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We establish the A, (D)-weighted integral inequality for the composition of the Homotopy T and Green’s operator G on a bounded
convex domain and also motivated it to the global domain by the Whitney cover. At the same time, we also obtain some (p, q)-type
norm inequalities. Finally, as applications of above results, we obtain the upper bound for the L” norms of T(G(v)) or (T(G(u)))g

in terms of L? norms of u or du.

1. Introduction

Our purpose is to study the L? theory of the composition of
the Homotopy T and Green’s operator G acting on differential
forms on a bounded convex domain. Both operators play an
important role in many fields, including harmonic analysis,
potential theory, and partial equations (see [1-6]). In the
present paper, we will obtain some (p, g)-type norm inequal-
ities for the composition of the Homotopy T' and Green’s
operator G and also prove the A,(D)-weighted integral
inequality on a bounded convex domain. These results will
provide effective tools for studying behavior of solutions of
A-harmonic equations and related differential systems on
manifolds.

We start this paper by introducing some notations and
definitions. Let M be a Riemannian, compact, oriented, and
C*-smooth manifold without boundary on R" and let Q
be an open subset of R". Also, we use G to denote Green’s
operator throughout this paper. Furthermore, we use B to
denote a ball and pB to denote the ball with the same center
as B and with diameter (pB) = p diameter (B). We do not
distinguish balls from cubs in this paper.

We assume that A¥ = AFRY) (K =
is the linear space of all k-forms w(x)
YW i i dx; Adx; A+ Adx;  with summation over all
ordered k-tuples I = (i}, iy,...,4), 1 <i; <iy < -+ < i < n.
If the coefficient w;(x) of k-form w(x) is differential on M,

0,1,2,...,n)
Yi(x)dx, =

then we call w(x) a differential k-form on M. A differential
k-form w(x) on M is a de Rham current (see [7]) on M with
values in A¥(R™). Let A*M be the kth exterior power of the
cotangent bundle and C°°(/\kM) be the space of smooth
k-forms on M. As usual, we use D'(M,A") to denote the
space of all differential k-forms and LP(A*M) to denote the
k-form w(x) with the norm

@ (Ol = (JM |w(x)|de>1/P

= <[M (;lwz (x)lz)P/zdx>

on M. Thus LP(A*M) is a Banach space. As usual, we still
use x to denote the Hodge star operator. Also, we use
d : D'(M,A") — D'(M, ") to denote the differential
operator and use d* : D'(M, /\k“) — D'(M, /\k) to denote
the Hodge codifferential operator which is defined by d* =
(—1)”’“rl * d* on D' (M, /\k+1). The n-dimensional Lebesgue
measure of a set E € R” is denoted by |E|. We call w a weight
ifwe L (R")and w > 0,a.e. For 0 < p < 1, we denote the

loc
weighted L”-norm of a measurable function f over M by

10y p e = <JM |f|Pwadx)1/P’ 2)

where « is a real number.
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Let D ¢ R" be a bounded, convex domain. Iwaniec
and Lutoborski in [1] first introduced a linear operator K P

C®(D,NF) - C®(D, A1) satisfying that
(Kyw) (68,8 80)

1 3)
= L 0 (tx + y —ty;x — 1, 6,6y, .., &) dt

and the decomposition w = d(Kya)) + Ky(dw). Then by
averaging K|, over all points y in D, they constructed a
Homotopy operator T C®(D,AF) =  C®(D,AF
satisfying that Tw = JD o( y)Ky(w)dy, where ¢ € C°(D) is
normalized by fD ¢(y)dy = 1. The k-form wp, € D'(D, A¥)

is defined by w, = (1/IDI) [, w(y)dy, if k = 0, and if
k=1,2,...,n then
wp=d(Tw) =w-T (dw), (4)
w
ITw (x)] < cj Ly?lldy. 5)
D |y-x

2. Boundedness of the
Composition of the Homotopy and
Green’s Operator in L? Space

In this section, we will prove the A, (D)-weighted norm
inequality for the composition of the Homotopy T and
Green’s operator G on a bounded convex domain. Then
using the Whitney cover, we develop the local result to the
global domain. In [8], Goldshtein and Troyanov proved the
following lemma.

Lemma 1. Let D C R”" be a bounded convex domain. The

operator T maps L¥ (D, ) continuously to L1(D, A1) in the
following cases:

Either 1 < p, q < 00,

-
Q=
QN

(6)

S | =

Or1<p, q< o0, <

=

1
p

From [3], we have the following lemma about L’-
estimates for Green’s operator.

Lemma?2. Letu € C°(N*M) (k=0,1,2,...,n)and 1 < s <
00. Then there exists a constant C, independent of u, such that

|dd* G|, 5, + [d"dG@)| 5, + 1dGW) I pr
+|d* G|, pp + 1GW) g 01 < Clltallg -

Definition 3. We say that a weight w(x) satisfies the A (D)
condition for » > 1 and write w(x) € A,(D),ifw > 0 a.e. and

(i) (i () a0
Su —_— wax —_— — X < 0OQ.
B£|mL |&L w

For A, (D) weight, we also need the following result which
appears in [9].
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Lemma 4. If w(x) € A,(D), then there exist constants 3 > 1
and C, independent of w, such that
lwligp < CIBI" PP lw], 5 )
for all balls B ¢ D.
Theorem 5. Let D C R”" be a bounded convex domain,
n< p < ooandletT : LP(D,AY) — LF(D,A*") be

the Homotopy operator, k = 1,2,...,n. Then there exists a
constant C, independent of u, such that

IT (G @)l 5 < Clitl 5,0 (10)
for any ball B c D, w(x) € A, (D), and 1 <r < p/n.

Proof. Since w(x) € A,(D), by Lemma4, there exist
constants § > 1 and C,, independent of w, such that

lwlgs < C B PP lwll, (1)

for any ball B ¢ D.
Choosing k = Bp/(f5 — 1), then by Holder inequality with
1/k+1/Bp = 1/p, we have

1/p
IHYGOnNu3M==(LJT(G(uDFumwdx)

< (L IT(G (u))|"dx)l/k<L wﬁdx)l/ﬁp

= TGl sl
(12)

Thus, substituting (11) into (12), we obtain

IT (G W)l 5 < Ci B PFPIT Gl plw (IS
(13)
Taking m = p/r, it is easy to see that m > 1 and (1/m) —

(1/k) < (1/m) < (1/n). Hence communicating Lemmas 1
and 2, we have

IT( Gk < ClGW,5 < Csllullyp- (14)
Combining (13) and (14), we have

IT(G@)Np 5 < Cal B P PPl ()2 (15)

Using Holder inequality with 1/p + (r — 1)/p = r/p, we have

1/p -1 \-D/p
o= ([ ry) ([ (1))
’ B B\W
L\ V- \CD/p
= |lu — dx .
umww<L(w) )

Note w(x) € A,(D); then,

1 L[ 1y\Yen N
sup<—J- wdx)(—J- (—) dx) < Cs < 00.
BeD \ |Bl Jp Bl Jp \w

17)

(16)
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Thus, observing (15) and (16), we immediately obtain that

IT(GW))ll 5, < ColBI"PFHP ),

1_
< Gl DM PIEPIP )y < Colutl g
(18)

Here C; is a constant independent of u. Thus we complete the
proof of Theorem 5. 0

Furthermore, if u is an A-harmonic tensor on D, p > 1
and 0 < s, t < 00, then there exists a constant C, independent
of u, such that

el < CIBI“™* ul, g (19)

for all balls or cubs B with pB ¢ D (for more details about A-
harmonic tensors, see [10]). By the property of A-harmonic
tensor, using the same method developed in the proof of
Theorem 5, we can easily extend into the following A, (D)-
weighted version.

Corollary 6. Let D C R" be a bounded convex domain, n <
p < 00, u be an A-harmonic tensor, and T : L¥(D, Ay S
LP(D, A1) be the Homotopy operator, k = 1,2,...,n. Then
there exists a constant C, independent of u, such that

IT (G @)l p,p e < Clluall (20)

forany ball B c D, w(x) € A(D),and1 <r < p/n,0<a<
Lp>1

In order to obtain the boundedness of the composition
T o G, we need the following modified Whitney cover in [10]
and see [11] for more details about Whitney cover.

Lemma 7. Each open subset E C R" has a modified
Whitney cover of cubs W = {Q;} satisfying | J,Q; = E and
Yaew Xyszaq < N+ xp(x), for all x € R" and some N > 1,
where yg(x) is the characteristic function for the set E.

Theorem 8. Let D C R” be a bounded convex domain, n <
p < 0. Then the composite operator T o G : LP(D, A*,w) —
LP(D, A1 w) is bounded, k = 1,2,...,n. Herew(x) € A, (D)
and 1l <r < p/n.

Proof. From Lemma 7, we know that there exists a sequence
of cubs W = {Q} such that | J;Q; = D and Y ey X57aq, <
N yg(x)forall x € D, where N > 1 is some constant. Hence,
for u € LP(D, AF, w), we have

IT (G W)L,

- j IT(G (w)|Pdy <
D

SZClj

Qew R

> | G

Qew °Q

lulPdu < Z C, JD |“|PXQi (x)du

QewW

3
<G Y il g (< C | N lulfxp (6) d
DQew b
<ON | lulfdu=C, | uldu = Callll
D D
1)

where dy = w(x)dx and C, = C|N is independent of u and
each Q;. Thus, we complete the proof of Theorem 8. O

3. Norm Estimates with Power-Type Weights

Let S ¢ R" be a bounded domain and D be a nonempty of
S=S [J 9S. If we use dist(x, D) to denote the distance of the
point x from the set D, then w(x) = (dist(x, D)) for ¢ € R
is called power-type weight. In this section, we will establish
some strong (p,q)-type norm inequalities with power-type
weights for the composition of the Homotopy T' and Green’s
operator G acting on differential form. In the following proof,
we will use the following Lemma which appears in [8].

Lemma 9. The operator T : Q,,.(D, Ay - Q, (D, AR s
bounded provided that

Either 1 < p,q,r < 00,

< b < b

1
r

1
P

S I

A

1
1 (22)
<

Or 1< p,g,r < oo,

>

N | =
S | =

1
-—<
p

=
S =

1
p
Theorem 10. Let D  R" be a bounded convex domain, 1 < p,
g <o00,0<1/p-1/q < 1/n, andlet T : LP(D,AF) —

LI(D, A¥1) be the Homotopy operator, k = 1,2,...,n. Then
there exists a constant C, independent of u, such that

IT(G () = (T (G W)p|,,p < C (1 + diam (D)) [jull,

(23)
foranyu € Q, (D, \¥).
Proof. From (4), we have the following decomposition:
G W) =T@d(Gw)) +d(T(Gw)) (24)

for any differential form u € QP,P(D, A k=1,2,...,n

Note that u is an element of Qp)p(D, /\k), k=1,2,...,n
From (4) and Lemmas 1 and 9, we have

IT (G ) = (T (G @, p
= T (d (T (G @)l (25)
< Cld (T (G @)l ,p-

Here C, is a constant independent of u. Applying (24) and (5),
we have

I (T (G @)l
=1G W) - T d (G W), p
<IGWllpp + 1T (d (G @)l
< IG W)l,p + C, diam (D) d (G @), .

(26)



Applying Lemma 2 into (26), we obtain
Id (T (G @),p < (C; + Cydiam (D)) [lull .- (27)

Thus
IT (G W) - (T (G @)pl, p
< (Cs + Cg diam (D)) llull 5. (28)
< G, (1 + diam (D)) [lull,, p-
Here C; = max{C;,C¢} is independent of u. Thus, we
complete the proof of Theorem 10. O

Next, we consider the following norm comparison
equipped with power-type weights.

Theorem 11. Let D C R" be a bounded convex domain, 1 < p,
g < 00,0 < 1/p-1/g < 1/n let T : LP(D,A) —
LD, A¥1) be the Homotopy operator, k = 1,2,...,n, and
that continuous functions h and g defined in (0, +00) satisfy
(1) lim, _, yh(t) = 05 (2) lim, _, ,g(t) = co. Then there exists a
constant C, independent of u, such that

IT (G () = (T (G ))p| < C(1 +diam (D)) lull

(29)

4Dy

for any u € Q, (D,A%), du, = h(dist(x,0D))dx, du, =
g(dist(x, 0D))dx.

Proof. From Theorem 10, we know that there exists a constant
C,, independent of u, such that

IT (G W) = (T (G )pll,p < Ci (1 + diam (D)) |lull , p-
(30)

Fixing ¢ > 0, then there exists §,(¢) > 0 such that
h(dist(x,0D)) < ¢ for all x € D with dist(x,0D) < &;. Let
D, = {x € D,dist(x,0D) < 6,} and D, = D — D;. Then for
all x € D,, we have

8, < dist (x,0D) < diam (D). (31)

Therefore, by the continuity of h, we know that there exists
M, > 0, such that

h (dist (x,0D)) < M, (32)
for all x € D,. Thus we have

IT(Gw) = (T (G @)l

1/q
= <L> T (G () - (T'(G (w)))p|* - h(dist (x,0D)) dx)

< (ej T (G () = (T (G (u))p|*dx
Dl
1/q
+M, jD |T(G W)~ (TG <u>>>D|‘1dx)

1/q
<c([ TG - Gumliax)
D (33)
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Here C, = max{sl/q,M}/q}. Communicating (30) and (33),
we have

IT(GwW) (T (G @),
<GITGwW) ~(TGwpl,, (34
< C5 (1 + diam (D) [[ull, p-

Note that lim, ,,(1/g(t)) = 0. Then there exists d,(¢) > 0
such that 1/g(dist(x, 0D)) < eforall x € D with dist(x,dD) <
§,. Let D; = {x € D, dist(x,0D) < §,} and D; = D—D;. Then
for all x € D), we have

§, < dist (x,0D) < diam (D). (35)

Therefore, by the continuity of g, we know that there exists
M, > 0, such that

1

g (dist(x,aD)) < M2 (36)

forall x € D;. Therefore, we obtain

, 1 1/p
.o = (JD l g (dist (x, aD))d”2>
1/p
< (sj |ulPdp, + M, j |M|Pdﬂz> (37)
D} D,
1/p
<ci([ mrdw) = ol

Here C, = max{e!/?, M;/P}. By (34) and (37), we have

IT (G @) = (T (G W),y (38)
< C5 (1 + diam (D)) ”u"p,D,yz'

Here C; is independent of u. Thus, we complete the proof of
Theorem 11. O

In Theorem 11, if we choose h(t) = t"and g(¢t) =t *,0 < 1,
s < 00, we can easily obtain the following corollary.

Corollary 12. Let D C R" be a bounded convex domain, 1 <
ppg<o0,0<1/p-1/g<1/nandletT : LP(D,A") —
LI(D, N*™Y) be the Homotopy operator, k = 1,2,...,n. Then
there exists a constant C, independent of u, such that

|, 1T (G ) = (T Gyl (dist(x,0D)y dx

1 Hp
(dist (x, 0D))° dx) '
(39)

< C(1 + diam (D)) (J [u]?
D

Here0 < r,s < oo.

Note that, in the proof of Theorem 11, if we let the compos-
ite operator T o G act on the solution of nonhomogeneous A-
harmonic equation, then we can drop lim, _, h(t) = 0. Next,
we state the result as follows.
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Corollary 13. Let D c R”" be a bounded convex domain,
1<pg<oo,0<1/p-1/q<1/nletT : LP(D,A") —
LD, A*Y) be the Homotopy operator, and u € QP,P(D’ AF)
is a solution of nonhomogeneous A-harmonic equation, k =
1,2,...,n. If continuous functions h and g defined in (0, +00)
satisfy that lim, _, ,g(t) = oo, du, = h(dist(x,0D))dx and
du, = g(dist(x,0D))dx. Then there exists a constant C,

independent of u, such that
ITGW)) - (TG W))p)|, 5, <C(1+diam (D)) |l 5,
(40)

B,y

for all balls B with pB C D. Here p > 1 is some constant.

It is easy to find that the above corollary does not hold for
balls B ¢ D with 0B[) 0D # @ but holds for those balls with
pB < D. Next, we introduce the following singular integral
inequality.

Theorem 14. Let D C R" be a bounded convex domain, 1 < p,
g<00,0<1/p-1/q<1/nletT: LP(D,AF) — LD, ")
be the Homotopy operator, and u € Q, (D, A¥) is a solution
of nonhomogeneous A-harmonic equation, k = 1,2,...,n. If
continuous functions h and g defined in (0, +00) and h(t) is an
increasing function, then there exists a constant C, independent
of u, such that

1 1/q
g (dist (x,0D)) dx)
< C(1 + diam (B)) |pB|*~ /7 (41)

1/p
dx)

for all balls B with pB ¢ D and 0 < A < 1. Here p > 1 is some
constant.

(L IT(G (W) - (T (G W))]"
ul?
X (JPB (h (dist (x, D))"

Proof. Letk = q/(1 —A). From 0 < A < 1, it is easy to see that
k > q. Using the Holder inequality, we have

) ] 1/q
( [, 17wy - G md")

1/k
< (| TG - Gulax)

(k-q)/kq
) (42)

1
d
8 <JB (g(dist(x, D))" *? i
= |T(Gw) ~ (T (G @))py 5

(k=q)/kq
X < J ! dx)
B (g(dist(x,0D)))* ™

Note that pB C D. Therefore, there exists a positive number ¢
such that

¢ < dist (x,0D) < diam (D) (43)

for all x € B. Furthermore, by the continuity of function g
in (0, +00), g(dist(x, 0D)) has a positive lower bound M in B.
Thus, from Theorem 10 and (42), we have

1g
) o1
(JB T (G () = (T(G ()| g(dist(x,0D)) dx>

1/q
<(57) IBEVMIT G @) - (T G @)l

k—q)/ki .
< C|B|* ¥ (1 1 diam (B)) |[ull, 5

k—q)/ki .
< Cy|BI* P (1 + diam (B)) |lully ,, p»
(44)

where p, > 1isa constant. Let e € (1/p, 1) and m = &p. Since
u is the solution of nonhomogenous A-harmonic equation.
By (19), we know

(m—k)/mk

lullop, < Cslpy Bl - (45)

where p > p; > 1is a constant. It is easy to find that 1 < m <
p- Using the Holder inequality, we have

Jua =(J Jul™ 1
™8\ Do (h(dist (x,0D)))"™MP

1/m
- (h (dist (x, aD)))"Wde>

1/p
dx)

(p-m)/mp
x (J (G (dist (x, aD))) )" _m)dx) .
pB

§ ( J S L O
=\ Jos (h (dist (x, 9D)))*

(46)

The continuity and monotonicity of function s imply that

mp/(p—m)

(p—m)/m,
(h(dist(x, 0D)))M? dx r
(],
p.

(1-e)/¢
= <j (h (dist (x, aD)))S/\/(l—g)dx> P (47)
pB

< |pB|" ™" (h(diam(D)))"?.

Hence, combining (41)-(47), we have

1 1/q
——————dx
g(dist(x, 0D)) )
< Cy|BI* /% (1 + diam (B)) | p, B|™" " |pB| O/

(L IT (G ) ~ (T (G W))]°

Jul? v
)
5 (h(dist(x, 9D)))
< C, (1+ diam (B)) |pB|*~ /7

1/p
dx) .

Here C, is dependent of B and h but independent of u. Thus,
we complete the proof of Theorem 11. O

« (h(diam(D)))Mp(J
p

y ( J S U
pB (h (dist (x,0D)))*
(48)



4. Application

In this section, we will use the estimates in Section 3 to obtain
the upper bound for the L” norms of T(G(u)) or (T(G()))g
in terms of L norms of u or du.

Example 15. Forn > 2,let u be a (n — 1)-form defined in R"
by

x
u= 1 dx, Ndx; N--- ANdx

2 2 4., 2
X7 tx5+ + X,

n

x
- 2 dx, Ndxz N---Ndx

2 2 4 ... 2
X7 tx;+ + X,

n

(49)
4ot (=)™

X
X & dxy Ndxy N+~ Ndx,,_;.

2 2 4 ... 2
x1+x2+ +Xn

It is easy to find that

n—1

lul =1, du= dx; Ndx, N--- Ndx

ne
2 2 4 ... 2
x1+x2+ +xn

(50)
If we choose the usual (p, p)-type norm inequality to estimate

T(G(u))—(T(G(u))) g and take p = n, where B = B(O,r) c R"
is a ball, then by Theorem 10, we have

([ rcw -r@uwnlar)”

< C, (1 + diam (B)) (L |u|”dx>1/n (D

= C, (1 + diam (B)) |B|'/".

However, if we choose the (p,q)-type norm inequality to
estimate T(G(u)) — (T(G(u)))g and take p = n - 1,9 = n,
then p, g satisfy the condition 0 < 1/p—1/q < 1/n. Hence by
using Theorem 10, we obtain

([ e -r@umnlar)”

1/(n-1)
< C, (1 + diam (B)) (j |u|"*1dx) (52)
B

= C, (1 + diam (B)) |B|"/™V.

Compare (51) and (52), we can easily find that if we choose
different (p, q)-type norm inequality to estimate the oscilla-
tion T(G(u)) — (T(G(u))) g, we also obtain the different upper
bound.

Example 16. In R?, consider that

Y Y

u(x, y) = arctan —arctan —4——. 53
(x,7) P (53)

Abstract and Applied Analysis

It is easy to check that u(x, y) is harmonic in the upper half
plane. Note that

ou ou
du = adx + ady,
(54)
ou ou
du=—dy- —d
=Y dy x
Therefore, we have
*u  u
d*du=(ﬁ+w)d36/\dy=0, (55)

which implies that *du is a closed form and hence is a
solution of nonhomogenous A-harmonic equation. It is easy
to see that

1
\/((x -1+ yz) ((x +1)%+ yz)'

Let D denote a bound convex domain in the upper half plane
and let 0B ¢ D be a closed ball without the points (-1,0) and
(1,0). If 0B and D satisty that dist(¢B,0D) = M > 0, then
both |* du| and (dist(x, D))" have the upper bounds in o B.
Thus, for the term

|dlu| =

(56)

1

— P—
JB |T (G () = (T (G ()] g (dist (x, ooy ™"

» o (57)

it is usually not easy to be estimated due to the complexity of
the compositions T'(G(u)) and the function g. However, by
Theorem 14, (57) can be controlled by the term

j |ul?
pB (h (dist (x, 0D)))

Thus, we obtain an upper bound of (57).

Conflict of Interests

The authors declare that there is no conflict of interests regar-
ding the publication of this paper.

Acknowledgments

The first author was supported by the foundation at the
Jiangxi University of Science and Technology (no. jxxj12073)
and by the Youth Foundation of Jiangxi Provincial Education
Department of China (no. GJJ13376).

References

[1] T. Iwaniec and A. Lutoborski, “Integral estimates for null Lag-
rangians,” Archive for Rational Mechanics and Analysis, vol. 125,
no. 1, pp. 25-79,1993.

[2] S. Ding and B. Liu, “A singular integral of the composite oper-
ator;” Applied Mathematics Letters, vol. 22, no. 8, pp. 1271-1275,
2009.



Abstract and Applied Analysis

[3] C. Scott, “L? theory of differential forms on manifolds,” Trans-
actions of the American Mathematical Society, vol. 347, no. 6, pp.
2075-2096, 1995.

[4] S. Ding, “Integral estimates for the Laplace-Beltrami and Gre-
en’s operators applied to differential forms on manifolds,” Zeit-
schrift Fiir Analysis und Ihre Anwendungen, vol. 22, no. 4, pp.
939-957, 2003.

H. Bi and S. Ding, “Some strong (p, q)-type inequalities for the

homotopy operator,” Computers ¢ Mathematics with Applica-

tions, vol. 62, no. 4, pp. 1780-1789, 2011.

[6] Y. Xing and S. Ding, “Poincaré inequalities with the Radon
measure for differential forms,” Computers & Mathematics with
Applications, vol. 59, no. 6, pp. 1944-1952, 2010.

[7]1 G. de Rham, Differential Manifolds, Springer, Berlin, Germany,

1980.

V. Goldshtein and M. Troyanov, “Sobolev inequalities for dif-

ferential forms and L ,-cohomology;” The Journal of Geometric

Analysis, vol. 16, no. 4, pp. 597-631, 2006.

[9] J. B. Garnett, Bounded Analytic Functions, Academic Press, New
York, NY, USA, 1970.

[10] C. A.Nolder, “Hardy-Littlewood theorems for A-harmonic ten-
sors,” Illinois Journal of Mathematics, vol. 43, no. 4, pp. 613-631,
1999.

[11] E. M. Stein, Singular Integrals and Differentiability Properties of
Functions, Princeton University Press, Princeton, NJ, USA,
1970.

[5

[8



