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As is known, the regularization method plays an important role in solving constrained convex minimization problems. Based on
the idea of regularization, implicit and explicit iterative algorithms are proposed in this paper and the sequences generated by
the algorithms can converge strongly to a solution of the constrained convex minimization problem, which also solves a certain
variational inequality. As an application, we also apply the algorithm to solve the split feasibility problem.

1. Introduction

Assume that H is a Hilbert space with inner product (-) and
norm || - || induced by its inner product. Let C be a nonempty,
closed, and convex subset of H. Recall that the projection
from H onto C, denoted by Proj., assigns, to each x € H,
the unique point Projx € C with the property

Jx—Projes] = inf lx~ sl s yec}. @

Below we introduce some nonlinear operators. Let T, A:
H — H be nonlinear operators.

(i) T is L-Lipschitzian if [|[Tx — Tyl < Llx — y|, for all
x,y € H, where L > 0 is a constant.

In particular, if L € [0, 1), then T is called a contraction
on H; if L = 1, then T is called a nonexpansive mapping on
H. We know that the projection is nonexpansive.

(ii) A is monotone if, for all x, y € H,

(x -y, Ax - Ay) > 0. (2)

(iii) Given number 8 > 0, A is said to be f-strongly
monotone, if

(x-y,Ax - Ay) = B|x -y’ xyeH. 3)

(iv) Given number v > 0, A is said to be v-inverse strongly
monotone (v-ism) if

x—y,Ax— Ay) > v|Ax — Ay, x,yeH. (4)
y y y y

If T is nonexpansive, then I — T' is monotone.

We know that the gradient-projection algorithm can be
used to solve the constrained convex minimization problem.
Let us recall the concrete analysis below. Consider the
following constrained convex minimization problem:

minf (x), (5)

where f: C — Risareal-valued function. Assume that f is
Fréchet differentiable; define a sequence {x,} by

Xpp1 = Proje (I - yVf) (%)

where the initial guess is taken from C and the parameter
y is a real number which satisfies certain conditions. The
convergence of algorithm (6) depends on the property of
Vf. In fact, if Vf is only inverse strongly monotone, then
algorithm (6) can converge weakly to a solution of the
minimization problem (5). In 2011, Xu [1] provided an alter-
native averaged mapping approach to the gradient-projection

n=>0, (6)
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algorithm; he also constructed a counterexample to prove
that algorithm (6) has weak convergence only, in infinite-
dimensional space. He also provided two modifications to
ensure that the gradient-projection algorithms can converge
strongly to a solution of (5). More investigations about
the gradient-projection algorithm and its important role in
solving the constrained convex minimization problem can be
seen in [2-11]. Recently, the method has also been applied to
solve the split feasibility problems which find application in
image reconstruction and the intensity modulated radiation
therapy (see [12-17]). However, sometimes the minimization
problem has more than one solution, so regularization is
needed.
Consider the regularized minimization problem

r)l(’leiélfa (%) = f(x) + %"xﬂz; 7)

here « > 0 is the regularization parameter, and again f is
Fréchet differentiable and the gradient Vf is (1/L)-ism.

On the gradient-projection method based on the regular-
ization, we have weak convergence result as follows: define a
sequence by

X1 = Proje (I - varxn) (x,), n=0, (8)

where , > 0,0 < A < 2/L,and Y2, &, < ©co. Then the
sequence generated by (8) converges weakly to a minimizer
of (5) in the setting of infinite-dimensional space (see [17]).

On the other hand, Tian [18] proposed the following
iterative method:

Xpi1 = SyAh(x,) + (I = s,uF) Tx,, 9)

where T is a nonexpansive mapping on H with a fixed point, h
is a contraction on H with coefficient0 < & < 1,andF: H —
H is a k-Lipschitzian and #-strongly monotone operator with
k, 1 > 0. Letting 0 < u < 217/k*,0 < A < u(n — uk*/2)/p =
7/p, he proved that the sequence {x,} generated by (9) can
converge strongly to a fixed point X € Fix(T), which solves
the variational inequality ((Ah—uF)X, x—X) < 0, x € Fix(T).

Combing the idea of regularization with Tian’s iterative
scheme, in this paper, we will construct a new algorithm. The
algorithm can not only find the minimum-solution of the
constrained convex minimization problem by a single step
but also ensure the strong convergence. In fact, the sequence
generated by the constructed algorithm can converge strongly
to a minimizer of the constrained convex minimization
problem. The obtained point is also a solution of a certain
variational inequality. Then we also apply the constructed
algorithm to solve a split feasibility problem.

2. Preliminaries

Lemmal (see [18]). Let C be a nonempty, closed, convex subset
of a real Hilbert space H. Leth : C — C be a contraction with
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coefficient 0 < p < landlet F: C — C be k-Lipschitzian and
n-strongly monotone with k, n > 0. Then, for 0 < A < un/p,

(x =y, (uF = Ah) x = (uF = Ah) y) = (un = Ap) |x - ¥,

Vx,y € C.
(10)

Lemma 2 (see [19]). Let C be a closed and convex subset of

a Hilbert space H and let T : C — C be a nonexpansive

mapping with Fix(T) # 0. If {x,,} .2, is a sequence in C weakly
[e¢]

converging to x and if {(I - T)}, 2, converges strongly to y, then
I-T)x=y.

Lemma 3 (see [20]). Let C be a closed and convex subset of a
Hilbert space H. Given x € H and y € C, then y = Proj-x if
and only if there holds the inequality

(x=y,y-2) 20,
Lemma 4 (see [1]). Assume that {a,},>, is a sequence of

nonnegative real numbers such that

Ay < (1 - yn) a, + %1611 + /571’

where {y,}2, and {B,},2, are sequences in (0, 1) and {8,},2 is

a sequence in R such that
(i) Zzio VYn = 005
(ii) either limsup, _, .8, < 0 0r Y2 ¥,18,| < co;
(iii) Y02 B, < 00.
Then lim

vz e C. )

n=0, (12)

n—ocofn = 0.

We will use the following notation:

(i) — for weak convergence and — for strong conver-
gence.

3. Main Results

Assume that H is a Hilbert space with inner product ()
and norm || - || induced by its inner product. Let C be a
nonempty, closed, and convex subset of H. Assume that the
minimization problem (5) is consistent and its solution set is
denoted by S.

Rewrite the regularized constrained convex minimization
problem:

minf, (x) = £ () + Sl (13)

Recall that his a p-contraction on Cwith 0 < p < 1,and F
is k-Lipschitzian and #-strongly monotone on C with k, 7 > 0.
Given t € (0, 1), assume that «, is continuous with respect to
t and that o, = o(t) (t — 0); then there exists a constant
D > 0 such that |a,/t| < D fort < t,. Let the gradient Vf
be (1/L)-ism. For each t € (0, min(1, 1/7)), we consider the
mapping X, on C defined by

Y, (x) := tAh (x) + (I - tuF) Proje (I - yVf,, ) (x),
(14)
X, (x) = Proj.Y; (x),

where 0 < pu < 27/k* 0 < A < u(n — uk*/2)/p = 7/p, and
0<y<2/L



Abstract and Applied Analysis

We will use the following notation in Lemma 5,
Proposition 6, and Theorem 7:

T, := Projc (I - ny“t);

(15)
T := Proj. (I - yVf).

Lemma 5. There exists an implicit algorithm {x,}; here x, is
the fixed point of X,; that is,

x; = X, (%) = ProjcY, (x,), (16)
where X,, Y, are defined by (14).

Proof. Below we will show that X, is a contraction. Indeed,
we have

|1 = tuF) T, (x) - (1 - )T, ()|
= |10 - T, | + BT, (0 - FT, 0|
- Zt[/l <To¢, (x) - T(xt (y) ’FT(xt (x) - FTa, (y)>
< |1, - O + R T, - T 0 )
- Zt[’”]"Toct (X) - Tat(y)"Z

21— tuk?) \’
< (1 - M) I, ) - T |

<(1- tr)2||x - y||2.

It follows easily that

1X: () = X, (¥
= [|Projc.Y; (x) - ProjcY; (v)]
<[, (x) =Y, ()]
= [#Ah (x) + (I = tuF) T, (x)=tAh (y)-(I - tuF) T,, (y)|
< [[eAh (x) - AR ()]
+|(1 - tuF) T, (x) - (1 - twF) T, ()|

<(1=t(r=2p)) -yl
(18)

Hence X, has a unique fixed point; we denote it by x,, which
uniquely solves the fixed point equation

x; = Proj.Y; (x,); (19)
here Y,(x,) = tAh(x,) + (I — tuF)Proj(I - nyat)(xt). O
Proposition 6. Let x, be defined by (19):

(i) {x,} is bounded fort € (0, 1).
(ii) lim, _, ollx, — Proj-(I - nyat)(xt)II =0.

(iii) x, defines a continuous curve from (0, 1/7) into C.

Proof. (i) For x € S, we have

[ - =

= |Proj.Y, (x;) — Proj. (%)

< ||Yt (xt) - f“

= “t/\h (x) + (I —tuF) T, (x,) - E"

= eAR (x;) = AR (%) + (I - twF) T, (x;)
—(I-tuF) T, (%) + (I - tuF) T, (%)
— (I - tuF) T (%) + tAh (%) - tuF (%) |

< ||tk (x;) - tAh ()]

+ |(1-twF) T, (x,) - (I - tuF) T, 3|

+ |1 - twF) T, ) = (I - twF) T @)

(20)

+t|Ah (%) - uF )|
< tAp |x, - X + (1 - t7) |}x, - %]
+ (1 + tuk) yay, X)) + ¢ AR (R) — uF ()]
<(1-t(t=Ap)) |, — x| + (1 + pk) yo, 1]
+t|AR(X) - uF )|
< (1=t(r=Ap)) |x, = | + (1 + k) ytD ||
+t|Ah (%) - uF ).
It follows that |, — x| < (|Ah(x) — uF o)l + (1 + uk)yDlIxl)/

(t — Ap). Hence, {x,} is bounded.
(ii) We can easily see that

Jxe = Proje (1 - y9f,, ()]
= |ProjcY, (x,) ~ ProjcTy, (x,)|
< |¥e () - T, ()]
= eh () + (1= tuF) T, (%) = T, (x,)]
=t “)\h (x,) — uFProj. (I - yVf,, ) (xt)“
<t (Al ()] + | FProje (I - yVf,, ) (x,)])) -
The boundedness of {x,} implies that {h(x,)} and {FProj(I -

ny“t)(xt)} are also bounded. Hence (ii) follows.
(iii) For ¢, t, € (0,1/7), we have

(21)

[ =,

= ”ProjCYt (x,) - ProjcY;, (x;,)
< ¥ () - ¥, ()

= |ern () + (1 - twb) T,, () -t (x,,)




~(I-touF) T, (x,)

< [t = to[ Al ()] + t0A "h (x;)—h (xtg)”

U= WP T, () - (- o) T, (5,)

<t =to| AR (x,)] + todp "xt - X, “

|- wR) T, (%) - (1= tpF) T,, ()

+ (= ) T, () = (1 = touP) T, ()]

<t =to| AR (x,)| + todp "xt - Xy,

+(1-t,7) "xt - Xy, “
+ |- twp) T, (x) - (1= topF) T,,, ()
< |t =to] AR (x,)| + toAp "xt - X, “

+(1-t,7) "xt - Xy, “ +

Tat (xt) - Tvczo (xt)"
+ ||tptFT“t (x,) - tOquT"‘to (xt)"
<l t A G+ (1= 0 (e = 20) | -,

vl + It = to] [T, ()

+ |¢xt -
+ topky |(xt - “to' (AP
(22)

Hence, |lx, - x, | < (MAGx)I + plFProj (I - yVf, )(x)l)/
to(‘r—/\p))lt—tol+((1+t0ptk)y||xt||/t0(‘r—)\p))|oct—octo|. Noting
that o, is continuous with respect to ¢, we get x, — Xy, as
t — t,, and therefore x, is continuous. O

Theorem 7. Let x, be defined by (19). Then x, converges in
norm, ast — 0, to a minimizer x* of (5), which solves the
following variational inequality:

((uF = Ah)x*, X —x") >0, VxXeS. (23)

Proof. It follows from Lemma 1 that the variational inequality
(23) has only one solution x* € S. To prove convergence we
will use Lemma 3 in the following calculations. It holds that

e, — =°

=(x, - X,x, - X)

= (Proj.y; — X, x; — X)

= (Projcy; = yi + 3y — %, X, — X)

= (Projcy; — ¥ Projey, — ) + (3 - X, x, - %)
<({y,-%x, -X)

= (tAh(x,) + (I - tuF) T, (x,) - % x, - X)
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= (tAh(x,) - tAR (%), x, — X)
+{(I-tuF) T, (x,) - (I - tuF) T, (%),x, - %)
+{(I-tuF) T, (%) - (I - tuF) T (), x, - X)
+ (tAh (X) — tuF (X), x, — X)
< Aplx, — & + (1 t7) |, - &
+ (1 + tuk) yo, |Z | x; — %[ + t (AR (%) - uF (%), x, - X)
<(1-t(r=2p)) Jx - =’
+ (1 + pk) yo | %]l | x, — X||

+1 (A (X) - uF (X),x, - X) .
(24)

Hence,

1

~12
b= s =

(Ah (%) — uF (X), %, - X)

(25)
o (Lruk)y

2 -5,

Since x, is bounded for t € (0,1), and o, = o(t) (t — ©00),
we see that if £, is a sequence in (0, 1) such that¢, — 0and
x, — X,then, by (25),x, — Xx.We may further assume that
o, — 0.It turns out that

“xtn - Projc (I -yVf) X, “

(26)
< l'xtn - Proj (I - ny%) X

+ yoy

X t,

From the boundedness of {x,} and lim,_, lx, — Proj.(I —
YVfo )% — x| = 0, we conclude that

nli_{%o ”xtn = Proj¢ (I - yVf) x,, ” =0. (27)

It then follows from Lemma 2 that X = Proj-(I — yVf)Xx. This
shows that X € S.

We next prove that X is a solution of the variational
inequality (23). Since Proj(I — yVf, ) is nonexpansive, we
see that I — Proj(I — yVf,, ) is monotone. By (19), we have

X, = ProjcY; (x,) = Y, (x;) + tAh (x,) + (I - tuF) Toy (x,) 5
(28)
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then it follows that

M) = = [Y, (%) =Y, () + (I - taF) Tay () ~ %]
(uF = Ah) (x,)
= uF (x,)
+ % [ProjY; (x,) = Y; (x;) + (I — tuF) Tex, (x;) = x;] »

((uF = Ah) (x,) %, - %)

= (F () + 7 [Proje, () - Y, (x)
+ (I = tuF) To, (x;) — x, ] x; — 5E>

1 . —
= 7 <Pr0)CYt (%) =Y, (%), x, = X)

# (uF () + 3 [T~ aF) Ty (x) - 3], - %)
< (uE (x) + % (1~ tF) Tay () = %]~ 5 )
= u(F(x,) - FT, (x,),x, - %)

) )9
= u(F(x,) - FT, (x,),x - %)

- {(1-1) ) - (1-1,) @

~T, (%) + T (%),x - %)
= u(F(x,) - FT,, (x,),x, - %)

- % ((I1-Te) (x,) - (I-T,, ) (B, x, - X)

N % (T, (&) -T (®),x - %)
<u(F(x,) - FT, (x,),x - %)

1 _ _
+ ;‘xtY (| x]] "xt - x" .
(29)

Taking the limit through t = t, — 0 ensures that x is a
solution of the variational inequality. This implies that {(uF —
Ah) (%), X — x) > 0. Therefore x = x*. O

Finally we consider the explicit version of our algorithm
which is

Yn = Sn/\h (xn) + (I - SnMF) PI‘OjC (I - yvfocn) (xn) >
(30)

xn+1 = PrOJc}’m

where the initial guess x, € C and {«,},>, and {s,} .2, € (0,1)
are the parameter sequences sat1sfy1ng certain condmons

Theorem 8. Assume that the minimization problem (5) is
consistent and let S denote its solution set. Let the gradient Vf
be (1/L)-ism. Let F : C — C be y-strongly monotone and
k-Lipschitzian and let h : C — C be a contraction with
coefficient 0 < p < 1. Fix a constant p satisfying 0 < u < 2n/k>,
a constant A with the property 0 < A < u(n— uk*/2)/p = t/p,
and a constant y satisfying 0 < y < 2/L. Let {x,},>, be
generated by the iterative algorithm (30). Assume

(C)s, — 0
(C2) @, = ols,) (5, — 0,1 — cO);
(C3) Y20 s, = 00

(C4) fo:’o ISe1
(C5) Y20 letyyy

-s,| < 00;

- a,| < co.

Then the sequence {x,} converges in norm to x* as defined in
Theorem 7.

Proof. We set

T, = Proj. (I - ny%);

T := Proj. (I - yVf).

(31)

Since a0, = 0(s,,) (s, — 0, n — ©0), there exists M > 0 such
that o, /s, < M for n > nj,.

We observe that {x,} is bounded. Indeed, taking a fixed
point p € §, we get

I%e1 = 2l
= ||Proj.y, — Projcp||
< |y, - 2l

o) + (1= s,4F) T, (x,) - p
< |ls,Ah (x,,) = s, AR (p)|
+ (1 = s,uF) T, (x,) = (T = s,uF) T, (p)]
+ (1= s,uF) T, (p) = (1 = 5,4F) T (p)|
+ [lsaAh (p) = suuf ()|
< s,Ap [x, = pll + (1= 5,7) %, -
+ (1+ s,uk) yeu, | p[| + s, | AR (p) = uF (p)|
<(1=5,(r=2p)) |x, - pl
+ (1+ pk) yMs, | pl| + s, [AR (p) - uF (p)]

1+ pk) yM ||p|| + |1 (p) — uF
SmaX1||xn-P||,( uk) y ||PE_!p p) - i (P)|l}_

(32)



By induction ||x, — pll < max{llx, — pll, (1 + uk)yMlpll +
IAR(p) — uF(p)I)/(t = Ap)}, n = 0, then {x,} is bounded, so
are {h(x,)} and {FProj-(I - ny%)(xn)}.

We claim that ||x,,,; — x,[| — 0.

Because of the boundedness of {x,}, it can be easily

seen that {h(x,)} and {FT% (x,)} are also bounded. So we
can take two constants N, E such that N > Allh(x,_ )| +
ulFT, (x,_;)lland E > (1 + pk)yllx,_;ll. Consider

Hxn+1 - xn"
= ||Projcy, — Projcy, ||
< “yn - yn—l“

= |[sarh () + (I = 5,4F) Ty, () = 1A (x,1)
~(I =5, tF) Ty, (%0
< [lsa M (x,) = s, M (x,0)|
# lsuMh (1) = S A ()|
(1= s,uF) T, (36,) = (1= 5,200F) Ty (30)|
|
(1= s,uF) Ty () = (T = 5,0 4F) T, (3,00
< (1=, (t=2p)) %y = %, |
sy = S| MR (o)
| T, (pt) = T, ()|
SabtF Ty, (%,m1) = Syt HF T, (%01)|
< (1=5,(t = Ap)) % = s
sy = s M ()

< sn"p "xn - xn—l" + |Sn - Sn—ll A ”h ('xn—l)

+

Ty |‘Xn - “n—1| ”xn—ln
Sn[’lFTocn (xn—l) - Srz—l[’dy]—‘oc,H (xn—l)”
< (1 =S (T - AP)) ”xn - xrﬁl“

+ |5n - Snfll A "h (xnfl)” Ty |(Xn - (Xn71| “xrkl”

+

+ |55 = Spt | 4 [ F T, ()|
+ 501 pky |, = 0,y | x4
< (=5, (T =2p)) [lxs = x|
+ (M G+ #[FT, Go) ) 5= sl
+ (1 + k) y o] v = ot
< (1 =5, (7= 2p)) %y = xps]| + N[5, = 5,1

+E|ocn —(xn_ll .
(33)
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By Lemma 4, we obtain ||x,,,.,; — x,[ — 0.
Next we show that
|lx,, = Projc (I - yVf) x,| — 0, (34)

I, - Proje (1 - %) x|

< %~ ]| + [ — Projc (T~ 9F) ]

S
+ |Projcy, = Proj [Projc (I = yVf) x,]|

< %=l + 7= T ()]

Sy )
oG + (- 4BV T, ()~ ()

S —
[V (x,) - FProje (1391, ) (5,)]

+ ya, ||xn|| — 0.
We next show that
Jim sup (x, — x7, (yh - uF) x™) <0, (36)

where x* is obtained in Theorem 7. Indeed, take a subse-
quence {xnk} of {x,} such that

Jim_ sup (x, - x7, (yh - uF) x")
- klingo<xnk —x",(yh— uF)x >

Since the sequence {x,} is bounded, we may assume that
x,, — %;it follows from Lemma 2 and (34) that z € S. Then
we obtain limy_, . (x,, —x", (yh — uF)x") = (z - x", (yh -
pF)x™) < 0. By (37) we know that lim,, _, ., sup{x,—x", (yh—
uF)x*) <0.

We finally show that x,, — x”. We have, using Lemma 3,
2

*

s —
= (X1 = X5 X — X7)
= (PrOjcYy = Yo+ Yo = X5 Xy = %7)
= (Projeyy = Yo Xt =% ) + (P = % Xy = X7)
< (D=2 X —X7)
= (s (5y) + (1 ) T, (5) 0y~ x°)
= (suAh(x,) = 5,AR ("), %00 = x7)

+ (5,Ah (x7) = 5,uF (x7), X001 = X7)
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+ ((I = s,uF) Ty (%) = (T = $,u4F) Ty (x7) 56000 = %)
+ ((I = s,uF) Ty (%) = (I = $,F) (x"), Xy = ™)
< s,Ap [, = x| %00 = X7
+ 8, (A = pF) x", X,y = x7)
+ (1= 5,7) [, = x| e = %7
+ (1 + s,pk) you 7| % = x|
(1= 5, (= Ap)) (ot = %" + 01 = %°)

+ 55 (Ah = uF) x7, X0 = x7)

<

| =

+ (1 + pk) you, |x" | %1 — %7 -
(38)

Since {x, } is bounded, we can take a constant L' > 0 such that
L2 (1 k) y " | s = %75 (39)
hence,
[tues ="

1—5n(T—)L‘D) %2
: 1+s,,(1—)tp)”xn o

2s

—" — _{(M - uF) x", -x"
+1+5n(T—/\P)<( [’l )x Xn+1 x>

*

. 2 (1 + pk) you, ||x*|| | % — %
lL+s,(t-Ap)
< (1 ~Sn (T - AP)) "xn - x*"2

Sn

i L+s,(tr-Ap)

(40)

x |2 ((Ah = puF) x*, x,,; —x") + 2% |,

n

it then follows that
”xn+1 - X* ” < (1 — Sy (T - /\P)) "xn - x* "2 + sn6n’ (41)

where §,, = (2((Ah — uF)x*,x,,, — x") + 2L'(ocn/sn))/(1 +
s,(T = Ap)).

Sinces, — Oand«, = o(s,) (s, — 0,n — 00),by(37),
we get lim, , sup 6, < 0. Applying Lemma 4 to (41)
concludes that x, — x* asn — oo. O

4. An Application

Since the split feasibility problem (say SFP, for short) was
proposed by Censor and Elfving in 1994, it has been widely
used in signal processing and image reconstruction, with
particular progress in intensity-modulated radiation therapy.

We know that the gradient-projection method plays an
important role in solving the SFP. In this section, we provide
an application of Theorem 8 to the SFP (see [21, 22]).

The SFP can mathematically be formulated as the prob-
lem of finding a point x with the property

x €C, Bx € Q, (42)

where C and Q are nonempty, closed, and convex subset of
Hilbert spaces H, and H,, respectively. B : H, — H, isa
bounded linear operator.

It is clear that x™ is a solution to the split feasibility
problem if and only if x* € C and Bx" — Proj.Bx" = 0. We
define the proximity function f by

f(x) = %"Bx ~ Projo x|, (43)

and we consider the constrained convex minimization prob-
lem

meig%”Bx - PronBx||2. (44)
X

Then x* solves the split feasibility problem (42) if and
only if x* solves the minimization problem (44) with the
minimal value equal to 0. Byrne introduced the so-called CQ
algorithm to solve the SFP:

= Proje (18" (1 Projg) B, 20, (49

where 0 < y < 2/ IIB||>. He obtained that the sequence X,
generated by (45) converges weakly to a solution of the SFP.
Now we consider the regularization technique; let

1
fule) = S|Bx ~ PoBxl’ + Tlxls (46)

then we establish the iterative scheme as follows:

yﬂ = snAh ('xn)
+ (I = s,uF) Proj. (I -y (B* (I - PQ) B+a,l))x,,

Xpe1 = PI'OjCyn,
(47)

where h : C — H is a contraction with the coefficient
p € (0,1) .Let F : C — H be y-strongly monotone and
k-Lipschitzian.

Theorem 9. Assume that the split feasibility problem (42) is
consistent. Let the sequence {x,} be generated by (47). The u
and A are constants with the same property as in Theorem 8.
Fix0<y< 2/||BI%. The sequences {o, )02, and {s,}72, € (0,1)
are the parameter sequences satisfying conditions (C1)-(C5) in
Theorem 8. Then the sequence {x, } generated by (47) converges
strongly to the solution of split feasibility problem (42).

Proof. By the definition of the proximity function f, we have
Vf = B" (I - Proj,) Bx, (48)

and we show that Vf is 1/||B||*-ism.



Since Proj, is (1/2)-averaged mapping, then I — Proj, is
I-ism:

1
IBII®

(Vf () = Vf (9),x = y) = — | 9f () = Vf ()|

= (B" (I - Proj,) Bx - B* (I - Proj,) By, x — y)

. ﬁ [[B* (1 - Projo)Bx - B (1 - Projo) By
= (B" [(1 - Projg) Bx - (I - Projo) By] .x— y)

Lo (- poi) s (1o
= {(1 - Proj,) Bx - (I - Proj,) By, Bx - By)

) ||1;||2 IBI?| (1~ Projq) Bx — (1 - Projo) By||

> ||( - Proj,) Bx — (I - Proj,) By|

- "(I - Pron) Bx — (I - Pron) By"2

=0.
(49)

Hence, (Vf(x) - Vf(y),x = y) = 1/IBI* - [Vf(x) = VF(»)I.
Let L = ||B|)%; then the iterative scheme (47) is equivalent to

Xn+1

= Proj. [sn)th (x,) + (I = s,uF) Proj. (I - nyan) xn] ,

n>0,
(50)

where 0 < y < 2/L, and then, due to Theorem 8, we have the
conclusion immediately. O

5. Numerical Result

In this section, we present the following simple example to
judge the numerical performance of our algorithm. We use
the algorithm in Theorem 9 to illustrate its realization in
solving system of linear equations.

Example 10. In Theorem 9, we assume that H, = H, = R°.
Take h = (1/2)I, where I denotes the 3x3 identity matrix, and
F = I with Lipschitz constant k = 1 and strongly monotone
constant # = 1. Given the parameters s, = 1/(n +2), o, =
1/(n + 2)* for everyn > 0. Fix gy = 1,A = 1/2,and y = 1/10.

Take
1 0 1 5
Bz(—l 1 0>, b=<—7>. (51)
1 2 -3 -17
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TABLE 1: Numerical results as regards Example 10.

x! x2 x> E

0 0.0000 1.0000 1.0000 6.63E + 00
50 1.8793 —4.6691 3.1319 3.76E - 01
500 1.9875 —-4.9675 3.0125 3.70E - 02
2000 1.9969 -4.9919 3.0031 9.21E - 03

The SFP can be formulated as the problem of finding a point
x* with the property

xeC, Bx* € Q, (52)

where C = H;, Q = {b} ¢ H,. That is, x” is the solution of
system of linear equations Bx = b, and

2
x" = <—5>. (53)
3

Then by Theorem 9, the sequence {x,,} is generated by

1
X = —X
n+l 4(7’1+2) n

+1 1 . 1 . 1
+ 2 <xn - —B"Bx,+—B'b- —zxn>.
n+2 10 10 101 + 2)

(54)

Asn — 00, we have {x,} — x" =(2,-5, 3)T (Table 1).
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