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We consider the so-called mean-variance portfolio selection problem in continuous time under the constraint that the short-
selling of stocks is prohibited where all the market coefficients are random processes. In this situation the Hamilton-Jacobi-Bellman
(HJB) equation of the value function of the auxiliary problem becomes a coupled system of backward stochastic partial differential
equation. In fact, the value function V often does not have the smoothness properties needed to interpret it as a solution to the
dynamic programming partial differential equation in the usual (classical) sense; however, in such cases V' can be interpreted as
a viscosity solution. Here we show the unicity of the viscosity solution and we see that the optimal and the value functions are
piecewise linear functions based on some Riccati differential equations. In particular we solve the open problem posed by Li and

Zhou and Zhou and Yin.

1. Introduction

The mean-variance approach proposed in 1952 by the Nobel
prize winning economist Markowitz [1] has become the
foundation of modern finance by discovering the static mean-
variance portfolio selection formulation in a market in which
shorting is not allowed. This theory has inspired numerous
extensions and applications. For instance, Li and Ng [2] and
Zhou and Li [3] successfully extended the unconstrained
mean-variance portfolio selection formulation to the multi-
period setting. Zhou and Yin [4] consider the mean-variance
portfolio selection problem in continuous time where the
market parameters including the bank interest rate and the
appreciation and volatility rates of the stocks depend on the
market mode that switches among a finite number of states
where random regime switching is assumed to be indepen-
dent of the underlying Brownian motion. This essentially
renders the underlying market incomplete. A Markov chain
modulated diffusion formulation is employed to model the
problem and Zhou and Yin [4] use the techniques of stochas-
tic linear quadratic (LQ) control to derive mean-variance
efficient portfolios and efficient frontier based on solutions
of two systems of linear ordinary differential equations.

After Li and Ng published [2], Markowitz suggested
that one of them extends the results to the dynamic mean-
variance formulation with no-shorting constraint and pro-
posed a conjecture of a piecewise quadratic value function
for such a situation. Influenced by Markowitz’s comments, Li
et al. [5] formulated the LQ control problem by constraining
the control portfolio to take nonnegative values due to the
no-shorting restriction on the market mode (not random
processes). They derived the optimal portfolio policy for
the continuous-time mean-variance model with no-shorting
constraint using the duality method [6].

However, there are several interesting problems that
deserve further investigation; for instance, Li et al. [5] open
a problem by stating in their conclusion that “an immediate
open problem is to extend the results in this paper to the case
where all the market coeflicients are random processes.” In
this paper we solve this problem.

By making use of the techniques of LQ control, we
see that, in an attempt to pursue the method of dynamic
programming in the auxiliary problem, the value function
which is a generalized solution to the Hamilton-Jacobi equa-
tion coupled is not smooth enough to satisfy the dynamic
programming equations in the classical or usual sense.
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A difficulty with the concept of generalized solution is that
the dynamic programming together with the boundary data
typically has many generalized solutions. Among them, there
is one provided by Crandall and Lions [7], called the viscosity
solution, which is the natural generalized solution. This
unique viscosity solution turns out to coincide with the value
function V [8]. The central component of our solution to
the problem of Li et al. [5] is the proof of the unicity of
the viscosity solution of the value function of the auxiliary
problem, which we establish by adapting the techniques of
[9]. By making use of the duality method, we also derive
a solution for efficient portfolio. The value function of the
auxiliary problem depends on a set of Riccati differential
equations and we use the Magnus approach to provide
the solution. A work is in progress to develop numerical
implementation. This will be subject of a future publication.

2. Viscosity Solutions for Weakly Coupled
Systems of Second-Order Hamilton-Jacobi-
Bellman Equation

2.1. Notation. We make use of the following notations:

(i) (Q, F,P): a fixed probability space on which we
defined standard n-dimensional Brownian motion
wi) = (Wi(),... ,Wn(t))' and continuous-time
stationary Markov chain «(t) taking value in a finite
state space M = {1,2,...,m} such that W(¢) and a(t)
are independent of each other. The Markov chain has
a generator Q = (g;j)ux, and stationary transition
probabilities:

Py () =pa(®)=jla0)=1i),

¢))
t>0,i,j=1,2,...,m.

(ii) Define &, = a{(W(s),a(s)) : 0 < s < t}.

(iii) B(Z) = o-algebra of Borel sets of .

(iv) Consider the following:
E, @ (x(s) = J @ (y)P(t,x,s,dy), t<s.

)

P(tx,s,B)=P(x(s) € B| x(t) = x), 2)

VB e B(3).

(v) Hilbert space # with the norm | - ||: define the
Banach space

L?g 0, T;%) = {(p () ¢ (-)is an &F,-adapted,

Z -valued measurable process on [a,b], (3)

b
EJ lo (40|, dt < oo},
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with norm
b
loOllso = [ lotal,d<co @

(vi) M': the transpose of any vector or matrix.
(vii) M fE the jth component of any vector M;

we will use indifferently this notation M(t, x,u,i) =
M;(t, x,u).

(viii) C([0, T]; X): the Banach space of X-valued continu-
ous functions on [0, T].

(ix) C*([0,T] x R™): the space of all twice continuously
differentiable functions on [0, T] x R".

(x) Consider D, = 9())/dx, D> = 9°(-)/ox*, D*(-) =
0'%(-)/0x5" - 9x%, and f(t) = (d/dt) f(t), 9, = 9/t

(xi) Consider

Q=[0,TIxD, DcR. (5)
(xii) Kronecker delta symbol:
0 ifi+j
8 (1) = (6)
1 ifi=j.

(xiii) [A, B] = AB — BA (Lie bracket), A, B matrices with
appropriate dimension.

(xiv) Consider W*P(Q) = {u € LP(Q) : D*u € LP(Q), 1 <
p < o0, V|a| <k}

(xv) C,(Z) is bounded function in X.

(xvi) If F is a real-valued function on a set U which has a
minimum on U, then

argminF(v) = {v" €U F(v") <F(v), Vv eU}. ()
veU

3. Notion of Viscosity Solution

We consider the following coupled system of backward PDEs:
atvi (t, x)

+inf {%yi (t,x (1), 1) G, (1, (t) ,u) D2V (£, )
+ 60,0 DY, (60} - Yay [V 60
i#i (8)
-V (tx)] =0,
Vi(T,x) = g (x)
(t,x) € @ where u(t) = (u; (t),...,u,, (t))’ ,
and the conditions on matrix (q;j),<; j<, are
G >0, fork#1, gy <0,
iqkl:O fork=1,...,m. ©

I=1
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We suppose

fitx(®)su), g, (x (), u) e WX Q).  (10)

Under appropriate regularity assumptions on 0@ and the
coefficients, we define and prove existence and uniqueness
results of the viscosity solutions to (8).

3.1. Viscosity Solution Definition. It is well known that (8)
does not in general have classical smooth solutions. We define
a generalized concept of solution called a viscosity solution

[7].

Definition 1 (w € (Ci(@))m). w is a viscosity subsolution
(supersolution) of system (8), if, for all ¢; € c*(@),

0, (to» Xo)

. 1_ _ 1
+inf {37, (10 %0, 4) 3, (1 %0 0)' D2 (10, 30)

u=>0
(11)
+f (o> xo» ) Dy (t0, X } qu] [w (to> %o)
J#i
- w; (to,xo)] >0,
0, (to> xo)
. 1_ _ '
+ gzlg {Egi (o> x> 14) 9i (to Xg» 14) Digb,- (o> Xo)
(12)

qu} [

J#i

to, x0

+7i(t0’x0’ u) D¢ to’xo)}

w; (t0, %o)] <0,

respectively, whenever w; — ¢; has a local maximum (mini-
mum) at (f,, x,) € @; w is a viscosity solution if it is both a
viscosity subsolution and supersolution.

3.2. Uniqueness Result. Next, we can let
(@)
Zi(t,x, p, A)

. 1_ _ -
= ng{zgi (t, x,u) g, (t, x, u) A+ fi(tx,u) p} (13)

= —su%) {——gl (t,x,u) g, (t, xu) A- f (t, x, u)p}
and we assume
(ii)

@ 1(F )] +1(f sl < C 1@l + 1@l < G
(b) £t x,w)] < C(L + |x| + |ul);
(©) 1g;(t, x, )| < C(1 + |x| + [ul).

Lemma 2 (see [8], let Z; be as in (13)). Assume ((ii)(a)-(c)).
Then, there exists a continuous function w : [0,00) —
[0, 00) that satisfies w(0) = 0 such that

Xi(ty,p(x=y),B) - Z;(tx B (x~y), A)

2
<w(Blx-y +
for every (t,x),(t, ¥) € Q, B > 0, and symmetric matrices A,

B satisfying
; (I —I> (15)
, 5
P - 1

10 A0
_3/3<0 I)S(O —B>S

where I is the identity matrix with appropriate dimension.

(14)
lx - y]),

Proposition 3. Suppose assumptions (9) and (10) hold and w;,
is a viscosity subsolution of (8) and v is a supersolution of (8).

Ifw(t,x) < v (t,x)ono@, k=1,...
we(t,x) < vt x)on @, k=1,...,m

,m, then

Proof. Suppose that there does not exist an index, s and
(I, z) € @, such that
(wy = vy) (L2) = max {(w - ) €, X)} > 0. (1¢)
x,t.k

(i) If (I, z) € 0@, we are done.
(ii) Assume (I, z) € @; let

£ 1 2
¢ (6%, y) =wy (6, x) — v (£ y) - = lx -y
€ 17)
—elt-1.
There exists an index r and (t,, x, ¥o) = (£5, X5, ¥5)
such that
¢ (t0> X0> ¥o) = max {¢y (£, x, )} (18)
x,t, Y,k

We now show

w, (tg, Xo) = v, (£, o) 2 0. (19)

But

¢§ (l> Z, Z) = ws (l) Z) - Vs (l’ Z) < qbf‘ (tO’ xO’ yO) (20)

implies
Lo goft el -1
€ (21)
Yy (t0> y()) - (ws (l’ z) - Vs (l’ Z)) :

vi(l,z) > 0,

< w, (to, %) —

Since wy(l, z) —

1
0< 8—2|x0—y0|2+s|t0—l|2
< w, (to %) = v, (o o) — (w, b2) = v, (7)) P2
Sw, (t0>x0) -V (tO’ yO) .



(i) Since w is a viscosity subsolution of (8) and the
function

¥y (1) v ¢ (8 X, y) (23)

has a maximum at (t, x,), set

. 1
@, (t,x) =, (tr)’o)+s_2|x_J’0|2+5|t—l|2, (24)

then w, (¢, x)— gof)l (t, x), has a maximum at (¢, x,), and hence

a(wr_(Pf,l) a(wr_¢f,l) -0 —
ot o0x
(to,x[)) (t())xo)
a‘Pf,l ow,
ot (tg-xo) ot (to xo)
op; | ow,
ox (to>%o) ox (to>%0) )
€
_8‘1/7,1 =0 = (25)
0% |(t,,x,)
ow,
2w =0,
ox (to:xo) & ’ ’
oY;,
: =0
ot (ko)
% _ M —2e(ty — l) =0
0 ]
ot (t0%) ot (t>Xo)
0
_ 99 ()
h ot
(26)

e (t07 X0> 832 (xo - )’0) >Di‘l’f,1 (tO’ xo))

Z qu

k#r

to’xo) Wy (to’xo)]

(ii) Since v is a viscosity supersolution of (8) and the
function

¥y, 1 (1) = =) (£ X, ) (27)

has a minimum at (¢,, y,), set

1
90 (6y) = w, (6:%0) = 5 o = yf —ele-17  (28)
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then q)f,z(t, x)—v,(t, x), has a maximum at (¢, x,), and hence

(s, —v 0(e, —v
<(Pr,2 r) _ (q)r,Z r) -0 —
ot ox
(t0:0) (t9>0)
a(Pr,Ze aV
at (to>y0) at (to>y0)
op; _ oy,
0x (to,y0) ax (to>¥0)
Mal (29)
ay (t0,%0)
ov, 2
+ = -5 (%0 =) =
By (to>0) &
oY;,
. =0
CL )
a a t )
Jow) o onlex)l gy,
ot (t0>%0) ot (to»x0)
a‘Pf,z (to o)
ot
2
-, (to’xw 2 (xo - )’o) > Di‘Pi,z (to’ J’o)) (30)

(to» ¥o) = Vi (t> ¥0)] < 0.

- quk

k+#r

By combining (26) and (30),

< 0w, (to> Xo) _ ov, (to» o)
- ot ot

2
+ I, (to’yo’s_z(

X0 — J’o) > Di‘l’:,z (toJ’o))

2 .
-, (to’ X0 3 (x0 = ¥0) >Di§"r,1 (o, x0)> (31)

- Z%k [w, (g, %) — wy (to, Xo)]

+ Z%k [v, (to> ¥0) = vk (o> ¥0) ]
k#r

and by Lemma 2

2
0= 2elty 1]+ 0 5 b = 30 +xo = 0l )

- quk [w, (g, %) — wy (to, Xo)] (32)
k#r

+ quk [v, (to> o) = vk (to» o)1
k#r
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we obtain

2
032£(t0—1)+w<€—2|x0—y0|2+ |x0—y0|)

- quk [w, (£ x0) = v, (o> 0)] (33)
k#r

+ quk [wy (£, X0) = v (0 ¥0)] -
k#r

We have —q,;, < 0 and w,(ty, x,) — v,(ty, o) > 0 (19) and
hence

2 2
0< 28(1f0—l)+w(8—2 Ixo = ¥o|” + |xo _)’ol)
(34)
+ quk [wy (t> xo) = vk (o> ¥o)] -
k+r
Since wy(ty, xy) — vi(te, ¥o) < w,(ty, xo) — v,(ty, ¥,) and
Yktr Ark = ~qxk> We obtain

2
0<2e(ty-1) +w<8_2 [0 = yol” + %o _y0|>

(35)
~ Gkk [wr (to>xo) - v, (to, )’0)] .
Thus,
Wy (l’ Z) — Vs (l’ Z) < ¢f« (tO’ X0> yO)
< w, (ty, %) = v, (0, ¥0)
< Loty -] (36)
rk
1 2 2
+ aw 8_2 |x0—y0| +|x0—y0| .

To finish the proof, we need to show

2
“’<£_2|x0_)’0|2+|x0_)’o|>—’0> ase— 0. (37)

Let
h(q) = Sup {|v, (6, %) = v, ()| : £ € [0,T], (x. )
o (38)
€@ |x—yf <q},
so that for any (¢, x) and (¢, y) € 1)
v, (£, %) = v, (£, y)| < h(|x_y|2), (39)
Since (x, ty, ¥y, r) maximizes (pj over @,
1 2 2
w, (to’xo) ~-V (to’yo) T2 |x0 - )’ol -¢€ Ito - l|
1 2
> w, (ty, %) = v, (0, %) — 2 |0 = xo (40)

—elty -1,

5
We obtain
1 2
= |%0 =yl < v, (o, x0) = v, (t: )
‘ (41)
2
<h(lxo - wl)-
Since h is bounded by some constant K, this implies that
2
o) | — y0|2 <K. (42)

The definition of h yields

2 Ké? K
£_z|xo—)’0|2+|x0_)’ol5h<7>+5\/;, (43)

and we obtain

2 2
“’(8_2 %0 = ol + |%0 _)’0|>

_ 44
()5
<wl|lh| — |+e\= |,
2 2
and we obtain
w,(Lz)-v,(,z) <0 ase—0, (45)
which is a contradiction to (16). ]

Corollary 4. The viscosity solution satisfying the boundary
condition is unique.

Proof. If v, and v} are 2 viscosity solutions such that v; = v}
on 0@, then

A

()vy < v; on 3@ = v, < v; on @ accordingly

(Proposition 3);
(ii) v,lc > v,2< on 0@ = vi
(Proposition 3).

v; on @ accordingly

[\

Hence vi = vi on Q. O

4. Application in Finance: Continuous-Time
Mean-Variance Model without Shorting
where the Market Parameters Are Random

We now briefly recall the results of the continuous-time
mean-variance model without shorting [5] and the mean-
variance portfolio selection problem in continuous time
where the market parameters are random processes [4].

We study the intersection of the both cases [4, 5], that
is, continuous-time mean-variance model without shorting
where the market parameters are random.

Consider a market in which n + 1 assets are traded
continuously on a finite time horizon [0, T]. One of the assets
is a bank account whose price P,(t) is subject to the stochastic

ODE (ordinary differential equation)
dPy(t) =r(t,a(t)) Py (t)dt, te€[0,T]
(46)

Py(0)=py, >0, te[0,T], a(t)=i€eN,



where r(t,i) > 0,i = 1,2,...,m, are given as interest
rate processes corresponding to different market modes. The
other n assets are stocks whose price processes P, (t) m =
1,2,...,n satisty the system of SDE (system of differential
equation)

dp,, (t) =P, (t)

A, (ta@)dt+ Yo, at)dW, )},
{ S0, ol -

p=1
te[0,T]

P,0)=p,>0, te[0,T], «(t)=i€N,

where for eachi = 1,2,...,n b,,(t,i) is the appreciation rate
process and 0,,(t,i) = (0,,,(t,1),...,0,,,(t,i)) is the volatility
or the dispersion rate process of the mth stock, corresponding
to a(t) = i.

Define the volatility matrix

o(t,i) = (amp (t, i))nxn for eachi=1,...,n. (48)
We assume
o(t,i)o(t,i) >8I Vte[0,T], §>0 (49)

and r(t,1), b,,(t,1), 0,,,(t,i) are measurable and uniformly
bounded in t.

Denote by y(t) the total wealth of the agent with y(0) =
¥ > 0 being his initial wealth; y(t) satisfies

dy(t) = [r(t, i)y () +B(t,i)u(t)

+ i b, (£1) - (&, i)]] u,,, (t)dt
m=1 (50)

+ Z iamp (t.1) ty, () AW, (), t € [5,T]

p=lm=1

y(0) =y, >0, «(0) =i, the initial market mode,

where u,,(t) is the total market value of the agent’s wealth in
the mth assetand m = 0, 1,...,n at time t.

u(-) = (u,(),...,u,(-))" is called a portfolio of the agent.

uy(-), the asset in the bank account, is completely specified
since uy(t) = y(t) - Z?=1 u;(t). Thus, in our analysis to follow,
only u(-) is considered.

Setting

B(t,i) = (b, (t,i) —=r (t,i),..., b, (t,i) — r (1)),

wealth equation (50) satisfies
dy (t) = [r (t,i) y (t) + B(t,i)u(t)] dt
+u®) ot,idw (), telsT] (52)

y(0)=y,>0, «(0)=i,.
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The objective of the agent is to find an admissible portfolio
u(-) = 0, whose expected terminal wealth is E, y(T) = d for
agiven d € R, so that the risk is measured by the variance of
the terminal wealth. Namely, the goal of the agent is to solve
the following constrained stochastic optimization problem,
parameterized by d € R:

minimize  Jyry (Yo, dgo 1 (+) = Ey, [y (T) — d?,
subject to  E,,y(T) = d, (53)
(y(),u (")) admissible,

called mean-variance portfolio.

Formula (53) is a convex optimization problem; by using
a Lagrange multiplier 4 € R, we can attach the equality
constraint E,, y(T) = d to the first equation of (53). In this
way, the portfolio problem can be solved via the following
optimal stochastic control problem:

P(d):

minimize E,, {[y (T) - d]2 +2u [Etyy (T) - d]} ,
subject to  E,,y (T) = d, (54)

(y(-),u(-)) admissible,

where factor 2 in front of the multiplier y is introduced in the
objective function just for convenience.
This problem is equivalent to the following:

(A(w):
minimize E,, % [y(T)-(d- #)]2 )

subject to u(-) € L% (0, T;R™) (55)

(y(),u(-)) admissible,

in the sense that two problems have exactly the same optimal
control [5].

Next, we let x(t) = y(t) — (d — ).

Consider (A(p)):

minimize E,, B [x (T)]Z] ,
subject to  u(-) € L%, (0, T;R™) (56)
(x(-),u(-)) admissible,
and (52) is equivalent to
dx (t)

=[Ati)x () +BEti)u(t)+ A(ti)(d—p)]dt
+ iGP (i) u(t)dW, (1), te[sT]
p=1 (57)
x(s)=y(s)—(d-u) eR
where G, (t,1) = (0y, (t,1) ..., 0, (t:1))

A(t,i) e R.
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Problem A(u) is a stochastic optimal linear quadratic coupled
(LQC) control problem, and we can get the solution of (A(y))
by guessing the solution as a quadratic function. By making
use of the duality relationship between (P(d)) and (A(u)), see
Appendix A.2; we obtain the solution of the original problem
(P(d)).

4.1. A General Constrained Stochastic Linear Quadratic Prob-
lem. Consider controlled linear stochastic differential equa-
tion (57).

We assume that the matrix 22:1 Gp(t, i)'Gp(t, i) is non-
singular. Our objective is to find an optimal control u(-) that
minimizes the quadratic terminal cost function. Set

Us,T] = L% (s, T;RY). (58)

Givenu(-) € %[s, T, the pair (x(-), u(-)) is admissible if x(-) €
ng(s, T;R) is a solution of (57). Let

s wu() = By {527} (59)

The value function associated with LQC problem (57) and
(59) is defined by

wuﬁ)=bg£mhwxm0». (60)

u

In Appendix A.3, and also [8], value function (60) satisfies
(8). Next, we will provide an explicit viscosity solution of (8).

Definition 5.

(i) A portfolio u(-) is said to be admissible if u(-) €
Li}(o, T;R") and the SDE (57) has a unique solution
x(-) corresponding to u(-). In this case, we refer to
(x(-), u(+)) as an admissible (wealth, portfolio) pair.

(ii) The problem is called feasible if there is at least one
portfolio satisfying all the constraints.

(iii) The problem is called finite if it is feasible and the
infimum of Jyy (%, ig, u(+)) is finite.

(iv) An optimal portfolio to the above problem, if it ever
exists, is called an efficient portfolio corresponding to
d, and the corresponding (Var x(T), d) € R?

and (o), d) € R?) are interchangeably called an efficient
point, and the set of all the efficient points is called the
efficient frontier.

Next, we let
fitxsu) = At i) x () + B(ti)u+ f (t,0),
g; (t,xsu) = G(t,i)u, (61)
where f (t,i) = A(t,i)(d - u).

4.2. Viscosity Solution of the Coupled System. By guessing the
value function of (8) as

‘wam)=%PaJn¥+AULﬂx+RaJ) (62)

we will see that the coefficients of (8) satisfy the following
Riccati equation.

Definition 6. We define the system of Riccati equations as
follows

dP (t,1)
dt

= [2a @0 - E@d| - 280G (1) Et,)]

(63)
P(ti)+ Y g, [P (i) -P(4))],
J#i
P(T,k) =1,
dM (t,i)
dt
=[~awi- | - 2800 G () En )]
M (t,i) - P(t,i) f (t,1) (64)
+ Y a; [M i) - Mt j)]
J#i
M (T, k) =0,
dR;f” = M (&) f (6,1) - B(6) G (1) E(6,)
.Mﬂaoﬁmo*—éﬂagmrﬁﬂgoﬁmo*
(65)
+ Zqi,j [ﬁ (t.i) - R(t, J)] >
j#i
R(T,k) =0,
dP(t,i) N
Q- —2A (t,i) P (t,1)
+ iqi,j [13 (t.i) - P(t, J)] ) (66)
j#i
P(T,k) =1,
m€$0=—Aaﬁﬂﬂan+ﬁmofu@
+ iqi,j [M (i) - M (1, J)] » (67)
j#i

M (T, k) =0,
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dR (i) — o
I =-M (t,i) f (t,1)
+ zqi,j [R (i) - R(t, J)] ,
it

R(T,k) =0,

where £(t, ) is as in Lemma A.1
Remark 7. By letting
& (i) = 2A(t0) - [E@ D)
—2B(t,i) G (i) E(ti),
B(ti) =240 - [E )|
—2B(t,i) G (i) E(t.i),
V(i) = =M (t,i) f (&)
—B(t) G (t,) E(t,i) M (i) P (t,i)
- % [E .| 3 ) P t.i).
We see that (63) is equivalent to

dpP (t)
dt
M(t) = [Ec (t,1) 6;; + %'j]

=M () P(1),

1<i,j<n’
P(T) =1,

where P (t) = (f’ (t, i)) ;

1<i<m
(64) is equivalent to
dM (t)
dt

N(t) = [73 (t,1) 6;; + ‘L’j]

=NOM®B+G@),

1<i,j<n’
G(t)= (P, f, (1) P,f, (1),
M(T) =0,
where M t) = (]VI (t, i))lsiSm;

(65) is equivalent to

dR(t) 5 =

— —QORO+FO),
Q) = [qif]lgi,jsn’

E(T) = Oa

where R () = (R (t,1))

1<ism’
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(66) is equivalent to

dP (t)
(68) dt

H (1) = [-24; () 8; + ;]

=H@®P(®),

1<i,j<n’ (73)
P(T) =0,

where P (1) = (B (1,i))

1<ism’

(67) is equivalent to

dM (t)
dt

L) = [_Ai (t)6;; + %j]

=LOM@)+K(@),

1<i,j<n’

K@) = (P fi(®)---B,f,®), (74)

P(T) =0,

(69)

where M (t) = (ZT/I (t, i))

1<ism’

(68) is equivalent to

dR (t)

o - QORH+O),

Q)= [ql‘j]lsi,an ’

o) = (M, f, &) M,f,®), (75)

R@®) =0,

(70)

where R (t) = (ﬁ (t, i))

1<ism”

4.3. Riccati Equation Magnus Approach. We will show how to
provide the solutions of (70)-(75) by making use of Magnus
method.

Proposition 8 (see [10]). Given the n x n coefficient matrix
Alt),

dy ()
dt

Y (to) =Y,

=AMB)Y (),
(76)

where Y (t) = (Y (£,1))1<icm

and then Y(t) = exp((Q(t,t,))Y,) which is subsequently
constructed as a series expansion

0 t
Q(tt,) = ZQk (t.t,) where Q, = J A(r)dr

(72) k=1 ty

(77)
n-1B. ~t
Q, (t,t,) = Z—'] J Silf) (r)dr, n>2,
IR

0
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where S/ is defined recursively by

n

J

8V = [QusiW], 2<jsn-1,
m=1
(78)
Sitl) = [Q‘nfl’ ]’
SV = ady ! (A),
ad’;) iterated commutator
adg A = [Q, A],
ady A = [Q,adgAl,
(79)
0
adgA = A,
keN,
and Bj is the Bernoulli numbers.
Proposition 9 (see [11]).
ay (t
d: ) =M®OYH+Y@R)N@)+F(t),
Y (t,) =Y, (80)

te [ty T],

Vi(t, x) =

and the optimal control is given by

u
~(G@)) Ewi [x+7 D], if x+7(ti) <0, (85)
0, if x+7(ti) >0,
where
.. M(ti)
ti) = — . 86
1 (t,1) R (86)
Proof. Let

Tl = {(t,x,d) € [0,T] x R x N | x +7(t,) < 0},
(87)
I ={(t,x,i) € [0,T] xR | x +7 (t,i) > 0} .

V,(t,x) = %P(r,i)xz+1T4(t,i)x+1‘z(t,i), if x+7(ti) <0,

V,(t,x) = %f’(t,i)xz+M(t,i)x+§(t,i), if x+7(t,i)>0

where Y(t), F(t) € CP*1, M(t) € CP*F, and N(t) € CT%. The
solution of (80) is given by

Y (t) = @y (8, 1) Yoy (8 2,) + ¥ (2, 8,) (81)

with

Y (tt,) = Lt Wy (t,5) F (s) D (t, ) ds, (82)

0

where @, (t,t,) and O}(t,ty) are the fundamental solution
matrices of the associated homogeneous equations

Dy (bty) = M () @y (1)
Dy (totg) = I,
(83)
O (t,ty) = ®* (t,t,) N (1),
Dy (to o) = 1,

Remark 10. By making use of Proposition 8 we get (70) and
(71)-(75) are special case of Proposition 9 when N = [Oij]nxn.

Theorem 11. The value function of (60) is given by

(84)
(i) In Fi, V as given by (62) is well defined, with
av,.;;, x) _ %f)(t, a2+ M(5i) x+R(56),
NilboX) b i+ M (6i), (88)
ox
IV, (t,x) -, .
T =P (t, l) .

Substituting them into the left-hand side (LHS) of (8),
we obtain

LHS = <%f)(t,i)+13(t,i)A(t)+§
) Z%’j (}3 (t,i)-P (t, ]))> x* <f/[ (t,i) + D (t,i)
I

Cf (i) + M (t,0) A; (t)
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J#i

fti)+ Y g, (R(ti) - R, i)))
J#i
inf Bu’e t,i) G(t, i) u

+B(t,i)(x+ A:I(—tl))u]
P(t,i)

Let #(t,i) =
Lemma Ala = —[x + 7(t,i)]
that the minimizer of (89) is achieved by

W == (G E) [x+7(ti)].

+>q; (R(t,i) - R(t, i))) X+ <f2(t, i)+ M (t,i)

M(t,i)/P(t,i) and, by using
> 0, it follows

Journal of Applied Mathematics

(ii) In 1";, we proceed similarly with

w = %f)(t,i)xz+A7(t,i)x+§(t,i)’

VilbX) iy B(ti), (93)
ox

IVi(tx) .

T :P(t,l).

Substituting them into the left-hand side (LHS) of (8),

(89) we obtain

LHS = (%?(t,i)+l~5(t,i)A(t,i)+%

(90)

Yay (js(t, i) — ﬁ(t,j))> X <z{7(t, i)+ P (t,1)

Substituting u* (£, x) back into (8) and noting (63)- e

(65), it immediately follows that LHS = 0.

Now, we will show that V is a viscosity subsolution.

 f; (6) + M (t,i) A (t, 1)

Let ¢, € C*(@) and choose (£,x) € argmax{(V, —

@,)(t, x) | (t,x) € @} N @; then,
og; (£,x) 0V, (t,%)

ot ot
a¢; (t,x) ~ v, (t,x)
ox - ox
0’ (Vi - ‘Pi)

e (Lx)<0=
x

277 (7 = 2 (7=
5 _OVilbx) ¢(6%)

' ox?  — ox?
and we obtain
0=23,;(t%)
+inf {37, (1507, (6 %0) DIV, (%)
+F, €% 0) DY, E9)| - Yoy [V, (69)
J#i
-V, (£%)] < 0 (%)
+inf {37, (6507, (£ 5.0) Dlg, (%)
S AGEITAGEI S YA AGE
Jj#i

Hence, V; is a viscosity subsolution.

+ Yg; (R(ti) - R (¢, j))) x+ <i’z(t, i)+ M (t,i) (94)

jHi

j#i
(91) )
. ! N
M (t,i
+ B(t,1) <x+ ﬂ)u] .
P(t,1)
Since o = —[x +7(¢,7)] > 0, the minimizer of (94) is
u; =0. (95)
Substituting u” into (8), it is easy to show that vV
satisfles HJBC equation (8) in I,.
(92)

Now, we will show that V is a viscosity subsolution.
Let ¢, € C*(Q) and choose (£,X) € argmin{(V, -
@)t x) | (t,x) € @} N @; then,

o¢; (£,%) _aV,- (£,%)
ot ot

o¢; (£, %) B 871- (£,%)
ox B ox
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o (Vi-¢)

e %) >0=

- oV, (£, %) N *¢; (£,%)
T ox? T Ox?

(96)

and we obtain
0=09,V,(£,%)
+inf {1@. (£.%u) g, (. %u) DXV, (5.%)
u>0 (2

+

'\H
=
=
&
A~
<
w
<1
N—
——
§
=~
A
Al
X

-V, &%)] 20,4 (%) (97)
+1anl (L%u)7, (L% u) DX¢, (L%

f(txu ¢ tx} Zq,J[V(tx)

J#i

-V,E%).

Hence, V; is a viscosity supersolution.
We see that the value function V is a viscosity solution.
Remark 12. we see clearly that 9°V(t, x,i)/0x> does not exist

in @, since P(t,i) # P(t, ). For this reason, we are required to
work within the framework of viscosity solutions. O

<
1]

Theorem 13. The optimal investment strategy to the problem
A(p) is given by (101).

6. Efficient Frontier

Since x(t) = y(t) — (d — u), we obtain the solution of the
original problem P(D). Hence, for every fixed y, we have

1
w15 @ -dl} + u[Eyy @ - d]

min
u(-)€%[0,T]

. 1 2 1,
= E {— T }__
wOenlory zx( ) 2

. {—(a(t,i)’)’lé(t,i) [y+(d-u) +7(t0)],
0,

1

5. Efficient Strategies

Consider x(t) = y(t)—(d—pu). The problem A(y) is equivalent
to the following problem:

min E,, [%x(T)]
dx (t)
C[AwDx®O+BEu+ f]de O
+G (i) udW (1),
x(0) :)’o_(d_/")’

where u(-) € LZ(J,(O, T; RY") and

te[s,T]

A(t,i) =r (1),
B(t,i) = (b (t,i) —r (t,i),..., b, (t,i) -
fi=(d-urti),

G(t,i) = (0, (t,0),..., 04 (£,1)).
Now, corresponding to (A.3), set

r(t,i)), %)

7; (t) = argmin — “0 (t, 1) 7 (t,1)

7(t,i)€[0,00)™
+o (i) (b(ti) -7 (i) 1)||2 , 1o

0,(t) =0, (t) ' (t,i) +0; 1) (b(t,i) —r(t,i)1).

5.1. An Optimal Strategy. We present the optimal investment
strategy for the problem A(y). The optimal control obtained
in (85) translates into the following strategy:

if y+(d—u)+7(ti) <0, (101)
if y+(d-p)+7(ti)>0.

=V, (0,x) - %;ﬁ.
(102)

Hence, the value function of P(D) is given:
1 2 1~ . 2
V, 0.%) = 547 = (5P 0.i0) [y - (d - )]
— S 1
# M (0,i0) [ = (d = )] + R(0.ig) = 547

1~ . 2
Lyampeieaso + (3P i) [0~ (@ - )]
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+ M (0,00) [ - (@ = 0)] + R (0.7) - 54°)

1 @iy >0-

(103)

e {—(G(t,i)’)_lé(t,i) y+(d-pu")+nt.0)], if y+(d-pu")+n(ti) <0,
0,

Moreover if

= argmax (P (0.) [y~ (d - )

+ 8 (0.00) [ - (@ - 0)] + R (0.7) - 54°)

Lo+ (3P O - (@d-w)) - (109)
+ M (0,00) [ - (d - 0] + R (0.7) - 547
' 1y+(d—u)+ﬁ(t,i)>0>
exists, the efficient frontier is given by
Var y (T) = V (0, x,y) - %M*Z. (106)

7. Concluding Remarks

We analyzed mean-variance optimal portfolio selection for
a market with regime switching. The formulation allows
the market to have random switching with no-shorting
constraint. Using techniques of stochastic linear quadratic
control and the notion of viscosity solution, mean-variance
efficient portfolio and efficient frontiers are derived explicitly
in closed forms in terms of some systems of Riccati equation
for which the solutions are provided by making use of the
Magnus approach. The numerical application is in progress
and it will be the subject of a new research paper.

Appendix
A. Useful Formulas

A.1 Convex Analysis

Lemma A.1 (see [5]). Let h be a continuous, strictly convex
quadratic function

h(z(ti) = lz(t, ) D) D,i)z (1)
2 (A)

—aRBz (t,i)

Journal of Applied Mathematics

Note that the above value still depends on the Lagrange
multiplier y. To obtain the optimal value function, one needs
to maximize the value of y in (103).

Proposition 14. The efficient strategy of portfolio selection
problem (50) corresponding to the expected terminal wealth
E, y(T) = d, as a function of time t and wealth y, is

(104)
if y+(d—p")+n(ti)>0.

over z(t,i) € [0,00)", where B' € R”, ; € R™" and
D'(t,)D(t,i) > 0.

For every « > 0, h has the unique minimizer
aD(t, i) 'E(t, i) € [0,00)", where

L= (2w)) ze+(2w)) F, (A2
where
Z(i) = argmin - |(@@0)) " 2 ()
z(t,i)€[0,00)™ (A.3)

(@) B

A.2. Duality Method

Lemma A.2 (see [12]). The strong duality relationship holds
between (P(d)) and (o (n)) in the following sense,

7 (P(d) =max {277 (/ (W) -’} (aa)

where 7'(-) denotes the optimal value of problem ().

A.3. Dynamic Programming and Random Evolution with
Markov Chain Parameters. Here we sketch a proof of
equation (8); for more details please see [8].

Let a(t) be a finite state Markov chain, with state space a
finite set /. we regard a(t) as a parameter process. On any
interval where a(t) = « is constant, x(t) satisfies the ordinary
differential equation

dx=u(t,x@),u(),a(t))dt
(A5)
+o(tx(t),u(t),at))dw(t)

and we assume that p(t, x(t), u(t), a(t)) and o(t, x(t), u(t),
a(t)) satisfy the conditions
(@) g (8 x(8), u(t), ()] + | (8, x(8), a(0))] < C,
lo (£, x(8), u(t), a(t)| + o (&, x(£), u(t), a(t))| < G
(i) |p(t, x(8), u(t), a(t))] < C(1 + [x| + [ul)s
(iii) o (¢, x, u(t), a(t))| < C(1 + |x| + ul),
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foreachaw € M. Lets <t <T,andletr; <7, <+ < 7T,

denote the successive jump times of the parameter process

a(t) during [s, T]. Welett, = ¢, 7,,,, = T, and define x(¢) by
dx=up(t,x(t),ut),a(s))dt

to(t,x®),ult),a(r,;))dw () (A.6)

T, <t < Ty, 1=0,...,m,...x(5) = x,

with the requirement that x(-) is continuous at each jump
time 7;. The process x(s) is not Markov. However, (x(t), «(t))
is a Markov process, with state space ¥ = R x .. For each
O(t, x(t), a(t)) such that ®(-, -, &) € C*(@), we have

A" D (t, x, 1)

=limh™" [E, @ (t +h,x(t +h),i) - D(tx,i)]

x—0

1
= @, (t,x,1) + 20 (%, 1,1) DI (t, x,i)

(A7)
+u(t, x,u,i) DD (t, x, 1)
+ ;p (t,i, §) [© (£, x, j) — D (£, x,)] .
j#i
Dynkin formula is
E, D (t x,i) - D(t,x,10)
(A.8)

1y
=E,, J A"OD (s,x(s), a (s)) ds,
t

where p(t, x, y) represents an infinitesimal rate at which x(t)
jumps from x to y:

p(tisj)=limh P x(t+h) =j|x(t)=i]
(A9)
=q; (1).

Criterion to Be Optimized. The control problem of a finite time
interval t < s < T is to minimize

T
J=E,, {J L(s,x(s),u(s))ds+yx (T)]» (A.10)

in our case the Lagrangian L(t, x,u) = 0, that is, the Mayer
form.
The value function
Vi(t,x) = iréf] (¢, x, i; control) . (A.11)

Bellman’s Principe of Dynamic Programming. This states that
fort<t+h<T

Vi(t,x) = iréf E. V(Et+hx(t+h),i). (A.12)
If we take constant control u(s) = vfort < s <t +h,
Vi(t,x) <E,V({t+hx(t+h),i), (A.13)

13
we substract V (¢, x, i) from both sides, divided by h, and let
h—0:

lim i [E,V (t + hyx (t +h),i) =V (£, x,1)]

x—0*

t+h
= lim b 'E,, J A"V (s, x(s),i)ds (A.14)
x—07" t
= A"V (t,x,1).
Hence, forallv € U,
0< AV (t,x,10). (A.15)

On the other hand, if u” is an optimal Markov control policy,
we should have

Vi(t,x) =E,V (t+hx" (t+h),i), (A.16)
where x*(s) is the Markov process generated by AY A
similar argument gives, under sufficiently strong assumption
(including continuity of u* at (¢, x)),

0= AV (t,x,0). (A17)

Inequatlities (A.15) and (A.17) are equivalent to the dynamic
programming equation

_ . v H
0= rvrg[?A V(t, x,1). (A.18)
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