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The aim of this paper is to derive existence results for a second-order singular multipoint boundary value problem at resonance

using coincidence degree arguments.

1. Introduction

In this paper we derive existence results for the second-order
singular multipoint boundary value problem of the form

O =f(Lx®,x ®)+g@®), 0<t<l,

x (0) =0, M

m-2
x(1)= Y ax (&),
i=1

where f: [0,1] X R?> > R is Caratheodory’s function (i.e.,
for each (x, y) € R® the function f(-, x, y) is measurable on
[0,1]; for a.e. t € [0, 1], the function f(¢,-,-) is continuous on
R?). Let& € (0,1),i = 1,2,...,m—2,0< & <& <--- <
£, < g € (0,1)i=12..m-2and Y’ a =1,
where f and g have singularity at t = 1.

In [1] Gupta et al. studied the above equation when f
and g have no singularity and Z::Z a; # 1. They obtained
existence of a C'[0,1] solution by utilising the Leray-
Schauder continuation principle. In [2] Ma and O’Regan
derived existence results for the same equation when f and
g have a singularity at t = 1 and Z:ZIZ a; # L. They
also utilised the Leray-Schauder continuation method. These
results correspond to the nonresonance case. The purpose of
this article is therefore to derive existence results for (1) when
Y7 %a = 1 (the resonance case) and when f and g have

a singularity at t = 1. We shall employ coincidence degree
arguments in obtaining our results. In this case, the methods
used in [1, 2] are not valid.

Research on singular differential equations is important
because singular differential equations are useful in the
modeling of many problems in the physical and engineering
sciences; see [3].

In general singular boundary value problems can be dif-
ficult to solve because they may blow up near the singularity.
The existence and multiplicity of solutions for second-order
nonsingular boundary value problems have been extensively
studied by many researchers. However to the best of our
knowledge the corresponding problem for second-order
differential equations at resonance and with a singularity
had not received much attention in the literature. For recent
results in these directions see [1, 2, 4-9] and references
therein.

The rest of this paper is organised as follows. In Section 2,
we present some definitions, lemmas, and theorems neces-
sary for obtaining our main results. In Section 3, we derive
some lemmas and the main theorem. In what follows we shall
utilise the following assumptions:

(A0) For&; € (0,1),i=1,2,...
&,,<land ZZ;Z a; =1
(A1) There exist a(t), c(t) € L'[0,1] with (1 — Ha(t), (1 -

H)c(t),b(t) € L'00,1] and [ftx,v) < a®)lx| +
bt)lyl +c(t),a.e,t € [0,1],(x, y) € R2.

m=2,0<§ <& <0<


http://dx.doi.org/10.1155/2017/8579065

(A2) g:[0,1] — Ris such that [, (1 - )| g(t)| < co.

2. Preliminaries

In this section we state some definitions, theorems, and
lemmas that will be used in the subsequent section.

Definition 1. Let X and Z be real Banach spaces. One says
that the linear operator L : dom L ¢ X — Z is a Fredholm
mapping of index zero if KerL and Z/ImL are of finite
dimension, where Im L denotes the image of L.

As a result of Definition 1, we will require the continuous
projections P : X — X,Q : Z — Z such that Im P = Ker L,
KerQ = ImL, X = KerL® KerP, Z = ImL ® ImQ, and
Llgom rrkerp : dom L N Ker P — Im L is an isomorphism.

Definition 2. Let L be a Fredholm mapping of index zero and
Q abounded open subset of X such that dom LNQ # ¢. The
map N : X — Zis called L-compact on €, if the map QN (Q)
is bounded and K (I — Q) is compact, where one denotes by
K, :ImL — dom L N Ker P the generalised inverse of L. In
addition N is L-completely continuous if it is L-compact on
every bounded Q) ¢ X.

Theorem 3 (see [10]). Let L be a Fredholm operator of index
zero and let N be L-compact on Q. Assume that the following
conditions are satisfied:

(i) Lx # ANx for every (x,A) € [(dom L\ Ker L) N0Q] x
(0,1).
(ii) Nx ¢ Im L, for every x € Ker L N 0Q).
(iii) deg(QNlgerrnan> 2N Ker L,0) # 0,
with Q : Z — Z being a continuous projection such that

KerQ = Im L. Then the equation Lx = Nx has at least one
solution in dom L N Q.

In what follows, we shall make use of the following
classical spaces, CI[0,1], C'[0,1], L'[0,1], and L*J[0,1].
Let AC[0,1] denote the space of all absolute continuous
functions on [0,1], AC'[0,1] = {x € C'[0,1] : x'(t) «
AC[0, 1]}, LiOC[O,l] = {x Xl € L'[0,d] for every
compact interval [0,d] <€ [0, 1)}.

ACIOC[O’ 1) = {x : xl[o’d] € AC[O, d]}

Let Z be the Banach space defined by

Z={yeLy [0,1):1-y®) el [0,1]}, ()
with the norm
1
bl = | a-olyola. ®
Let X be the Banach space

X:{xeCl[O,l):x
(4)
eClo,1], tlir{{ 1-0)x () exists} ,
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with the norm

lxllx = max {lxllo, , | (1 =) <" )] .}
(5)

where |[|x]l,, = sup [x(t)].
te(0,1]

We denote the norm in L'[0, 1] by || - Il;. We define the linear
operator L : dom L ¢ X — Z by

Lx = x" ®), (6)

where dom L = {x € X : x'(0) = 0, x(1) = Z;gz a;x(&;)}
and N : X — Z is defined by

Nx = f(tx(t),x (1) +g(t). (7)
Then boundary value problem (1) can be written as
Lx = Nx. (8)
Lemma 4 (see [2]). Let y € Z. Then

(i) [ y(s)ds € L'[0,1].
(ii) lim, _,-(1~ 1) [} y(s)ds = 0.
Lemma5. Iy % a; = 1 then
(i) KerL={x edom L:x(t)=c, ce R, te[0,1]}
(i) ImL={yeZ: Y 7a |, [, y@)drds = o}

(iii) L : dom L ¢ X — Z is a Fredholm operator of index

zero and the continuous operator Q : Z — Z can be
defined by

t m-2 1 ps
Qy = ¢ a,-J J y(r)dtds, 9)
hiq g do

whereh = Y7 P ajle + & — % —1] #0.

(iv) The linear operator K,:ImL:— dom L N Ker P can
be defined as

K,y = Jt r y(t)dtds. (10)

0 Jo

W) IKpylix < Iyl forall y € Z.

Proof. (i) It is obvious that

KerL={x edom L:x(t)=c, c€R}. 11)
(ii) We show that
m=2 1 ps
ImL:{yeZ: Zaij J y(‘r)d‘rd5=0}. (12)
im & Jo

To do this, we consider the problem

)=y, (13)
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and we show that (13) has a solution x(¢) satisfying x'(0) =
x(1)=Y" ; a;x(&;) if and only if
m—2 s
J- J- y(r)drds = (14)
- .

i=

Suppose (13) has a solution x(t) satisfying x'(0) = 0, x(1) =
> Za. .x(&,); then we obtain from (13) that

x(t) = x(0) + L LS y(r)dtds, (15)

and applying the boundary conditions we get
m=2 & s 1 s
aij j y(r)drds = j j y(@drds,  (16)
= Jo Jo 0 Jo
since Z::z a; = 1, and using (i) of Lemma 4 we get
m=2 1 ps
a; J J y(r)drds =0. 17)
=1 95 J0
On the other hand if (14) holds, let x, € R; then x(¢) = x, +
_[Ot L: y(t)dt ds, where y € Z and x'(t) € AC,,.[0,1). Then
from Lemma 4 Jot y(r)dr € L'[0,1] and lim,_,;-(1 - ' (t)
=lim,_,,-(1-1) _[Ot y(r)dt = 0. Hence
) =y@). (18)

(iii) For y € Z, we define the projection Qy as

:%z JJ (drds, tel0,1], (19

where h = Y7 > afe + & — % — 1] # 0.
We show that Q : Z — Z is well defined and bounded.

e m 1
1y (0)] < 72 af [ -9ly]ds
i=1

- i 2 lalbAL ],

lyl, < | a-v]Qy®]|dt (20)

< —

; all, [ a-nela

1 m—2 ;
= W Z |ai| ”)’”z ”e "Z
i=1
In addition it is easily verified that

Qy=Qy, yeZ (21

We therefore conclude that Q : Z — Z is a projection. If
y € Im L, then from (14) Qy(t) = 0. Hence Im L € Ker Q. Let
¥y, =y — Qy; thatis, y, € Ker Q. Then

m—2

a,J- J-yl (r)dtds
<,

i=

m-2 1 rs m=2 ~1 1
1 (22)
a; T)drds - — J J T)dtds
i=1 Lijoy() hi; 5 0)’()

~h=0.
Thus, y; € Im L and therefore Ker Q € Im L and hence Z =
ImL+ImQ =ImL+R. It follows that since Im LN R = {0},
then Z = Im L ® Im Q. Therefore
dimKer L = dimImQ = dimR = codimImL =1. (23)

This implies that L is Fredholm mapping of index zero.
(iv) We define P : X — X by

Px = x(0), (24)

and clearly P is continuous and linear and P’x = P(Px) =

Px(0) = x(0) = Px and Ker P = {x € X : x(0) = 0}. We now
show that the generalised inverse K, : Im L — dom LNKer P
of L is given by

t s
pr:J J y(t)dtds. (25)
0 Jo
For y € Im L we have

(LK,) y &) = [(K,») 0] = y ) (26)

and for x € dom L N Ker P we know that

(K,L)x (t) = Lt L ¥ (1) deds

= r (t —s)x" (s)ds (27)
0

=x(t)—x (0)t - x(0) = x(t)

=0, and Px = 0.
=)
= (leom LﬂKerP) .

since x € dom L N Ker P, x(0)
This shows that K o

v)

”prnoo < max J (t-ys) ly (s)|ds

te(0,1]

1
< j -9l Olds<lz. o

< maxj (l—s)|y(s)|ds

00 te(0,1]

|o-0 ()]

<Iyllz-



We conclude that
[ < I (29)
Lemma 6. The operator N : X — Z defined by

Nx(t) = f(Lx(®).x (1) +g(), te(©1)  (30)

is L-completely continuous.

Proof. Suppose Q is an open bounded subset of X. Let R, =
supillx|lx : x € Q}. From condition (Al) and each x,, € Q we
have

INx, (®)] <|f (), x, 1), x, <t)l +lg @)

<a(t)R, +b(t

lgw| GV
=¢().

We can deduce from (Al) and (A2) that ¢(t) € Z:

t m=2 1 ps
|QNx (t)| = aij J Nx, (t)drds
0

1
|al-| Jo (1-5s) |an (x)l ds |et|

' t
|| Jo (1-5)|g(s)|ds |e |
(32)
"(P”Z 'e | te (0> 1) >
! t
vz, < 7 2 Z o ol j (1- 1) |e!|de
=i 2 Z @l ol '], -

This shows that QN(Q) is bounded in Z and QN is
continuous by using the Lebesgue Dominated Convergence
Theorem. Next we show that K ,N(Q) = Kp(I - QN(Q) is
compact.

By using (31) we derive

|KPN (t)l J (t-s) |Nx (s)|ds

sj (1-9)|ps)|ds = |g|,
0
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[Nx, (£) - QNx, (O] < [N, (£)] + |QNx, (£)]

<lol+ 53 lallol.

=, (1),
|KpoNx, ()] = [K, (Nx, — QNx,) ()|

< Kpar, (t) < |||, -
(33)

This indicates that the sequence {KpNx, (Q)} is uniformly
bounded in C[0, 1]. Also for ¢t € [0, 1)

(1= 1) (KpoNx,) ()
I(l—t)J (Nx, (s) = QNx, (s)) ds (34)

1
< J (I-s)a,(s)ds < ||oc,||z.
0

Hence the sequence Kp,Nx,(t) is bounded in C[0, 1] and
lim,_,;-(1-1)(KpoNx,)'(t) = 0. Thus K N, (t) is bounded
in X.

Next we show that the sequence {Kp,Nx,(t)} is equicon-
tinuous. Let ¢, ¢, € [0,1],t; < t,; then

|KP,an (t2) - KP,an (tl)l =

t2
J (KP’Qan)’ (s)ds
t

< Jtz JS |(Nx, (1) - QNx,, (1))| dr ds (35)
0

t

0

ty s
< J J a, (t)drds,
ty

for every t,,t, € [0,1]. By (i) of Lemma 4 fos a(t)dr €
L'[0, 1]. Thus the sequence {KpoNx,(t)} is equicontinuous
on [0, 1] and by Arzela-Ascoli Theorem is convergent. Next
we prove that the sequence {(1 — t)(KP,Qan)'} is also
equicontinuous on [0, 1]. We have for t € [0, 1]

|[(1 — 1) (KP,Qan)I (t)]ll

= |- (KpoNx,) (1) + (1-1) (KpoNx,)" ()]

(36)
+](1 - 1) Nx, (1)

J (Nx, (s) - QNx,, (s)) ds| +

< Jo a, (s)ds+(1-t)e () =y (t).
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Using (i) of Lemma 4 and the fact that &, (t) and ¢(t) are in Z
we conclude that y(t) € L'[0, 1]. Therefore

'(1 —t;) (KP,Qan), (t;) - (1-1,) (KP,Qan), (t1)|

Lz [(1-9) (KpoNi,)' (5)] ds

1
t

S J
ty

The sequence {(1 — t)(KP,Qan)'(t)} is therefore equicon-
tinuous on [0,1) and therefore converges to some (1 —
t)(KP’QNxO)'(t) € C[0,1] with lim, ,-(1 - [ -
t)(KpoNx,)'(t)] = 0, € [0, 1).

We then conclude that Kp, is relatively compact and
since QN (Q) is bounded we conclude from Definition 2 that

N is L-compact on every bounded subset Q) of X and hence
N is L-completely continuous. O

(37)

[(1 - 9) (KpoNx,) (5)]

t
ds < J y(s)ds.
t

3. Main Result

In this section we will state and prove the main existence
results for problem (1).

Theorem 7. Assume that the following conditions are satis-

fied:

(H1) There exists a positive constant B, such that, for each
x € dom L, if |x(t)| > By forallt € [0, 1] then

m=2 1 s
= aij JO [f (T)X(T),x' (T)) +g(T)] drds (38)

i=1 i

(H2) There exists a positive constant B, such that for c € R
and |c| > B, either (i) QN(c) = 0 or (i) QN(c) < 0.

Then (1) has at least one solution in X provided
1
lall + 1ol < 3 (39)

To prove Theorem 7, we first establish some lemmas.

Lemma 8. Let O, = {x ¢ dom L\ KerL : Lx = ANx, A €
(0, 1)} then Q, is bounded in X.

Proof. Letx € Q;. Welet Lx = ANx,0 < A < 1. Since A # 0
it is clear that Nx € Im L = Ker Q; hence QNx = 0 for all

t € [0, 1]. Therefore by assumption (H1) there exist ¢, € [0, 1]
such that |x(¢,)| < B,. Now

Lt LS x" (1) drds = J:O (ty—s)x" (s)ds

(40)
=x(t,) - x(0)
[Px]lx = |x (0)]
t
= |x(t,) + J (ty—s)x" (s)ds
. (a1)
< |x (tO)l + J (1 - 5) |x” (S)' ds
0
< By +|ILx|; < By + [INx] 5.
We note that (I — P)x € dom L n Ker P:
I(I - P)xlly = |[KpL (I - P) x| < |[KpLx|x )
< |ILx|l; < [INx] .
From (41) and (42) we get
lxllx = IPx + (I - P)x[lx < [IPx|x + (I - P)xllx )
< B, +2|Nx|,.
From the definition of N we obtain
1
Nl = 10 -0 N Ol = | (1)
Jf(x@),x' @) +g@)]dt
1
44
< L [(1-a@x@l+bOI0-0x @ @D
+ (=0 |r @)+ 1 -1)|g®)]] dt < llall
Nxlleo + 181 (=0 x|+ Il + | gl -
From (43) and (44) we get
lxllx < By
(45)
+2 [llallz Ixlx + 1Bl lxllx + lI7ll2 + ||g]l ] -
Since 1 - 2[[|all, + [|bll;] > 0 we obtain that
B, +2|rlly 2|gll,
llxllx < . . (46)
T 1-2[lallz +16l] " 1-2[lal, + bl ]
Therefore ), is bounded in X. O

Lemma 9. The set Q, = {x € KerL : Nx € ImL}isa
bounded subset of X.

Proof. Let x € Q, with x(t) = ¢,c € R. Then QN(c) = 0

implies N(c) € Im L = Ker Q. We therefore derive from (H2)
that

lxllx = lcl = max {lc[, (1 =) Ofl} = |c| < B,. (47)

O



Lemma 10. The sets Q] = {x € KerL : Ax + (1 - )QNx =
0, A € [0,1]} and OF = {x € KerL : -Ax + (1 - A)QNx =
0, A € [0, 1]} are bounded in X provided (H2)(i) and (H2)(ii)
are satisfied simultaneously.

Proof. It QN(c) > 0 then, for x € Q;r with x(t) = ¢, c € R, we
have

Ac=-=(1-1)QN(c). (48)

If A = 0, it follows from (48) that N(c) € Ker Q = Im L; that
is, N(c) € Q,, and therefore by Lemma 9. we have || x[|x < B,.
However if A € (0,1) and [c|| > B, then using assumption
(H2)(i) we obtain the contradiction

A* ==(1-21)cQN (c) < 0. (49)

Thus [|x|x = |c| < B,. Hence Q;r is bounded in X. We can
use the same argument to prove that Q3 is also bounded in
X. O

Proof of Theorem 7. We show that the conditions of
Theorem 3 are satisfied where Q) is an open and bounded set
such that Uf;l Q; c Q. Itis easily seen that conditions (i) and
(ii) of Theorem 3 are satisfied by using Lemmas 8 and 9. To
verify the third condition we set H(x, 1) = £Ax+(1-1)QNx.
We choose the isomorphism J : InQ — Ker L defined by
J(¢) = ¢, ¢ € R. By Lemma 10, we derive that H(x, A) # 0 for
all (x,A) € (Ker LN oQ) x [0, 1]. Hence

deg (QN|ger 1> 2 N Ker L,0)
(50)
=deg(+],Q2NKerL,0) #0.

Therefore problem (1) has at least one solution in X. O
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