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Through a modification on the parameters associated with generating function of the g-extensions for the Apostol type polynomials
of order a and level 1, we obtain some new results related to a unified presentation of the g-analog of the generalized Apostol type
polynomials of order « and level m. In addition, we introduce some algebraic and differential properties for the g-analog of the
generalized Apostol type polynomials of order « and level m and the relation of these with the g-Stirling numbers of the second
kind, the generalized g-Bernoulli polynomials of level 1, the generalized g-Apostol type Bernoulli polynomials, the generalized g-
Apostol type Euler polynomials, the generalized g-Apostol type Genocchi polynomials of order o and level m, and the g-Bernstein

polynomials.

1. Introduction

With the development of g-calculus in the mid-19th century,
many authors made generalizations to special functions
and polynomial families based on the g-analogs (cf. [1-
71). During this process, properties and relations have been
demonstrated and contributed to solving different kinds of
problems in other subjects (see, [8-10]).

In 2003, Natalini P. and Bernardini A. [11] introduced a
class the polynomials BL"’_” (x), considering a class of Appell
polynomials defined by using a generating function linked to
the Mittag-LefHler function (see, [12, p. 204, Eq. (2)])

Zm

Ejp(2)=—— meN. 1
1,m+1 ez _ ZZL:O] Zh/h') ( )

Kurt B. [13] did the generalization of the Bernoulli B/ (x),
Euler Emel’“](x), and Genocchi Gmel’“] (x) polynomials of
order « and level m. Tremblay R. et al. [14, 15] defined the
generalized Apostol-Bernoulli polynomials Bmel’“] (x;A) and
their properties. In [12] which has studied the unification of
Bernoulli, Euler, and Genocchi polynomials they considered

the following Mittag-Leffler type function (see, [12, p. 209, Eq.
(12)]):

(22")"
' ((ztna) /1)’ @)

meN, a,ce R, L, u,veC,

Bl () =
At + Y10

to define a extension of the generalized Apostol type polyno-
mials in x, parameters ¢, a, y, v, order «, and level m through
the following generating function:

n

Z@[MI“](x,ca/\y,) , (3)

n=0

(ECoks? ()" ¢

wherem € N,a,c € R",and a, A, 4, v € C. The numbers were
given by

@lm-1el (cas A, ;) = @Lm_l’“] (e, adwv). (4)

n

Recently a new class of polynomials has been introduced
in [16] and it provides a unification of three families of
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polynomials through the following generating function (see,
[16, p. 923, Eq. (3)]):

Zl_kzk : XZ Yz . () Z"
W eq Eq = r;;@n’ﬁ’q (X, y; k, a, b) [n—]q!, (5)
where k € Ny, a,b € R\ {0}, and o, € C. The
author named it the unified g-Apostol-Bernoulli, Euler, and
Genocchi polynomials of order o and proved some properties
for these unification.
On the other hand, in the definition of the g-Mittag-
Leffler function when o = 1, 8 = m + 1, and y = 1 lead
us to (see, [17, p. 614, Eq (1.5)])

Zm

ez - Yoy (2 1h],)

which corresponds to the g-analog of the generating function
defined in (1) and with this, new research emerged about
other polynomial families based on the g-analogs.

In [18], the authors introduced the generalized g-Apostol-
Bernoulli polynomials, the generalized g-Apostol Euler poly-
nomials, and generalized g-Apostol Genocchi polynomials
in variable x, y, order «, and level m through the following
generating functions, defined in a suitable neighborhood of
z =0 (see, [18, p. 2 Eq (8), (9), (10)])

«
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Ae m 19 (Z) 1 1

Eipii (29) = €N (o)
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_ B[m loc] ;/\ 4 ,
Z e )[n]q!
2" :
Xz pyz
(AeuTm 1q(z)> ‘a7
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= YEV O (x, y50) ——,
2m" *
Xz pyz
<AeZ+Tm1q(z)> ‘a "
)

m-la z"
_ZG[ 1](’6’)’9A)W,

where g, € C,m € N,0 < |g| < 1, and mlq(z):ez—

q
Syl ).

Based on the previous result, we focus our attention on
a new unification of the g-analog of the generalized Apostol
type polynomials of order « and level m, defined in [18], by
doing some modifications to the generating function linked
to the g-Mittag-Leffler function (6) through new parameters
following the same scheme or procedure applied by [12].

The paper is organized as follows. Section 2 contains some
notations, definitions, and properties of the g-analogs and
some results about g-analogs of the Apostol type polynomi-
als. In Section 3, we introduce the unification g-analog of
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the generalized Apostol type polynomials in x, y, parameters
A p,v € C,order « € C, and level m € N and their algebraic
and differential properties. Finally in the Section 4, we show
relations between the g-analog of the generalized Apostol
type polynomials and the g-Stirling numbers of the second
kind, the generalized g-Bernoulli polynomials of level m, the
generalized g-Apostol type Bernoulli polynomials, the gener-
alized g-Apostol type Euler polynomials, the generalized g-
Apostol type Genocchi polynomials of order « and level m,
and the g-Bernstein polynomials.

2. Background and Previous Results

Throughout this paper, we use the following standard
notions: N = {1,2,...}, N, = {0,1,2,...}, Z denotes the set
of integers, R denotes the set of real numbers, and C denotes
the set of complex numbers. The g-numbers and g-factorial
numbers are defined, respectively, by

z€C, qeC\ {1}, g° #1,

\ (10)
[t =[]k, = (11,121, [3],...[n],,
k=1
[O]q! =1, neN.
El g-shifted factorial is defined as
n—1 .
(a;q)nzn(l—q]a), neN. (11)
=0

The q—binomial coefhicient is defined by
P S— . < < .
q [ k]q! [k]q!) (n, €Ny 0<k< n) (12)

For more information about the g-standard definitions and
properties see [8, 9, 19].

Furthermore, the g-binomial coefficient satisfies the fol-
lowing identity (see [10, p. 483, Eq. (41)]):

LLE, e o

q q

The g-analog of the function (x + y)" is defined by

(x+ y)Z _ Z": [n] q(l/z)k(k—l)xn—kyk’ neN,,
(1 _ _ (a q) _ Z :| (1/2)k(k-1) ( l)k ak (14)

|
—

"

(1-4a).

.
]
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The g-derivative of a function f(z) is defined by

dof (2)  f(q2) - f(2)
D =1 = ,
.S (2) dz q-1)z )

0<|g|<1, 0#z€eC.

The g-analog of the exponential function is defined in two
ways

I
'iMe

SN I

r=o ( l—q)q z)’
0<|g|<1, z€eC, |z|<m,
- (16)
. ooq(1/2n(n 1) n 00
quzo oy 11(1+(1— qz),

0<|q| <1, zeG;

we can see that

z -z _
e-Ef=1, 17)
Ztw _ z  pw
e, =¢,-E,. (18)
Therefore,
D¢ =¢°
a9 Q’
z qz (19)
DqEq = Eq .

For any t > 0 (see, e.g., [19, p. 76, Eq (21.6)])
o t—1 —gx
L) = L x EMdx (20)

is called the g-gamma function.
The Jackson’s g-gamma function is defined by (see [10, p.
490, Eq. (2)])

(9o x
I, (x) = D (1-9)'™, o0<lg<1. (@
In (21) we have
L= Do () (1-g)”
(@"59) (22)
=[n],!, neN.

For &, 3,y € C, Re(x) > 0, Re(f8) > 0, and Re(y) > 0y
Igl < 1 the function Ez,ﬁ(z; q) is defined as (see, e.g., [17, p.

614, Eq. (1.5)])

2(q"%q), 2
P 20, ey

Notice that, when y = 1 the previous equation is expressed as

[ee] Zn
Eop(zq) = ) o (249)
p n;)l“q (an+ p)
Settingax = 1y 8 = m + 1, we can deduce
o) o) 1 & Zh
Z‘ (n+m+1) n;) [n+m],! - z’"h;n[h] !

(e - 2o ("1 114!))

Zm

The g-Stirling numbers of the second kind S(n, k), are defined
through the following expansion (see, e.g., [20, p. 173, Equ
(5.18)]):

K= NS (k) (X (26)
k=0
where
k-1
g = [[(x-n,)- (27)
n=0

Let C[0, 1] denote the set of continuous function on [0, 1].
For any f € C[0,1], the g- B, (f;x) is called g-Bernstein
operator of order n for f and is defined as (see, e.g., [21, p.
2,Eq (L.1)])

B, (f;x) = Zfr [’:]

n-r—1
] (1-q%)
q s=0
(28)

= ZfrB:l (%),
r=0

where f, = f([r],/[n],). For n,r € N, the g-Bernstein
polynomials of degree n or g-Bernstein basis are defined by

o [];

We know that ZZ éBZ j (x) = 1, then

nrl

ﬂ (1-g'x). (29)

q

n . n—j—k—1
xj_i[” J] itk r (l—th), (30)

k=0 k t=0

and using the identity (13), we have (see [21, p. 6, Eq (2.3)])
el
x! = ZH—BZ (x). (31)
k=j [ j ]q
Mahmudov N.I. [22] made a relation between the g-Bernstein

basis with the g-Stirling numbers of the second kind and the
g-Bernoulli polynomials of order «, & = k as follows:

n

Bﬁmm=fzfjsuk@%“u ). ()

j=0 q



Proposition 1. For a fixedm € N, n,k € Ny, and 0 < |q| <
1, let {B™ 2 (x, y; @)}, be the sequence of generalized g-
Bernoulli polynomials in x, y of level m. Then the following
identities are satisfied:

(1) [23, Lemma 10, Eq. (1)]

<5l

(2) [23, Lemma 10, Eq. (2)]

[k + m] IBLmkl ! (x,09). (33)

n 1 [k]q' [m-1,1]
Y q(1/2 n(n—1) z [ :| [k+—ﬂ’l]q'Bn k (0’ y’q) (34)

Now, setting k = n— k, we have

. [n],!
Y= g/ [n+m],!
(35)
" (n+m .
'Z[ k ] B (0, 334).
k=0 q
3)
i B o) (36)
S [kl T, (n— k+m+1)

Proof (see (36)). Settingx = A = 1, y = 0 in (7) and using
(25), we have

Xz

q O [m-1,1] z"
= >»B x,0;g9) —
> (z"/l"q n+m+ 1)) ,,;) " (x.0:q) [n]y!

n

e

[m-1,1] « Z
ZB (x,Oq) Z I (n+t+m+1)

n=0 [ ]q n=0"9
(37)
(1] !B,[cmfl’” (x,0;9) 2"

B o0 n q
"2 27,

L,(n-k+m+1) [n]!

(], B (x,059)

.:ig[k]

Comparing the coefficients of z"/[n] g we obtain

L,(n—k+m+1) [n],

(n] !B (x, 05 q)

"= N 9"k
§ _,;)[k]q!rq(n_hm“)- (38)

O

Notice that in (36), as l"q(n -k+m+1)=
we can get (33).

Based on the results of (2), (6), and (7)-(9) and following
the methodology given in [12], we consider the following g-
Mittag-Leffler type function:

[n—k+m]q!

(22"
ez Y (4 1Y)

(39)

wherem e N, A, u,v € C.
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3. The Polynomials 7" (x, y; A; u; ; q) and

Their Properties

Definition 2. Let m € N, n € Ny, a, A, ,v,q € C, and
0 < |gl < 1; the g-analog of the generalized Apostol type
polynomials in x, y, with parameters A, p, v, order o, and level
m is defined by means of the following generating function,
in a suitable neighborhood of z = 0,

(2¢2)" R
<M+z @, )>E

(40)
(o) n
= YT (x4 pia) oy
n=0 q

where |z| < Ilogq(—A)I when A € C\ {~1,1} and 1% := 1. The
numbers are given by
1) >

( (2"
ez + Y%t (2

Z bl (O ) o

(41)

n

q
Notice that

9Lm—l,a] (0) O; A; H; V; q) = g,[.lm_l"X] ()h [,[; Vs q) . (42)
Therefore,

T (0 kv g) = T, (0, hs s 3.4),

T2 0y b via) = T, (1 b ).

We will use this notation T ™ *(X;u;v;q) instead of

-1, C . . . .
T L’Z *I(); u; v) through the article. By comparing Defini-
tion 2 with (7)-(9), we have

(1) T (152205 15q) = B[m Yl (x,931),
9Lm_l’“] (%, ;M1 059) = E[m Lal (x,y51), (44)

T (g y L 19) = GEZ;M] (x5 1).
Therefore,

lim T2 (x5 A5 595 q)

q—1"
=g (v by ), (45)

lim G'[m Lal (0,0 A 5 v39) = Lmﬁl’“] A ).

q—1"
Clearly for m = 1, we have

T (%, ys ds s v q) =

For o = 1, we have

T (% yshpvg).  (46)

g[m—l,l]

a0 (G g) =
For m = « = 1, we have

T (x ys ds s v q) =

T (e ys s g).  (47)

T, (6 ys A s vsq) - (48)
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Example3. Whena = 1, = 0,andv = 1 wecantake A = —1.
- ggm—l,l] (x’ 0;—1; 0; l;q) _ Bgmfll (x; q) = [m]q!’

— T (x,0-1;051;9) = B (x39)

1
= [m],! (x "t i, ) , (49)

- 9£m_1’1] (x, 0; —1;0; l;q) = B[Zm_” (x; q)

B - [2]q qm+1
= [m]}! (x + 2], T 1]; .

And the numbers are as follows:

2], %
[m+ 1]q

- g (0,05 -1;051,.9) = B (q) = [l
_ g[m—l,l] (0 0:—1:0: lq) — B[m—l] (q) __ [m]q!
1 > YUs > Us 1 1 [m + 1]q’
[m L1] [m 1 0
(0,05-150; 15q) = (@)
(2], [m], g™

S m2), m+ 11

Example 4. ForanyA € C\{-1,1},m=1,a =1, =1,and
v=2

3‘50’” (x,0;41;2;q) =0, j=0,1,

2[2]
[0.1] A-1:9:g) = i
92 (X,O,A,LZ)‘Z)— A+1’ (51)
2[3],!x 2(3],1A
T3 (604152 ) = /\+q1 - /\2+2/q\+1'

Example 5. ForanyA € C\{-1,1},m=2,a =1,y = 3,and
v=1

grlL.1] L Y.2.7. ) — :
T (6043 1,9) =0, j=0,1,
64 (2]
T (x,0;43; 15.9) = 1
2 (x D=7 (52)
64[3] Ix  64[3] !
gty x,0;A;3;1;9) = 1 _ iy
3 9) A+1 A+1

The following proposition summarizes some properties
of the polynomials 7™ (x, y; A; u; ; q) which are a con-
sequence of (40). Therefore, we will only show the details of
its proofs (7) and (8).

Proposition 6. For a fixed m € N, 0 < |g| < 1, let
(T (e, s X5 s v3 )}, be the sequence of the g-analog of
the generalized Apostol type polynomials in x, y, parameters
a,\,u,v € C, order o, and level m. Then the following
statements hold:

(1) Special values: for every n € N,

T ImO (, 05 A5 s %3 q) = X7 (53)

9.Lm71,01 (0, y3 hs s %5 q) = gM/2n D) 1. (54)

5
(2) Summation formulas: for every n € N,
—1 ] L n
T (x, 0 s vq) = Y.
oLkl (55)
- gIm N O v )
grlm-1.al v |
Ty 0y hwvg) = ) B
k=0 L%q (56)

(1/2)k(k=1) grlm=1a] (3. ... k
q T s wvq) v

" n
ng—l»“] (2,05 A5 5 v39) = Z [k]
&kl (57)
TN N vg) T (2,04 99)

n—k

" on
ng—l)“] (2,05 A5 p5v39) = Z [k]

k=0 L% 1g (58)

97’” Lal (As s vs )C”,[(’”_I’O] (%, 0 A 1539) -

(3) Differential relations: for m € N, fixed a, A and n, j €
Ny with 0 < j < n, we have

DT (3,05 4 s %5 )

(59)
=[n+1], F/‘Lm_l’“] (%0, A% 9),
D;j)F/‘Lm_l’“] (%, 05 A5 p5v3.q)
[n],! (60)
=1 glmial (%, 05 A5 p5v3q) -
)
[n J]q'
(4) Integral formulas: for m € N, fixed a, A, we have
J l FImel (054 w3 %3 9) dgx
0 m— (X m—1,x (61)
T (e 02 s v ) = T (0 05 45 153 9)
(n+1], ’
J 1 grlm-Lel (%, 054 373 q) dgx
(62)
n n+1-k n+1-k
-y [”] Fimbal (3 oy, q)<x1+l —x )
- k gl e bl >
= kq [n+1-k],
T (x, 0545 457 q)
= [n], L (075?1—1,0:] (%, 05 A5 55 q) dgx (63)
+ 9‘5"71’“] A v;q)



(5) Addition theorems:

a~[m La] (x,y,/\ M»V»Q) Z[ ]

k=0 L% 1q (64)

(1/2)k(k-1) g-lm-1,a] A g k
q T (0 A v5q) v

o*[m 10c](xy,/\”,v,q) Z|: ]

k=0 L%1q (65)

PR Gl (0 3 X s s q) K,

1,0 ) !
9L L ](x,y;/\;#;V;Q) = Z |:k]
&k, (66)
o”[m La] (A s Vs )(x+y)2,
[m—1,a] y ("

gt (s \sps v q) = Z
&lkl, (67)

(f[m La] (0 )’J wrvq ) k’
" n
9£lm—1,a+ﬁ] (%, s \s w3 q) = Z ]
ko Lk (68)

| 953;1)“] (26,05 s 5 4) gl[(m—l,ﬁ] (0, 3 A5 %5 9) .

Clearly, setting x = 0 in (64), we have

T (0, 3 As ps v3.q)

o aske-n Gv[m La] (69)
= As s v;
I;) [k] (L 75q) y-.

Setting y = 0 in (67), we obtain (55)

Tl (3 05 A5 s 5 )

(70)

Setting y = 1 and x = 1 in (64) and (67), respectively, we
have

o*[m La]

X LA U 7:9)

(
i[ :| 1/2)kk1)c~[m la](XOA‘M )

(71)
T (1, y s v q)

k=0

" [n
=2 [k] T (0, s s s viq).
q
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(6) Ifa € N, we have

" n
Tl (xax — x5 q) = Z [ ]
o Lklg (72)

. q(l/Z)k(k_l)ngrf];La] (x’ 0; A; 17 q) (a _ l)k xk.

(7) The g-analog of the generalized Apostol type polynomi-
als satisfies the following relations:

Ag[m La] (1 Vi 373 q) c~[m La] (O,y;/\;y;v;q)
_ZZ[ ] OV[m 1,«] 0 y’A W7 q ) (73)
x T (4 1:059),

AT (1, 5 s s v3q)

min(n,m-1) n
+ [

] T (0, 5 s 55 q)

& Lkl (74)
S ).
Agilm_l’a] (L ys Aspsv59)
. min(ir:nfl) [n] [m La] (0, y; A 375 9) = 24
5T (75)
Eg%iﬂﬂﬁ*Wakawﬂ)”zm“
/\gr[lmq,a] (x, 0; A; ps s q)
+mm(n,m—1) [n] Tl (15 2 s 93 q) = 24
i Lk q .
& [m-la-1]

s 1 (x, - LAwwq), n=>vm.
Proof (see (73)). Considering the expression AT mel’“] (1, M

w;.q) + T (0, y; A s v; q) and using (40), we have

I:= i (AT (L ys s ps v )

n=0

n

M z
+ T 0, s L s v q) ) =K
g

n

AT (1, y s ) o
0 q

i3

8

Tl

+ ) T (0, y3 As ua) o
n=0 ‘1
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_ (242") o e Now, factoring the above expression, we get
ez + it (zl l]q!) 1
[ee]
(22)" " e > (W w1, ys As ps vs )
+ P E . n=0
Aeg + pYire (Zl/ [l]q!) ! )
(77) min(n,m—1 |:1’l:| T Zn
+ T N0, v3 As s v
Now, factoring the previous expression, we get K
« 262”)" ‘
I (2#2")" Eﬂ(}teéﬂ) :2“"‘<A (mzl(), l )
=2 e+, (2 !
Aez+ ¥yt (Zrm,) ) T\ 2 i X (/105
- o e Aez+ Yt (210!
= 22575"’1’“] (0, y; A 3 %5q) Ll q Qum (81)
" ’ (78) 00 n
&) n 0 n - 4
01 (1. 1.0.0) 2 _ " = 20N g (0, i s ps vy q) ——
. Zog‘n (A 1;0;9) i Zozkzo [k] ZO (0, 5 A5 g5 %5 q) il
n= n=| = q

'ng

s g g3 L

Comparing the coefficients of z"/[n] g'in both sides gives the

T 0, s A s s q) T (M s 05.q)
result. »
This completes the proof. . [Z] -
nl,!
Proof (see (74)). By using the relation (see [23, p.5, Lemma 6])
m—1 0 n Comparing the coefficients of z"/[n] gin both sides gives the
Z z Z g [m-1a] (0, y; As s s z result
, A5 v3q) :
) U P! [nlg! This completes the proof.
(79)
gomin(rm-1) 'y ot z" Proof (see (75)). Let
=2 k] T (0,5 #s%q) f
n k=0 q q
(o]
and (40), we have I:= Z AF/',[:"%’“] (L ys Aspsv3.9)
n=0
oo ) (82)
2\ AT s ds s v q)
n=0

min(n,m—1) n
+ [

m—1,x z
k] T ](O,y;k;u:v;q)> i
k=0 q
min(n,m-1) n n
+ G'[m Ll 0, ps s s s z
I; [k] (0, y3 A 3 %5 q) _

q Using (40) and (79), we have

= Ag[m la] 1 ,A ,'V, n n
;) (L dipsvia) ooy Z 1= $ag e (1,0, ) o
(80) n=0 q
g[m 1,«] (0 /'V)A 1% q) o0 min(mm-1) [y Z"
nzo [ ]q L) [k] T Oy dipsvia) o
n=0 k=0 ‘1
N « -1 I i
24 K
My ) B Y 5
Aeg + X1 (211 101,!) = [l

(o)
= Y AT (L, yi ds s v ) —

Zl
ol T
. < (Zﬂzv)m > oo 00
Aez+ 3t (Zrmg) )

Z?/'Lm b (0, y; A5 s v

n=0




8 Abstract and Applied Analysis

\ (2”z”)m “ —_— m-l /1 Using (40) and (79), we have
) Aez + X L& my) = [1g! o
N I—Z/\F][m 1“](x,0}tpt,v,q)
' < (242") B = (2h2)" n=0 nlg!
Ae? + Z;:_l 2/, 1 co min(n,m=1) [ 4
i+ 2 (0 D) [ T (6 =155 5 .9)
< (242")" >a =P
’ z m—1 n 00 n
Aeq + ZI:O (Zl/ [l]q') . [ ] _ ZAg[m 1] (x)o A; i V)‘Z)
nl,!
z m-1(_1 | q n=0 ‘1
e <)Leq + Y (2 [l]q.)> L (87)
q vym m— o] n
(2¢27) + Z—Z?]mel’a] (%, —-L; A% 9) Z
a—1 =0 [ ]q!n:O [n]q'
(2(421/)"1 o
= 2K - E). 2M )" mol
(Aeg+zl’201 (z/m,) 1 :/\< - (m_1 )l e+ ZZ_'
(83) Aeq + Zl=0 (Z / [l]q') 1=0 [ ]q'
(22") -
Th f y t : m— € N
erefore, we ge MZ + leol (zl/ [l]q!) 11
nevm hen, factoring the above equation and using (17), we have
I_2ym O[m 1,a—1] 0, ;/1; SV t > g q g >
Z (0, y5 25 3 %1.9) T
(2"2")
- X [n+ vm| Lo I = #mm —
=2" Z [, i T (0, ys A s v q) (Aeg + Y0 (2 11,)
(84) 2 e
Zn+vm Hm . exz )Leq + Zl:ol (zl/ [l]q') ) l (88)
n+wvml]! vm],! T ; O[n vm], 1 (2uz")™ e
o-m-1,a-1] z" (ZMZV)’" -
- v (0, y; A; M; Vs q) [n] ' — zymzvm esz—z.
9 Aez + Yt (21 11,)) 4
Notice that Therefore, we get
[m-1,a-1] VP n+vm
T, (0, 33 A5 53 9) (35) 2%29‘“” bl (e, =15 A5 s v,q) z
= O,...,F]er:;o;;l] (0, Vi As s v;q) =0. "0 q
n+vm
L .]q T (61 A5 %,.9)
Comparing the coefficients of z"/[n],,! in both sides gives the o g
result. o o [], ! (89)
This completes the proof. B _pum . S
[n+vm],! o [ —ym] |
Proof (see (76)). Let .
cgmeLell (1 s Z—
I:= AT (o 05 4 s v
n;) < " (x wivia) Notice that
min(nm-1) [ 4, ,7[m_1’“_1] (x, -L;A; 5 v; q)
) [ k] R CRR DT q)> (86) ’ (90)
k=0 q =0,..., 7 b (e 1 A s %) = 0.

- Comparing the coefficients of z"/[n] 4} in both sides gives the
[n]q' desired result.
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This completes the proof.
Remarks 7. Setting y = 1, v = 0, A = 1 in (75), we obtain
T (1, s 1513059)

min(n,m—1)

n
+ 0y [ ] T (0, 551;1;0,9)  (91)
k=0 k q

=2mgim el (0, 4:15150)

Note that (91) is equivalent to [23, Lemma 6, Eq.2].
Substituting » = 0 in (75), we obtain

AT, (1, 33 hs 5 05 )

min(n,m-1) n )
+ Z [k] 951’,: “1 (0, y3 A 13 05 9) (92)
k=0 q

= o¢mgmbetl (o) o Xs s 05 q) .
(8) For n € Ny, n > vm, we have

[n— vm]q!

= qum [n]q!q(l/z)(n—vm)(n—vm—l)

n—vm

y

X </\9‘L'"“’” (L ys Asps %) (93)

min(n,m—1)
+

n

k

Tt (0, s s w,q)>

k=0 q

Proof (see (93)). Putting « = 1 in (75) and using (54), we
obtain

AT (L ys A s v q)

min(n,m—1) n
+ L T 0,y A s 75 q)
q
94)
[n],! (
Tlm-1.0] (0, y; A s v;.q)

| T n-vm

k=0

= pHm
[n— vm]q

>

_ 2;4m [n]q! (1/2)(n—vm)(n—vm—l)ynfvm
[n—vm] g
then

[n— vm]q!

= oum [n]q!q(l/z)(n—vm)(nfvmfl)

X </\ng—1,1] (Lys A q) (95)

mm(nm 1)
[ ] T 0,y ks nq) .

This completes the proof.

4. Some Connectlon Formulas for the
Polynomials 7™ (x, y;1;v39)

In this section, we introduce some formulas of connection
between the g-analog of the generalized Apostol type polyno-
mials 72 (x, y; A; s ; q) and the generalized g-Bernoulli
polynomials of level m, the g-Stirling numbers of the second
kind, the generalized g-Apostol type Bernoulli, g-Apostol
type Euler, g-Apostol type Genocchi polynomials of order «
and level m, and the g-Bernstein polynomials.

Proposition 8. Forn, j,k € Ny, m € N, and 0 < |g| < 1, the
q-analog of the generalized Apostol type polynomials of level m
is related to the generalized q-Bernoulli polynomials of level m
and the g-gamma function

FImel () ys s s s q)

2201 L

(96)
gD g1 (0, 3 X s q)
B (x,059),
o-lm-1,a] s v - ok
‘/n (x,y, ,,M:V’Q)_ZZ H
j=0 k=0 -] q
i1 151/2iG-D
.Uhq' (97)
k]!
g[m 1,a] (0 y,A v, q)B[m 1,1] (x’() q)
: L,(j-k+m+1) ,
o-lm-1,a] Y = Sk
‘/n (X,)/, ,‘Li,'V,q) ZZ H
j=0k=o L] g
(98)

3]0 (x, 0 A5 s vs q) B (0, 3.9)
[+ m— k], k]!

Proof. We only prove (97). Substituting (36) into the right-
hand side of (65), we have

" In
FU (b vig) = Y. [ ]

j=0 q

1/2)j(j-1 m-1l.a
. gUDIGD gl 11(0 Vi A5 1573 9)

i 1B (x0q)
' ?Fq(j—k+m+1) ZZH

k:O[k j=0k=0 q

(1/2)j(j- 1)9[m la](

-q 0, y3 As 5 5.9)
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[, B (5, 050) @
T, (j-k+m+1) ZZ[ ]

Jj=0k=0 q

: (1/2)j(j-1)
il
[k1,!
T (0, ys As ps v q) B (x,05.q)
' L(j-k+m+1) ’

(99)

O

Proposition 9. Forn, j,k € Ny, m € N, and 0 < |q| < 1, the
q-analog of the generalized Apostol type polynomials is related
to the g-Stirling numbers of the second kind S(n, k; q) by means
the following identities:

n Jj n
ng—l,a] (%, s \sps v3q) = Z Z [ :|

j=0k=0 LJ

q
(100)
. gV l)a[m Y0, y; A 15%3.9) S (G ks )
‘ (x)q;k >
n o Jjn
Tl (e 05 s s v3 ) = 3 [ ]
ko Lily (101)

LTI (s 5 93.9) S (ks @) () g -

Proof. Substituting (26) into the right-hand side of (55) and
(65) gives the results. O

Proposition 10. For n,k € Ny, m € N, and 0 < |g| < 1,
the q-analog of the generalized Apostol type polynomials is
related to the generalized q-Apostol-Bernoulli polynomials, the
generalized g-Apostol-Euler polynomials, and the generalized
q-Apostol-Genocchi polynomials by means the following iden-
tities:

AT (1, y5 s s v q)

k

min(n,m—1) n Gv[m La]
(0, 5.4 ;v )

k=0 q

~ n—m [n]q! (102)
Z [ L [n—m]q!

T 0,75 s v ) B, 5 (),

n-m—-k

Abstract and Applied Analysis

AT (1, yds s v q)

min(n,m—1) [ n

] T 0,y 4 s v;.9)

’ k
k=0
1 (103)
o
_2'"2[ ] T 0.3 M»%q)—
klg!
-6 (ki g),
min(n,m—1) n
A?/‘Lm_l’a] (LysAspwsvsq) + Z [k]
[m 1L« = [n—m
T e (0, 3 s 3 v39) =
oL k q (104)
[n],! [
—9‘"1 0, y; A s
] (0, y3 A v39)
-6 (hq), nzm.

We will only show the details of the demonstrations of
(102) and (103).

Proof (see (102)). Using (40) and (79), we have
=) (Aﬂm_l’“] (L ys s ps %5 q)

n=0

min(n,m—1)

_ " grlm-1al z
2 [J mij%)>wl

q

00 (m—La] 2" m—1 zl
=;)A9n (L ys s s v3q) q'-;m

(105)

[m-La] S T z
ZO\ (O’y’A”Au’v’q) [n]|

(@2)"

=1
(Aeg + Y (21

(242°)" -
(uuz Yy )) B

Now, factoring the above equation and using (7), (40), we get
(212"

I1=Z"
(Aeg + Yt (2, )
OES Y CIIR)
E;’ ( [l T 1

S;]m IOL](

M8

0, y; A H»WJ)

n=0 q



Abstract and Applied Analysis

k

o n L]
= g (0,33 X p57:9) ——
,;);) (k]!

(m11] Zn—k+m
-8 A;
n—k ( q) [T’l k]
(106)
Then, we get
00 n-m k
m 1,a] 4
= 0,y A p13q) =
ank:o YA psv39) ],
%[m 1,-1] (A ) nik
n-m-k [n m— k] !
(107)

Xnmly—m [n]q!
2

q

m-1,a m z"
~P/“,[< ! ](O,y;/\;y;v, )%L mlkll( 5q)
[n],!

Comparing the coefficients of z"/[n] g'in both sides gives the
result. O

Proof (see (103)). Using (40) and (79), we have

I:= Z <A9[m_1’“] (L ys Aspsv3.9)

mm(nm 1) Zn
[ ] T 0,y s v q) |

[n],
00 L n -1 Z
:Zlym oc](ly)/\!,{,vq) '+ [N
n=0 =0 q°

(108)

n

m—1,x z
Zo[ 1, ](0 V3 As s 3 )[n] '
n=0 q'

2 m “ m-1 _|
=1 (m—zl ) eZEé’Z LY 2 '
Aeg + X1 (zl/ [l]q!) = 14!

@)\ e
Aez+ Yrt(/m,) ) T

Now, factoring the previous equation and using (8), (40), we

get
o (2¢2")" )
(mz "y >>

o (22 )
q om

1
= 2'”29”['" (0, 545 %%L])
n=0 ‘1
Y () ) 2
;) (X q) il
0 n k
="y ZJ 210, 3545 55 q) —— K
n=0 k=0
(m1,-1] n—k
LElmb
(’n—k ( ) I’l k] |
(109)
Therefore, we get
0 n n _— k
I=)>2" .Ofm 0, y3 As s
Z()];)[kq (0 st q)[k],
(110)
G[m 1,-1] A

Comparing the coefficients of z"/[n] gin both sides gives the
result. ]

Proposition 11. For n, j,k € Ny, m € N, and 0 < |q| < 1,
the q-analog of the generalized Apostol type polynomials is
related to q-Bernstein basis B;(x; q) by means of the following
identities:

Fmel (0, A 139

35

j=0k=0 q (111)
T (A s v q) By (x59)
n i Tk +
m[mla](x y))L [4,7’>Q) ZZ ]:|
j=0k=0 q (112)

(1/2)j(j—1)9~[m71,a] (0 ¥
n_] bl b

q A s v3q) By, (x:9) .-

Proof (see (111)). Substituting (31) into (55) we have

T (305 A 3 v3.q)

k

-y [quum@ziunm
j=0 L]y, k=j ]]q

T (A s v q) By (x59)

"k (113)
]

q

o [k + J o-[m—1,a] n
T (B viq) B (x:9) .-
q

j=0k=0 L J
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Proof (see (112)). Substituting (31) into (65) we have

" [n
Ty ey s viq) = ) [ ]

j=0 q

. n (5]
. q(l/Z)(])(]_l)gLT;l’“] (0’ s )L; 15 3 q) Z [r} q
k=jLJ1q

—~

B (vq) = zzH

(114)
J=0k=j
.q(l/Z)(J')(jfl)gerJfLa] (0’ yi A 3 3 q) BZ (x; q)
530
j=0 k=0 ] q
.q(l/Z)(J')(j g [m La] (0 yi A 3 3 q) Bzﬁ (x; q).
O

Proposition 12. Forn,k,j € N, m e N, and 0 < |gq| <1

nkn—k] [n o
B (x:q) = xkz [ j ] [k:| 9753(_1] 1 A vsq)
=0

q g (115)

. 975.’"_1’1] (L—x; A\ s v59) .

Proof (see (115)). The g-Bernstein basis is defined by means of
following generating function:

k_k
&z —XZ ZBk(-xq

[k, (116)

Using the left-hand side of the previous equation and (40), we
have

ok — ok <e2 -y (zh/ [h]q!) )

[ TN @ 2)"

| (2'2)" ppe X2
- (/) ) T Kl

n

-ZJ['” S Hiia) o
=0 "y 117)

0 i k
Y T (1, g A s 5 Q) e =
27 HRANCN

n+k

ST ) 2
n=0

N grlmL] !
.Z./j (L=-x M%) F
j=0 ]]q-
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Therefore, we obtain

xkzk z —xz_ &k G»[ml 1] .
rzZ ZZ e (A s v3q)

[k, 7

n—j
< grlm=11]

n—k=j]7

5

nky—k
2
n=k j=oL J

2
(L-x A mv9) ——
1],
(118)
n

L gL (4 s vs.q)

n—k—j
q

q

_ z
glm=t1 1, =x; A; w3 v;
i #:7:q) il

Comparing coefficients the z"/[n] g we obtain

nkin—k] [n
k glm=1-1] (y. . ..
B} (x;q) = x Z[ ] [ ] Tl (s viq)

q g (119)

. 9?"71’1] (1, —x; A5 5 v; q).
O

Corollary 13. Forn, j,k € N,,0 < k < j<nm e N, and
0 < |gl < 1, one has

Z[J] $(ksa) BY, (1, -x0)

ZH

. F];m_l’l] (L-x; A m5%9).

n

k
a9

(120)

T s %)

Proof (see (120)). Substituting (32) into the left-hand side of
(115), we obtain the result. O

Data Availability

No data were used to support this study.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

References

(1] L. Carlitz, “q-Bernoulli numbers and polynomials,” Duke Math-
ematical Journal, vol. 15, pp. 987-1000, 1948.

[2] J. L. Cieslinski, “Improved q-exponential and q-trigonometric
functions,” Applied Mathematics Letters, vol. 24, no. 12, pp. 2110-
2114, 2011.

[3] T. Ernst, “g-Bernoulli and g-Euler polynomials, an umbral

approach,” International Journal of Difference Equations, vol. 1,
no. 1, pp. 31-80, 2006.



Abstract and Applied Analysis

[4] M. Garg and S. Alha, “Una nueva clase de polinomios q-
Apostol-Bernoulli de orden a /A new class of q-Apostol-
Bernoulli polynomials of order a,” Revista Tecnocientifica URU,
vol. 6, pp. 67-76, 2014.

[5] T. H. Koornwinder, “Special functions and g-commuting vari-
ables,” https://arxiv.org/abs/q-alg/9608008, 1996.

[6] Q. M. Luo, “q-Extensions of Some Results Involving the Luo-
Srivastava Generalizations,” Filomat, vol. 28, no. 2, pp. 329-351,
2014.

[7] Q. M. Luo, “Some results for the g-Bernoulli andq-Euler poly-
nomials,” Journal of Mathematical Analysis and Applications,
vol. 363, no. 1, pp. 7-18, 2010.

[8] T.Ernst, The History of q-Calculus And A New Method, Depart-
ment of Mathematics, Uppsala University, Uppsala, Sweden,
2000.

[9] G. Gasper and M. Rahman, Basic Hypergeometric Series, vol. 96,
Cambridge university press, Cambridge, UK, 2004.

[10] H. M. Srivastava and Ch. Junesang, Zeta And q-Zeta Functions
And Associated Series And Integrals, Editorial Elsevier, Boston,
Massachusetts, 2012.

[11] P Nataliniand A. Bernardini, “A generalization of the Bernoulli
polynomials,” Journal of Applied Mathematics, no. 3, pp. 155-163,
2003.

[12] P. Hernandez-Llanos, Y. Quintana, and A. Urieles, “About
Extensions of Generalized Apostol-Type Polynomials,” Results
in Mathematics, vol. 68, no. 1-2, pp. 203-225, 2015.

[13] B.Kurt, “Some Relationships between the Generalized Apostol-
Bernoulli and Apostol-Euler Polynomials,” Turkish Journal of
Analysis and Number Theory, vol. 1, no. 1, pp. 54-58, 2013.

[14] R.Tremblay, S. Gaboury, and J. Fugere, “A further generalization
of Apostol-Bernoulli polynomials and related polynomials,”
Honam Mathematical Journal, vol. 34, no. 3, pp. 311-326, 2012.

[15] R. Tremblay, S. Gaboury, and B. J. Fugere, “A new class of gen-
eralized Apostol-Bernoulli polynomials and some analogues of
the Srivastava-Pintér addition theorem,” Applied Mathematics
Letters, vol. 24, no. 11, pp. 1888-1893, 2011.

[16] B. Kurt, “Notes on Unified g-Apostol-Type Polynomials,” Filo-
mat, vol. 30, no. 4, pp. 921-927, 2016.

[17] S.K. Sharma and R. Jain, “On some properties of generalized g-
Mittag leffler;” Mathematica Aeterna, vol. 4, no. 6, pp. 613-619,
2014.

[18] N. I. Mahmudov and M. E. Keleshteri, “g-extensions for the
Apostol type polynomials,” Journal of Applied Mathematics, Art.
1D 868167, 8 pages, 2014.

[19] V.Kac and P. Cheung, Quantum Calculus, Science and Business
Media, Berlin, Germany, 2001.

[20] T. Ernst, A Comprehensive Treatment of q-Calculus, Springer
Science and Business Media, Berlin, Germany, 2012.

[21] H. Orug and G. M. Phillips, “Bernstein polynomials and Bézier
curves,” Journal of Computational and Applied Mathematics, vol.
151, no. 1, pp. 1-12, 2003.

[22] N.I. Mahmudov, “On a class of g-Bernoulli andq-Euler polyno-
mials,” Advances in Difference Equations, vol. 1, p. 108, 2013.

[23] N.I Mahmudovand M. E. Keleshteri, “On a class of generalized
g-Bernoulli and g-Euler polynomials,” Advances in Difference
Equations, vol. 1, 2013.

13


https://arxiv.org/abs/q-alg/9608008

