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Nonsingular H-matrices and positive stable matrices play an important role in the stability of neural network system. In this paper,
some criteria for nonsingular H-matrices are obtained by the theory of diagonally dominant matrices and the obtained result is
introduced into identifying the stability of neural networks. So the criteria for nonsingular H-matrices are expanded and their
application on neural network system is given. Finally, the effectiveness of the results is illustrated by numerical examples.

1. Introduction

The research on data mining based on neural networks
has a great significance. Recently, as one kind of artificial
neural networks, Hopfield neural network is used for asso-
ciation rules mining and remarkable results are obtained.
Nonsingular H-matrices and positive stable matrices play
an important role in the stability of neural network system.
However, it is rather difficult in practice to determine whether
a matrix is a nonsingular H-matrix or not. Therefore, it is of
a great theoretical and practical value to study the numerical
methods for judging the nonsingular H-matrices, to provide
the concise and practical criteria. Up to now, within the
scope of the field, many researchers have done a lot of in-
depth studies and acquired some very valuable results in
many respects, such as nonsingular H-matrix properties and
criteria (see [1-9]). In this paper, some criteria for nonsin-
gular H-matrices are obtained by the theory of diagonally
dominant matrices and the obtained result is introduced into
identifying the stability of neural networks. So the criteria for
nonsingular H-matrices are expanded and their application
on neural network system is given. Effectiveness of the results
is illustrated by numerical examples. For convenience, we are
dealing with nonsingular H-matrices, calling them shortly
H-matrices.

Next, we will introduce some notations.

Let N ={1,2,...,n},andlet M = {(i, j) | i+ j; i,j € N}
C™" denotes the set of all n by n complex matrices: R;(A) =
Z#i la;;| and C;(A) = Z#i la;;| (foralli € N).

If |a;| = (>)R;(A) (for alli € N), then A is said to be a
(strictly) diagonally dominant matrix and is denoted by A €
Dy (A € D);if laza;| > (>)R,(A)R;(A) (for all (7, j) € M),
then A is said to be a (strictly) double diagonally dominant
matrix and is denoted by A € DD, (A € DD). It is well
known that an equivalent definition of H-matrices is given
by demanding that there exist positive numbers x;, x,, ..., x,,
such that x;]a;| > Z#i xjlayl (for all i € N); that is, there
exists a positive diagonal matrix X = diag(x,,...,x,) such
that AX € D (see [1]). So, we always assume that |a;;| # 0 (for
alli e N).

2. Definitions and Lemmas

It is learned that the class of a-double diagonally dominant
matrices play a central role in identifying H-matrices. So, we
will start with its definition and some background results.

Definition I (see [2]). Let A = (a;) € C™" if there exists some
« € [0, 1], satisfying

« -«
|asa;;| = )[R (A R; ()] 7[C (A) C; (4)] o
(v (i, j) € M),
then A is called a (strictly) a-double diagonally dominant
matrix and is denoted by A € DD(«,)) (A € DD(«)).

Lemma 2 (see [2]). Let A = (a;) € C""; if A € DD(«), then
A is an H-matrix.
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Lemma 3 (see [3]). Let A =
« € [0, 1], satisfying

(a) € C™", if there exists some

1-a

|aia;;| = [R; (A)R; (4)]"[C; (A) C; ()]

(v (i, j) e M),

ii ]JI = [Rz(A)RJ(A)]a
x[C; (A)C (A)]'™*, there exists a nonzero elements chain
Figiy> Fiiy> - > B jo OF A such that iy, = i or

iy = j, jo € J(A), where

(2)
and, for every (i,j) € M with |aza
]1f2’ e ’ajriu

7(A) = filaay| > [R (A R; ()] [C (A ;)]

(i, ) € M} #0,
3)
then A is an H-matrix.

Let S(A) denote the set of all circuits of length p > 2 inI'(A)
(directed graph of the matrix A). Recall that a circuit in T'(A) is
an ordered sequence y of verticesiy, iy, ... ipip,q =1 (p 2 1),
whereiy, iy,...,i, areall distincl‘andeijijH (j=12,...,p)are
arcs of T(A). Let E(A) denote the set of all arcs.

Lemma 4 (see [4]). Let A be an irreducible complex matrix.
Suppose there exists some « € [0, 1], satisfying

layay;| = [R (A R; (1)][C (A C;(A)]
(¥ (i, j) € M).

If there exists some arce; ; € E(A) and (i, j,) € M such

that -
jav.55.| > [R. @R @][C, e, @] ©)

then A is an H-matrix.

3. Criteria for H-Matrices
In the rest of the paper, we will use the notations:

1 =1{60) | R (A R; (A) < |ayay| < C(A)C;(A)}5

4i4jj
%=WNQMMMRM%RMM&WL

M, ={(i )) | ”|>c (A)C; (A) > R, (A)R; (A)};

M, ={(i-j) | |aqa;;| = R (A) R; (4) > C,(A) C; (A)};
M ={(i, j) | |aya;| > R; (A) R; (A) = C; (A) C; (A)} 5

My ={(i, j) | |aya;;| < R (A)R; (A),
|a

ii ]]l < Ci (A) C] (A)} .

(6)

It is obvious to deduce that M = M, U M, U M; U M, U
M; U M,.
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Let
N PG TG
TR, (A)R, (A) st |agay|
_C,(A)C, (A) o, p
stl7st>

st_Rs(A)Rt(A)’ YSt:
V (s, t) € M;

7
|ana]]| Ri (A) RJ (A) ( )
xi. =, i =,
Towc@w T e
R, (A)R; (A)
Zii = ————————— z = X N
T CAC;(A) 5
v (i, j) € M,.
It is obvious to observe
YSt > (xst > 1’ YSt > :Bst > 1; (8)
Zij > x5 > 1, Zij >y > L

The following are our main results. First, we give an
equivalent representation for strictly a-double diagonally
dominant matrices.

Lemma 5. Let A = (a;) € C™"; then A € DD(«) if and only
if My = @ and for any (s,t) € My, (i, j) € M,, satisfying

log, By +log, y; <1. 9)

Proof. Sufficiency. From inequality (9), for any (s,t) € M,
(i, j) € M,, it follows that

log, y;j <1-log, B (10)

Recalling that y, > S, > 1, for any (s,t) € M,, we have
0 <log, B < l.So there exists some positive number € such
Vst
that

0< logys,ﬁst +e<1, @)
log,, ¥ < 1~ (log, By +¢). (12)

Let a = log, By + & it is easy to see 0 < o < 1 and
log, B < a; thatis,

ﬁst < (‘xstﬁst)“' (13)
By both ends of inequality (13) multiplied by 3, we have
af > BL%; that s,
o4 1-a
[ |assau| ]4@@@@]. (14)
R (A) R, (4) ||

The inequality above implies that

lagay| > [R, (A) R, (A)]*[C,(A)C, (A)]' .  (15)



Journal of Applied Mathematics

By inequality (12) again, for any (i, j) € M,, it is obvious
thatlog, y;; <1- a; thatis,
ij

Yij < (xijyij)l_“‘ (16)

. . s 1 a—1
By both ends of inequality (16) multiplied by Yij > we
have xilj_“ > yi'}‘»; that is,

[24

|aiiajj| ) 17)

R(A)R;(A)
Ci(A)C,(4)

a5
The inequality above implies that
laay| > [R (AR, @] [c, ¢ @] a8)

Moreover, for any (I,m) € M; U M, U M;, and any « €
(0, 1), it is obvious that

|aym| > [Ri (A) R, (A)]*[C(A)C,, (A)]7% (19)

Recalling that M, = @, for any (i, j) € M; UM, U M; U
M, U M; = M, there exists some « € [0, 1] such that

o 1-a
|aga;| > [R (A R; (W) [Ci (A C;(a)] (20)
Therefore, we have A € DD(«) by Definition 1.

Necessity. Suppose A € DD(«); then M, = @, and, for any
(s,t) € My, there exists some « € [0, 1] such that

|aga,| > [R (AR, (A)]"[C, (A C, ()] (D)

that is,

o 1-a
]>[M @)

|: |assatt|
R (AR, (A) |agsa|

Then by the notations of a, and fB;, we have B, * < af.

Furthermore, by both ends of the inequality multiplied by 55;,
we get B, < (agBy)" = V5. Therefore, it can be seen that

logyg/‘;st < logyst)};xt =a. (23)

Following a similar argument for any (i, ) € M,, we have
1-a

logzijyij < logzi/_zij =1-a. (24)

Combining inequalities (23) and (24), we obtain inequal-
ity (9). The proof is completed. O

As its application, some new practical criteria for H-
matrices are obtained.

Theorem 6. Let A = (a;;) € C*™", M, = 0, and, for any (s,t) €
M,, (i, j) € M,, satisfying

log, B +log, y; <1; (25)

then A is an H-matrix.

Proof. By Lemma 5, we obtain A € DD(«), and further using
Lemma 2, we conclude that A is an H-matrix. O

Theorem 7. A = (a;) € C™" is an H-matrix if A satisfies
either of the conditions:

() MyUM, =0;
(2) MyUM, =0.

Proof. (1) Suppose M, U M, = 0; then, for any (i, j) € M,, by

0 < log, y;; < 1, there exists some positive number ¢, such
ij

that

0< logzijyl-j +e< 1. (26)

Leta =1- (logzijy,-j +¢) C (0, 1); then we have logzijy,-j <
1 — &, which implies that

laay| > [RWR, W] [c.vc;@] ™ @)

For any (I,m) € M; U M, U M, and any « € (0, 1), it is
obvious that

|G| > [Ri (A) R, (A)]"[C,(A)C,, (A)] 7% (28)

Next, similarly as in the proof of Sufficiency of Lemma 5,
we conclude that A is an H-matrix.

(2) Suppose M, U M, = 0; then for any (s,t) € M, by
0 < log, By < 1, there exists some positive number & such
that

0<log, B;+e<l (29)

Leta = log, B + & C (0,1); then we have log, B, < a,
which implies that

|assatt| 2 [Rs (A) Rt (A)](x[cs (A) Ct (A)]l_“‘ (30)
Similarly, we conclude that A is an H-matrix. O

Theorem 8. Let A = (a;;) € C*", My = 0, and, for any (s,t) €
M,, (i, j) € M,, satisfying

log, By +log, y; < 1. ©))

If, for every pair of indices (s,t) € M,, (i, j) € M, with

logyst By + logzij yi=1 (32)

there exists two nonzero elements chains a,  ,dg ¢ ,...,0,
d $0S17 78152 Shlo

OF Gy s Bppsenos Gy ANA Gy s Gyise.ns @y jo OT GG 505 5,

b withsy =sors, =t,t, € G(A) and iy = iori, = j,
jo € G(A), where

G(A) = {i |log, By +log, y;; <1, (i, j) € Mz} #0,
(33)

then A is an H-matrix.



Proof. Similarly as in the proof of Sufficiency of Lemma 5
combined with inequality (31), we can prove that for any
(s,t) € M,,and (i, j) € M,, there exists some « € [0, 1] such
that

|agay| = [R, (A) R, (A)]*[C, (A) C, (A)]
« -« (34)
|asa;| = [R(AR,A)]"[C,(A)C;(4)] .

Moreover, for any (I,m) € M; U M, U M;, and any « €
(0, 1), it is obvious that

|| > [Ri (A) R, (A)]*[C(A)C,, (A)]'%. (35)

Recalling that G(A) #0, we conclude that there exists
some (s,t) € My, (i, j) € M, such that

|acay| > [R, (A) R, (A)]*[C, (A) C, ()]
66
lagay| > [R: (AR, )] [c, )¢, )]

By equality (32), we know that, for every pair of indices
(s,t) € My, (i, j) € M, with

|acay| = [R, (A) R, (A)]*[C, (A) C, (4)]"%

@)

o -

|aza;;| = [R(AR,W)]"[C; () C; ()],

there exists two nonzero elements chains a, ; ,d,  ,..., 4,
d 0°1 1°2 h*0

OF Gy s Gyt s-oos by AN G @yyse.ns @y j O G505 5

SN with sy = sors, = t,t, € J'(A) and iy = i or iy = j,

jo € J'(A), where
! . o 1-«
1 (A) = {ilasay] > [R; (A R; ()] [ (A) € (a)]

(i j) € My} #0.
(38)

By Lemma 3, it follows that A is an H-matrix. O

Similarly as in the proof of Theorem 8, we can obtain the
following result.

Theorem 9. Let A = (a;;) € C™, M, = 0, and, for any (s, t) €
M, (i, j) € M,, satisfying

logystﬁst + logzi}_yij <1 (39)

If, for every pair of indices s € Ly, i € L,, there exists
two nonzero elements chains a, , ,a or ay >y, >

SoS1” Is1sy? "t syt
cs Ay, and Figiy> Biyiys - By jy OF Bjojs s with
So = sorsy, = tandi, = iori, = jsuch thatty,j, €

N\ (L,UL,)+0, where

> ajqi()

Ly ={sllog, B, +log, ;= 1, (s.£) € M, |;
(40)

L,= {i [ logystﬁst + logzijyij =1, (i,j) € Mz},

then A is an H-matrix.
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Theorem 10. Let A be an irreducible complex matrix, M, = @,
and, for any (s,t) € My, (i, j) € M,, satisfying

logyst By + logzij yij < L. (41)

If there exists some arce; ; € E(A) and (i, j,) € M, such
that

logystﬁst +logzi*j* Y, <1, (42)

Tx Jx
then A is an H-matrix.

Proof. With the same argument as in the proof of Theorem 8,
we can obtain that, for any (i, j) € M; UM,UM;UM,UM; =
M, there exists some « € [0, 1] such that

laay| = [R (AR, W] [C.)C )] @)

By inequality (42), we know that there exists some arc

e; ;, € E(A) and (i,, j,) € M, such that

la..a;. .| > [R. (AR; W)]'[C:. ), @]
(44)

Recalling that A is irreducible, it follows that A is an H-
matrix by Lemma 4. 0

4. Algorithm and Program
Algorithm for Theorem 6.

(1) Input matrix A;

(2) calculate R;(A) and C;(A) (for alli € N) (denoted in
the Introduction of the paper);

(3) define indices M,, M,, and M,;
(4) if M, # 0, then the criterion is invalid;

(5) if M, = 0, then calculate at;;, By, y;; (for all (i, j) € M;)
and x;, y;j, z;; (for all (i, j) € M,);

(6) calculate and verify the condition of Theorem 6. If the
condition is satisfied, then output “A is an H-matrix.”

We write the related program by the above algorithm
using MATLAB Software. All the results are calculated by
MATLAB 7.0. The procedures are shown in Procedure 1.

5. Numerical Examples

Example 1. Let

33 -0.5 -0.5 -04 -0.1
-05 25 -1 -1 -05
-22 -05 3 =05 0 |. (45)
-1 -03 -05 10 -1
-05 -12 0 -1 10

b
I
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A=input (“please input a matrix”)
Mi=[];M2=[];M6=[]; F=[]; B=[];
n=size(A,1) ;RA=zeros(n,1) ;CA=zeros(n,1);
for k=1:n
A=abs(A);
RA(k)=[sum(A(k,:))-A(k,k)];
CA(k)=[sum(A(:,k))-A(k,k)];
end
for i=1:n-1
for j=i+l:n
RR=RA(i)*RA(j);
aa=abs (A(i,1)*A(j,3));
CC=CA(i) *CA(j);
if RR<aa&aa<CC
M1=[M1;i,j];
alpha=aa/RR;beta=CC/aa;gamma=alphasbeta;
F=[F,alpha,beta,gamma] ;
elseif CC<aa&aa<RR
M2=[M2;1i,j];
x=aa/CC;y=RR/aa;z=xx*y;
B=[B,x,y,z];
elseif RR>=aa&CC>=aa
M6=1;break;
Show=“the criterion is invalid”;
end
end
end
if M6==
“the criterion is invalid”;
elseif size(M1,1)==0|size(M2,1)==0
“A is an H-matrix”
else
ki=size(F,1) ;k2=size(B,1);
for i=1:k1
F2(i)=log(F(i,2))/log(F(i,3));
end
for i=1:k2
B2(i)=1log(B(i,2))/1log(B(i,3));
end
if max(B2)+max(F2)<1
show=“A is an H-matrix”
end
end

PROCEDURE 1

Then we have
R, (A) =15, R, (A) =3, R;(A) =322,
R, (A) =238, Rs (A) =2.7;
C,(A) =42, C,(A) =25, C;(A) =2,
C,(A) =29, Cs(A) = 1.6;
lan| =33, |an|=25 |ags] =3,

|a44| =10, |a55| = 10.

But, we notice |a,,| = 2.5 = C,(A) < R,(A) = 3. The
condition does not satisfy either Theorem 2 or Theorem 3 in
[5], so we cannot obtain that A is an H-matrix.

According to the notations of this paper, we have

M, ={(12)}, M, ={23)}, M;=0. (47)
(46) By calculating, we obtain
log, B, =0.2846; log, ¥,5=0.3784,  (48)
and then

log, Bi>+log, y,5 = 0.2846 +0.3784 = 0.6630 < 1. (49)



It satisfies the condition of Theorem 6, and then A is an
H-matrix.

We consider the following Hopfield type continuous
neural networks:

du; u; > .
a ﬁ+leifgf(”j(t—T))+Ii (i=1,2,3,4,5),
1 J=
(50)
where,
gi(ui)>0’ Lli=/=0, O<giS1>
gi(x00) =1, C;=1 (i=1,2,3,4,5);
R, = —, R, = —, R, = —, R, =R. = —;
1743 2735 37, +=Rs =
-1 05 05 -04 0.1
05 1 1 -1 05
(T;)..=|22 05 1 05 0
5%5

-1 03 -05 1 -1
05 -12 0 1 -1
(51)

Notice  that diag(1/R;,1/R,,1/Rs,1/R,,1/Rs) -
(|Tij|)5><5 = A is an H-matrix, and then A is a nonsingular
M-matrix, which ensures existence, uniqueness, and global
exponential stability of the equilibrium point of the above
neural networks by [10].

Example 2. Let

4 105
A=|2 21 (52)
052 3
By calculating, we have
M, ={(2,3)}, M, =M, =0. (53)

It satisfies the condition (1) of Theorem 7, and then A is
an H-matrix.
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