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It has been proved that, in the classical planar circular restricted three-body problem, the degenerate saddle point processes
transverse homoclinic orbits. Since the standard Smale-Birkhoff theorem cannot be directly applied to indicate the chaotic dynamics
of the Smale horseshoe type, we in this note alternatively apply the Conley-Moser conditions to analytically prove the existence of

a Smale horseshoe in this classical restricted three-body problem.

1. Introduction and Preliminaries

Few bodies problems [1-7] have been studied for long time
in celestial mechanics, either as simplified models of more
complex planetary systems or as benchmark models where
new mathematical theories can be tested. The three-body
problem has been the source of inspiration and study in celes-
tial mechanics since Newton and Euler [8-14]. Especially,
the following classical planar circular restricted three-body
model has been extensively studied in the literature. Let two
particles P, and P,, of mass 1 — y and g, move uniformly
in a circular orbit about their common center of mass with
angular velocity w. The orbit is located in the Oxy plane of the
inertial frame of reference and the common center of mass is
in the origin. The particle P; of infinitesimal mass #71; moves
in the gravitational field generated by P, and P,. Note that
since the mass of Py is so small, its effects on other three
particles can be ignored. Without loss of generality, assume
that, in the OXy plane of the rotating frame of reference, the
particles P, and P, rest at the points (¢,0) and (¢ — 1,0),
respectively. By denoting their polar coordinates by p and
¢ and using the polar angle 7 = wt as a new independent
variable, the equation of motion of the infinitesimal particle
P; can be written as follows:

pE

2
dp, Py (1-p)(p—ucosp)
dr P (p2+ 42— 2pucosg)™?

~ ulp+(1-p)cosg] ’
o2+ (1-) +2p(1-p)cosg]

do _ Py
dr  p*
dp¢
=2 _y(1-
o= u(l-p)
X psin¢ 1
0>+ — 2ppcosg]

1

[P+ (1= +2p (1) cosg] |
1)

where p, and p, are momenta canonically conjugate to the
coordinates p and ¢, respectively.
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The Hamiltonian of the system (1) is

([, P
H = E(PP+F_2P"’>
1—p
(¢ + 4~ 2ppcosg)
u
(P2 + (- +2p(1- ) cosg)

72 )

For the above classical model, Xia [4] has showed, by
proper coordinate change for transforming the points at
infinity to the origin (i.e, the McGehee transformation [2]),
that there is a periodic solution at infinity. Moreover, from
[2, 4], we know that this periodic solution is a degenerate
saddle in the sense [2] that, for the Poincaré map of the
periodic orbit introduced at infinity, its derivative (i.e., the
Jacobian) at the origin is the identity.

Further, Xia [4] and Zhu and Xiang [12] both proved the
existence of transversal homoclinic orbits by the Melnikov
method to the periodic solution at infinity, which corre-
sponds to the origin under the coordinate change. However,
since the origin is a degenerate fixed point, the standard
Smale-Birkhoft theorem [15] cannot be directly applied to
indicate the existence of a Smale horseshoe. This problem
has also been pointed out by Dankowicz and Holmes [6]
and Llibre and Perez-Chavela [8]. Thus, in this present note,
we try to alternatively apply the Conley-Moser conditions
to analytically prove the existence of a Smale horseshoe in
the above classical model. For this, we introduce the Conley-
Moser conditions [16] as follows.

Let f : D + R*be an invertible map, where D = {(x, y) €
R*|0<x<1,0<y<1}and fisatleast C'. For two given
p, > 0and gy, > 0,let K = {1,2,..., N} (N > 2) be an index
set,let H,, ..., Hy be the N disjoint y,-horizontal strips, and
Vi,...,Vy be the N disjoint y,-vertical strips. For each i, j €
K, denote f(H;) H;asVjand H, N f_l(Hj) as Hj;. Clearly,
Hj; = fﬁl(Vji). Define # = |, jex Hjjand 7" = {J; jex V- It
is also obvious that f(#) = 7.

For an arbitrary point z, = (x4, ¥,) € ZJZ, let
(§;,-M.,) be a vector emanating from the point z, in the
tangent space of z,,. The stable sector at z, is then defined as
83, =1&, o 1,,) € R? | I, | < )€, 1} Similarly, the unstable
sector at z, is defined as é’go = {(&,n.,) € R? | 1§;,1 <
tyln;, |} By taking the union of the stable and unstable sectors
over all points in # and 7", we can define sector bundles as
follows:

= U, sv=Us
zg€H zy€7
u U u u (3)
Sy=1Js0, Sy =1Jsh.
Z0€X Z0 €7

Then, the Conley-Moser conditions for the map f are
described by the following two assumptions.
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Assumption 1. 0 < p,u;, < 1and, for eachi € {1,2,...,N},
f maps H; homeomorphically onto V;; that is, f(H;) = V.
Moreover, the horizontal boundaries of H; are mapped to the
horizontal boundaries of V; and the vertical boundaries of H;
are mapped to the vertical boundaries of V.

Assumption 2. Df(S%) < &4 and fol(é”%) c 8.
Moreover, there exists a positive number A satisfying 0 < A <
1 — p,uy, such that

W) if (€z1e,) € 8% and Gy ige,) = Df(20) (5,
Mz) € éﬂ}(zc)’ then |174,)1 > (1/A)In,, |;

(2) lf (gzn,ﬂzo) € CS)ZU and (Ef—l(zo),ﬂf—l(zo)) = Df_l(ZO)
(EZ()) ’120) € (‘Sj:sf—l(zo)) then |Ef’1(zo)| 2 (I/A)lgzol'

Based on Assumptions 1 and 2, we directly have the
following.

Lemma 3 (see [16]). Ifthe map f satisfies AssumptionsIand 2,
then f has an invariant Cantor set, on which it is topologically
conjugate to a full shift on N symbols and has

(i) a countable infinity of periodic orbits of arbitrarily high
period;

(ii) an uncountable infinity of nonperiodic orbits;

(iii) a dense orbit.

Remark 4 (see [16-18]). If f satisfies Assumption 2, we call
that f satisfies the (uy,, p,)-cone condition.

2. Main Result

In this section, we will analytically prove the existence of
a Smale horseshoe in the classical planar circular restricted
three-body problem introduced in Section 1, arriving at the
following theorem.

Theorem 5. For the classical planar circular restricted three-
body problem introduced in Section 1, when the mass ratio y is
sufficiently small, there exists a Smale horseshoe and thus the
system (1) processes chaotic dynamics of the Smale horseshoe

type.

In order to prove Theorem 5, we will construct an invert-
ible map f and then verify that this f satisfies the Conley-
Moser conditions.

2.1. Construction of an Invertible Map f. According to
the McGehee transformation p = 1/x%, Py =y [2],
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the Hamiltonian of the system (1) can be reformulated as
follows:

H = (y2 +x4p§,—2p¢)

N | =

(1-p)?
(1+ x*u? - 2x*pcos ¢

)1/2

ux®
2 1/2°
[1 +x4(1—-p) +2x2 (1 - p) cos<p]

(4)
Thus, the system (1) can be reformulated as
dx _ 13
dr 2 >

dy 26 (1 —y)(l —;/wc2cos<p)x4

dr. °? (1 + p2x* = 2ux? cos go)3/2

y[l +(1-p)x? cosgo] x*
[1 +(1-p)xt+2(1 - p)x? cos<p]3/2

de 4
E :p(PX - 1,

1

X sin ¢
[1 +(1—u)xt +2(1 - p)x2 c:osgor/2

1

) (1 + p2x* — 2ux? cos g)*/° .
()

For the energy surface H = h, where h is a constant,
there exists a 277-periodic solution with respect to ¢; that is,
(x, ¥, p,) = (0,0,—h). Further, near this periodic solution,
by solving the Jacobi integral for p,, we have p, = —h +
v,(x, ¥, @), where v, (x, y,¢) is second order in x and y and
2m-periodic with respect to ¢.

Thus, the system (5) can be further reformulated as

dr = 2 %
d)’_ 4 6
=2 (5" + g (v 3 00), (6)

d
d—f =-1+g,(xy.0u),

where g, and g, are 27-periodic with respect to ¢, g, is the
third order in (x, ), and g, is fourth order in (x, y).

From [4, 12], the origin (0, 0) can be regarded as a periodic
orbit y, with period 27 with respect to ¢ in the system (6).

3
Moreover, the Poincaré map of the periodic orbit (x, y) =
(0, 0) has the form
Py:x — x+kx (y+7, (%))
@)

y = y+kx’ (x 41, (x,9)),

where k; = 7, k, = 271(1 — 2u), and r,, r, are real analytic and
contain terms of at least second order in (x, y).

Using polar coordinates (p, 0), the Poincaré map P, can
be reformulated as

Py:r — 1 —k;r'cos* ((4u—3)sin0 + o (r))

0 — 60— k,r’cos’d

(8)

1 ) 2
X(Z(I—Zy)SIH 0 — cos 0+o(r)).

According to formula (8), by making the following linear
transformation:

X=u+v,
)
y=-\2(1-2u)@-v),
the system (6) can be reformulated as follows:
% =(u+ v)3k3u,
dv 3
= = —(u+v) (kyv+hy (u,v, 0, 1)), (10)
dg

=, = Lrh(wre.p),

where k; = +/2(1 —2u)/2. Due to the symmetry of the
problem, we subsequently restrict our discussion to the
positive quadrant.

We neglect the higher order terms of (10) and then obtain
that du/dv = —u/v. It is clear that its solution remains on the
hyperbolae uv = ¢, > 0, where ¢, is a constant. We substitute
v = ¢y/uinto the first expression of (10) and neglect the higher
order terms, arriving at du/de = —k3((u2 + co)3 Ju?).

Let X be a plane transversal to the periodic orbit y, at the
origin (0, 0) and let U, be a sufficiently small neighborhood
of the origin (0,0) in the plane X. For an arbitrary but fixed
point (uy, v,) € Uy \ {(0,0)}, we define T<P(u0, Vo) = (u(P, V(P)
with Ty (1, vo) = (U, vo)-

Assume that u = G tan(¢¢/4); then Vo =
Geot(¢,/4), where ¢, is an auxiliary variable. Substituting
U, = /¢ tan(¢,/4) into du/de = —k3((u2 + 60)3/u2), we can
obtain

¢, —sing, = ko — 32kc3/2(p, ko = ¢p — sin ¢y, 1)

where ¢, = uyv, and ¢, = 4 arctan /u,/v,.



Moreover, we can calculate

[ Ou, Ou,
uy v,
D= o v,
ou, 0V,

| 2ugu,

where A = ((u,, +v,)/(uy + vo))3. Clearly, det DT, =A+#0.
For the approximate system obtained by neglecting the
higher order terms in the system (10), we can describe the
Poincaré map P defined over the plane ¥ by using the
truncated flow near the degenerate saddle as follows:

P (ug,vy) ¥ (Uysvyy),  where (ug,vy) € Uy (13)

Since the terms neglected in (10) are both o(u*, v*) and O(u),
we can use this Poincaré map P to approximate P,.
Letting u, = +/, tan(¢,/4) and vy = +/Gycot(¢y/4), then

we can obtain
P* (g, vp) 2 (o vy) = <\/_tan Poin \/_cot¢2k" ) . (14)

For the system (10), the coordinate axis v = 0 corresponds
to the local stable manifold Wj; _ (yﬂ) and u = 0 corresponds to
the unstable manifold Wj;, c(yﬂ), respectively. Moreover, from
[4, 12], when the mass ratio u is sufficiently small, there exists
a transversal homoclinic orbit, denoted as y, of the periodic
orbit y,,. Thus, there exist two points p and g such that p €
WiV, @ € W (y,), and p,q € Z[)y. For convenience,
by introducing a scale transformation, we can further assume
that p = (1,0) and g = (0, 1).

We define B = {(u,v) | lu—-1] < 6,,|v] < §,} and
B = {(wv) | |ul < &, lv — 1| < 6,} as the corresponding
neighborhoods of p and g, respectively. For sufficiently small
positive numbers 8, and &,, B and B satisfy PB(\B = 0,
P'BNB = 0. Let D, = P™"B(B. When k is sufficiently
large, Dy # 0. Moreover, we also can obtain Dy (] D,, = 0 for
k # m. Again let D, = PD,. When k is sufficiently large,
Dy # 0. The relation between D, and Dy can be seen from
Figure 1.

Since p,q € X[y, when &, and 8, are sufficiently small,
every positive half-orbit of the system (10) that starts from B
intersects a neighborhood U,, of the point p ata point, where

U, ¢ Z. This can be depicted by the map F : B — U, Itis
clear that F is a C' diffeomorphism. Let F(u,v) = (Fy, Fy).

Since the stable manifold and the unstable manifold of the
periodic orbit y, transversally intersect along y, we can obtain
(OF,/ov)l, # 0.

Let B, = B(){v = 0}, B
1+38,v = 0}, and 0B, =

= B({u = 0}, 0B, = {u =
{fu = 0,v = 1+ §,}. Then,

- 2u0 (1+A 3k (u +v¢)3(p)
(1—A+3k (u +v¢)3go)
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(12)

(1 -A-3k (u + v¢)3(p>

(1 + A+ 3k3(u + v¢)3¢) '

Zuq,

there exists a sufficiently small §; such that FB, (B, = {p},
(OFy/ov)l5 # 0, FB,N0B, = 0, FoB,() B, = 0. Moreover,
let 0,B = {(u,v) € B| u =1+ 34} and ah1§ = {(u,v) €
B | v = 1+8,}. We can further obtain that there exists a
sufficiently small 8, such that (0F;,/ov)|5 # 0, FB(N 0,B =0,
F(0,B)( B =0.

Based on P and F, we construct a successor map A, =
FoP: D — U,. Further, we define another map f

over the set [J; Dy such that f|, = A,. Clearly, f is also
a homeomorphism.

2.2. Proofs of Some Propositions for f. In order to prove
that f satisfies the Conley-Moser conditions, we need to
introduce one lemma and then prove four propositions in this
subsection.

Lemma 6 (see [17, 18]). Consider two invertible linear opera-
tors of R x R into itself:

ab A E
I_[C d]) ]_|:G M]) (15)
where dM +# 0. Let L > 0 be a constant such that the following
conditions hold:

i<z, |rt|<z,
|d71| <L, (16)
|EM7!| < L.

Then, for arbitrary 0 < p, < u,' < 1, there exists a positive
constant &,, which is dependent on L, w, and ., such that if
the following conditions hold:

|M~!| < &,

|A-EM™'G| < &,
|aM7!| < 8, 17)
lGM™!| < 8,

|cEM™| < &,

the linear map A = IJ satisfies the (u,, 4,)-cone condition.
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FIGURE 1: The relation between D, and D,.

By Lemma 6, we have the following proposition.

Proposition 7. For two arbitrary constants w, and p,, with 0 <
Up < ;4;1 < 1, when k is sufficiently large, f|p, satisfies the
(uy,» p,,)-cone condition.

Proof. Based on the chain rule on the derivative of a compos-
ite function, we can obtain

Dflp, = DF - DP* = DF - DT,

OFy 9y [P %
Tu v | | 9w ov (18)

T | 9Fy OFy || vy Ov, |

ou ov auo aVO

where ¢ = 2km. Let L = supgg{IDF(B)I ,IDF(B)™"],
IaFV/avl_l}.SinceaFV/ale- # 0and FisC', wehave L < +co.
Letuy, =6 = 1 and vy = /8 < 1. Then (uy, v) = (¢/6,9).

Let E = 0u,/ovy, A = Ou,/ouy, G = 0v,/dug, M =
av(p /0v,. Similar to the proof of Condition 1in [19], after some
simple calculations, we can obtain that lim; _, , . |EM |
/8% lim,_,, IM!| = 0, lim;_,, |A - EMT'G| = 0,
limg_, o |AM ™| = /8% lim; _,, IGM™'| = ¢ /8% and
lim, . |EM™| = /&% Further, when ¢, — 0, we can
obtain that 50/82 — 0, 60/84 — 0and (aFv/au)(co/(Sz) -
0.

Z?

(=}

Thus, there exists a & > 0 such that, for sufficiently large k,
inequalities (16) and (17) in Lemma 6 hold. Thus, according to
Lemma 6, we obtain that when k is large enough, f|, satisfies
the (yy,, p,)-cone condition.

In fact, we can further prove the following.

Proposition 8. When k is sufficiently large, P* satisfies the
(pp> 1,)-cone condition.

Proof. Let N > 2 be an arbitrary but fixed integer. For
sufficiently large k, let H; = Dy, Vi = f(Dpyy), Vi =
P*H;(\H;, and H; = H,(\P™"Hj, where 1 < Li,j < N.
Moreover, let # = |J; ; H;; and 7" = |, ; V.

For an arbitrary point z, € Z U7, let (§,,n, ) be a
vector emanating from the point z;, in the tangent space of z,,.
In addition, for given g, and p,, let S = {(€,,n.) | 1§, | <
#,In;, 1} be the unstable sector at z, and let 87 = {(§,7;,) |
I, | < thEZO [} be the stable sector at z,. Similar to Section 1,
we also have 8, 85, §5,, and §5,.

In order to prove that P* satisfies the (up,» y,)-cone
condition, by Remark 4, we need to prove that P* satisfies
Assumption 2. That is, we need to prove the following:

(1) DP*(S%) c 8% and DP*(85,) € 833

(2) there exists a constant A satisfying 0 < A < 1 — yy,u,
such that |rpe, )| > A_1|;720| if (EZO,WZO) € (5’20 and
(Ept(z)s Mk (zg)) = DPk(zo)(EZO,nZO) € ‘5);"(20)’ where
(§pk(z,)> P (z,)) 18 @ Vector emanating from the point
Pk(zo) in the tangent space of Pk(zo); [Eprzyl 2
ANE I (Bpney) € S5 and Eprys M) =
DP(2)(€;y11z,) € Si(syy Where Epiay)s Mprt(zyy)
is a vector emanating from the point P*(z,) in the
tangent space of P~*(z,).

First, we want to prove that DPk(é’ %) C 8. For this, it is
sufficient to prove that, for an arbitrary z, = (1, v,) € # with
(Ezo’ 7720) = (1"9) € (5);0’ (ng(zg)’ ﬂPk(ZO)) = DPk(ZO)(Ezo’ ’720) €

Clearly, Pk(zo) € 7 and 9 is bounded. According
to the definitions of T, and P, DPk(zo)(EZO, M) =
DTan (ZO)(EZO’ 71z0) = ((au2kn/au0) + (aqun/aVO)S’
(OVapr [0Ug) + (0Vy/0V) D). ~

Since 8, and §, for defining B and B are chosen to be
sufficiently small, 4, = 1 and v, < §, < 1. Letting u, = 6
and ¢ = uyVy, then (U, Vyir) = (¢/8,0). According to DT,
in Section 2.1, when k is sufficiently large, we have

(0Va1n/Otg) + (OVpr/OV,) O
(Othypr /OUhy) + (Othyyr [OV) 9

C
= —
Wokn

X

(A (g9 — vp) + (1 + 6k; (U + vzknfkn)
x (v + uOS))
X (A (g9 — vp) - (1 — 6k; (s + vzkﬂ)skn)

x (v + uOS))71|



<A<69— g) ; <1 +6k3(828+c)3k71>

62
<

1 -
" 30%kn
(19)

Clearly, limk_>+oo(82/c)|1 + 1/3k383kﬂ| = 6%/c. More-
over, when ¢ — 0, 8*°/c — +oo. So, for sufficiently
large k and sufficiently small §, and &,, [((Ovy,/0u,) +
(05 /0V)9) [ (Ot [Ouy) + (Otiyy,/OVy)O) > 1/u,.
Thus, DPk(zo)(f ) € &% This directly implies that
DP*($%,) ¢ 84

Second, following the proof of DP*(s %) C S, we want
to prove that there exists a constant A satisfying0 < A < 1 -
ppp, such that [17pe, ) > A‘lanOL

Similarly, for the above (1, v,) and (14, Vop,)> When k is
sufficiently large,

2> Mz,

Vaier . Vaier 9
ou, v,

1 3
=2 5 |A (ug9 = v,) + (l + 6ks (tyy + Vo) kn)
2k

X (vo + ”0‘9)|

1

A (89-¢)

2 3
+<1+6k3(6 (;C) kﬂ')

x(c+62)

2

~ ‘% |(1+ 3k;0%kn) 9.
(20)

For given B and B, lim, _, , . (6%/c)|1 + 3k;8°kn| = oo.
So, for any constant A satisfying 0 < A < 1 — p,u,, when k
is sufficiently large, (8%/c)|1 + 3k363k7r| > AL, Thus, we have
[(OVper [ OUy) + OV [0V) O] > /\_1|9|,imp1yingthatquk(ZO)I >

/\*llnzl]l.
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Third, we want to prove DP’k(oS’fy) Cc 8y and € P—k(zo)| >
At IEZO |. For this, let T(;l (u(P, vq,) = (uy, v,) be the inverse map
of T,. Then,

au¢ a% !
1 -t | ouy v,
DT, :(DTw) = avi avf,’,
a_uo a_vo (21)
_ 1 ovy  ov
"] %, o
ou, Ou,

For any zy = (up,v) € 7 with (§,,n,) = (@,1) € &7,
(EP”‘(ZO)’ ”P’k(zo)) Dp_k (Ezoi ’720) DTZ_kIn(Ezo’ 7720) =
(1/2)((0Voyr [ OVvy) D (Ot [0Vy),  (=0Vy/Oug)@  +
(Ouyp, /0Uy)). Similarly, we can prove that [(0vy,/0vy)® —
(Ot [0V)) [ (=OVipr [ Oy )®  +  (Othy/Ohy)| > Hn
and [0V, /0ve)@ — (Ouy,/ovy)l > Al @] Thus,
DPH(S5,) ¢ 85 and [Epi, )| = ATHE, |-

Based on all above analysis and Remark 4, we can then

obtain that when k is sufficiently large, P* satisfies the
(yp> 4,)-cone condition. O

Based on Proposition 8, we can prove that f satisfies the
boundary condition.

Proposition 9. When i and j are sufficiently large,
f©,D)(\D; = 0 and fD;(10,D; = 0, where 9,D; is
the horizontal boundary of D; and 0,D; is the vertical
boundary of D;.

Proof. Due to Proposition 8, when k is sufficiently large, Pk
satisfies the (i, u,)-cone condition. This implies that P*
contracts in the horizontal direction and expands in the
vertical direction. Moreover, y,-vertical curves are mapped to
u,-vertical curves under the map PFand py-horizontal curves
are mapped to p;,-horizontal curves under the map P, Thus,
for sufficiently large i and j, D; ¢ B, P'D; € B,9,D; ¢ 9,B
and P(9,D;) ¢ 0,B. In addition, f(9,D;) (D; = (F-
P'(0,D)) ﬂDj = (lj o (P'(0,D;))) ﬂDj. Thus, according to
the expression F(0;,B) O B = 0in Section 2.1, f(9,D;)(1D; =
@. Similarly, since FB()0,B = 0, we can obtain that
fD;(N0,D; = 0. O

Finally, we can prove that f satisfies the intersection
condition as follows.

Proposition 10. When i and j are sufficiently large,
fDi(\D; #0.

Proof. Let Ci(u) = {u} x (D;), be the family of vertical curves
in D;, where u € B, and (D;), = {v | (u,v) € B, P(u,v) €
B}. From Proposition 8, P’ with sufficiently large i satisfies the
(yy,» p,)-cone condition. Thus, P’Ci(u) infinitely approaches
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EV wheni — +oco. Similarly, letting CZ(V) = By, x {v} be the
family of horizontal curves in D;, where v € (D;),, we can
obtain that Ci;(v) infinitely approaches B;, when j — +oo0.
Since F is C, F(P’Ci(u)) infinitely approaches F(Ev)
when i — +00. By the expression FB,(1B, = {p} in
Section 2.1, F(Pin/(u))ﬂC,];(v) + 0. Thus, fDiﬂDj #
0. O

Remark 11. In fact, we can prove that when i,j — +oo,
fC,(u) and C; (v) intersect at a unique point near p.

2.3. Proof of Our Theorem 5. In order to prove our Theorem 5,
similar to [19], we try to use Propositions 7, 9, and 10 to verify
that f satisfies Assumptions 1 and 2. Then, from Lemma 3, we
can obtain that f is a horseshoe map as follows.

Proof. From Proposition 7, when k is sufficiently large, f|p,
satisfies the (uy,, p,)-cone condition. Thus, the map f con-
tracts in the horizontal direction and expands in the vertical
direction. Moreover, y,-vertical curves are mapped to u,-
vertical curves under the map f and y;,-horizontal curves are
mapped to y,-horizontal curves under the map f'. There-
fore, from Propositions 9 and 10, for sufficiently large i and
Jj» fD;(1D; # 0is a (p, p,)-curved rectangle and satisfies
9,(fD;(1D;) € 9,D;and9,(fD; [ D;) < 9,(fD;). Similarly,
for sufficiently large i and j, f~'(fD; (D)) # 0isalsoa
(> t,)-curved rectangle and satisfies 9, f ' (fD; D)) ¢
0,D;and 9, f~'(fD;(\D;) < 3,(f ' D).

Let N > 2 be an arbitrary but fixed positive integer.
For sufficiently large k, i, and j, by letting H;, = Dy,
Vi = f(Dpx-1)s fD; (N Dj = V(j—k+1)(i—k+1)’ and D; () fﬁle =
H;_j1)(j-k+1)> Where 1 <1 < N, we can obtain that f satisfies
Assumption 1. In addition, due to Remark 4, f obviously
satisfies Assumption 2.

Thus, for an arbitrary but fixed N > 2, when k is
sufficiently large, the map f over the set Ufjgl D,.,; satisfies
Assumptions 1 and 2; that is, f satisfies the Conley-Moser
conditions.

By Lemma 3, when k is sufficiently large, f has an
invariant Cantor set, on which it is topologically conjugate
to a full shift on N symbols. This directly implies that f is a
horseshoe map. O

3. Conclusions

In this present note, we studied the existence of a Smale
horseshoe in a planar circular restricted three-body problem
by first defining an invertible map f and then proving that
this f satisfies the Conley-Moser conditions. This implies that
the planar circular restricted three-body problem processes
chaotic dynamics of the Smale horseshoe type.
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