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We give an overview on some results concerning the unique solvability of the Dirichlet problem in W>?, p > 1, for second-order
linear elliptic partial differential equations in nondivergence form and with singular data in weighted Sobolev spaces. We also

extend such results to the planar case.

1. Introduction

Let Q be an open subset of R", n > 2. Consider in Q the
Dirichlet problem

wew* @ nw’ (@, M
Lu=f felf(),

where p €]1,+00[ and L is the second-order linear elliptic
differential operator in nondivergence form defined by

n aZ n a
L=-)a,——+ )a — +a.
l-Z_I Yox; 0x; & ox; @
,J= J =l !

If n > 3 and Q is a bounded set with a suitable regularity
property, the well-posedness of the Dirichlet problem (1)
has been largely studied by several authors under various
hypotheses of discontinuity on the coefficients. It must be
mentioned the classical contribution by Miranda [1], where
the author assumed that the a;; belong to W(Q) and
considered the case p = 2. This result was later on generalized
in [2, 3] by considering the coeflicients a;; belonging to the
wider class of spaces VMO and p €]1, +ool.

In the framework of open sets, nonnecessarily bounded,
whose boundary has various singularities, for example, cor-
ners or edges, in accordance with the linear theory, it is
natural to assume that the lower order coefficients and the

right-hand side of the equation of problem (1) belong to
some weighted Sobolev spaces, where the weight is usually
a power of the distance function from the “singular set” of
the boundary of domain. In these cases, near to the “singular
set,” the solution u of the boundary value problem may have
a singularity which can be often characterized by a weight
of mentioned type. For instance, if p is a bounded weight
function related to the distance function from nonempty
subset S, of the boundary of an arbitrary domain Q, not
necessarily bounded and regular (see Section 2 for the defi-
nition of such weight function), a problem similar to (1) has
been studied, in the weighted case, by several authors under
suitable hypotheses on the weight function p and when the
coeflicients of lower order terms are singular near to S . This
kind of Dirichlet problem has been dealt, for example, in [4-
6] under hypotheses as those in [2, 3] with p €]1, +co[. To be
more precise, in [4-6], the authors consider the problem

wew> (@ nw.” (@), o
Lu=f, fel?(Q),

where n > 3, Wsz’p(Q),Wsl’_pl(Q) and L2(Q)(p € ]1,+00[,s €
R) are some weighted Sobolev spaces whose weight functions
are suitable powers of p. The existence and uniqueness of
problem (3) have been firstly proved in [4, 5] when p > 2.
Such results have been later on used in [6] to get the unique
solvability also for 1 < p < 2. We point out that in this last
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case we needed to employ some variational results (see [6]
and its bibliography).

The aim of this work is to give an overview on the above-
mentioned results concerning the solvability of (3) when p €
11, +00[ as well as to extend such results to the planar case.
Here we note also that, for p = 2, if n > 3 the required
summability on (a;;),, can be equal to n whileifn = 2 we have

to take a summability greater than n (see hypothesis (h,)).

At last, we observe that the existence and uniqueness
result for the problem (3) are based on the unique solvability
of the problem (3) for p = 2 and of a problem similar to (3)
whose associated operator L,_; differs from that in (2) for a
compact operator (see Section 4).

For further results concerning elliptic boundary value
problems similar to (3), involving different classes of weighted
Sobolev spaces, we refer the reader also to [7, 8].

2. Notation and Function Spaces

In this section we recall the definitions and the main prop-
erties of the class of weights we are interested in and of
certain classes of function spaces where the coefficients of our
operator belong. Thus, from now on, let Q be an unbounded
open subset of R”, n > 2. By X (F) we denote the o-algebra
of all Lebesgue measurable subsets F of Q. For E € X (F),
Xg s its characteristic function, |E| is its Lebesgue measure
and E (x,r) = EN B(x,r) (x € R",r € R,), where B(x,7)
is the open ball with center in x and radius r. The class
of restrictions to E of functions { € Cg°(R") (resp., { €
CY (R™) with E nsupp{ < E is D (E) (resp., D° (E)). For
p € [1,+00], Lfoc (E) is the class of all functions g, defined on
E,such that{ g € L? (E) forall { € D (E).

We denote by &/(Q) the class of all measurable weight
functions p : QO — R, such that

Y () <p(x)<yp(y) VyeQ, Vxe Q(y,p(y)%)
(4

where y € R, is independent on x and y. Given p € Z(Q),
we put

S, =1{z €0 limp (x) = 0}. 5)
It is known that
pelin (), pleLpn(Q\S,), (6)
andif S, # 0,
p(x) < dist (x, Sp) Vx € Q, (7)

(see [9, 10] for further details).

For k € Nj,1 < p < +00,s € Rand p € (Q), the
related weighted Sobolev space Wsk’P (Q) is made up of all the
distributions « on Q) such that pﬁml_k 0% u e LP(Q) for |a| <
k. We observe that Wsk’P (Q) is a Banach space with the norm
defined by

PS+|tx|—kazx

It yogey = Y Z . (8)

la|<k
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Moreover, it is separable if 1 < p < +00, reflexive if 1 <
p < +00, and, in particular, Wsk’z(Q) is an Hilbert space. We

. k,
also denote by W P(Q) the closure of C;°(Q) in WSk’P (Q) and
we put W*P(Q) = LE(Q).

Clearly the following embeddings hold:

WY (@) = W (@) — L (). 9)

S

A more detailed account of the properties of the above-
defined weighted Sobolev spaces can be found in [11-13].

For p € [1,+00[,s € Rand p € o(Q), let K/(Q) be the
set of all the functions g € L (Q\S ) such that

loc

~(n/p)

9]z o) = sup (P ) 9l @piom ) < +000 (10)
equipped with the norm defined in (10). Obviously, the space
K?(Q) is a Banach space containing L(Q) and C°(Q) as
well (see [10]). Therefore, we denote by Kf(Q) (resp., kf(Q))
the closure of LY(Q) (resp., Co°(Q2)) in KP(€Q).

Now, let us define the moduli of continuity of functions
belonging to Ff(Q) or kf(Q).

Given a function g in K*(Q), the following characteriza-
tion holds:

ge Ef Q)
— lim sup IXE|
lim S U
supxm(|Q(x,p(x))nE|/p“(x))gl/h
= 0’
(11)
(see [10]).

Thus, if g is a function in K (Q), a modulus of continuity
of g in KP(Q) isamap @’[g] : R, — R, such that

Sup laxe KP@Q) = @ [g] (),
Eez(Q)

supxeﬂ(|Q(x,p(x))nE|/p"(x))S1/h (12)
. ~P —
lim @ [g] (h) = 0.

Next, we introduce a class of mappings needed to define
a modulus of continuity of g in kf(Q). Fix f in DR,)
satistying the conditions

1

0<f<1, if t<-, if t>1,

(13)

f=1 f)=0

N

and & € C®(Q) N C”'(Q) equivalent to dist (-,0Q) (for
more details on the existence of such an « see, for instance,
Theorem 2, Chapter VI in [14] and Lemma 3.6.1 in [15]).
Hence, for k € N we define the functions

|x|

wk:xeﬁﬁ(l—f(ka(x)))f(i). (14)
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It is easy to prove that each v belongs to D(Q\ S ) and

0< ka < 1; (V/k)lﬁk = 1; Supp lllk C 52k, (15)

where O = {x € Q| |x|] < k, a(x) > 1/k}.
Given g in Kf(Q), it is known (see [10]) that

. p )
gekK, (Q) = hEToo 11 =) gllr ) = 0. (16)

Thus, a modulus of continuity of g in kf(Q) is a map
ci)sp[g] :N — N such that

(1 -v) g

KZ(Q)

oP
+ su <w (h),
Jup lvngxellxr ) < @ [4] W)

Sup,.cq|Q(x.p(x))NE|<1/h

lim @ [g] (h) = .

h— +00

Further properties of the spaces K*(Q), KF(Q), and

kf(Q) can be found in [10].

In the end, we recall the definitions of two other classes of
function spaces where the leading coeflicients of our operator
belong.

If O has the property

1Q(x, )| = A" V¥xeQ, Vrelol], (18)

where A is a positive constant independent of x and r, it
is possible to consider the space BMO(Q,f) (t € R,) of
functions g € L' (Q) such that

loc

[g]BMO(Q,t)
= su -
xeg ][Q(x,r) 9 :{Q(x,r)g (19)
rel0,t]
< +00,
where
:[ g=1Q(x, r)Ifl} g. (20)
Q(x,r) Q(x,r)
If g € BMO(Q) = BMO(Q, t4), where
r" 1
ty = su sup —— < — |, (21)
4 tERli xeg Q(x,r)] ~ A

r€]0,t]

we say that g € VMO(Q) if [g]gy 0y — Ofort — 07 A
functiony[g] : R, — R, iscalled a modulus of continuity of
gin VMO(Q) if

[g]BMO(Q,t) <nlg]®t) VieR, tlin3+ nlg] @) =o.
(22)

A more detailed account of properties of the above-
defined spaces BMO((, ) and VMO((Q) can be found in [16]
or in some general reference books, for example, [17].

3. Preliminary Results

In this section we recall some embedding and compactness
estimates for a multiplication operator as well as a regularity
result which will be also extended to the planar case.

Let us assume that Q has the segment property (for all
definitions of regularity properties of open subsets of R" we
will refer to [18]) and fix p € &/(Q) N L™(Q)) such that S, #0.

For our purposes, we suppose that the following condi-
tion on Q holds.

(hy) There exists an open subset Q, of R" with the
uniform C"'-regularity property such that

QcQ, 00\ S, 0Q),. (23)

We note that since the required segment property gives
that QO lies on one side of the “singular” part S, of its
boundary the hypothesis (h,), roughly speaking, means that
it is possible to “widen” suitably ) on the other side of S,,.

Remark 1. We observe that, as a result of condition (h,), there
exists 0 €]0, 7/2[ such that

Vx e 3Cy(x): Cylx, p(x)) C Q, (24)

where Cy(x) is an open infinite cone with vertex in x and
opening 0 and Cy(x, p(x)) = Cy(x) N B(x, p(x)) (see
Remark 5.1in [10]). As a consequence, there exists a function
o € A(Q) N C®Q) N C”(Q) which is equivalent to p and
such that

0% (%)| < 0™ (x) VxeQ, YaeNl, (25
where ¢, € R, is independent of x (see [9]).

Let us start collecting two results of [10] which provide the
boundedness and compactness of the multiplication operator

u — gu, (26)
where the function g belongs to suitable spaces K¥(Q).

Theorem 2. Let 1, s, p,q be numbers such that

n
reN, -,

seR, 1<p<g<+oo, g=

@)

n.,.n
q>;zf;=p>1.

If condition (hy) holds, then for all u € W['P(Q) and for
any g € K., (Q) we have gu € LP(Q)and

—S+r

||9”||LP(Q) <c|glgs @ llwre @y » (28)

where the constant ¢ € R, is independent of g and u.

Furthermore, if g € f<1+r(9) then for any € € R, there
exist a constant c(e) € R, and a bounded open set Q, cC Q
with the cone property such that

Yu e WP (Q),
(29)

||gu||1,p(g) <€ ””"w;‘P(Q) +c(e) "u”LP(Qe)



and we have that the multiplication operator
ue W' (Q) — gueL?(Q) (30)

is compact.

We go on collecting a density result, an a priori estimate,
and a regularity result, which will be some of the crucial
analytic tools of our main results.

Let p €]1,+00[, s € R. At first we recall a density result
(see Lemma 3.2 in [6]).

Lemma 3. If Q verifies condition (h,), then for every u €
o Lp
WSZ’P (Q) N W _,(Q) there exists a sequence () ey Such that

we € WP (Q)n v"vsl’_zl ©)nD°(Q\S,), o
31

U, — U in Wsz’p Q).

Now consider in Q the second-order linear differential
operator in nondivergence form

n 82 n a
L=- R Y ]
i,jz=:1alj axiaxj * Z‘al 0x; Ta (32)

Assume that the leading coefficients satisfy the hypothe-
sis.

(h;) There exist extensions af]. of @ to (), such that

ag = aj; € L (Q,)NVMO(Q,), ij=1,...n

n
I, eR, : Z a5 & &2, & ae. in Q, VEeR"
i1
(33)

We note that the assumption (k) holds if the coefficients
a;; are restrictions to of functions in VMO (see also [2, 3]).
For the lower order terms coefficients suppose that

(i)
aiEEiI(Q), i=1,...,n where t, >p, t; >n,
ty>pif p=mn,
— 4
ae€K2(Q), wheret, > p, t, > g, (34)
n
t,>pif p=—.
2> pp=7

We observe that, in view of Theorem 2, under the assump-
tions (h), (h,), and (i,), the operator L : W>P(Q) — LP(Q)
is bounded.

The following a priori estimate holds.

Lemma 4. Let L be defined in (32). If hypotheses (hy), (h,),
and (i,) are satisfied, then there exists ¢ € R, such that

Il iy < € (Lt oy + lullpr ()
(35)

- Lp
Vu e WP (@Q)nw. (Q),
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where c dependson Q, n, p,t,,t,, S, p, Y, ' afj"Lw(Q v ||ai||K;1 @’

~t ~t
||a||K;2(Q), n[afj], @,'[a;], and @, [a].

The proof of (35) can be found in [19] in the case n > 3
and it can be easily extended to the planar case, taking care to
use Lemma 3.1 in [20] in place of Theorem 5.1 in [21].

In the next Lemma we recall a regularity result of [5] (see
Theorem 3.4) and we extend it to the case n = 2.

Lemma 5. Let L be defined in (32). Suppose that conditions
(hy), (hy), and (iy) hold with t| > nand t, > n/2. Then any
solution u of the problem

we W2 (Q\s,) W, (@\s,)n Lk

S,—2

Q),
Q) 36)

Luelf(Q),

with q, p, €]1, pl and s, = s —n((1/p,) — (1/p)), belongs to
the space WP (Q) and verifies the bound

Iz < € (ttliooy + Bilize ) G7)

where ¢ € R, depends only on Q, n, p, py, t1, t S P, Y,

o 01 ~t ~t
aij Lo(Q,) “ai"Ki1 Q) ”a”Kéz(Q)’ n[a,‘jL wll [ai]’ and (4)22 [a]

Let us give an overview of the proof of Lemma 5. The
idea is to use a local regularity result which is based on an
analogous result for solutions of boundary value problems
in classical Sobolev spaces defined on regular domains. The
mentioned regularity result has been proved in [19] when
n > 3 (see, Theorem 5.1 of [19]) and it can be easily extended
to the planar case, taking into account to apply, at right time,
Lemma 4.2 in [20] in place of Lemma 4.2 in [22].

4. Main Results

Let L be the operator defined in (32). Suppose that the
coeflicients of operator L satisfy the assumptions (h,),

(hy)

Dtl . .
(“ij)xh’ a €K, (Q), i,j,h=1,...,n (38)

(h3)

a=a +b, a e K;z (Q), be Ky (Q),
(39)
ess inf (ozb) =b, >0,
Q

where t,t, are as in (i,) and o is the function defined in
Remark 1.

Moreover, suppose that the following condition on p
holds:

(hy)
dim 0 () = lim 0, (¥) =0 Vx, €5, (40)
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We are interested in the study of the Dirichlet problem:

. 1,
uew> @ nw.” (@),
(41)

Lu=f, felL?(Q)),

with p € ]1,+oo[and s € R.

We point out that the unique solvability of (41) has been
firstly proved in [4, 5] for p > 2 and n > 3. Later on, the
results of [4, 5] have been used in [6] to get the existence and
uniqueness of solution also for 1 < p < 2. Here, we collect
the main results of the above-mentioned papers and we also
extend them to the case n = 2.

For the case where the assumptions (h,)-(h,) are taken
into account, with ¢, > n,t, > n/2 and a =0, and for p=2
the unique solvability of (41) has been proved in Lemma
4.1 of [5], which can be easily extended to the planar case,
applying our Lemmas 4 and 5 at the right time. If p # 2, the
idea is to exploit the previous case and the unique solvability
of a problem similar to (41), whose associated differential
operator L _, differs from that in (32) for a compact operator.

Let p €]1,+00[, s € R and consider in Q the differential
operator

n 2
d
La==2 % 5o o
i,j=1 Xi 0X;

i1

‘Z(Z ((“ij)x.+2(5—1) (42)
j=1 ’

X a; o crx‘>> ai +b.
] xi

In the following Lemma we put together some results of
[4-6], showing an a priori estimate for the operator L,_; and
the unique solvability of its associated Dirichlet problem.

Lemma 6. Suppose that conditions (hy)-(h,) hold. Then for
any p €]1,+00[ and s € R there exists c € R, such that

. Lp
Nl gy < €| Loytt] oy Vit € W2 (@)W (Q),
(43)

where ¢ € R, depends on Q, n, p, t}, t,, S, p, V,,

[
aif"L‘x’(Qo)’
~t ~t
@)l oy 10 la5), @1 (), ), and @3 D).
Furthermore, ift, > nand t, > n/2 then the problem

. 1,
ue W2 @nw,” (@),
(44)

L ju=f, felf(Q),
is uniquely solvable.

Here, we only give an overview of the proof, pointing out
to the crucial aspects. Since the operator L _, verifies the same
assumptions of the operator L, we can write for it the estimate
(35). Now a crucial point is to provide a bound for ||u]| @

in terms of | L_,u|,¢,)» when the function u is more regular;
s

((®)]

. 12 _
thatis,u € W2P(Q)nW_ (@) nD°(Q\ S,). To this aim, we
build the following bilinear form a,_, related, in appropriate
way, to the operator L_;:

_ < 2(s-1)
a,, (u,w) = J;) < Z Gijlh Wy + buw> o dx, (45)

ij=1

. 12
whereu,w € W_,(Q).
By simple computations, we get

a,_; (u,w) = J L, uwo®*™" dx. (46)
Q

Now we study separately the cases p > 2and p < 2.If p >
2, applying Lemma 4.1 of [4] in (46), with a suitable choice of
function w, we easily deduce the claimed bound on ||u/| @)

Thus, from Lemma 3 we get the estimate (43). Furthermore,
in this case, the uniqueness of the solution of problem (44)
easily follows from (43). For the existence of solution, we
refer to Theorem 4.2 in [5], whose analytic technique exploits
the bound (43), which also gives the closure of the range of
operator L, ,, the unique solvability of our problem when
p = 2, and the regularity result of Lemma 5, which allow us
to go up in summability.

Suppose now 1 < p < 2. In this case, in order to get a
bound on ||u]| 7 @) when u is more regular, we use a varia-
tional result (see the proof of Lemma 3.3 in [6]) whose main
analytic tools exploit the existence and uniqueness result of
previous case and Lemma 5. The mentioned variational result

gives us a bound for ||w||LPr @ where w is the unique solution
s=2

of the Dirichlet problem associated with a,_, (u, w) and p’ is
the conjugate exponent of p. From such estimate and (46),
with a suitable choice of function w, we obtain our claim.
Using again Lemma 3, we get (43) also in this case. Finally, for
the existence and uniqueness of problem (44) we can refer to
Lemma 3.4 of [6], whose proof can be easily extended also to
the planar case, in view of previous considerations.

In the following Theorem we collect two results of [4, 6],
giving an a priori bound for the operator L when n > 2.

Theorem 7. Suppose that conditions (hy)-(hy) hold. Then for
any p €]1,+00[ and s € R there exist c € R, and a bounded
open set Q) cC O, with the cone property, such that

el ) < € (1Lull gy + Nl e,

(47)
2p . 1,p
Vu e W Q) nW,” (Q),

where ¢ € R, and Q, depend on Q, n, p, t|, t5, s, p,
!
Voo lagill ey (@), gy laillrqy 10 Ikiz gy 1Bl gy

nlagl o [(ay), | @Vlal &5 [a'], and @7 b,

- Lp
Proof. Fixu € WSZ’P (Q) NW (). We observe that

n a ,
L=1L b, — ,
s—1 +i:ZI i axi t+a (48)



where

i
-

((aij) +2(s-Da; o_laxj) +a;,

Xj

j=1 (49)

i=1,...,n

Thus, from estimate (43) we deduce that there exists
¢ € R,, depending on Q, n, p, t;, t5, S, p, ¥y, ||ai”j||Loo(Qo),

~t ~t
(@), "Kil @ ||b||K;z @ H[afj], ;' [(a,»j)xh], and @y [b], such

that
> . (50)
L5(Q)

On the other hand, by Theorem 2 it follows that for any
€ € R, there exist c(e) € R, and a bounded open set Q. cc
Q, with the cone property, such that

n
!
Zbi”x,- +au

i=1

oy < € <||LM||L1;(Q) ¥

<€ ”u"VVSZ‘P(Q)
L2(Q) (51)

n

!
Zbiuxi +au
i=1

+c(e) (||ux||Lp(Q£) + "u“LP(QE))’

where c(e) and Q, depend on €, Q, n, p, t;, t;, s, p,
ot ot
"(aij)xth;l Q) ”ai"Kil Q) ”alllK;Z(Q): wll[(aij)xh]: wll [ai]; and

&);2 [a']. The result easily follows from relations (50) and
(51). O

Finally, in the next theorem we put together Theorem 4.2
of [5] with Theorem 4.2 of [6], showing the existence and
uniqueness of problem (41) for p €]1, +co[ and n > 2.

Theorem 8. Under the same hypotheses of Theorem 7 with
t, > nandt, > n/2, forany p €]l,+ool and s € R, the
problem (41) is an index problem with index equal to zero.
Moreover, ifa’ = 0, then the problem is uniquely solvable.

Proof. First we prove that the problem (41) is an index
problem with index equal to zero. In fact, from Lemma 6 we
deduce that the operator L, ; is a Fredholm operator with
index zero. On the other hand, by Theorem 2 it follows that
the operator

ue Wr(Q)

- Zn: <i ((“ij)x. +2(s-Day o ij) +ai> (52)

XU, + aue Lf Q)

is a compact operator. Thus, from (48), (49), and well known
results of the classical Fredholm index theory, we deduce that
the problem (41) is an index problem with index equal to zero.

Assume now a' = 0. We prove only the uniqueness
of solution of problem (41); the existence will easily follow
from uniqueness and from what we have proved in the case
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!

a # 0. At first, suppose p > 2. Then, by the unique
solvability of problem (41) for p = 2 there exists a unique

. 12
ue Wtz’z(Q) NW,_,(Q) such that Lu = 0. Moreover, by our
Lemma 5 and by Lemma 3.2 of [5] it follows that u belongs to

o Lp
W'SZ’I’(Q) N W, ,(Q) and thus we deduce that u = 0. Now

- Lp
letl < p < 2andu € WPP(Q) nW_ (Q) such that
Lu = 0. Using again our Lemma 5 and Lemma 3.2 of [5] we

.12
getu € Wtz’z(Q) NW, (Q)witht = s+n (1/p—-1/2) and
Lu = 0. Exploiting again the existence and uniqueness of (41)
for p = 2, we obtain that # = 0. This concludes the proof. [
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