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In this paper, we study and modify the algorithm of Kraikaew and Saejung for the class of total quasi-asymptotically nonexpansive
case so that the strong convergence is guaranteed for the solution of split common fixed-point problems in Hilbert space. Moreover,
we justify our result through an example. The results presented in this paper not only extend the result of Kraikaew and Saejung
but also extend, improve, and generalize some existing results in the literature.

1. Introduction

Let (-,-) be an inner product space, || - || the corresponding
norm, E a Banach space, H;, H, two Hilbert spaces, A :
H, — H, abounded linear operator,and A* : H, — H, an
adjoint of A. Let {Ci}f’= , and {Q j};zl be a nonempty, closed,
convex subsets of H; and H,, respectively.

A Banach space E is said to satisfy Opial’s condition (see
[1]) if, for any sequence {x, } in E, x, — x asn — oo implies
that

lim inf ||x, - x| < lim inf |x, - y||,

n— o0 n— oo

VyeE y#x

And also, a Banach space E is said to have Kadec-Klee property

(see [1]), if, for any sequence {x,} in E, x, — x and [x,| —

lxll asn — oo implies that
X, — X, asn— 00. (2)

Remark 1. It is well known that each Hilbert space satisfied

Opial and Kadec-Klee property.

The mapping T : H — H is said to be demiclosed
at zero, if any sequence {x,} in H there holds the following
implication:

x,—x, Tx,—0, asn—ooc0o=Tx=0. (3)
T is said to be «a-strongly quasi-nonexpansive if there exists
« > 0 with the property ITx—z|* < |x—z|*—allx-Tx|*, Vx €
H and z € Fix(T); this is equivalent to

(x—2z,Tx —x) < — % |Ix - Tx|]*,

(4)
Vx € H, ze€Fix(T).
T is said to be quasi-nonexpansive, if Fix(T) # 0 such that
lp - Tx|l < llp — xl, Vp € Fix(T) and x € H, and {k,}-
quasi-asymptotically nonexpansive mapping, if Fix(T) # 0
and there exists a sequence {k,} € [1,00) with k, — 1 such
that, for each n > 1, |p - T"x||* < k,llp — x[I*, Vp € Fix(T)
and x € H, and it is said to be ({v,},{p,},&)-total quasi-
asymptotically nonexpansive mapping if Fix(T) # 0; and
there exist nonnegative real sequences {v,}, {,} in [0, c0)
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with v, — 0Oand y, — 0and a strictly continuous function
E:RY — R with £(0) = 0 such that, for eachn > 1,

I -1 < Ip =+ & (lp =) +
Vp € Fix(G), xe€H.

@)

Remark 2. It is known that, the class of quasi-nonexpansive
mapping contained in the class of {k,}-quasi-asymptotically
nonexpansive mapping and the class of {k,}-quasi-asymp-
totically nonexpansive mapping is contained in the class of
({v,.}, {u,.}, &)-total quasi-asymptotically nonexpansive map-
ping, see [2].

The mapping T is said to be uniformly L-Lipschitzian if 3
aconstant L > 0 such that, foreachn > 1, |[T"x-T"y| < L|x—
yl, Vx, y € H, and it is said to be semicompact, if, for any
bounded sequence x,, ¢ H withlim, _, . llx,—Tx,|l = 0, there
exists subsequence {xni} C {x,} such that {xni} converges
strongly to some point x* € H.

The convex feasibility problems (CFP) are finding a vector
x* € H, satisfying

x" € ﬂCi. (6)

The problem of solving (6) has been intensively studied
by numerous authors due to its various application in
several physical problems such as approximation theorem,
image recovery, signal processing, control theory, biomedical
engineering, communication and geophysics (see [3-5]) and
reference therein.

In 2005, Censor et al. (see [6]) introduced and studied
the problem of multiple set split feasibility problems (MSSFP)
which is formulated as finding a vector x* € H; with the

property

) 7)
Ax" € ﬂQj.

j=1
If, in (7), we take p = r = 1, we get

x" eC,
* ®)
Ax €Q.

Equation (8) is known as the split feasibility problems (SFP)
(see [7]), where C and Q are nonempty, closed, and convex
subsets of H; and H,, respectively. Since every closed convex
subset of Hilbert space is the fixed-point set of its associating
projection, then (6) and (7) become

p
x* e[ Fix(U)), )
i=1
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(10)

Ax" € ﬁ Fix (T]-) .
=1

Equations (9) and (10) are called the common fixed-point
problems (CFPP) and split common fixed-point problems
(SCFPP), respectively, where U; : H, — H, (i =
1,2,3,...,p)andT; : H, — H, (j=1,2,3,...,r) are some
nonlinear operators.

If we take p = r = 1, problem (10) is reduced to find a

point x* € H; with property

x* € Fix (U),

(11)
Ax" € Fix(T).

Equation (11) is known as the two-set SCFPP.

In 2009, Censor and Segal [8] introduced the concept of
SCFPP (10) in finite dimensional Hilbert space, who invented
an algorithm for solving (11) which generate a sequence {x,}
according to the following iterative procedure:

Xy = U (x, +yA" (T - 1) Ax,), VYn=0, (12)
where the initial guess x, € H is choosing arbitrarily and
0<y<2/IAl%

In 2011, Moudafi [9] studied the convergence properties
of relaxed algorithm for solving (10) for the class of quasi-
nonexpansive operators T such that (I — T) is demiclosed at
zero and he obtained the weak convergence results. Note that,
in finite dimensional Hilbert space, weak and strong con-
vergence are equivalent. Differently, in infinite dimensional
cases, they are not the same. Moudafi’s results guarantee only
weak convergence results. In 2013, Mohammed [10, 11] uti-
lized the strongly quasi-nonexpansive operators and quasi-
nonexpansive operators to solve Moudafi’s algorithm and he
obtained weak and strong convergence results, respectively.

In 2014, Kraikaew and Saejung [12] also modified
Moudafi’s algorithm [9] and they obtained the strong conver-
gent results as shown below.

Theorem 3 (see [12]). letU : H; — H, be a strongly quasi-
nonexpansive operator and let T : H, — H, be a quasi-
nonexpansive operator such that both (I — U) and (I - T) are
demiclosed at zero. Let A : Hy — H, be a bounded linear
operator with L = ||AA™|. Suppose that T # 0. Let {x,} ¢ H,
be a sequence generated by

X, € H,
(13)
X1 = 0% + (1 —a,) U (x, + yA" (T - 1) Ax,,),

where the parameters y and {a,} satisfy the following condi-
tions:

(a) y € (0,1/L);

(b) {o,} € (0,1),lim,_, e, = 0 and Y «,
x, — Prx,.

= 00. Then
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Motivated by these results, in this paper, we studied and
modified the algorithm of Kraikaew and Saejung [12] for the
class of total quasi-asymptotically nonexpansive mappings
to solve the split common fixed-point problems (10) in the
frame work of infinite dimensional Hilbert space. The results
presented in this paper not only improve and extend some
recent results of Kraikaew and Saejung [12], but also improve
and extend some recent results of Censor and Segal [8],
Moudafi [9], and Mohammed [10, 11] and many existing
results.

Throughout this paper, we adopt the following notations.

(i) I is the identity operator.

(ii) Fix(T') is the fixed-point set of T; that is, Fix(T) = {x €
H:Tx = x}.

(iii) “—” and “—” denote the strong and weak conver-
gence, respectively.

(iv) w,(x,) denote the set of the cluster point of {x, } in the
weak topology, that is, {El{xnj} of {x,,} such that Xy, =

x}.

(v) T is the solution set of split common fixed-point
problems (10); that is,

i=1 j=1

J4 r (14)
- {x* eC=[Fix(U), Ax" eQ= ﬂFix(Tj)]».

2. Preliminaries

In the sequel, we will make use of the following lemmas in
proving our main results.

Lemma 4 (see [2]). LetG : H — H bea ({v,,}, {u,}, §)-total
quasi-asymptotically nonexpansive mapping. Then for each q €
Fix(G) and x € H, the following inequalities are equivalent: for
eachn>1

lq-G"sf? < =5l + & - +l) + s
2(x-G'xx-q) = |x - G"x|" - & (g - x])
— (15)
2(x-G"%,q-G"Yy < |x=G"x|" +v,&(|]q - x|))
+ -
Lemma 5 (see [2]). Let {a,}, {b,}, {c,} be a sequences of
nonnegative real numbers satisfying
a, < (1+¢,)a,+0b, (16)

IfY ¢, <ocoand ) b, < oo, then lim,, _, . a,, exists.

Lemma 6. Let H be a Hilbert space, C a nonempty closed
convex subset of H, and P a metric projection of H onto C
satisfying (x,, — x*, x,, — Pcx,) < 0, and then |Pcx,, — x,|| <
|Pcx, — x|, Vn > 1.

Proof. Let x* € C; then
I, = Pl = e, = 2" + 6"~ Pox, |
= ey =" + "~ Pe |
+2{x, - x",x" - Pox,)
o e R e =

* ok
+2(x,—x",x" —x, +x, — Pcx,)

o R e

=2, = [P+ 2 €, - %", - Pox,)
= "~ Pex,|” = Jxu = [

+2(x, - x",x, — Pox,)
< [x" - Pox, |

= |x, = Pox, || < |x° = Pox,| -
17)

O

Lemma 7 (see [5]). If a sequence {x,,} is Fejer monotone with
respect to nonempty closed convex subset C, then the following
hold:

(i) x, — x* € Cifand only if w, C C;
(ii) the sequence {P-x,} converges strongly to some point in
(65

(iii) if x, — x* € C, then x™ = lim,,_, . ,Pcx,,.

3. Main Results

Theorem 8. Let H,, H, be two Hilbert spaces and G : H; —
Hy, T i Hy — H,y be (v, by h &), (0, by, }, Ex)-total
quasi-asymptotically nonexpansive mappings and uniformly
L, L,-Lipschitzian continuous mappings such that (I - G) and
(I = T) are both demiclosed at zero. Let A : H, — H, be a
bounded linear operator and let A* : H, — H, be an adjoint
of Awith L = |AA™||. Let M and M™ be positive constants such
that £(k) < E(M) + M*k?, Yk > 0. Assume that the solution
set of SCFPP (14) is nonempty, and let P be a metric projection
of H, onto T satisfying (x,, — x*,x, — Prx,) < 0. Define the
sequence x,, C Hy by

x, € Hy,
u,=I+yA" (T"-1)A) x,, (18)
Vn>1,

Xpp1 = KUy T (1 - (Xn) Gnun’

where the parameter y, L, {v,}, {u,}, {&,}, and {a,,} satisfy the
following conditions:

() 0<«a, <1,y€(0,1/L), where L = max{L,, L,};



®) v, = max{v,,v,} u, = max{u,,u,} and § =

max{&,, &}
Then, the sequence {x,} defined by (18) converges strongly to
x" el
Proof. To show that x, — x* asn — 00, it suffices to show
x, — x"and ||x,| — [x*[asn — oo.

The proof is divided into five steps as follows.

Step 1. In this step, we show that, for each x* € T, the following
limit exists:

Jim [, -] = lim -5 (9

n—00

Let x* € T this implies that x* € C := (2, Fix(U;) and
Ax" €Q= ﬂ;:1 Fix(T)). From (18) and Lemma 4, we have

e = %"
= llorutt, + (1 - ,) G", = x|
= a u, - G"u, |
+ 200, (4, — Gy, Gy — x*) + |G, — 7|
= a u, - G"u, |
+ 20, (u, —x" +x" - G'u,,G'u, — x*)
16", - P
@ [y~ Gt + 285ty — 57, Gy~ 5°)
¢ (1-20,) |6, ~ 5°[P
= o |u, - G"w,| + 201, (u,, — x*, Gy, — 14, + 14, — x*)
+(1-2a,) [G"w, x|
< o, (1= ) Ju, = G | + v,0,€ (1, = ")
+ @y + 200, [, = x| + (1 - 200,)
(ot = %"+ 78 (et = %" 1) + 1)
= —at, (1= ) [, = G, | + (1= t,) v,
s =D+ o = %"+ (1 - )
= —a, (1= a,) Jut, = G"u, | + (1 + (1 - @,) v, M")

: ”un - x*HZ + (1 - Ocn) (vnf (M) + ."ln) .
(20)
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On the other hand,

oty =

= |lx, = x" + AT (T" = 1) Ax, |’

(21)
= |, = x7|7 + y* AT (T" = 1) Ax, |
+2y{x,—x", A" (T" - 1) Ax,),
Y AT (1" - 1) Ax, |
= y* (A" (T" - 1) Ax,, A" (T" - 1) Ax,,)
(22)
= y* (AA" (T" - 1) Ax,, (T" - I) Ax,)
<PLI - 1) ax .
by Lemma 4, it follows that
2y{x,-x", A" (T" - 1) Ax,)
=2y (Ax, - Ax",(T" - 1) Ax,)
" 2 * %12 (23)
<=y |(T" - 1) Ax,|” + yv,M"L |x, — x|
+9 (v, (M) + ).
By substituting (22) and (23) into (21), we obtained
[, - x*"2 < (1+yv,M"L)|x, - x" ||2 -y(1-yL)
(24)

(1" -1) Axn"2 +y(v,E (M) +u,).

Substituting (24) into (20) and then simplifying, we have

lws =77 < (1+ (1= @) v, M)
AU+, ML) |, - X7
—y(L-yD) |(T" - 1) Ax, |
+y (vE (M) +4,))
=, (1= a,) [, = G, |
+ (1= a,) (va& (M) + )
< (14 (1 =) v, M") (1 +yv,M"L)

Poy(1—yL)|(T" - 1) Ax, |

x, = x"
-, (1-a,) |, - Gu, |
+ (1 + (1 - ‘xn) VnM*)Y(Vn£ (M) + A“n)

+ (1 - (xn) (an (M) + /’ln) >
(25)
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and from (25), we deduce that
[t = [
<(Q+yy,M'L+(1-a,)v,M" (1+yv,M"L))
A =%+ (1 + (1= ) v,M™)

: Y(an (M) + /’ln) + (1 - ‘xn) (Vng (M) + .un) .

Therefore, from (26), we have

”xn+1 - x*"2 < (1 + ﬁn) “xn - X* “2 + > (27)
where
B,=yv,M'L+(1-a,)v,M" (1+yv,M L),
Mo = (1+ (1= a,) v, M) y (v, & (M) + ) (28)

+ (1 - ‘xn) (an (M) + A“n) .
Clearly, Y 8, < oo and Y 1, < co. Moreover, 3, — 0and
1, — Oasn — oo.
By Lemma 5, we conclude that lim,, , ||x, — x* || exists.
We now prove that, for each x* € T, lim,, _, [lu,, — x*|
exists.
From (25), we deduce that

y(1=yL)|(T" - 1) Axn”2 < x, - x*"2 = |41 = x* ’

+ ﬂn "xn - x* "2 + 1,

X (1 - (xn) ”un - Gnun"2 < "xn - x*"2 - "xnﬂ - x*"2

+ B, ||, — x* ||2 + 1],

(29)
From (29), we deduce that
Aim flu, - Gu, || =0,
(30)

nli—{%o “Axn - T"Axn” =0.

From (24), (30), and the fact that lim, _, [lx,, — x"|| exists,
thenlim,, _, . [lu,,—x"|| exists. Moreover, from (20), we deduce
that

Jim [, - x7| = Timlx, - %7 (31)
O
Step 2. In this step, we show that
HILH(%O ”xn+1 - xn" =0,
(32)
nango [ 41 — 4] = 0.
Proof. It follows from (18) that
"'xn+1 - xn"
= |l,u, + (1 - e,) G'u, — x|
(33)

= ||(1 - an) (Gnun - un) +u, - xn“

=(1-a,) (G'u, —u,) + A" (T" - I) Ax,|,

and in view of (30), we obtain that

lim |x,,, - x,| = 0. (34)

n—00

Similarly, it follows from (30) and (34) that
i1 =l = | (14 947 (77 = 1) 4) x,.,

+ (I +yA™(T" - 1) A) x,

= |[x X

n+tl — *n

+yA* (T™! = 1) Ax,,, - yA" (T" - 1) Ax,

n+l
— 0 asn— o0

= nango [0 — 14,]) = .

(35)
]

Step 3. In this step, we show that
-Gl =0 JaxoTel o

as n — 0.

Proof. From the fact that [|u,,-G"u, | — 0and |lu,,,—u,| —
0 and G is uniformly L-Lipschitzian continuous, it follows
that

[, = Gu,|| < ||l — G"u, || + ||Gu,, — G|

< |u, - G'u,| +L ”un -Gy

n

< |u, - G'u, || + L | G 'u, -G

-
+L{u, -G,

<, = G, + L oty = 10, @7)
+ Ly = thyy + 1y - G

< Nty = Gty | + L(L + 1) [l =,y |

+ L"un_1 - G"_lun_ln — 0

= ||un - Gun" — 0.

Similarly, from the fact that |Ax, — T"Ax,|| — 0, [|x,,; —
x,| — 0,and T is uniformly L-Lipschitzian continuous, it
follows that | Ax,, — TAx,|| — 0. L]

Step 4. In this step, we show that

X, =X, u,—x, asn-— oo. (38)

Proof. Since {u,} is bounded, then there exists a subsequence
u,, C u, such that

u, = x°, asi-— oo. (39)



From (39) and (36), we have

“”n,. -Gu, || — 0, asi— oo. (40)

From (39) and (40) and the fact that (I — G) is demiclosed at
zero, we get that x* € Fix(G).

Moreover, from (18), (39), and the fact | Ax, - T"Ax, | —
0,asn — 00, we have

X, = i, —yA" (T" = 1) Ax,, — x". (41)

By the definition of A, we get

Ax, — Ax", asi-— co. (42)

In view of (36), we get

"Axni -TAx, ” — 0, asi— oo. (43)

From (42) and (43) and the fact that (I — T') is demiclosed at
zero, we have Ax™ € Fix(T), and this implies that x* € T.
Now, we show that x* is unique.
Suppose to the contrary that there exists another subse-
quence u, C u, such thatu, — y* € T with x* # y* by
virtue of (19) and opial property of Hilbert space; we have

lim inf "un_ —x"
i— 00 !

< lim inf "”n,- -y" “ = lim inf ||”n - y*”
[ee)

i— n— 00

= lim inf
j—oo

* . .
U, —y “ < lim inf
J ]—»oo

=3 aa)

J

*

=lim inf |ju, — x*|| = lim inf |u, —x
n— oo i— 00 !
= lim inf |ju, - x*" < lim inf |{u, —x"
i— 00 ' i— 00 !

which is contradiction. Therefore u,, — x*. By using (18) and
(30), we have

x, =u, —yA" (T" - 1) Ax, — x*, asn— co. (45)

O

Step 5. In this step, we show that

[x.]| — <", asn— co. (46)

To show (46), it suffices to show that ||x,,, ;|| — [x"[lasn —
0.

Proof. From Lemmas 6, 7, (27), and the fact that 5, — 0and
1, — 0, we have

s = I < s = [

< (1 + /3n) "xn - x"*"2 + 1y

= ”xn - x*llz + ﬁn ”xn - x*llz 1y
2

= |lxn_PFxn+PI‘xn_x*||

+ ﬁn “xn - x*HZ 1y

< 4||Ppx, - x*“z + B, 1%, - x*“z +1,
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= [lwnrl = 11 < 41, - <"

+ ﬁn "xn - x*"2 Ty

= Jim [l = " < 4 lim [P, - 2

+ lim B, [, = x* ||2

+ lim (1,)

= Jim x| - <" = 0.

(47)

From (38) and (46), we conclude that x, — x*,asn —
00. O

Corollary 9. Let H;, H, A, and A", be as in Theorem 8. Let
G and T be {k, }, ({k, }) quasi-asymptotically nonexpansive
and uniformly L, L,-Lipschitzians continuous mappings such
that (I — G) and (I — T) are both demiclosed at zero. Let
L = |AA"||, and let M and M™ be constants such that £(k) <
E(M) + M*K%, Vk > 0. Assume that the solution set of SCFPP
(14) is nonempty, and let Pr be a metric projection of H, onto
[ satisfying (x, — x*, x,, — Prx,,) < 0. Let the sequence {x,,} be
defined as in Theorem 8 where the parameters «,, y, {k,}, and
L satisfy the following conditions:

(a) «, € (0,1),y € (0,1/L), where L = max{L,,L,};
(b) k,, = max{knl,knz}.

Then the sequence {x,} defined as in Theorem 8 converges
strongly to x* € T.

Proof. By Remark 2 G and T are ({v,}, {,}, &)-total quasi-
asymptotically nonexpansive mappings with {v,} = {k, — 1},
Y, = 0,and &(k) = k%, Vk > 0. Therefore, all the conditions
in Theorem 8 are satisfied. The conclusions of this corollary
follow directly from Theorem 8. O

Corollary 10. Let H,, H, A, and A" be as in Theorem 8. Let
G and T be two quasi-nonexpansive and uniformly L,,L,-
Lipschitzian continuous mappings such that (I -G) and (I -T)
are both demiclosed at zero. Let L = | AA™||, and let M and M~
be positive constants such that §(k) < E(M) + M*K?, Vk > 0.
Assume that the solution set of SCFPP (14) is nonempty, and
let Py be a metric projection of H onto T satisfying (x, —
x*,x, — Prx,) < 0. Let the sequence {x,} be defined as in
Theorem 8 where the parameters {«,}, y, and L, satisfy the
following conditions:

(a) {a,} € (0,1),y € (0,1/L), where L = max{L,, L,}.

Then, the sequence {x,} defined as in (18) converges strongly to
x" el

Proof. By Remark 2 G and T are ({1})-quasi-asymptotically
nonexpansive mappings. Therefore, all the conditions in
Corollary 9 are satisfied. The conclusions of this corollary
follow directly from Corollary 9. O
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Now we give an example of our theorem.

Example 11. Let B be a unit ball in a real Hilbert space /,, and
let T: B — B be amapping define by
T: (%), %0 X55...) — (0, xf,aaxz,a3x3, . ) ,
(48)
(%1, %5, x3,...) €B,
where {g;} is a sequence in (0, 1) such that H;fz(ai) =1/2.
It is proved in Goebel and Kirk [13] that

@) [Tx =Tyl < 2lx - yl,
) IT"x-T"yll < 2[T,(a)lx - yll Vx,y € Bandn > 2.

Let k}/z = 2 such that k:l/z = 2[1~,(a;), for n > 2; then

nIeréok = hm (2Ha> (49)

Letv, =k, —1,Vn > 1,let&(t) = t%, Vt > 0, let and {,} be
a nonnegative real sequence such that 4, — coasn — oo.
From (a), (b) and Vx, y € Band n > 1, we have

[T =T < e =y 4 v = o 4 50)

Again, since 0 € B and 0 € Fix(T), this implies that Fix(T) #
0. From the above equation, we have

o= <lp=I" + vk (lp = y1) + e 5D

This show that T is total quasi-asymptotically nonexpansive
mapping.

Example 12. Let H; = H, = I, be a real Hilbert spaces, C,Q
two unit ballsin ,, and T : C — C, G : Q — Q two
mappings defined by

2
T :(x), %0 X35...) — (O,xl,azxz,a3x3,...),

(xl,x2, X35 ) € C,
2 (52
G : ()/1,)/2>)/3, .. ) —_— (0, yl’beZ’ b3y3, . ) N

(V1> Yo y3--2) €Q,

such that (I — T) and (I — G) are both demiclosed at zero,
where {a;} and {,} are sequences in (0, 1) such that [ [, (a;) =
[[:5®) 1/2. Let A, A*, M, M"&(k), and P; be as in
Theorem 8. And assume that conditions (a)-(b) in Theorem 8
are satisfied. Then, the sequence {x,} defined in Theorem 8
converges strongly to x* € T.

Proof. By Examplell, it follows that G and T are both
({v,.}> {u,.}, &)-total quasi-asymptotically nonexpansive map-
pings; moreover from Example 11 (b) we have that G and T
are both uniformly L, L,-Lipschitzian with L, = 2[],(a;)
and L, = 2[]",(b); also by our hypothesis (I -G) and (I-T)
are both demiclosed at zero. Therefore, all the conditions
in Theorem 8 are satisfied. Hence, the conclusions of this
corollary follow directly from Theorem 8. O
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