—s)P
_ (A—9)Pds
<Mz ﬂﬂ’/ AR _
=T o Gta—sywr et

@2.11)
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If z < A, then

A Y] A
z“’””/ _(A—s)ds is fz“ﬁf ds — < L 2.12)
0o (z+A—s)2AY 0o (z+r—s5)2F " 1-8

If z > A, then

A Y A
Zl—ﬂ+y/ _=s)fds <z"3+yk_V/ _ds
0 (@+r—s)ar ~ 0 (A—s)!=8

_1(&>‘“<1
- B\z B

Therefore, for any z > 0, we have that

1—ﬁ+y/A (a—s)fds 1 2.14)
: 0 GHA—$)2AY = B1—B) '

(2.13)

From the last estimate and (2.11), it follows that

M
Using the estimates (2.10), (2.15), and the triangle inequality, we obtain the
estimate (2.8). Theorem 2.1 is then proved. O

Remark 2.2. Note that the spaces of smooth functions C(’)g Y (E) in which coer-
cive solvability has been established depend on the parameters § and y. How-
ever, the constants in the coercive inequality (2.3) depend only on 8. Hence, y
can be chosen freely in [0, 8], which increases the number of function spaces
in which problem (1.1) is coercively solvable. For example, it is important
that problem (1.1) is coercively solvable in the Holder space without a weight

(y =0).

3. Coercive solvability in Cg Y (Eq_ 8)

THEOREM 3.1. Let A be a strongly positive operator in a Banach space E and
f@ e Cg’y(Ea_y) O<y<B<a 0<a<]l). Then for the solution v(t) in
Cg’y(Ea_y) of the boundary value problem (1.1), the coercive inequality

|| v/ ||C0'B’V(Eotfﬁ) + ”AUHCO'B’V(Eaf/S) (3 1)
<M[|Antf O =F O, +a A= I f o, ]

holds, where M does not depend on B, y, a, and f(t).
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Proof. The proof of Theorem 3.1 follows from the inequality (1.5) and the
estimate

, 1
[ty , < M[{|Au+f(/\)—f(0) e+ 5=ay Vet e p] G

Using formula (2.7) and the estimates (2.1), (2.2) for any z > 0, we have that

2oty “ Ae™ D ” E

= (=)o g fe = 4 (A f ) = O]

+217 [ AemERA(F (1) - £(0)) HE}

1—a+y

- Sl —f<0>||Ea_ﬁ]

SMl|:||Aﬂ+f()»)—f(0)”Ea_y+W

ety By
<M [HAM‘Ff()») — £ Ea, T m”f”cg.vwaﬂ)}-
(3.3)
Since
Zlmaty By 3.4)

(z+r)-oth =l
we have that

A n | <0 [| A+ F O = FO |, U g, ) )
3.5)
for any z > 0, and it follows that

L]y, , =il [an+ FOI=FO g, +1lpr, ) GO

Now we estimate /1 in the norm E,_,. Using formula (2.6) and the estimates
(2.1), (2.2) for any z > 0, we obtain

Zlfot+y ”Aeszll ” v

A
<=y e [ (100 - £ 0) s

A 1
1—a+y J —
=Mz /o ey DR O] PRI

r—s)Bds
l—a+y (
<wz = [ g,y

(3.7)
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If z < A, then

A _\B l—a+y pA
Zlfoter/ (A—=s)Pds < Z / ds
0 0

A= 2—a+ﬁ)\y - AV A— 2—a
(z+Ar—5) (z4+Ar—s) (3.8)
7% 1
< < .
T (l-a)A T -«
If z > A, then
A Y —o+ A -
Zl—a—i—y/ (A—s)Pds <z""’/ ds _A“V<l
0 (z+r—s)2ethrr = v o

A—s)lm¢  gzev T o
(3.9)
Therefore, for any z > 0 we have that

» —s)Pd 1
l—a+y (A —s)7ds < 3.10
- /o (z+A=9)2"0 Py T a(l-a)’ 310

From the last estimate and (3.7), it follows that

|1 “EH = mllfllcg.y(,sa_ﬂ). (3.11)

Using the estimates (3.6), (3.11), and the triangle inequality, we obtain the
estimate (3.2). This completes the proof of Theorem 3.1. (]

Remark 3.2. Using this approach we can obtain the same results for solutions
of the general boundary value problem

p
YO +A) = f@B) O<t<D, v0=) cv(t)tu  (.12)
i=1

where 0 <t <1, < --- < t, <1, if the operator I — Zf;lcie_’iA has a
bounded inverse in E.

4. Applications

We consider the boundary value problem on the range {0 < < 1, x € R"} for
2m-order multidimensional differential equations of parabolic type

vz, x) altlu(z, x) B
— a:(0) g g o) = f(tx) 0=,

|T|=2m 1

v(0,x) =v(A, x)+ux), 0<ri<lI, xeR", It =114+ 1,
4.1)
where a,(x), f(y,x) are given sufficiently smooth functions and § > 0 is a
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sufficiently large number. We will assume that the symbol
BE) = Y ar(x)GE)" - (&)™ (4.2)
t|=2m

of the differential operator of the form

glrl
B= ) a(0) 4.3)
= dx; -+ xp

acting on functions defined on the space R”, satisfies the inequalities

0 < My|E]*" < |B()| < Ma|E™ < 0, (4.4)

for & #£ 0.

Problem (4.1) has a unique smooth solution. This allows us to reduce the
boundary value problem (4.1) to the boundary value problem (1.1) in the Banach
space E with a strongly positive operator A = B+ §1 defined by (4.3). We give
in Theorem 4.1 a number of corollaries to Theorems 2.1 and 3.1.

THEOREM 4.1. The solutions of the boundary value problem (4.1) satisfy the
Sfollowing coercive inequalities:

althy
dxy' - 0xy"

ov

E +

cy (ce®m)

[t]=2m cl (ce®my)

Al (x)
=M@ || > g gm0+ 00

|T|=2m C2m(ﬂfy)+a(Rn)

1
+ ml'f"cgvy(cg(Rn)) P

O0<2m(B—y)+e<1,0<y<B,0<p <1,
altly

dxy' - 0xy"

av
ot

+ ’
Cg»)/(czm(a—ﬂ) R")) |7 |=2m C(’)S'V(C2m(ct7/3) (R"))

Al (x)
M@ BV | Y. @) —f 1)+ f(0.x)
— dx, -+ 0xp
[t|=2m C2m(5—y)(Rn)

1
+ m”f”C(I)S-V(CZm(a—/S)(Rn)) s

0<2m(a—y)+e<1,0<y<B,0<a<l,
4.5)
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where M (&) do not depend on B, y, o, u(x), and f(t,x) and M («, B, y) do not
depend on u(x), and f(t,x). Here C¢(R") is the space of functions satisfying
a Holder condition with the indicator ¢ € (0, 1).

The proof of Theorem 4.1 is based on Theorems 2.1 and 3.1, the strong
positivity of the operator A in C?(R"), the coercive inequality for the solution of
the resolvent equation of the elliptic operator A in C?(R"), and equivalent of the
norms in the spaces Eg = Eg(A, C(R")) and C*"P(R") when 0 < § < 1/2m
(see [2, 3)).
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