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We study systems with different diffusions (local and nonlocal), mixed boundary conditions, and reaction terms. We prove existence
and uniqueness of the solutions and then analyze global existence vs blow up in finite time. For blowing up solutions, we find

asymptotic bounds for the blow-up rate.

1. Introduction

LI Description of the Problem. Our first goal in this paper
is to study the following nonlocal reaction-diftfusion system
with mixed boundary conditions

 (x,1) = jgf(x—w (u(7,t) - e (6, ) dy

+vP (x,1), xeQ, t>0,

v (x,t) = JRN J(x=y)(v(y,t) —v(x,t))dy

+ul(x,t), x€Q, t>0, @
vt =0 x¢Q, t>0,

u(x,0) = uy (x),

v(x,0) = vy (x),

x € Q.

Here p,q > 0, uy(x), vy(x) € C(Q) are nonnegative and
nontrivial functions, ] : R” — R is a nonnegative,
smooth, symmetric radially and strictly decreasing kernel,

with IW J(x)dx = 1 and supported in the unitary ball, and

Q ¢ RY (N > 1) is a bounded connected and smooth
domain.

In the first equation, we are imposing that the diffusion
takes place only in {); no mass may enter or leave the domain.
This corresponds to what is called Neumann boundary
conditions in the literature; see [1]. In the second equation,
we have that the diffusion takes place in the whole RY but
we impose that u vanishes outside Q. This is the analogous of
what is called Dirichlet boundary conditions; see [1]. Hence
this system is governed by nonlocal diffusion with mixed
boundary conditions.

Our second objective in this paper is the study of the same
kind of system when one of the diffusions is local

u, (x,t) = Au+vF (x,t), x€Q, t>0

o= 1= 000 -ven)dy

+ul(x,t), xeQ, t>0
ou
= )t :07
a71(96 )
(x,t) € 0Q x (0,T);
v(x,t) =0,

x¢Q, t>0
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u(x,0) = uy (x),
v(x,0) = vy (x),
x € Q.
)

Again, we assume that p,q > 0, uy(x),vy(x) € C(Q) are
nontrivial functions, J is as before, and Q ¢ RN (N > 1)
is a bounded connected and smooth domain with # denoting
its outer normal unit vector field.

Now, we face a system similar to the previous one, in
which one of the two components obeys a local classical dif-
fusion (with the usual Laplacian) while the other component
has a nonlocal diffusion operator.

1.2. Main Results. For both problems (1) and (2) we analyze
the existence and uniqueness of nonnegative solutions. Once
we settle this issue, we look for the existence of solutions
globally defined in time and solutions blowing up in finite
time. Finally, when we have solutions that blow up, we analyze
the blow-up rate.

We say that a solution (u, v) blows up in finite time if and
only if a finite time T' > 0 exists such that

lim sup (s (x, Ol gy + IV (5, Dlloiey) = 00, (3)

If solutions are well defined and finite for every ¢ € (0, T') with
T = oo the solution (i, v) is global, i.e., the solution exists for
allt > 0.

For both problems our results can be summarized as
follows.

Theorem 1. For (u,,v,) € C(Q)xC(Q) positive real functions,
there exists a unique positive solution (u,v). Moreover, (u,v)
can be extended to a maximal interval [0,T) with T < co.

A comparison principle between super- and subsolutions
holds.

If pq > 1, the solution (u, v) blows up in finite time T, while
for pq < 1 the solution (u, v) exists globally.

For solutions that attain their maximum at x = 0 for everyt
(for example, for radially symmetric nondecreasing solutions),
the blow-up rates are give by

u(0,t) ~ (T — t)”P+D/(pa-1)
(4)
v(0,£) ~ (T — )" a0/ (pa-)

1.3. Previous Results. Nonlocal diffusion equations of the
form

u, (x,t) = J s« u—u(xt)

©)
- | TGt dy-ueo,

and variations of it, have been widely used in the last decade
to model diffusion processes; see [1-7] and references therein.
This equation is called nonlocal diffusion equation since the
diffusion of the density u at a point x and time ¢ depends
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not only on u(x,t), but also on all the values of u in a
neighborhood of x through the convolution term ] #* u.
This equation shares many properties with the classical heat
equation u, = Au such as the fact that bounded stationary
solutions are constant, a maximum principle holds for both
of them, and even if ] is compactly supported, perturbations
propagate with infinite speed.

Concerning boundary conditions for nonlocal diffusion,
Chasseigne et al. in [5] studied the Dirichlet boundary
conditions problem

u (0) = [ 1 (=) (w(0n0) - x0)dy,

xeQ, t>0, (6)

u(x,t)=0, x¢Q, t>0,

u(x,0)=uy(x), x€Q,
In this model they have that diffusion takes place in the
whole R™ but impose that u vanishes outside Q. This is the
analogous of what is called Dirichlet boundary conditions for
the heat equation.

Also in [5] the Neumann boundary conditions case is
studied

U, (x,1) = jﬂmx —y) w(pnt) - u(x0)dy,

xeQ, t>0 )

u(x,0) =uy(x), x€Q.
Since we are now integrating in ), the diffusion takes place
only in Q. The individuals may not enter nor leave Q. This
is the analogous of what is called homogeneous Neumann
boundary conditions in the literature.

Concerning reaction terms, Pérez-Llanos and Rossi in [8]
studied the problem

 (x,1) = jQJ(x—w (u(7,) - (6, ) dy

+ul (x,1), xe€Q, t>0, (8)

u(x,0) =uy(x), xe€Q.
They prove that nonnegative and nontrivial solutions blow up
in finite time if and only if p > 1. Moreover, they find that the
blow-up rate is the same as the one that holds for the ODE
u, = uP, that is, lim, (T — )" V|u, 1), = 1/(p -
1))1/ (p-1)

For systems, Bogoya in [9] studied the analogous system
to (1) with Neumann boundary conditions.

The paper is organized as follows: In Section 2, we analyze
the existence and uniqueness of solutions to (1). In Section 3,
we look for global existence vs blow up of solutions to (1)
and its blow-up rate when appropriate. In Section 4, we deal
with the existence and uniqueness of solutions to (2). Finally,
in Section 5, we analyze the global existence and blow up of
solutions of (2) and the corresponding blow-up rate.
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2. Existence and Uniqueness for (1)

In this section, we analyze the existence and uniqueness of
nonnegative solutions (u, v) of (1).

We will deal with this issue for a slightly more general
system in which the reaction terms u?, v¥ are replaced by
f(v), g(u), two Lipschitz nonnegative functions. Existence
and uniqueness will be obtained via Banach’s fixed point
theorem. Let ¢, > 0 be fixed and consider

X, =C([0:ty] : C(Q) x C(Q)) = {(w:v) : [0,2,]
—C(Q) ©)
x C(Q): (u,v) is continuos in space and time},
that is, a Banach space with the norm

)l = max e (), v ()l

(10)
I=1°(Q)xL*(Q)
and
I G5 8), v () = maxfu (x, 1) + max [v(x, 0)] . (qp)
xeQ xeQ
Let

P, ={wv) e X, :u>0, v=0}, (12)

that is, a closed subspace of X, . In what follows, we will use
the notation

Il = mas s ) o - i
We define the operator
ll/(uo’vo) : Pto — Pt(]’
(14)
as 1//(140:1’0) (u,v) = (Tuo (1) ’SVO (V)) >
where
T,, (1) (x,1)
t
= L L](x - y)(u(y,s) —u(x,s))dyds
t
+ J f((x,8))ds + ugy (x)
0
(15)

S,, 1) (x,1)

J’thN (x=2) (v(3.5) = v(x,5)) dy ds

0
+J g (x,s))ds+vy(x)
0
0 x ¢ Q.

x €

The following Lemma is just the first step in order to show
that y,, , ) has a fixed pointin P, .

Lemma 2. Let f and g be Lipschitz functions with Lipschitz
constants K, and K, and (uy,v,) and (wy,z,) two pairs of
initial conditions in C(Q)xC(Q) and (u, v), (w, z) € b Then,
there exists a positive constant C = C(K,, K, Q, ]) such that

'”w(uo,vo) (Ll, V) - 1//(wo,zo) (w> Z)|||

(16)
< Ctg [, v) = (w, )11l + || (0, vo) = (wo» 20l
Proof. For any (x,t) € Qx|o, t,] we have
T,, W (1) =T, (w(x1)|
< |u0 (x) —w, (x)|
+ J J J(x=y)|u(y.s) = w(y.s)|dyds
0 Ja
+ I J. J(x=y)lu(x,s)—w(x,s)|dyds
0 Ja
+ L |f(v (x,9) — f(z(x, s))| ds 17)

< Jlup - wo"Lm(ﬁ)
t
#2[ 69wl ds | TG y)dy

t
+ K, L v (ss) =2 (58) ey ds
< Jlto = wo | ooy + (2K 101 + Ky )t e = wl,

where K = ||]l, and K; is the Lipschitz constant of f.

Analogously, taking into account the fact that v is zero
outside Q) and denoting by K, the Lipschitz constant for g,
we have that

S, (1) =S, (z(x,1))

< |vo = Zol| ooy + K 1QI + K,) tllv = 2]l 1)
Therefore, we have obtained
[ 38 = Yty (2|
< (2Kl + K3) to [l (w,v) = (w, 2)] (19)

+ ||(u0, Vo) - (wo’zo)nl >

where K; = max{K,, K,}. Then, if C = 2K|Q| + K; we have
that

'”‘//(um"o) (u,v) - Yiwerzo) (w, Z)||| (20)

< Cty [, v) = w, 2)II| + || (9, v) = (wo» 20)] -

O

Next, we show the existence and uniqueness of the
solution for functions f and g that are locally Lipschitz.



Theorem 3. Let f and g be locally Lipschitz functions and
(1, vy) € C(Q) x C(Q) be nonnegative real functions; then
there exists a unique solution (u,v) such that (u,v) € b,
Moreovet, (u, v) can be extended to a maximal interval [0,T)
with T < oo.

Proof. We check first thaty,, .\ : P, — P, . Taking (w,z) =
(wp> 29) = (0,0) in Lemma 2 we get that y,, ,\(u,v) € P, .
Choose t, such that Ct, < 1. Now taking (w,, z,) = (1, V)
in Lemma 2 we get that (1, v,) is a strict contraction in P,
and the existence and uniqueness part of the theorem follow
from Banach’s fixed point theorem in the interval [0, ¢,]. To
extend the solution to [0, T') we may take as initial conditions
u(x, ty), v(x,t,) € C(Q) and obtain a solution up to [0, 2t,].
Iterating this procedure, we get a solution defined in [0, T).
O

Now, we use the same ideas of the previous analysis to
obtain the following results.

Corollary 4. The solution (u,v) depends continuously on the
initial data. In fact, let f and g be locally Lipschitz functions
and if (u,v) and (w, z) are solutions with initial data (u, v,)
and (wy, z,), respectively, then there exists a constant C such
that

(s, v) = (w, 2)lIl < C || (g vo) — (wer 20)|; - (2D

Corollary 5. (u(x,t),v(x,t)) € P, isa solution of (1) if and
only if

u(x,t)
) L L](x_ y) (W (y,s) = u(x,s))dyds

+ r fw(x,s))ds +ug (x)
0

v(x,t) (22)

J: L](x—y) (v(y:s) - v(x,5)) dyds

= + rg(u (x,5))ds + vy (x)
0
0 x ¢ Q.

xeQ

Now, we look for existence and uniqueness of solutions to

D).

Theorem 6. If p,q > 1 and (uy,v,) € C(Q) x C(Q) are
nonnegative real functions, then there exists a unique solution
(u,v) of (1) such that (u,v) € b,

Proof. The functions f(v) = v%,g(u) = u are locally
Lipschitz; then by Theorem 3, system (1) has a unique solution
(u,v) € B, . O

For exponents less than one, we have the following
existence result.
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Theorem 7. Let p,q > 0 and (uy,v,) € C(Q) x C(Q) be
nonnegative and bounded functions; then there exists a solution
(u,v) € Pto to (1).

Proof. The existence of the solution of (1) is obtained with an
approximation procedure. We assume that 0 < p < 1 < g
(the other possibilities are left to the reader). Let (f,), be a
sequence of locally Lipschitz functions such that, for # fixed
f.(s) = 0,ifs < 0, f, isnondecreasingand lim,,__, f,,(s) = s*
for s > 0. Consider the system with f,(v) and u?. From
Lemma 2 and Theorem 3, we have that there is a unique
solution (u,,(x, 1), v,(x,t)). Now, (u,(x,t)),and(v,(x,1)), are
nondecreasing and bounded sequences. Therefore, passing to
the limit as n — oo using Corollary 5, we get the existence
of (u(x, 1), v(x,1)), a solution to (1). O

Remark 8. For future reference, let us analyze the solution to
the ODE system

u' (1) =P (1),
V) =ul(t)
fort >0 (23)
u(0)=az=0,
v(0)=b=>0.
If pg > 1, the solution to (23) is given by

(p+1)/(pa-1)
(pg-1)"""1

u(t)=C
1 ( ((P +1)(gq+ I)P)l/(pqil) a(Pa-D/(p+1)

-(p+1)/(pq-1)
_t> |

(24)
(g+1)/(pq-1)
-1
v(t) = C, (pa-1) o
((p+1)"(g+1)) bpa-D/(q+1)
~(g+1)/(pq-1)
) t> |
with
P\ V(a1
C, = <££;11l91132_> o
(pg-1)"""
25
q 1/(pg-1) (25)
(pq _ 1)(q+1)
If pg < 1, the solution of (23) is
u(t) = (PP Clt)(p“)/“’”),
(26)

v(t) = (b(I*Pq)/(qul) n Czt)(qﬂ)/(l—pq)

>
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with

_ pl(p+1)
CI:(—l pq)(_p+l> and
p+1 q+1

1- q/(q+1)
= (EGR)
q+1 p+1

If pq = 1, the solution of (23) is

(27)

u(t) = ae“!!,

1 p/(p+1)
C, = <p+ > ;
q+1

(28)

g+1 q/(q+1)
m (L)
p+1

We will use the notation (a,b) > (c,d) to indicate that
a>candb>d.

Definition 9. Let u,v € CY([0,T);C(Q)). (,7) is called a
supersolution of (1) if

i, (et) > [ 7(x=y) @(0) - () dy
+7 (1), x€Q, t>0,

v, (x,1) > JRN](x—y) vy t) =v(x,1))dy

+ul(x,t), xe€Q, t>0, (29)
v(x,t) =20, x¢Q,t>0,
u(x,0) > u, (x),
v(x,0) = vy (x),
x € Q.

Analogously (u,v) € P, is called a subsolution of (1) if it
satisfies the opposite inequalities.

Lemma 10 (comparison principle). Let (u,v) and (u,v)
be a subsolution and supersolution of (1), respectively. If
(1o (x), vy (%)) < (1y(x), Vo(x)) for all x € Q, then

(u(x1),v(xt) < @(xt),v(xt) (30)

forall (x,t) € QA x(0,T).

Proof. Letw(x,t) = u(x,t) —u(x,t), z(x,t) = v(x,t) — v(x, t).
Assume first that w(x, 0), z(x,0) > 0 for x € Q. We observe
that w and z verify

w, (x,t) > JQ](x—y) (w(yt) —w(x,t)dy

(Vp (x’ t) - ZP (X, t)

vuﬁ—ﬂmﬂ>“*”

(31)
z (x,8) > JQ](x— y)(z(n,t) —z(x,1))dy

<ﬁq(x,t)—zq(x,t)> ;
TG —utn ) ®D

Now, set 0 < § = min{w(x, 0),z(x,0)} and suppose that the
conclusion of the Lemma does not hold. Thus, let #; be the
first time such that

g =min{w (x,t,),z (x,t;)}. (32)

We can assume that w attains the previous minimum. At that
time, there must be a point x; € Q such that w(x,,t;) = /2.
But, on the one hand w,(x,,t,;) < 0 and, on the other hand

w (et) > [ 700 =) (0 (00 - w (o) dy

. (vf’ (x1,t1) = vF (1o th) ) 2(xpt) B3

1_’(xptl) _Z(xl»tl)

2 P’7p_1 (x15t1) 2 (x1,1) > 0,

where v(x,t,) < n(x;,t,) < v(x,,t,). This gives a contra-
diction. Using the continuity of solutions of (1) with respect
to the initial condition and an approximation argument, the
result follows for general initial condition. O

Corollary 11. Let (u,V) € B, be a supersolution of (1). Then,
if (ug, vy) = (0,0) for x € Q we have that (u(x,t),v(x,t)) >
(0,0) forall (x,t) € Qx(0,T) and moreover, a strict inequality
holds if (uy, v,) is positive.

The following lemma gives us the existence of a maximal
solution of (1) when pg < 1. Its proof is analogous to those
given in [10]; therefore we omit the details here.

Lemma 12. Let 0 < pg < 1. Then there exists
(upg(x, 1), vas(x, 1)), a maximal solution of (1), in the sense that
if (u(x,t), v(x,t)) is any other solution there holds

u(x,t) <uyp(x,t),
v(x,t) < vy (x,t) (34)
in Q x (0,00).

Moreover, uy(x,t) > 0, vy (x,t) > 0 forall (x,t) € Qx(0, 00).

The following theorems deal with the uniqueness prob-
lem for (1) in the cases of identically null initial condition and
of nontrivial initial condition, respectively. Their proofs are
analogous to those given in [9]; hence we omit them.



Theorem 13. Let (uy,v,) = (0,0).
(1) If pq = 1, then the unique solution of (1) is (u,v) =
(0,0).
(2) If pq < 1, then there exists exactly one solution (u,v)
of (1) such that u and v are strictly positives.

Theorem 14. If (uy,v,) # (0,0), then the solution of problem
(1) is unique.

3. Global Existence vs Blow Up
for Solutions to (1)

In this section, we look for conditions that ensure that
solutions of (1) blow up in finite time or are globally defined.

Theorem 15. Let pq > 1 and uy,v, € C(Q) be nonnegative
and nontrivial functions. Then, the solution (u,v) of (1) blows
up in finite time T.

Proof. Let pq > 1 and uy(x), vy(x) € C(Q) be nonnegative

and nontrivial functions and (u, v) solution of (1). We define
the functions for t > 0

M(t) = J u(x,t)dx,
? (35)
N(t) = JRN ¢, (x)v(x,1t)dx,

where C; < ¢, < C, is eigenfunction of the nonlocal
operator, which is positive in Q; see [7].
As p > 1, by Holder’s inequality we have that

NP (t) = (JRN ¢, (x)v(x,1) dx)P

< Cg (L v(x,t) dx)p

edreidd J VP (x, 1) dx
Q

(36)

SCJ v (x,t) dx
Q

with 1/p+1/p" = 1. Now, differentiating M with respect to ¢
and using (1) we obtain that

M (t) = JQ u, (x,t)dx = L v (x,t)dx > CN? (t). (37)

As g > 1, by Holder’s inequality we have that
J 6, () ul (x,B)dx > C, j Wl (x, 1) dox
Q Q

> C, |1 (L u(x,t) dx)q (38)

=CM1(t).
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Now, taking the derivative of N with respect to t we have that

N - | @rvwndo | 4@

[T 00 =) dy
[ s @ o= | veng o

R R
[ TE=0 60 -4 @) dy (39
+ J ¢y (x)ul (x,t) dx

RN
=-\ J. ¢ () v(x,t)dx

RN

+ J ¢, (x)ul (x,t)dx = -A;N (t) + CM(t).
Q

Summarizing, we get that

M’ (t) > CN? (1),
(40)
N’ (t) = AN (t) + CM1 (¢).

If uy, v, are large, then M, N blow up in finite time; therefore
(u, v) blow up in finite time.

In general, (1, v) blow up in finite time for any initial data
Uy, V- In fact, if we consider u(x, t) = a(t), v(x, t) = b(t)p, (x)
for x € O, t > 0, with a(¢), b(t) positive functions, then

a (t) = b (1),
(41)
b (t) = -Ab(t) +cal ().

Then, it can be obtained that (a(t), b(t)) (and then (u,v))
blows up in finite time. O

Theorem 16. Let pq < 1 and uy(x),vy(x) € C(Q) be
nonnegative and nontrivial functions. Then, the solution (u, v)
of (1) exists globally.

Proof. Consider a, b such that (1, v,) < (a,b). Since pq < 1,
by Remark 8, we have that (u(t), v(t)); the solution of (23)
with a > uy, b > v, is globally defined. Notice that (u(t), v(t))
is a supersolution of (1). If (u(x,t),v(x,t)) is a solution of
(1) with initial conditions (u,(x), v,(x)), then, by Lemma 10
(comparison principle), we have that u(x,t) < u(t) and
v(x,t) < (t) in Q x (0, T). Therefore, any solution of (1) can
be continued for all times in the case pg < 1. O

Next, we analyze the blow-up rate of the solutions of (1).
We assume that x = 0 € Q and note that for smooth
radially symmetric and nondecreasing initial conditions (that
is, when u,(r), vy(r) are C' such that u(')(r) < 0, v(')(r) <
0) the solutions are also radially symmetric and radially
nondecreasing (that is, it holds that u,(r,t) < 0 and v,(r,t) <
0). Hence, for every t € (0,T), the maximum of both
components is attained at x = 0. We state this result as
follows.
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Lemma 17. If Q = B(0,R) is a ball and (u,, v,) are smooth,
radially symmetric, and nondecreasing initial conditions (i.e.
uy(r), vo(r) are C! such that u(')(r) <0, v(')(r) < 0), then both
components of the solution are radially symmetric and radially
nondecreasing (they verify u,(r,t) < 0 and v,(r,t) < 0 for
everyr € [0,R) and everyt > 0).

Proof. For a proof we refer to Lemma 4.1 in [8]. O
Theorem 18. For pq > 1, let (u, v) be a positive solution to (1)

such that the maximum is attained at x = 0 for everyt € (0,T).
Then, there exist C,, C,, C3, C, positive constants such that

C, (T — ) @) <4y (0, 1)
<C, (T - t)*(PH)/(P‘Z*l)
(42)
Cy (T = 1) @VPaD) < (0, 1)
< C4 (T _ t)*(‘Z*l)/(PQ*l) ,

where T stands for the blow-up time of the solution.

Proof. As pg > 1, we have that (u, v), the solution of (1), blows
up in finite time (that we called T'). We assumed that

u (0,t) = maxu (x,t) and

x€Q (43)
v(0,t) = maxv(x,t).
x€Q)
By (1), we have that
1.0 = [ 70-5) () -u.0)dy
+vP(0,1) <P (0,¢1)
(44)
v, (0,1) = JRN J(0=y)(v(y.t) = v(0, 1)) dy
+u®(0,1) <u®(0,1),
As
= | T@d | Jod, (45)
R Q
we have that
u O = [ 10-2) (u(n) -u.0)dy
+vP(0,8) = -1 (0,1) + vP (0,1)
(46)

v, (0,8) = JRN J(0=y)(v(y,t)—v(0,1))dy
+ul(0,t) > —v(0,¢) + u(0,¢).
Therefore, we get that forall0 <t < T

~u (0,1) +vF (0,1) < u, (0,8) < vF (0,1) (47)

and
v (0,t) + u?(0,£) < v, (0,£) <u(0,¢). (48)

Multiplying the second inequality of (47) by u?(0,¢) and the
first inequality of (48) by v#(0, t), we obtain

u, (0,8) u (0,£) < v, (0,8) vF (0,£) + v**1 (0, 1), (49)

which is equivalent to

uq+1 Vp+1 .
<q+1)t(o’t)g<p+1>t(0’t)” 0.6).  (50)

p+1)t

Multiplying the inequality by (p + 1)e’
[0,t] with t < T, we have that

and integrating in

W (0,6) < (g +1) v (0,6 + )

< ((g+1)e? v 0,0+ )" 6D

< C(v (0, 1)) P/

Replacing the second inequality of (48) by inequality (51), we
get

v, (0,£) < C (v (0, 1)) PHHe/ @D (52)

Integrating this inequality on [¢, T'), we finally obtain

- ) q
v(0,6)>Cy(T-1)F, with p= . (53)
’ pa-1
In an analogous way we obtain that
1
u(0,0)>C (T-t)%, witha=L"" (52
pq-1

With an analysis similar to the one developed above, we
obtain that there exists a constant C > 0 such that for 0 <
t<T

C (v (0,£)) P09 @ D) < 440,1) (55)

Replacing the first inequality of (48) by inequality (55) and as
pq > 1 we have that (p + 1)g/(g+ 1) > 1 and

C (0, t))(PH)Q/(qH) < v (0,1)
+C(v (0, t))(P+1)q/(q+1) (56)
< v (0,1).
Integrating the inequality from above on [¢, T'), we obtain that
v(0,8) <C, (T -1)F. (57)
In an analogous way we get

u(0,6) <C, (T - ). (58)



4. Local and Nonlocal Diffusion

In this section, we analyze the existence and uniqueness of
nonnegative solutions (u, v) of (2).

As in Section 2, we will initially study the system with
g(u) and f(v) replacing u?, v*, with f, g being nonnegative
Lipschtiz functions. Existence and uniqueness will be again
obtained via Banach’s fixed point theorem. Let t, > 0 be fixed;
we consider the Banach space X, with the norm

G, VT = max (e (), v (O (59)

and P, a closed subspace of X, already considered in
Section 2.
We define the operator @(u, v,) : ,, — P, , by

Dy W 7) = (94, 1), 4, ), (60)
where

Py, (u) (x,) =S () uy + L S(t-s)f(v(x,s))ds

¢y, ) (x,1)

0

t 61
[[6-n009-veayas @
+th(u(x,s))ds+vo(x) x € Q)

0
0 x ¢ Q,

where for any function h € L'(Q)

SWh=| Glann()dy (62)

where G is Green’s function. That is, S(¢)h denote the solution
of (see [11])

u—Au=0 (x1t)ecQx(0,7T)
g—:(x, =0 (xt)€eodQx(0,T); (63)
u(x,0)=h(x), xeQ,

Now, we need the following lemma.

Lemma 19. Let (uy,vy), (wy,2,) € C(Q) x C(Q) and
(u,v), (w,z) € b, Then, there exists a positive constant C =
C(K;, K, Q, ]) such that

'”a)(uo"’o) (Ll, V) - a)(wo,Zg) (w’ Z)|||

(64)
< Cto s, v) = (W, 2 + [ (ug> vo) = (wor 20); -
Proof. For any (x,t) € Q) x [0, t,] we have
|0, (1 (x5, 1) = 9y, (W (x,1))
< |S (t) (g — wo)|
(65)

+LB@—9U@um—fQW$m%

< Cy luo - wolle(ﬁ) +GKt Ju - wl,

where K; is the Lipschitz constant of f.
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Taking into account that v is zero outside of ), we have
that

|6, v (x,0) = ¢, (z(x,1))|

(66)
< o = wo| oy + K 1QI + Ky) £ = wi,,
where K = ||]|, and K, is the Lipschitz constant of g.
Therefore,
@) (#¥) = B2 (w2 2)]| (67)
< Ctg [, v) = (w, )1l + || (05 vo) = (wo» 20); -
O

In the following theorem, we analyze the existence and
uniqueness of the solution by considering that the functions
f and g are locally Lipschitz. The proof is analogous to the
one for Theorem 3; hence we omit it.

Theorem 20. Let f and g be locally Lipschitz functions and
(g, vy) € C(Q) x C(Q) are nonnegative real functions; then
there exists a unique solution (u,v) € P, . Moreover, (u,v) can
be extended to a maximal interval [0,T) with T < co.

With these ingredients we can show existence and
uniqueness of the solution as well as a comparison principle.
The proofs are analogous to the ones that we included in
Section 2; hence we omit them.

Theorem 21. Let (1, v,) € C(Q) x C(Q) be nonnegative real
functions.

(i) If pq = 1 then there exists a unique solution (u,v) €
P,.
(ii) If pq < 1 then there exists a solution (u,v) € P, .

Remark 22. The stationary problem

0=Au+v", xeQ,

0= [ T G- (0) -v@)dy

x €Q (68)

has a solution u(x) = v(x) = 0,x € Q.

Definition 23. Let u,v € CY([0,T);C(Q)). (@, V) is called a
supersolution of (2) if

U, (x,t) 2 Au+ 7 (x,t), x€Q, t>0
B0z [ Ty G000 -7 nn) dy

+ul(x,t), x€eQ, t>0
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a—M(x,t)28>0 x€0Q, t>0
on

V(x,t)=20 x¢Q,t>0
u(x,0) > uy (x),
v(x>0) 2 VO (x)a

x € Q.
(69)

Analogously (u,v) € P, is called a subsolution of (2) if it
satisfies the opposite inequalities.

Lemma 24 (comparison principle). Let (u,v) and (u,V)
be a subsolution and supersolution of (2), respectively. If
(g (%), vy(x)) < (Uy(x),Vy(x)) for all x € Q, then
(u(x, 1), v(x, 1)) < (u(x, 1), v(x,t)) for all (x,t) € Q x (0, T).

5. Global Existence and Blow Up for the
Local/Nonlocal Diffusion System

In this section, we analyze under what conditions the solu-
tions of (2) blow up in finite time or are global.

Reasoning analogously to Theorems 15 and 16, we have
the following theorem on the global existence and blow up of
the solutions of (2); again we omit their proofs.

Theorem 25. Let uy, v, € C(Q) be nonnegative and nontrivial
functions.

(1) If pq > 1, then the solution (u,v) of (2) blows up in
finite time T.

(2) If pq < 1, then the solution (u, v) of (2) exists globally.

Next, we analyze the blow-up rate of the solutions of (2).
We assume that x = 0 € Q.

Theorem 26. Let pq > 1 and uy(x), vy(x) € C(Q) be
nonnegative and nontrivial functions. Let (u, v) be the solution
such that the maximum is reached at x = 0 for everyt € (0, T).
Then, there exist C,, C,, C5, C, positive constants such that

C, (T - ¢) @@ <4y (0, 1)
<C, (T - t)*(PH)/(PQ*l)
(70)
C3 (T - t)*(qﬂ)/(P‘Z*l) <v(0,1)
< C4 (T _ t)—(‘1+1)/(17q‘1) )
Proof. As pq > 1, we have that (1, v), the solution of (1), blow
up in finite time T. Let u(0,¢) = max__gu(x,t) and v(0,t) =

max, sv(x,t). By (1), we have that

u, (0,t) = Au (0,t) + v¥ (0,t) < v* (0,t)

v, (0,1) = jRN JO=-y)(v(nt)-v©.1)dy (7))

+ul(0,t) <u?(0,1),

and we have that

u, (0,t) = 8vF (0,1)

w0 =[ J10-)(00)-vn)dy @)
+ul(0,t) > v (0,t) + u(0,1).
Therefore, we have that forall0 < t < T
SvF (0,t) < u, (0,8) < v (0,1) (73)
and
—v(0,8) +u? (0,t) < v, (0,t) <ul(0,t). (74)

Multiplying the second inequality of (73) by u?(0,¢) and the
first inequality of (74) by v*(0, t), we have that

u, (0,8) u? (0,1) < v, (0,£) vF (0,£) + vF*1 (0, 1), (75)

which is equivalent to

+1 +1
(%) s(%) +17710,1). (76)

From this point the proof follows analogously to what was
done in the proof of Theorem 18. O
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