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We compute explicitly the oscillation constant for Euler type half-linear second-order differential equation having multi-different

periodic coefficients.

1. Introduction

In literature, half-linear second-order differential equations
are given by

(reyo(x)) +c®o @) =0,

O (s) = |s|p_zs, p>1,

@

where 7, ¢ are continuous functions and r(t) > 0. It is well
known that oscillation theory of (1) is very similar to that of
the linear Sturm-Liouville differential equation, which is the
special case of p = 2 in (1); see [1].

In particular, (1) with Ac(t) instead of c(¢) is said to be
conditionally oscillatory if there exists a constant A, such that
this equation is oscillatory for A > A, and nonoscillatory for
A < Ay. Ay is called the critical oscillation constant of this
equation; see [2].

The half-linear Euler differential equation

Ny Yp
(@(x)) + ;0 =0, ©)
with the so-called critical oscillation constant y, = ((p -

1)/p)?, plays an important role in the conditionally oscilla-
tory half-linear differential equation.

Equation (2) can be regarded as a good comparative
equation in the sense that (2) with y instead of y,, is oscillatory

ifand only if y > ¥ (see [3]) and if r(t) = 1in (1), then this
equation is oscillatory provided

tlir(r)lo inftfc (t) > Yp (3)
and nonoscillatory if
H P .
tlirg) sup ¢ () <y (4)

see [4].
In [5], perturbations of (2) being of the form

(d)(x'))’+tlp(yP+ZLﬁj2t><D(x)=0 (5)

=1 0]

are investigated when lim,_,  tfc(t) = ¥, for constant 8; (j =
1,2,...,n). Here the notation

k
Logkt = HIOg]t’
j=1
(6)
Log;t = log;_; (logt),

Log,t = logt

is used. It is shown that the constant up = (1/2)((p- 1)/p)p_1
plays a crucial role in (5). In particular, if n = 1 in (5) this
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equation reduces to the so-called Riemann-Weber half-linear
differential equation, and this equation is oscillatory if 3, >
#, and nonoscillatory otherwise. In general, if 8; = u, for
j=12,...,n-1,then (5) is oscillatory ifand only if B, > p,,.

One of the typical problems in the qualitative theory
of various differential equations is to study what happens
when constants in an equation are replaced by periodic
functions which have same periods and different periods.
Our investigation follows this line and it is mainly motivated
by the paper [6].

In [7], the half-linear differential equation being of the
form

7)

1 LB B
+t_P<yP+.ZLog§t>®(x)_0

j=1

is investigated for «; and ; are constants and the following
result is obtained.

Theorem 1. Suppose that there exists k € {2,...,n} such that

Bit(p-D)vpa;=pp j=1..k=1 (8

and By + (p = 1)y, # ph,. Then (7) is oscillatory if By + (p —
D)yp0 > p, and nonoscillatory if i + (p — 1)y,0 < phy.

In [8], the half-linear differential equation being of the
form

(ryo(x)) + Ycﬂft)q) (x) =0 (9)

is considered for a-periodic positive functions » and ¢ and it
is shown that (9) is oscillatory if y > K and nonoscillatory if
y < K, where K is given by

- (5L i) (G ewa)
K=q <ocJo ra-! ocjo c(mde 1o

for p and g are conjugate numbers; thatis, 1/p + 1/g = 1.
In [9], (9) and the half-linear differential equation being
of the form

Ny 1 pd (t) a
(r(t)d) (x )) + m (yc (t) + logzt )d) (x)=0 11)

are considered for r,¢, and d are a-periodic, positive func-
tions defined on [0, co) and it is shown that (9) is nonoscilla-
tory if and only if y < y,., where y,, is given by

(xpyp
(e dt)p_l [N10) dt

In the limiting case y = y,. (11) is nonoscillatory if 4 < p,4
and it is oscillatory if y > y,;, where p,; is given by

Yre = (12)

p
(X[ztp

(JEr-a@ae)™ [Fd@de

Mg = 13)
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In [10], the half-linear differential equation being of the
form

(riyo(x)) + %@(x) =0 (14)

is considered for r : [a,00) — R, (a > 0), is a continuous
function for which mean value M(r'™9) exists and for which

0< inf r(t) < t) <
daw 0= IR0
holds and ¢ : [a,00) — R, (a > 0), is a continuous

function having mean value M(c) and it was shown that (14)
is oscillatory if M(c) > T and nonoscillatory if M(c) < T,
where I' is given by

r=q°* [M (rl_q)]l_P. (16)

In [6], the half-linear differential equation being of the

form
1-p !
L &; (1) '
<<r(t)+j_zlL0g?t> @(x))

1 2B (t)
+t—P<c(t)+ZL] 2t>d)(x):0

j=1-08j

17)

is considered for T-periodic functions r,¢,;j, and B;, j =
1,2,...,n,and r(t) > 0 and the following result was obtained.

Theorem 2. Letr,c,a), and f8; (j = 1,2,...,n) be T-periodic
continuous functions, r(t) > 0, and their mean values over the

period T are denoted by 7, ¢, &;, and /§j (j=1,2,...,n).

(i) IfEFp‘_l‘ > ¥p then (17) is oscillatory and ifcm ™ <y,
then it is nonoscillatory.

(ii) Let €7~ = y,,. If there exists k € {1,...,n} such that
B+ (p- 1)y, =py j=12,..,k-1 (18)

(ifk # 1), and B ™" + (p— 1)y,0F ' # iy, then (17)
is oscillatory if

B+ (p— 1)y, @7 ' > u, (19)
and nonoscillatory if
B+ (p=1)y,@&F ' < . (20)

Our research is motivated by the paper [6], where the
oscillation constant is computed for (17) with the periodic
coeflicients having same T-period. However, if these periodic
functions have different periods what would be the oscillation
constant is not investigated. Thus, in this paper we investigate
the oscillation constant for (17) with periodic coefficients
having different periods. In this paper we consider two
types of periodic coefficients which have different periods
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for (17). In the first type we consider these periodic coefficient
functions having the least common multiple and in the
second type, we consider these periodic coefficient functions
which do not have least common multiple. We give some
corollaries which illustrate the first type’s cases that our results
compile the known results in [6] but in the second type only
our results can be applied.

In Section 2, we recall the concept of half-linear-trigo-
nometric functions and their properties. In Section 3 we com-
pute the oscillation constant for (17) with periodic coefficients
which have different periods. Additionally we show that if the
different periods coincide, then our results compile with the
known results in [6]. Thus, our results extend and improve
the results of [6].

2. Preliminaries

We start this section with recalling the concept of half-linear-
trigonometric functions; see [1] or [4]. Consider the following
special half-linear equation being of the form

(©(x)) +(p-1D) @) =0 1)

and denote its solution by x = x(t) given by the initial con-
ditions x(0) = 0, x’(0) = 1. We see that the behavior of
this solution is very similar to that of the classical sine func-
tion. We denote this solution by sin,t and its derivative by

(sin,t) = cos,t. These functions are 27 -periodic, where
7, = 2m/ psin(r/p), and satisfy the half-linear Pythagorean
identity

. p p
'smpt| + 'cospt| = teR. (22)
Every solution of (21) is of the form x(t) = C sin, (f+¢), where
C and ¢ are real constants; that is, it is bounded together with
its derivative and periodic with the period 27,,.. The function
u= CD(cospt) is a solution to the reciprocal equation of (21);

(@ (W) + (p- 1" 0 () =
p

23
O () = ul"u, g= —— )
)q >

p

-1

which is an equation of the form as in (21), so the functions u
and u' are also bounded.

Let x(t) be a nontrivial solution of (1) and we consider the
half-linear Priifer transformation which is introduced using
the half-linear-trigonometric functions

x(t) = p(t)sin,g@ (t),

p( ) (24)

x' () = r'77 (1) —=cos,p (1),

where p(t) = VIx(®)[P + i(t)|x' ()P and Priifer angle ¢(t) is
a continuous function defined at all points where x(t) # 0.

Then ¢(t) satisfies the following differential equation:

¢ (t) = % [rlfq ) |cosp(p (t)|p

(25)

-® (cospgo (t)) sin, @ (f) + ic_(? 'sinp(p (t)lp] ;

see [9].

3. Main Results

We need the following lemma in order to prove our main
Theorem 4.

Lemma 3. Let ¢(t) = ¢,(t) + Z;‘zl (pzj(t) +@s(t) + @u(t) +
Z?:l s, (t) + M (M is a suitable constant) be a solution of the
equation

¢ () =91 (1) + Y9, () +¢5 () + 9, (1)

=1
(26)
+ )95 (0,
=1
where
9, (1) = %r (#) |cos, 0 ).
(p;j( ) = tL |cospg0 (t)'p ji=1...,n),
(p3 (t) = (cosp(p (t)) sin, ¢ ), (27)
4( ) = ( |s1np(p (t)|p
b ﬂj (t) . ro.
75,0 = ) tLogl lsinge O (j=1,....n),

with r,¢,a;, and B; (j = 1,2,...,n) are periodic functions
having dzﬁjerent T, T,, P, and Q; (j = 1,2,...,n) periods,
respectively, and r(t) > 0 and

t+T), t+P;
0t) = % J ¢, (s)ds + Z I 9y, (9)ds
1 Jt

]1]

1 t+& 1 t+T,
+ = J Q5 (s)ds+ — J @4 (s)ds (28)
f t Tz t

n 1 Jt+Qj
+ )y — (s)ds,
j; Qj , Ps;



where & is one of the following T\, T,,P;, and Q; (j

1,2,...,n) periods. Then 0(t) is a solution of

6' (1)

A (1)
|:r+ ZLogi?t + 9 2t:| |cosP9 (t)'P

1 . /3*1' o(l) . P
+ W [c+ Z >+ Logf,t] 'smPG(t)'

-1 Log;t
1 .
- ?(D (cospe (t)) smpe ®),

where

J-T r(s)ds,

0

T2
j s)ds,
0

JP a;(s) ds,

0

.\'ﬁ|>—- H’*]|>—a

\"U|»—-

. Q;
@=LJBNM5

0

e

for j=1,2,...,n
and @(1) — 0(t) = o(1) ast — oo.

Proof. Taking derivative of 0(t), we have

t+P

t+T,
o' (t) = Ti J-: (pl (s)ds + Z J (p2 (s)ds

1 ]1]

1 t+& , 1 t+T, ,
+ E L @5 (s)ds + T L ¢, (s)ds
2

+T,

+ Z J (p5 (s)ds
1 f

1
T ;r (s) 'cosp(p (s)|P ds
1
5 ()
— d
+;Pj L sLog |cosp(p(s)' s

t+&
_ % L %(D (cosp(p (s)) sin, ¢ (s) ds

1 t+T, ( )
AL et
n 1 t+Qj ﬁ] (S
+;_] L s(p—l)L |sm (p(s)' ds.
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= Using integration by parts, we get

6, B 1 t+T; p d 1 n 1
(t) = T_lt Jt r (1) 'cosp(p (T)l T+ ?;FJ

|cospgo (T)| dr — —

.f”am &

(29) . J»tt+5

2

(30)

HeL e . 1
. J; = J [} (cosp<p (T)) sin ¢ (1)drds - T

s 2

t+T), 1 t+T, C(T)
.J; " L -1 'sm (p(‘r). drds

21

:1Qj

'J'H'Qj 1 JHQJ- B (1)
t t

- D — drd
5 (- l)Log . |s1npq) (‘r)| Tds.

N

Let f be a continuous T-periodic function and f =
(1/T) IOT f(s)ds; then integration by parts yields

L[ L9, ?[Ho(@)]. -

s=
log s log t

By using (33) and _LH f(s)ds = Jo f(s)ds for any T-periodic

function and Pythagorean identity, the expressions

(31) rl—q (t) 'COSP(P (t)'P ,

—® (cos,p (t)) sin,@ (t) , (34)

2O Jsin, )]

are bounded. Thus we get

0' (1)

1 t+T P
=7 J; r (1) 'cosp(p (T)l dr
1
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11 t+P; (x](T) B e(t)p i 1
+ tj;P] L LogJ'r |cos (p(r)| dr |cosp | } T B
£ t+&
t+ . .
_ 1 Jt o) (Cosp‘P (T)) sin, ¢ (1) dt Jt {q) (cosp<p (T)) sin, ¢ (7)

1
BT, — @ (cos,0(t))sin6 (1)} d7 + —
& e P

th t (
t+T, C( )
1381 (Y B; (¥ . Jt - {|smpgo (t)' - |sm 0 (t)' }
+ ;Z_J 5T Lo 'smp(p (T)l dr
SQ ) (p-1)Logit 1i |t B {. ’
+ - —J ——————— {|sin, @ (¢)
+O<%>. t5Q; )i (p-1)Log; ?
(35) - |sinP6 (t)|P} dT+O(%>.
If we add and subtract the below terms in the right side of (37)

this equation And using the half-linear-trigonometric functions, we

have

1 t+T) p , p
T_lt L r (1) ’Cospe (t)| dr ||coqu) (T)| - 'cospe (t)| l
+ %i% JHPJ A 'cos 0(t)|P dr <p J:::) CD(cosps) (cosps)"ds
] < const lq) (r)-0 (t)| ,
- — J cos G(t) sin,¢ (1) dr (36)
&t |CD (cosp(p (T)) sin,g (1) — @ (cosPG (t)) sin,,0 (t)| (38)
N L JHTZ c(1) |S 6(t)| dr o(7) )
T (p- < L( : ((I) (cosps) sinps) |ds
t
1< 1 (" i)
+—ij _iT| in 6(t)|PdT Sconstlgv(T)_e(t)I,

||sinpg0 (t)'P - 'sinPB (t)'p| < const |g0 (r)-0 (t)| .

we can rewrite this equation as )
By the Mean Value Theorem we can write

: 1 (=h 11 "
o (1) = T_lt _L r(7) |COSP6 (t)’P dr + ?Z;ITJ 0(t) =9 (t;) + Z‘sz (fzj) +95 (1) + 94 ()
j= i1
B g (1) 1 ; ] (39)
) L Tog |cos 0 (t)|P T - E + j;(Psf <t5j>
t+¢ 1 fort; € [t,t+T\],ty € [L1+P)], j=12,....m1; € [t,t+],
'L ® (cos, 0 (1)) sinyg (1) d7 + — Tt t, el[t,t+T2],1and2t5j € [t,t+JQj], j= 1,2,...,:1; thus
' J’HT c (1) | sin G(t)' drs b Z_ o (1) = 0(1)] < |y (1) — oy (1))
re, ﬁJ (x ) NI 2 (o0 <t2"))1
. 2 'smPG(t)l dr + Tz
&t ' + s (1) — 95 (85))] (40)
. J: r (1) |coqu) (‘r)| - |c0s 0 (t)| } + |4 (1) — 9y (8,)]
1 n 1 t+P (X (T u _ '
;;TJ Logir = {leos,o (@) ¥ j_Zl(%j ) - ¢s; (%))‘-




6
This implies that
1
p@-00]<o(5),
g (41)
p(1)-0(@)=0(l) ast— oo.
And using 7, ¢, &;, B, and (33), we get
ro-; | o (gt i
t tlogt /) o Log t
. |cosp6 (t)|P
(42)

[ {1 +O<t1§gt>}§Lfé§t]

cos O(t))sm 0(t)+O< )

TR
|sm 6(t)| -

The term O(1/t) can be written as (IcosPOIP + IsinPOIP)O(l/t);
hence we get

/ _l . ! > !
0' (1) = - [H [”O(tlogt)];mg?t
T
(43)

S ]

. |sinp9 (t)|P - %(D (cospe (t)) sinPG (t).

Now since all the terms of O(1/t log t)/log?t are O(1/t) as
t — oo for j = 1,2,...,n, then all these terms are asympto-
tically less than o(1)/log’t. Hence we get

o' (t)
1L % o) p
Y l” ;Logﬁt ' Logit] o500
; (44)
1 . v Pi o)
+ oDt |:C+;_Log§t +— Loglt ] |sin 9(t)|
_ %(D (cosPG (t)) sin,,0 (1) .
O

The main result of this paper is as follows.

Theorem 4. Let r,c,a), and B;, j = 1,2,...,n, are peri-
odic functions which have different TI,TZ,Pj, and Qj, j =
1,2,...,n, periods, respectively, and r(t) > 0 in (17).
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(i) (17) is oscillatory if ¢’

«x p—1 * * .
ot < Vp» Wherer and c are defined in Lemma 3.

s Yp and nonoscillatory if

(if) Let &P = Vp- If there exists k € {2,..., n} such that

1

= Ups k-1 (45

s o p-1 . .
ﬁjrp +(p—1)y,a;r j=1,...,

and [J;ki“"‘m1 +(p - l)yposzI
oscillatory if

+ Up then (17) is

B+ (p— 1) ydii ' > i, (46)
and nonoscillatory if
ﬁk;p_l + (P - 1) }/Iaozk;_1 < Hp> (47)

where o and B, j = 1,2,...
Lemma 3.

,n, are defined in

Proof. The statement (i) is proved in [10]. It remains to prove
the statement (ii) in full generality.

We consider (17); let x(t) be the nontrivial solution of (17)
and ¢(t) is the Priifer angle of (17) given in (24). Then

n

Pt) =g () + Z (£)+ 95 (1) + o, t>+Z<p5
j=1 j=1 (48)

+ M

is a solution of

¢ () =9l () + Y9, )+ () +9, (1)
j=1
] (49)
+ )95 (8,
=1
where
o () = lr(t) |cos, 9 )],
2 ()— |cosp(p(t)' =1,2,...,n),
o5 (t) = (cospgo (t)) sin, ¢ (),
(50)
o, (t) = ( |51n go(t)|
i ﬁ (t) .
s, () = m |Slnp<P (t)'p
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By the help of Lemma 3, 0(t) is a solution of

0 (t)

L& o) »
0 ()

r+ Z; og] Logit 'cosp '

i (51)
z o (1) . P
+ — (p c+ Z:Log 7 Logflt 'smpe (t)|
O (cospﬂ (t)) sinPG ®,

where 7, ¢, (x and ﬁ j=1,2,...,n,are given in Lemma 3.
This equat1on is a “Priifer angle” equation for the follow-
ing second-order half-linear differential equation

X I-p
.o Y (1)
<r ’ Z’ Logjz.t ’ If)ogflt ) ¢ (x')

!

j=177%]
(52)
1 (., & B 1
ey Lo °W Vo x) =0
tP o Logjt Log’t
which is the same as the following equation:
(R o ()
n B (53)
“p 1 0(1) o (X)
oL Log;t

Suppose that assumption (ii) of Theorem 4 is satisfied and that
(46) holds for k € {1,2,...,n — 1}. Then (53) is oscillatory as
a direct consequence of Theorem 1. If (46) holds for k = n, let
€ > 0 be so small that still

Bt —et(p-1)y, (i 'a;—e) >, (54)

and consider the following equation:

(R o (<))
U, B BT e (55)
+ s (cr Z LogJ + Logt )(I)(x)
=0,

where R, () = (1+ Y, ((&;/7)/logjt) + (&, /7 — &) /logat)' *.
This equation is a Sturmian minorant for sufficiently large ¢
in (53) and (54) and Theorem 1 implies that this minorant
equation is oscillatory and hence (53) is oscillatory as well.
This means that the Priifer angle 6(t) of the solution of
(52) is unbounded and by Lemma 3 the Priifer angle ¢(t)
of the solution of (17) is unbounded as well. Thus, (17) is
oscillatory. A slightly modified argument implies that (17) is
nonoscillatory provided that (47) holds. O

Corollary 5 Ifthep.eri.ods ofthefunc?ions e A aﬁd [3].», j=
1,2,...,n, in (17) coincide with T-period, which is given in [6],
then our oscillation constants overlap to their oscillation con-
stants and our main result compiles with the result given in [6].

Corollary 6. If there exists a lem(T},T,,P;,Q)), j =
1,2,...,n, and the period T which is given in [6] is chosen as
lcm(Tl,Tz,Pj,Qj), j = 1,2,...,n, then our oscillation con-
stants overlap to their oscillation constants and our main result
compiles with the result given in [6].

Remark 7. 1f for j = 1,2,...,nlem(T},T,, P;,Q;) is not
defined, then only our result can be applied whereas the result
given in [6] can not.

Example 8. Consider the nonlinear equation (17) for p = 3,
r(t) = 2+cos(ax+b), (a,b € R),«,(t) = cos 3t,a,(t) = sin 8¢,
Bi(t) = sin4t, B,(t) = sin 2t, and c(t) = 2 + sin 6¢. In this case
T, = 2n/lal, P, = 2n/3, P, = n/4, Q, = n/2,Q, = m, and
T, = 7/3 are periods of these functions, respectively. Because
of these functions being periodic functions and r(t) positive
defined we can use Theorem 4 for all a # 0 and we obtain

2n/lal
P = (M J (2 + cos (as+b))ds>
0

2
3 /3 3-1
. (— J (2 + sin 6s) ds) =38, (56)
T Jo
B (3 - 1)3 8
PETET) T
Thus we get &+~ > y, foralla # 0 and considered equation is

oscillatory. Here the important point to note is that while we
cannot apply Theorem 2 which is given in [6] for this example
if we choose a = /5, then lem(27/|al, 27t/3, /4, /2, 7, 7t/ 3)
is not defined, we can apply our Theorem 4.
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