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We discuss on integrable solutions for a generalized Henry-type integral inequality in which weak singularity and delays are
involved. Not requiring continuity or differentiability for some given functions, we use a modified iteration argument to give
an estimate of the unknown function in terms of the multiple Mittag-Leffler function. We apply the result to give continuous
dependence of solutions on initial data, derivative orders, and known functions for a fractional differential equation.

1. Introduction

Since Gronwall [1] and Bellman [2] discussed the integral
inequalities

0<u(t) < Jt (a+bu(s))ds, @)

u(t)<a+ Jt f(s)u(s)ds, (2)

respectively, there have been made many generalizations,
some of which were applied to existence, uniqueness, bound-
edness, and stability of solutions and invariant manifolds for
differential equations and integral equations. In 1956 Bihari
[3] discussed a nonlinear version of the integral inequality

u(t)Sa+th(s)w(u(s))ds, t>0, (3)
0

where the given function w is continuous, nondecreasing,
and positive definite (i.e., w(u) > 0 for all u and w(u) = 0

if and only if 4 = 0) on [0,00). In 2000 this result was
generalized by Lipovan [4] to the delay case

ut)y<a+ Jt fs)w(u(s)ds
t
b(t) )
+ L(to) gwu(s)ds, ty<t<t,

where b is a continuously differentiable and nondecreasing
function from [t,t;) to [t,,t;) such that b(t) < t. In 2005
Agarwal etal. [5] investigated the integral inequality of a finite
sum

nooeb(t)

u(t) Sa(t)+ZJ( )f,-(t,s)w,-(u(s))ds,

i=1 Jbi(¢

(5)
ty<t<t,

where the monotonicity of a is not required but w;,, has
stronger monotonicity than w; for each i. In recent years some
new generalizations were given in, for example, [6-8]. Many
results on integral inequalities can be found in Pachpatte’s
monograph (see [9]).

Among various types of integral inequalities, integral
inequalities with weakly singular kernels are important tools
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in the discussion of reaction-diffusion equations and frac-
tional differential equations. As shown in [10], the integral

t
.Lo K(t,s) is singular on the line s = f#; it is referred to be

weakly singular if it is singular and f:o |f(t,s)lds < oo for
allt, <t < T < oo. In fractional differential equations we
need to consider the following Riemann-Liouville derivative
operator and integral operator (see [11])

wpoy.. L d
Dy, f ()= (1l -«a)dx

x‘[tx(x—t)f‘xf(t)dt, 0<a<l, (6)

RS )= ﬁ L (x-0f'f@®dt, p>o0,

in which the singular kernels (x — )™ and (x - )P are
included, respectively. Another example can be seen from the
Cauchy problem of the evolution equation

x+At)x=f(@1), x (ty) = % (7)
in a Banach space X, where A is a sectorial operator and f
is locally Holder continuous with Holder index 0 < 6 < 1.
From the variation-constant formula (see [12]), we encounter
the following:

[4e [ =0 (e-97),
(8)
If®O-fel=0(t-9%,
and therefore the singular kernel (¢ — 5)9_1 is the estimation
of its solution. For this reason the integral inequality with a
weakly singular kernel

u(t)Sa(t)+br(t-s)ﬁ*1u(s)ds, t>0, (9)
0

where b > 0,0 < § < 1 and both a and u are nonnegative
and locally integrable, was considered in Henry’s book [12] in
1981 and the estimate

u(t) <a(t)+ Lt {i%(t - s)”ﬁ‘la(s)} ds, t=0,
n=1
(10)

where T is the Gamma function, was given by an iteration
approach. Following Henry’s idea, in 1994 Sano and Kuni-
matsu [13] extended Henry’s result to a more general integral
inequality

t
u(t) <q +czl‘ﬁ_1 +C3J u(s)ds
' (1)
t
+¢ J (t - s)ﬁ_lu(s) ds, t>0,
0

where ¢;,¢,,¢,¢, = 0,0 < < 1. Inequality (9) was also
extended by Ye et al. [14] in 2007 by replacing the constant

Journal of Applied Mathematics

b with a nonnegative, nondecreasing, bounded, and continu-
ous function g(t).

Another idea for inequalities with a weakly singular
kernel was introduced by Medved [15] in 1997 for the
following Henry-Bihari type integral inequality:

t

u(t)<a(t)+ J (t- s)ﬁ_lF(s) w (u(s))ds,

0

t>0, (12)

where 0 < 8 < 1. This inequality is of Bihari’s form (3) with
a weakly singular kernel. He applied the well-known Holder
inequality to separate the unknown u from the singular
kernel, that is,

t

ult) <alt)+ J (t —s)PLEF (s) e *w (u(s)) ds
0

t 1/p
<a(t)+ (J (t - s)P“;*“ePSds) (13)
0

t 1/q
X (J F(s)le Tw(u (s))qu> ,
0

where p,q > 1 are certain constants such that 1/p + 1/q = 1,
so that the inserted exponential factor e' makes the singular
integral .[Ot (t - )PP VeP*ds convergent as s — t and the
inequality is reduced to the classic Bihari’s form (3). In 2002
Ma and Yang [16] improved Medved’s method and gave an
estimation to the Volterra-type integral inequality with a
more general form of weakly singular kernel

ut)<a@®)+b() Jt (t - SU)H_lsFlg (s)u(s)ds
0

+c(t) Lt (t* - s“)ﬁ_lsy_lf () w (u(s))ds, (14)
t>0,

where &, 8,9,0, 4,7 > 0. Recently Ma and Pecari¢ [17] also
employed the separation approach to discuss another weakly
singular integral inequality

t
uP () <a@)+b(1) J (t* - s“)ﬁ_ls”_lf (s) ul(s)ds,
0
t>0,
under the condition p > g > 0.

In this paper we investigate the following integral inequal-
ity of finite sum:

m - cb(t) s
ut)y<a(t)+)y L( )(t— £i () h; (t,5) u (s) ds, )
i=1 Ybi(to

t>0,

in which weakly singular kernels and delays are involved. Not
requiring continuity of a or differentiability of b, we give
an estimate for locally integrable u in terms of the multiple
Mittag-Leftler function (see [18]). We prefer Henry’s iteration
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approach in our proof because the approach does not reduce
the problem to the classic one so that no more continuity and
differentiability are required. Our result generalizes the works
made in [14-17] in some sense because of the more general
form (16). Finally, we apply the result to give continuous
dependence of solutions on initial data, derivative orders, and
known functions for a fractional differential equation.

2. Main Results

For constants t,, T such that t, < T' < +00, consider inequal-
ity (16), wherea, b;, f;and h; are given nonnegative functions
and satisty the following hypotheses:

(H,) a is a locally integrable function on [t,,T), that
is, Lebesgue integrable on every compact subset of
[ty T), and the integrations in (16) are bounded by
replacing u with a in (16);

(H,) everyh,, i = 1,...,m,is continuous on [t,, T)x[ty, T);

(Hy) every b, : [t,, T) — [t;,T),i = 1,...,m, is contin-
uous and strictly increasing such that b;(t) < ¢t for all
telty,T);

(H,) every f;,i = 1,...,m, is continuously differentiable
on [t,, T) such that f/(t) > 0and t < f;(t) < bi_l(t)
forallt € [t,, T).

Theorem 1. Suppose that (H,)-(H,) hold and fB; > -1,
i = 1,...,m. Then, every nonnegative and locally integrable
function u(t) which satisfies (16) on [t,, T') and the integrations
in (16) bounded has the estimate

u(t)y<al(t)

[T T (B +1) By, (1)
1<ky ek, <m r (ZL /—gki + n)

b () S B tne1
. t— fk1 (S) i=1 Fkj
'Lkl (tﬂ) ( )

><fk’1 (s)a(s)ds} , tet,T),

17)

where hy(t) = max(; e, xS D/ (@i =1,...,m.
We leave the proof of this theorem to next section. In what
follows, we express the estimate of series form in terms of the
multiple Mittag-Leffler function (see [18]).
The original Mittag-Leffler function

Zk

E, (z) := m,

z€eC, a>0, (18)

i M8

was proposed as an extension of the exponential function by
Mittag-Leffler ([19]) in 1903. An extension of two parameters

00 Zk

E(x,ﬁ(z) = Zm, (X,ﬂ,ZEC,m(“),m(ﬁ)>0)
k=0

(19)

was proposed by Wiman [20] in 1905. Later, two Mittag-
Leffler functions with three parameters were given separately
by Prabhakar [21] and Kilbas and Saigo [22]. In 1996 Hadid
and Luchko [18] generalized the function into the multiple
form

0 n I
’Zn)5=z Z (k.. L) T 2

Eoc,...,oc N (Z >
(B k=0 1, +--+1,=k F(XLhoy+B)
Iy, 20
(20)
where o}, 3, z; € C,R(«;), R(B) >0,i=1,...,nand
k!
(k’ll""’ln) = W (21)

These generalized Mittag-Leftler functions have been treated
as significant special functions since they played an important
role in computing fractional calculus and solving fractional
differential and integral equations modeled in physics, chem-
istry, biology, engineering, and applied sciences (see mono-
graphs [11, 23]). We have the following inequality:

n
’Zn) = HEoc,- (Zi) 4
i=1

o,z € R,

E(ocl,...,ocn),l (Zl’ te

i=1,...,n.

In fact, we can show that

m m
F<Za,-+1> 2[[r(@+1), a>0i=1,...,m (23)
i=1 i=1

By Euler’s definition on Gamma function (see [24]), we have

_ (1+(1/n)**!
Fla+1) = +1H ((a; + 1) /n)’

(1 + (1/m))Zer et

(
r(é“"“) ,1a,+1H1+<z:21<a,»+1)/n)'

It follows that

r(Z; 1 1+ 1)
[T4T (a; +1)

[T, (1+ (& + 1) /m))

S+ /)" (0 (X8, (g + 1) [n)
(25)

It is easy to know that [, (4;+1) > ¥" a; + 1. Then, we can
prove by induction that

1052 (00) (1 555).
i=1




Obviously, (26) is true for m = 1. Assume that (26) is true for
m = 1. We get

1+1 -1 1
a +1 1 a +1
H(H— : ):(14——) 1+Z’1—’
ity n n n
+1
x<14-ﬁiL——> 27)
n
I+1
1y a; + 1
2<1+—> <1+Z’1—>,
n n
since

1
1+211a1+1 <1+al+1+1>
n n
I+1
>(1+l> 1+—Zi+1al+1 29
- n n ’

implying that (26) holds for m = [ + 1. Thus, from (26) we see
that (23) holds. By (23), we have

E(ocl,...,ocn),l (Zl’ AR Zn)

<l (221 O, T 1) (29)

Therefore, (22) is proved.

Corollary 2. Suppose that the hypotheses of Theorem 1 hold
and additionally that a(t) is continuous on [t, T). Then,

u)<a®)Eg.,.p,+1).1

X (El OT (B +1)(t- to)ﬁlﬂ)

S OT B+ 1) (t-1)) GO
<a() HEﬁ,-H (Tll OT(B+1)(t- to)ﬁi+1) ,
i-1
where a(t) = max, _.a(t) and Ey(2) and E ., are

defined in (18) and (20).

Proof. Starting from (17), we have

_ = [T (/-gk,- + 1)f1k1. (®)
() < a) { * Lklzk LT )

by, (1)
X J- (t=fi, ®

bk] (to)
X fr. () ds} }

)Z?:l ﬁk,- +n-1
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v [T (ﬁk + 1) zk. ()
<a()q1l+ i i
a ‘l Z <1§k1§knsm r (Z:Ll Br, +n+ 1)

)|

T (B +1)hy ()

x(t - to)ﬁk"+l>

<JT(r s+ DR
X(t - to)ﬁi+l)ki)

X (F(iki (Bi+1)+ 1))

X (El OT (B +1) (t—t,)"",
o (O (B + 1) (6= 1)),
(31)

It follows from (22) that

X (El OB +1)(t- to)ﬁlﬂ’
T (O (B4 1) (= 1)) (2

<a®][Egn (711- OT (B +1)(t- to)f‘f”) .
i=1
The corollary is proved. 0

3. Proof of Theorem

Let L%oc,w [ty, T) consist of all locally integrable nonnegative
functions ¢ on [t;,,T) such that Y[ :'((:)) (t- fi(s))ﬁf
(AY

h;(t,s)¢(s)ds < oo for arbitrarily given ¢t € [t,,T). We can
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verify that L), cwlto T) is alinear space, due to the linearity of

integration. Define a linear operator B on L ty,T) as

locw[

m b 5
B0 = | SO R @99 ds e ).
i=1 Ybilto

(33)

where ¢ € Liocw[tO,T) We claim that B is self-mapping on
L. [t T). In fact, for all ¢ € Llocw[tO’T) and given t €

loc,w
[t0, T), Y1y -[h(to) — fi(s)Phy(t, )p(s)ds < oo, implying

that B¢ e C,[t,,T), the set of all continuous and non-
negatlve functions on [ty,T). We know that C,[t,,T) C

Ly, [ty T). For all y € C,[t,,T), from the continuity
of v and h;, we know that they are all locally bounded.

We also know that (t - f,-(s))ﬁ" are integrable on s €
[b(ty), bi(t)] by (H;), (H,) and S; —1. Tt follows that

S i (6= ()Rt s)y(s)ds < co, implying that
C,ltp,T) < Ly, ,ltpT). Then, inequality (16) can be

loc,w
simplified as u(t) < a(t) + Bu(t), from which we can prove

by induction that
n-1
u(t)< Y Ba(t)+B'u(t). (34)
1=0
We claim that for all integers n > 1,

[T T (B, + 1) By, (0)
I (Z?:l B, + ”)

‘ kan(t) (t -y (S))z;’:I By, +n-1

b, (to)

But)s )

1<kyse.sk,<m

fi (s)u(s)ds,
(35)
where Eki are well-defined on [t,,T) since hy and f,z are

continuous and f,ﬁ,(t) > 0 on [t,, T). In fact, (35) is true for
n = 1. Assume that (35) is true for n = [. Then

B' (Bu(t))
TTiei T (B, + 1) Py, (8)
I (it B, +1)

b, (t) L Bl
SN GFAD Rusha AT

by, (t)

Bl+1u (t) =

1<ky,....kj<m

(36)
o bklﬂ (S)
. Z {J hy, (s, 7)
k=1 bkl+1 (tU)
ﬁ 1+1
X (S - fkl+1 (T)) ‘

xu (T) dr} ds.

5
It follows that
Bl+1u(t) < Z Hi:lr(/lgk,- + l)zki (®)
1kkzm T (Zic By, +1)
(37)
x Y Iy, (DO,
kia=1
where
by, () Yo B H-1
O (t) := t—fi. ()™ (s)o(s)ds, (38)
Jy o (7@ 0

bklﬂ(s) ﬁk 12
0= |, o 5 Ju @) fi, @ (39

Note that f (b () < t by (H,). It implies thats— f; (1) > 0
forall T € [bk (t9), b, (s)] by the monotonicity of S
follows from (39) that go isa nondecreasing function. Hence,
(p(ka (1)) < ¢(t) by (Hy). On the other hand, from (H;)
and (H,) we see that b(t,) = fi(t,) = t,, implying that
sz (bk, (ty)) = t,. With the change of variables & = sz (s), it
follows from (38) that

Fo, ®) 1
o= |1 - OR A (1 @) de
t !
< L (f _ E)Zi:1 ﬁki”_lq) (fk—ll (6)) dE (40)

< | e-prrp@a

Letting s denote & and substituting (39) in (40), we get

by, © L
j ! (t - S)Zi=1 Br;+1 1(5 _ fkm (T))ﬁkm

bkl+1 (to)

(D(t)sj

ty
X flém (M u(r)drds
_ J-kal(t) J-t ‘- S)Zizl By, -1 (41)
bkl+l (to) bl;lil(‘r)
ﬁklﬂ
X (S - fkm (T)) ds
x f,;+l (1) u (1) dr,

by interchanging the order of integration. In (41) we observe
that

t
J (t - S)Zi:l ﬁk,-”‘l(s _ fk,ﬂ (T))ﬁkl-H ds

bkll » (1)

I+1
= (1= fu, @)



¢ fos \Zm At
Joolciw)
bt @\t~ fi,, (7)

(S - fkl+1 (T) )ﬁklﬂ (S — fkl+1 (T) )
s ke ) g (2 Sk
t— fkh-l (T) t— fkh-l (T)
= (t = fi., (T))Zi:l P!

1 I
X j 1- Z)Zi:l ﬁki+l’1zﬁkl+ldz
2,

Yil B+
< (t - fkl+1 (T)) ’

1
% J (1- Z)ZLI B +=1 By 4
0

1+1 1
= (t= fip, @) "' (Zﬁki LBy, + 1)
i=1

_ F(Zizl ﬁki +l)r(ﬁkl+1 + 1)
- F(ZE B +1+ 1)

1+1
x(t= fi, @),

(42)

where z = {s — ka1 ()}/{t - fkm (1)} and 2, := {bk_li1 (r) -
fkm(r)}/{t - fkm (1)} = 0 by (H,). Thus, from (37) we see
that inequality (35) holds for #n = [ + 1 and the claimed (35) is
proved.

For every ¢(t) € L{oc,w[tO’T) and eachn = 0,1,...,00,
define a sequence of linear operators A, : L%oc,w [t, T) —
Clty, T) by

[TLT (B +1) By ()

Ap(t) = -
1sk1§anm r (Zi:l By, + ”)

by (1) S B -1 (43)

. t — . !

L,m o (7 6)

X fi (s)(s)ds,

where bik"((;)) (t - fkn(s))Z?:1 Py tn=1 f,in(S)tb(s)ds < 00 since
b, ()

b (1) (t - fr (s))ﬁk"(p(s)ds < oo from the supposition of
. (fo "

Theorem 1 and (t - fkn (S))Z?Qf (B +1) f,:n (s) are continuous on
[bkn (to)s bkn (¢)). It implies from (35) that

B'¢p(t) <A, ¢(1). (44)

In what follows we will prove that for all ¢ € L __ [t,, T) and

loc,w

arbitrarily given t € [t,,T), Y0, A,¢(t) converges. Define

, (45)
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where x € (0,00) and a > 0 is a constant. By Euler’s
definition on Gamma function (see [24]), I(x) = (1/x)[ ]2,
1+ (1/n))*/(1 + (x/n)), we know that

o () = <1 " %)ﬁ(l+(1l/n))“ <1+ njx)’ (46)

and therefore ¥, is strictly decreasing on (0, 00). Thus, for all

integers 1 < k;, k; <m, 1 <i, j <nand§ > 0 satistying that
-1< ﬁkj -6 < 0, we have ‘Pa(ﬂkj +1) < ‘I’a(ﬁkj —-08+1), where

a:= (Z:Ll ﬂk,.) +n-— [J’k]_ — 1, implying that

r(ﬁkj+1) F(ﬁkj—8+l)

< ) (47)
T(Yr B +n) T(IL B, -0+n)

Multiplying the above inequality by ([T.Z, T(By, + 1))/T (B, +
1), we get that

H?:lr (ﬁk,. + 1)

T (Z?:l Br, + ”l)
T (B + )T (B, 0+ )T (B + 1)
) r (Z?:l /3k,- -0+ ”) '

(48)

Let B, = min,_,B» B* = max,4.,pS; and ¢ := (8" +
1)/(B, + 1) = 1. Then (48) implies that

Ml (B +1) _ (B 1) (1)

T(3L B, +n) Tn(B.+1))

When t € (t, + 1, T), we have

[T T (B, + 1) By, (1)

A () = L(3L B, +n)

1<ky .k, <m

b, (1) 5Bt
" Jbkn(to) ) Sk, ()¢ (s)ds

[T T (B, + 1) By, (1)
r (Z?:l B, + n)

1<ky,....k,<m

-1
P ﬁki +n-1

X (t = Ji, (s)) fk' (s)ds

by, (t) Be,
i = 5 )00

-1
5 [;k,- +n-1

x(t= fi () fo (9) ds]»
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(T (. +1))"

< '™ (mas I (t)})nf(n (B.+1)

m
X {
i=1

e 5
[ £ e
b(t)

x (t = £, (s)) "I £ (5) dis

b;(t)
A RGOS
£

x(t = £,(5)"VEAI £ (5) ds}

(T (B, +1))"

= (mifﬁfffn{ﬁ" (t)}) T(n(B. +1))

% {(t _ to)(n—l)c(ﬁ*ﬂ)

fite-n 8, ,
ij(tﬂ) (t- £,9)76 () £ (5)ds

5 B; /
+ Lwt_n (- £;9) 7 () £ (5) ds}

J

= ) (TR +1)
< (mmax (i 0}) T(n(B, + 1))

« (t _ to)(ﬂ*l)c(ﬁ*+l)

b;(1) . )
[ (-5 0 s

bi(to)
(50)
where
bj(t) . ,
L.(t ) (t- (S))ﬁj(/) (s) f; (s) ds
o (51)
b;(t)
= max “ (t- £.))" () f (5) ds} < 0.
i=1,...,m i(to)
Let
_ =\ (OB + 1))
6 (0) = (m max F, ()] 1)
% (l’ _ to)(ﬂ—l)C(ﬁ**‘l) (52)

b b
x Lj(to) (t- £,)"9() £ (5)ds.

Then Y7, ¢,(t) is convergent on (t, + 1,T) by the ratio test
([25, pages 66-67]) because

Cn+1 (t)

n—+oo ¢, (t)

= lim m max {Tli (t)}

n—+00 j=1,..m

LB ADNT(R(B 1) g
F(one D@ 1) ¢

= lim B(B, +1n(B, +1))m (53)
X max {Ez (t)} (t - to)c(ﬁ*ﬂ)

TR+
= lim —/3*’1
T (B + 1))

X max {fl, (t)} (t—t,)P " =0,

where we note that m max,-zl)m,m{fli(t)}(t —to)* PV is a con-
tinuous function on [t,, T) and (B, + 1)/(n(p, + D) lisa
Stirling’s approximation of B(f3, + 1,n(f, + 1)) asn — +o0,
as known in [26, pages 59]. It implies that Y- A,¢(t) is
convergent on (t, + 1,T). The case of t € [t,,t, + 1] can
be proved similarly. Then, Y72, A, ¢(t) is convergent for ¢ €
L} [ty T) and arbitrarily given t € [t,, T). Passing to the

loc,w

limitasn — +o00 in (34), by (44) we get

u(t) < iAna (t)
n=0

[T T (B + 1) Iy, @)
r (Z?:I B, + ”)

=a<t>+§{ >

n=1 | 1gk,,..k,<m

(54)

b, (1) S B et
X J t— fk (S) =
G AL)

xf,in (s)a(s) ds} .

Since k;’s are chosen arbitrarily, by interchanging k,, with k;
in (54), we obtain the estimate (17) and complete the proof of
the theorem.

4. Application to Dependence

Recently, increasing interest was given to fractional differ-
ential equations (see monographs [11, 23]). In this section
we consider the Cauchy problem of the general fractional
differential equation

Dy x(t) = ) Dy fi (t,x (b)), (55)
i=1

x(ty) = a, (56)



where 0 < o; < 1,1, <t < T < +00, Df“ is defined as in the

Introduction, particularly, D1 denotes d/dt and D0 denotes
identity map, b, : [to, T] — [tO,T] and f; : [t,, T] % IR - R,
i = 1,...,m. This system includes the system

Dyx (t) + pDix (t) + DYx (t) = q (t), -
x(0") =a,

as a special case, which was considered in [27] and corre-
sponds to the Basset problem when a« = 1/2, a classical
problem in fluid dynamics concerning the unsteady motion
of a particle accelerating in a viscous fluid under the action
of gravity (see [28]). We will give continuous dependence for
solutions of (55) associated with the initial condition (56) on
the derivative orders «;’s, the initial data a, and the functions
fiand b,

Proposition 3. Suppose that each b; € Cl([tO,T], [ty, T1) is
strictly increasing such that b,(t) < t and each f; € C([ty, T] x
[a—p,a+p], R) satisfies that | f;(t, x,)— f;(t, x,)| < L;|x;—x,|,
i=1,....,m whereT >0, p > 0, and L, > 0 are constant.
Then, the Cauchy problem (55)-(56) has a unique solution on
[to,to + h] for a certain constant 0 < h < T and the solution
depends continuously on a, o;’s, f;’s, and b;s for all t € [t,t, +

hl.

Proof. The Cauchy problem (55)-(56) is equivalent to the
integral equation

x (t)

m ot 1 s
:a+ZL, —F(l —ai)d<Jt0 (s—
car§ e e

07, (0x (6 (0) e )

(58)
Define a sequence {¢,(t)} such that ¢,(¢) = a and

q)n(t)_a‘FZ (1_ )

t 59
XL“‘”Wﬁ@wmdh®D%, &)

n=12,...,

where t € [ty,t, + h]. We first claim that all ¢, (¢) are well-
defined and continuous in [¢, t,+h], such that @, (t) —al < p.
In fact, it is true for n = 0. Suppose that it is true for some
n. Then, ¢, is also well defined by (59) and continuous in
[to,to + h]. Moreover,

lq)n+1 (t) - al

Zr(1_ Jot—s)‘fIf,'(s,cpn(b,.(s)))|dS .

ZF(2 (x) -
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where
M = max |f; (£, x)],
(tx)€[to.T|x[a—p.a+p]
i=1,...m (61)
h:= min{T - ty, 0},
and o is a positive constant such that
m Mo,l—zxi
Y——=p (62)

ST (2-o)

The existence of o is guaranteed by the intermediate theorem
for continuous functions. Thus, the claim is proved by
induction for all n.

The convergence of the sequence {¢,(t)} is equivalent to
the convergence of the series @y (t) + Y1, (¢,(£) — ¢,_; (1)). We
claim that

oy (1) — @y (1)
MITi, Ly, (63)

Y (la)
< t—t .
0 N o T r L

forallt € [ty, t,+h] and all integers I. It can be checked easily
for [ = 1. Suppose that it is true for some I. By changing ¢ into
bkl+1 (s) in (63), we get from b, (s) < s that

1 (B, ) = 911 (B, ©))]

Ml'lf 2Ly
S 2 T (o)

1
)Zi:l(l_aki) (64)

X (bkl+l (S) - tO

1
S Z Mll—L-zlej
1<k ky<m (1 + i (1 “k,-))

)z£:1<1—ock,.>

x (s—t,
Combining with (59), we have

oy () — @ (1))

t
X J (t - 5)_“"“1
to

x| fi, (501 (b, 9)))
_fkm (S, Pr-1 (bkm (S)))| ds
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< Lkl+1

k=1 T (1 - “km)

IA

X J; (t- 5)_akl+1 (] (bkm (S)) ~ P (bkm (S))' ds

Z MHer;Lk
1<k sy kmSmr(l + Zfﬁl (1 - k,-))r(l - (ka)

t , .
X j (t - S)iocklﬂ (S _ tO)ZiZI(l “ki)ds
to

1+1
5 (v(i)
1<ky,kyy <m i=2

i
XB<1+Z(1_“’<,')’1_“’<1+1>

i=1

x (r<1+g(1—aki)>
xF(l—(ka)>_l>

l+1
_ M 5Ly, (t_to)zg}u—aki).

1<k, sukpy <m (1 + ZHI ( ))

IN

I+1
X (t _ tO)Zizl(I*“ki)

(65)

Thus, (63) holds for [ + 1 and the claim is proved for all I by
induction. From (63), for t < t, + h we have

MHE= )T L,
o (£) = iy (8)] < e
: i 1sk1§klgmr (1 + Zﬁ;l (1 - “k,.))

(66)
< ol M e -1
TTA+1(1-a))

where L := max,,.,L;, «* = max, ., and «, :=

min,_;_,.«;. By the ratio test ([25, pp. 66-67]), we get that
Yo m MH )T (1 +1(1 - %)) is convergent, implying
that the series @y (t) + Y10 (@(t) — ¢,_; (1)) and therefore the
sequence {¢@,(t)} are uniformly convergent in [¢,, t, + h]. Let
o(t) := lim, _, . @,(t), which is well-defined and continuous
in [ty, ty + h] such that |¢(t) — a| < p. One can check that ¢
is a continuous solution of the Cauchy problem (55)-(56) in
[ty to + h].

Next, we prove the continuous dependence of the solu-
tion. Consider the Cauchy problem

D} x(t) = YD f; (tx(5,®)), (67)
i=1
x(ty) = a, (68)

where 0 < & < 1,t, <t < T < +00, b, € C'([ty, T], [ty, T))
is strictly increasing such that b,(¢) < t, and f, € C([ty, T x
[@ — p,a + p], R) is Lipschitzian in the second variable with
the Lipschitz constant L;,i = 1,...,m. As above, we similarly
obtain a solution y of the Cauchy problem (67)-(68). Similar
to (58), we have

(t)—a+z

[ ebo)as
y(t)=a+ ZF(I = J t-9"f (sw(B(s))ds
(69)
It follows that

I¢m—wun

F(l—oc)

X L (t=9)""f. (s, (b (s)))ds

1
T(1-&)
XL (t-s) fl(sq/( s)))
= S 1
“““;{r(l—al)

|

x Jb’m (t-57 ()

o) -y e)|d (b (),
(70)



[69]
—
~
N

xj: (t= )% £ (5,9 (b (5))) ds

1 t
+‘r(1_&i) Lo(t

1t s
e AR A ACIOE

1 t
+‘r(1_&i) Lo(t

1 ‘ & T ~
ey |9 R B

) fi (s v (5 (9))) ds

) sy (B(s) ds

i

<la-a|

+z{

(t=to)"™" (1~

r2-o) r(z

t—to 1-&; _
) g

r2-a)

L )jo(t—s>

r(1—

X '1// b)) -v (b (s))| ds} )
(71)

",fl” = max(t,x)e[tU,T]x[u—p,aer]|,fi(t) x)l) and ",fz - _f;" =

max(t,x)e[tO)T]X[a_Pmp]Ifi(t, x) — fi(t, x)|. Thus, applying the
inequality given in Corollary 2 to (70), we obtain that

H-v@®)|<E mE_w Li(t-1)"™),
OER20) ()L[l,(( 0 ) -

Vt € [ty ty +h],

where E(t) := max, .,.,E(7).

Journal of Applied Mathematics

Note from (71) that 2(¢) contains |(t — to)l_“" /T2 - ;) -
(t —t,)""%/T(2 - &)| and |y(b(s)) — w(B(s))|, which will be
estimated with [l — B = max, .., ,,lb(7) - b(7)| and
lot; — &1, respectively. In (71) we have | f;| < M in (61). Since
(t —ty)' ™ and T(2 — ;) are both C* functions in a; € [0, 1],
andT(2—-q;) > Oforalle; € [0, 1], wesee that (£ — £,)' ™ /T(2—
«;) is C' in «; € [0, 1]. By the Lagrange mean value theorem
(see [25, page 108]), function (¢ — to)l_“"/l"(Z — ;) satisfies the
Lipschitz condition uniformly with respect to t € [¢,,t, + hl;
that is, there exists a constant N > 0 such that

(-1)™ (1)

r2-w) B r2-a)

<N|o-a|, Ve, @ €[0,1].

(73)

On the other hand, from the equivalent integral equation of
(67)

v () =y (t)

i (- )j =" (sv(b;(s)))ds

&
(74)
we get
X M
v -yt <Y ———lt-t"" @5
Jj=1 r ( J)
where
M= t, x)e[rol%ﬁ% p.atp] 'f b x)| ' (76)
J= Ly

Choosing t = b;(s) and t, = E,-(s) in (74), we obtain

~ mM - -&
Iwmun—WGHQNsZ;@j;y@w—aww

(77)
Summarily, from (71), (73) and (75) we get

E(t) < |a-al

+ i <|MN|oc (t

i=1

IIﬁ il

L t ae M
" r(1-a) Lo(t_s) Zr(z—aj)

J=1

-5 )



Journal of Applied Mathematics

m 1-&,

< |a—§|+z

i=1

W -
rGm V7l

MLn% & ”bi —Ei”l_&j
r(2 _&i)j:1 T(Z —[x'j)

(78)
It follows from (72) that
lo—vl <[ [Ers (LA ™) 1a-al
i=1
+ MNﬁEl_ai (Lh') i |ot; — &
i=1 i=1
- 1-«; < hl_ai ~
AP ) g
m
+ M [Ey_, (L)
i=1
L.h% — 11-&;
’ b-bl|
Xlsg‘émr(z_ai)r(z_&j)” i 1“
(79)

that is, the solution ¢ of the Cauchy problem (55)-(56)
depends continuously on a, e, f; and b,.

As a complement, we note from (79) that ¢ = y in [t,, £, +
hifa = @« = &, f; = f,and b, = b,. This implies the
uniqueness of the solution.
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