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We consider two reaction-diffusion equations connected by one-directional coupling function and study the synchronization prob-
lem in the case where the coupling function affects the driven system in some specific regions. We derive conditions that ensure that
the evolution of the driven system closely tracks the evolution of the driver system at least for a finite time. The framework built to
achieve our results is based on the study of an abstract ordinary differential equation in a suitable Hilbert space. As a specific applica-
tion we consider the Gray-Scott equations and perform numerical simulations that are consistent with our main theoretical results.

1. Introduction

The synchronization of the evolution of systems that are
sensitive to changes in the initial condition is a phenomenon
that occurs spontaneously in systems ranging from biology
to physics. As a matter of fact, starting from publications
by Fujisaka and Yamada [1] and later by Pecora and Carroll
[2], there have been many explanations about the occurrence
of this phenomenon as well as new practical applications
[3]; among these we highlight [4]. For localized systems
(ODE) the problem is well understood; see, for example,
[4, 5] and the references therein. On the other hand, a much
smaller number of results are available for extended systems
represented by partial differential equations (PDE). Among
these in [6, 7], the authors have considered a pair of unidi-
rectionally coupled systems with a linear term that penalizes
the separation between the actual states of the systems.
When the coupling function is linear, the synchronization
problem has been addressed through different approaches
like invariant manifold method via Galerkin’s approximations
[8], via an abstract formulation using semigroup theory [7, 9],
or numerically [6].

With the exception of works [6, 10], in the rest of the
references [7-9, 11, 12] the coupling function disturbs the
system in its entirety. In contrast, in [6, 10], the authors
propose a synchronization scheme that does need to disturb
the whole driven system. Moreover, the subset of sites in the
driven system is chosen arbitrarily.

In this work we present a general procedure for two
reaction-diffusion equations connected through a one-
directional coupling function. We study the synchronization
problem in the case where the coupling function affects the
driven system in some specific regions and our approach,
which is based in an abstract formulation coming from
semigroup theory, allows establishing a relation between the
conditions to obtain synchronization in finite time and the
intensity of the coupling. To illustrate the theoretical results
we consider a pair of equations of Gray-Scott [13].

The paper is organized as follows: in Section 2 we set the
problem, in Section 3 we give an abstract representation of the
problem in a suitable Hilbert space, in Section 4 we give the
main theoretical results, as the existence of bounded solutions
of the abstract equation, in Section 5 we give an example and
numerical simulations of the performance of the strategy, and
finally in Section 6 we give some final remarks.
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2. Setting of the Problem

We consider the following system with boundary Dirichlet
conditions:

u, = Du, + f (u), 1)
vo=Dv, +f()+px)(v-—u), 2)

where 0 < x < I,t > 0. D = diag(d,,d,,...,d,) is a diagonal
matrix with positive entries, the function f : R” —» R” is a
continuous locally Lipschitz function, and p(x) is defined as

Px) = Y v (%) (3)
i=1

where, fori € {1,2,...,m}, each »; € R and 2, 4, is the
characteristic function of the interval [a;,b;], with 0 < a; <
b<--<a,<b, <L

We show that the evolution of (2) closely tracks the
evolution of (1) which means v behaves, in some sense, like
u. To set precisely our problem and consider it in an abstract
framework we start with a bounded solution u(x,t) of (1).
Thus, there exists N > 0 such that

[t (x, )| = \jZﬁf (x,t)<N; O0<x<[L t>0, (4)
i=1

where #; are the components of the vector valued function .
Also, we assume that for any interval J] = [a,b] C (0,+00)
there exists a constant K > 0, depending on J, such that

[, (x,0)| <K; 0<x<lI te]. (5)
Let us define a function g : (0,1) x (0, 00) x R" — R" by
gxte):=fle+u(xt) - fulx)+px)e (6)
and consider the transformation
e(x,t) =v(x,t)—u(xt). (7)

If v is a solution of (2), with input z(x, t), then (6) and (7) lead
us to the equation

e, =De,, +g(xt,e). (8)

Now, we consider (8) together with Dirichlet boundary
conditions:

e(0,t) =0,
e(l,t)=0, 9)

t>0.

Our efforts will focus on problem (8)-(9). Concretely, we are
interested in solutions such that the driven systems closely
track the evolution of the driver systems at least for a finite
time interval.
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3. Preliminaries and Abstract Formulation of
the Problem

In this section, by choosing an appropriate Hilbert space, we
discuss some preliminaries and set our problem as an abstract
ordinary differential equation. Let us start considering the
Hilbert space H = L2((0,1), R™) with the usual inner product;
thatis, if @ = (0',...,®")", ¥ = (¥',...,'¥")" € H, then

1/ n ,
(@, %) = L (Zcp’ (X)W (x)> dx (10)
i=1

and the induced norm is given by
(o
10| = JO (Z [ (x)] >dx. ()
i=1

Next, we consider the linear unbounded operator A :
D(A) ¢ H — H defined by

i 12)
AD = —D@q),
where
D(A) = H, ((0,1),R") n H* ((0,1),R"). (13)

We summarize some very well-known important properties
related to the operator A:

(i) A is a sectorial operator. As a consequence —A
generates an analytic semigroup, e, which is, for
each t > 0, compact.

(ii) The spectrum o(A), of A, consists of just eigenvalues
A; = d(in/D)? withi = 1,2,...and j = 1,2,...,n.
We order the set of eigenvalues {A; ;} according to the
sequence 0 < A; <A, <--- — 0o, where

T 2

A, :min{dl,dz,...,dn}(7> . (14)

(iii) There exists a complete orthonormal set {CD,-},‘.fl, of
eigenvectors of A, such that

AD = i/\i (O,0,) D, ®eD(A). (15)

i=1
(iv) e is given by

oo
Mo =Y e M (0,0,) D, ®eH. (16)

i=1

In the remainder of this section we mainly follow [14, 15]
and the notations used come from [15]. In order to study
the nonlinear part of the abstract equation corresponding
to (8)-(9), we consider the fractional power spaces and the
interpolation spaces associated with the operator A. For any
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a > 0, the domain D(A®) of the fractional power operator A®
is defined by

V= D (A%)

oo 17)
= {(D €H:yA™ (@, @) < OO]”

i=1

and the operator A® is given by

A% = Y AT(D, D) D;, VO e D(A”). (18)

i=1

V% itself becomes a Hilbert space with the V*-inner product
given by (@, V), = Y0, A¥(®, ;) (¥, ;) and the V*-norm
is the graph norm associated with A%; that is, | ®||, = [|A*®]|.
Moreover, if &« > 8, then V* is a continuous embedding into
VP that verifies the estimate II(I)IIE < /\tf_and)lli,for all® € V%,
In particular,

loI* < AT @y, VD e V. (19)

Also, according to Theorem 1.6.1 in [14] and the discussion
given there, for 1/4 < a < 1 we have that V>* is a continuous
embedding into C((0,1), R"). Thus, there exists a positive
constant C such that

sup |@ (x)| < C|P]l,

2a
YO € V. (20)
x€(0,1)

The next proposition, whose proof is similar to the one
given in [7], contains estimates relating the semigroup {e~*'}
with norms || - ||, and | - [|. Also, it will play an important role
in the discussion of our main theoretical results.

Proposition 1. For each ® € V*, « > 0, one has the following
estimates:

"e—Atq)”z < oMt ||CD||2’ >0,
(21)
"e_AtCDHz <t a%e e M D, t>o0.

Now, we associate with system (8)-(9) an abstract ordi-
nary differential equation on H with an initial condition

O+ AD =F(t,®), t>0;
(22)
D (0) = @,
where F, acting on [0, 00) x V% is defined by
F(t,®)(x) = g(x,t,D(x)). (23)

For somer > 0and 1/4 < a < 1, we assume F maps [0, c0) X
U, into H, where U, = {® € V**: |®|,, < r}.

The following lemma establishes that F is Lipschitz
continuous in the second variable on U,.

Lemma 2. There exists a constant L = L(U,) such that for
D,,0, U, t>0,

[F (@) = F (6 @) < L@ = Do, (24)

Proof. Given a ball B;(0) of radius 7 and center 0 in R", there
exists a positive constant L = L(7) such that | f(z,) — f(z;)| <
L|z, — z,| for all z,, z, € Bx(0).

For any ®,,®, € U,, we consider A = |F(t,®;)(x) -
F(t,D,)(x)|,0 < x <I,and t > 0. Now, let us consider N and
C as in (4) and (20), respectively. If we choose 7 = Cr + N,
then there exists L = L() such that

A< f|(D1 (x) — @, (x)l + |P (x)l |q)1 (x) — D, (x)|
<(L+]p()]) sup |@, (x) - D, (x)| (25)
x€(0,])

< (L+]p@))Clo; - s,

Therefore,

1 I
J Ndx < J C*(T+]p @)’ @, - @[, dx
0

0 (26)
—2
<2C° (IT" + o) [0, - @, 5, -

Thus,
|F (£, ®,) = F (£, ,)|| < L||®, - D, (27)

with

. /

L=Vac (I + o) " (28)
O

We finish this section with a lemma that will be used to
obtain our main theoretical results. It can be established as an
application of Lemma 3.3.2 in [14].
Lemma 3. A continuous function ® : (0,t;) — V* isa
solution of the integral equation

O (t) = e XDy + r e AR (5, D (5)) ds, o)
0 29

te(0,t),
if and only if ® is a solution of (22).

4. Main Theoretical Results

Theorem 4. For any © € int(U,) there existst, = t,(Dy) > 0
such that (22) has a unique solution ® on (0,t,) with initial
condition ©(0) = @,,.

Proof. By Lemma 3, it suffices to prove the corresponding
result for integral equation (29).
Choose p > 0, with p + Dy, < 7, such that the set

V={® e V¥ |0 -, < p} (30)

is contained in U,. We have, applying Lemma 2, that F is
Lipschitz continuous, in the second variable, on V. Moreover,
for the estimate

| (£, @) = E (£, ®,)] < L]|®) = D, »

(31)
fort >0, ©,,D, €V,



we choose L = V2C(L’ +[|plI?)"/2, with T = L(C(p+]Dqlpy ) +
N). Next, we select t; > 0 such that

o t
(2?“) L(p +|®ol,,) J u e Mgy < g (33)
0

Let us define S as the set of continuous functions ¥ :
[0,£,] — V2 such that |¥(¢t) - Dol < pon [0,8,]. IfSis
endowed with the supreme norm )" = SUPo<rer, IV ()]0,
then it is a complete metric space.

Now, for ¥ € S we define T'(\W) acting on [0, ¢,] as

t
T(9) (1) = e 4, + J CAIE (W () ds.  (34)
0
First, we show that T'maps S into itself. In fact,
IT (%) (£) = @, < (™ — 1) @,
Y1 A P
+ L ”e F(s,¥ (s))"m ds < 3
200 \*

+ Lt He’A(t—s)F (S,‘I’(s))"z“ ds < g + <?>

(t—s) e NP E (5,9 (5)] ds <

< -
Sl e

(35)

200\* (* o - _
+< "‘) J (t = ) e M 1w (9)],, ds

IA
SN e
+
—/
o |8
SN———

R

h
—~
o

+

S
=
[\
R
SN—

The fact that T(¥) is continuous from [0, ,] to Vs easily
proved.

Next, we shall prove that T is a contraction. In fact, if
VY,¥, € Sand 0 < t < ¢, then for A = |T(¥,)(#) -
T(¥,) ()], we have that

A< Lt ”e_A(t—s) (F(s, ¥, (s)) = F (s, ¥, (s)))"m ds

(2 Lo

e M B (5,9, (5)) - F (s, %, ()] ds
200\* (¢ —a
<(3) ] o9

o
. e_(/h/Z)(t—S) "\Pl (S) _ \PZ (S)||2a ds < <2?OC)
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t
L <I (t—s)" ef(Al/Z)(tfs)dS> ||\P1 _ \I,Zntl
0

p 6
< —n ¥, - ¥ .
20+ ol 11~

(36)
Therefore, ||T(‘I’1)—T(‘I/2)||t1 < (1/2)|1Y, —‘I’2||t1 forall ¥, ¥, €
S.

Finally, by the Banach fixed point theorem, T has a unique
fixed point @ in S, which is a continuous solution of integral
equation (29). By Lemma 3, this is the unique solution of (22)
on (0, t;) with initial value ®(0) = @,,. O

The previous theorem does not tell anything about the
maximal interval where @ is defined. In this regard we have
the following.

Theorem 5. Assume that for every closed set B C int(U,),
F([0,00) x B) is bounded in H. If @ is a solution of (22) on
(0,t,) and t, is maximal, then either t, = +00 or else there
exists a sequence t, — t] asn — oo such that O(t,) — 0U,.

Proof. Suppose t; < oo and there is not neighborhood N of
0U, such that ©(t) enters N for ¢ in an interval [t, —¢, t,), with
€ small enough. We may take N of the form N = U, — B where
Bisaclosed subset of int(U, ), and ®(t) € Bfort € [t; —€,t;).

We are going to prove that there exists @, € B such that
d(t) — @, in V** ast — ¢}, and this implies that the
solution may be extended beyond time ¢, (with ®(¢,) = ©,),
contradicting maximality of ¢,.

Now let M = sup{|F(t,D)|| : t > 0, ® € B}. We first
show that ||®(t)ll,, remains bounded on the interval (0,t,);
in fact

1D ()l
<o, [ [ r o),
0

< e @]y,

() [ o wpas &)
e 0

o t
<My, + M () L (t— sy *ds

200\ tl—tx

=M gl + M ()

_a.

Now we consider the difference ®(t) — ®(t) with t and 7 such
thatt, —e < 7 <t < t;. It is obtained that

D (t) - D (1)

= (e_At - e_AT) @, + Jt e AIE (5, @ (5)) ds (38)

+ J (e_A(t_s) - e_A(T_S)) F (s, @ (s)) ds.
0
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For each term in the right hand side we get an estimate. Let us
At - t A

call Ty = [[(e e ) Dl I = || [ e AV F(s, D(5))ds]l

and I := | Ior(e_A(t_s) “ACI R, ®(s))ds]|,,; now we have

t
I = ”J Ae M Dyds| <
T 2a

t B t 2 «
= L "e ASA(DOHZ(X ds < L (g)

5O Ay ds < (22) any|

t o l-a _ _l-«
J S—adS:<2_“> Jad,| T,
T e 1-

[04

I < jt e F (5,0 (s)),_ds < jt ()¢

t
[[ e,

—a _—~(A,/2)(t-s) 200\
-s) e |F (s, ®(s)|lds < M| —
e

(e

T —AGos—e) [ ~Alt-tte) A
13 < JO “e— T—S—€ (e— —T+e —e e)

. Lt (t-s)"ds=

“F(s,® (s))||2a ds (39)
. L; " (e-A(t—S> B e—A(T—S)) F(s,® (S))"M ds

oM (2?oc ) [ e L (rs

—eds+ J_ e 28 s, @ (s))_ ds

[ e R o), b m ()

(r—e)i™® +M<2_“>(x

—A(t—1+€) —Ae
e —e
l-«a e

: j_ (=9 + (r—) ") ds = M (2—“>a

e

) “efA(t—TJre) B e—As“ (r-e)™ M <2_06>“
l-« e

1-«

(t—1+e) ™ —(t-1)"%+¢

1-«

is compact for t > 0, then {e"} is a uni-
formly continuous semigroup, which implies that [le™4¢~7+¢) -
Al S 0ast - 1.
Finally from the estimates given for I;, I,, and I; we
conclude that there exists @, € Bsuch thatlim, - ®(t) = ®,,
and the proof is complete. O

. —A
Since e

Corollary 6. There exists € > 0 such that the solution @, of
problem (22), satisfies the estimate

1 (©)la < [ Dol (40)
for all t belonging to the interval [0, €).

Proof. Let B a closed subset of V>* that contains the initial
condition @, in its interior and M := sup{||[F(t,D)|| : t >
0, @ € B}. There exists f; > 0 such that

At 2a\*

D ()], < e ||Dyll,, + M <—) )
19 (£) 1 |90 > ) 1-a (4)

for 0 <t <%
Therefore
2 l—oc

19 O < [0, + M (2) 1, @)
and the result follows due to the fact that

lim, g+ M(20t/e)*(£ /(1 - a))e™" = 0. O

5. Example and Numerical Simulations

To illustrate our theoretical results we consider the particular
case of system (1)-(2):

ou o*u

2028 i alt-).

Ou, *u, W
> dZa 5 +u1u2 (a+b)u,,

ov v

S d S v ra (=) 4 p ) (- ),

ov, azvz (44)
E:dzaxz +v1v2 (@+b)vy+ p(x)(vy —uy),

where 0 < x < I, t > 0. System (43) corresponds
to the Gray-Scott cubic autocatalysis model [13] which is
related to two irreversible chemical reactions and exhibits
mixed mode spatiotemporal chaos. Here a, b, d,, and d, are
dimensionless constants, where b corresponds to the rate of
conversion of a component into another, a is the rate of the
process that feeds a component and drains another, and d,,
i = 1,2, are the diffusion rates. In the context of (1) the

function f is defined as f (;) = ( it +all-in) ) and the (8),

u 5~ (a+bu,
= De,, + g(x,t,e), becomes in

e d o0 e
( 1) :( ! )( 1) +(ele§+2ﬁ2(x,t)ele2
e/, 0 d, e/ ..

-1
1 (x, 1) ey + el + 21, (x,1) Uy (x,1) ez) ( ) ) (45)

—a+ p(x) 0 e,
+( 0 —a—b+p(x>)(e2)'

that is, e,



Proposition7. There exists a real value function h, continuous
and increasing on the interval (0, 00) such that |g(x,t,e)| <
h(lel) for all (x,t,e) in (0,1) x (0, 00) x R2.

Proof. The estimates

'ele§| <lel?,
|25, (x,t) e,e,] < 2N Je]*,
15 (x,t) e, < N*Jel,
el <N, (40

|22, (x,£) U, (x, 1) &;| < 2N7 |e],

-a+ p(x) 0 e,
(707 ) ()

where € is a constant that depends on g, b, and the function p,
imply that |g(x, t,e)| < V2(lel*+3Ne|*+3N?|e|)+@|e|. Thus,
h could be defined by h(s) = V2(s® +3Ns? +3N%s) + Gs. [

< @lel,

To apply Theorem 4, we observe that for the abstract
problem the extended function given in (23) becomes in

F(t,®)(x) =g (x,t,0)
. 47)
= (¥ (61, (x1) +p ()P (x),

where
¥, (x,1) = —B, (x) D5 (x) = 20, (x) D, (x) &, (x,)
— @, (X)W (x,8) — D5 (x) Ty (x, 1)
=20, (x)uy (x,t) Uy (x,t) —ad, (x),
¥, (x,1) = O, (x) D (x) + 20, (x) D, (x) Ty (x,1)  (48)
+ @, (%) (x,1) + D3 (X) Ty (x,1)
+ 20, (x) uy (x, 1) Uy (x, 1)
- (a+b)D, (x),
being ®@ = (O, ®,)7, wu(x, t) = (@, (x, 1), %, (x,1))".

Now, for @ € V>* using (20) and Proposition 7 we obtain
that

IF (£, ®)] = ||g (-, @) < h(CPlly) - (49)

Hence F maps bounded sets in [0, 00) X V2* into bounded
sets in H.

In order to realize a numerical implementation to illus-
trate the main result, the values for the constants d,, d,, a, and
b appearing in system (43)-(44) are chosen as d; = 5 x 1073,
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E(t)

<
"2 4 \\P(xﬁ\\ﬁ

FIGURE 1: Synchronization error as function of the time and the
intensity of the perturbation defined as || p(x)|| 2.

d, = 5x107%, a = 0.028, and b = 0.053, and initial conditions
are given by

u; (0,x) = sin(?) >

_ _ 2 - —1/3)? X
1’42 (0, x) = ( 1000(x—21/3) 10(x-1/3) )Si ,
(50)
_ —1/2)? X
Vl (0; .X) e 10Ge-172) SiIl <_l ) >

—10(e—1/2)? X
v, (0,x) = e 10712 sin<T>.

In this case the Lipschitz constant L, appearing in (33), is
given by

L=+2C (l(3\/§(C (p+ | Dol,,) + N)* +a+ b)2

) 1/2 (51)
+el?)

Figure 1 shows a qualitative result of the synchronization
error as function of the time, defined as

1/2

1 12 2
E(t) = —JZ(ui(x,t)—vi(x,t)) dx| (52)

! 0j=1

and the intensity of the perturbation defined as ||p(x)ll;2-
There, for a fixed time, the error always is minor compared
with the initial error, consistent with our main result.

6. Concluding Remarks

We present a synchronization scheme of reaction-diffusion
equations connected by a localized one-directional coupling
function and give conditions that ensure the synchronization
at least for a finite time. Conditions for synchronization
depend on a sort of coupling intensity given by the L* norm
of the coupling function. This norm is related to the intensity
of local perturbation and its spatial extension, suggesting
that this relation can be optimized in order to improve the
synchronization or design of a control scheme.

Finally, although we have proven that the synchronization
occurs in an interval of time, the numerical simulations
suggest that this interval can be extended.
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