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We establish the Poincaré-type inequalities for the composition of the homotopy operator, exterior derivative operator, and the
projection operator with L?-norm applied to the nonhomogeneous A-harmonic equation in L?(Q))-averaging domains.

1. Introduction

The purpose of the paper is to develop the Poincaré-type
inequalities for the composition of the homotopy operator
T, exterior derivative operator d, and the projection operator
H with L?-norm. These operators play critical roles in
investigating the properties of the solutions to PDEs and in
controlling oscillatory behavior of the solutions in domains
[1-6]. We first establish the local Poincaré inequalities for the
composition T ed o H in L?(Q))-averaging domains. Then, we
prove the global Poincaré inequalities for the composition of
T od o H in L?(Q))-averaging domains.

In this paper, we assume ) is a bounded and convex
domain in R",n > 2 and B = B(x,,r) is a ball that is
centred at x, with r as its radius. For any ¢ > 0, we use 0B
to denote the ball with centred at x, with radius or. We do
not distinguish the balls from the cubes in this paper. We use
|E| to denote the Lebesgue measure of a set E ¢ R". We call
w a weight if w € L}OC(R”) and w > 0 a.e. For a function u,
we denote the average of u over B by uz = (1/|B|) fB udx.
Differential forms are extensions of functions in R". For
example, the function u(x,,x,,...,x,) is called a 0-form.
Moreover, if u(xy,x,,...,x,) is differentiable, it is called a
differential 0-form. The 1-form u(x) in R” can be written as
u(x) = Y, wi(xy, x5, . ..., x,)dx;. If the coefficient functions
u;(xy,%x,,...,%,), i = 1,2,...,n, are differentiable, u(x) is
called a differential 1-form. Similarly, a differential k-form
u(x) is generated by {dx; Adx; A---ANdx; hk=1,2,...,n,
that is, u(x) = Y u;(x)dx; = Yy ;. (0)dx; Adxg Ao+ A
dx;, where I = (i,i5...,0), 1 < i) <y <+ <ifp < n.

Let A' = A'(R™) be the set of all I-forms in R", D'(Q, A') be
the space of all differential I-forms on Q and L*(Q, A be the
I-forms u(x) = Y, u;(x)dx; on Q satisfying IQ lu;1P < co for
all ordered I-tuples I, I = 1,2,...,n. We denote the exterior
derivativeby d : D'(Q,A") — D'(Q,A"")forl=0,1,...,n-
1, and define the Hodge star operator # : A — A" as
follows: ifu = u; ; .; (%1, %y, ..., x,)dx; Ndx; N---Ndx; =
updxp, iy < i, < .-+ < i, is a differential k-form, then
su = w(u, g dx, Adxg A Adx) = (-1)2Pudxg,
where I = (i},i5,...,4), ] = {1,2,...,n} = I,and Y(I) =
(k(k+1)/2) + Z:;l i. The Hodge codifferential operator d :
D'(Q, A" — D'(Q,A)) is given by d* = (=1)""! « dx on
D' (@A™, 1=0,1,...,n-1.

We use M to denote a bounded and convex domain on
R". Let A'M be the Ith exterior power of the cotangent bundle,
let COO(/\ZM) be the space of smooth I-forms on M, and
WNM) = {u € L}OC(/\IM) : u has generalized gradient}.
The harmonic [-fields are defined by # NM) = {fu €
W(NM) : du = d*u = 0,u € LF for some 1 < p < oo}.
The orthogonal complement of % in L' is defined by %+ =
{fu e L' : (uh) = 0forallh € ). Then, the Green’s
operator G is defined as G : CONM) > Z* nC®(NM)
by assigning G(u) as the unique element of % N C®(N'M)
satisfying Poisson’s equation AG(u) = u — H(u), where H is
the harmonic projection operator that maps C*(A'M) onto
Z so that H(u) is the harmonic part of u. See [7, 8] for
more properties of these operators. The differential forms can
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be used to describe various systems of PDEs and to express
different geometric structures on manifolds. See [9, 10].

The operator K, with the case y = 0 was first
introduced by Cartan in [11]. Then, it was extended to
the following version in [I2]. To each y € Q there

corresponds a linear operator K, C®(O,A) -
C®(Q, A1) defined by (K,u)(x:&p,.... &) = [ ultx +
y — tysx — y,&,...,&_)dt and the decomposition u =
d(Kyu) + Ky(du). A homotopy operator T' : C®(Q,A) —
C®(Q, A7) is defined by averaging K , over all points y €
Q:Tu= JQ ¢(»)K, (du), where ¢ € C(°(Q) is normalized so
that [ ¢(y)dy = 1.

We are particularly interested in a class of differen-

tial forms satistying the well-known nonhomogeneous A-
harmonic equation

d*A (x,du) = B(x,du), o)

where A : QO x AR — A(R") and B : Q x A((R") —
AL R™) satisfy the conditions

Al <algl™,  AxH-E= [,
|B(x.9)] < ble”

for almost every x € Qandall§ € A(R™).Herea > 0and b >
0 are constants and 1 < p < oo is a fixed exponent associated
with (1). A solution to (1) is an element of the Sobolev space

WP (Q, A7) such that [ A(x, du) - dg + B(x, du) - ¢ = 0 for

loc

)

allg € VVI(I)CP (Q, A" with compact support. If u is a function
(0-form) in R", (1) reduces to

div A (x, Vu) = B(x, Vu). (3)
If the operator B = 0, (1) becomes
d*A(x,du) = 0, (4)

which is called the homogeneous A-harmonic equation. Let
A : QxARY — A(R") be defined by A(x,&) =
£|E)P2 with p > 1. Then, A satisfies the required conditions
and d*A(x,du) = 0 becomes the p-harmonic equation
d* (duldulP™?) = 0 for differential forms. Some results have
been obtained in recent years about different versions of the
A-harmonic equation; see [1, 2, 8, 9, 13-15].

2. Main Results and Proofs

Definition 1. Let ¢ be a continuously increasing convex
function on [0, co) with ¢(0) = 0, and let ) be a domain with
p(Q) < co. If u is a measurable function in €, then we define
the Orlicz norm of u by

Julq = inf {k >0 L;d@)dx <if. ©

A continuously increasing function ¢ : [0, co) with ¢(0) = 0
is called an Orlicz function, and a convex Orlicz function ¢ is
often called a Young function.
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From Definition 1, it is easy to see that for any domain

QcR"
|u (x)] )
—= |ldx <1 6
L¢“ww ©
if IIuII(P,Q is finite.

Definition 2. Let ¢ be an increasing convex function on
[0, 00) with ¢(0) = 0. We call a proper subdomain Q ¢ R" an
Orlicz space L?(Q), if u(Q) < oo and there exists a constant
C such that

betndon =Cphe il )

for some ball B, ¢ Q and all integrable functions u in Q,
where the supremum is over all balls B with B ¢ Q.

Definition 3 (see [15]). We say that a Young function ¢ lies in
the class G(p,q,C),1 < p < g < 00, C > 1,if (i) 1/C <
@(t'7)/g(t) < Cand (ii) 1/C < ¢(t'/?)/h(t) < Cforallt > 0,
where g is a convex increasing function and 4 is a concave
increasing function on [0, 00).

From [15], we know that the class G(p,q,C) contains
some very interesting functions, such as ¢(t) = t¥ and ¢(t) =
tPlogf(t), p > 1,& € R, and each of ¢, g and h is doubling in
the sense that its values at t and 2¢ are uniformly comparable
for all ¢ > 0, and the consequent fact that

Ctl<h (o) <Cytl,  Citf <g ' (p@) < Cytf,
(8)

where C; and C, are constants. We will need the following
reverse Holder inequality.

Lemma 4 (see [4]). Let u be a solution of the nonhomogeneous
A-harmonic equation (1) in a bounded and convex domain Q)
and 0 < s,t < 00. Then, there exists a constant C, independent
of u, such that

lualy < CIBI ™ ul g ©)
for all balls B with 0B c Q for some o > 1.

Lemma 5 (see [1]). Let u be a solution of the nonhomogeneous
A-harmonic equation (1) in a bounded and convex domain Q).

Let H be the projection operator, and let T : C®(Q,A') —

C®(Q, A™Y) be the homotopy operator. Then, there exists a
constant C, independent of u, such that

IT (d (H ) ~ (T (d (H @))s], 5

(10)
< C|B| diam (B) ||dul;

for all balls B with B C Q.

Lemma 6 (see [1]). Let u be a solution of the nonhomogeneous
A-harmonic equation (1) in a bounded and convex domain .

Let H be the projection operator, and let T : C®(Q,A) —
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C®(Q, A™Y) be the homotopy operator. Then, there exists a
constant C, independent of u, such that

T (d (H (w))) = (T (d (H 1)) 5
(11
< C|B| diam (B) [lu]

s,0B

for all balls B with 0B C Q, where o > 1 is a constant.

Theorem 7. Let ¢ be a Young function in the class G(p, g, C),
1 <p<gq<o00,C 2 1,andlet Q bea bounded convex
domain. Assume that ¢(|ul) € L}, (Q) and u is a solution of

the nonhomogeneous A-harmonic (1) in Q, @(ldul) € L}OC(Q).

Let H be the projection operator, and let T : C®(Q,A) —

C®(Q, A™Y) be the homotopy operator. Then, there exists a
constant C, independent of u, such that

IT (@ (H ())) - (T (d (H )5,

(12)
< C|B| diam (B) ||du|

$,0B

for some o > 1 and all balls B with 0B C Q.

Proof. For any constant k > 0, from Lemmas 4 and 5, (i) in
Definition 3, using the fact that ¢ is an increasing function,
Jensen’s inequality, and noticing that ¢ and g are doubling,
we have

|

x|

1/q
(, 1@ @ - @ @ @ wyfiax) >
1 -
<p(zCB (| )
- (T @ (H @), dx)"")

1 L+(p-9)/pa 3; o\
<@ ECleI diam (B) (J . |du| dx)

L oyt (o-ala 5 P pi )"
<o (k—pc2|B| 94 diam (B)) J \dul dx>
oB

<Cyg (kipcé’ |B|P*P~9/(diam (B))” LB |du|de>

~Cyg (J ] kipc§|B|P*<P*q>/‘1(diam (B))|dudx

<G, J g (kipc§|B|P+(P‘q)/q (diam (B))P|du|P> dx.
oB
(13)

Since p > 1, then, 1 + (p — q)/pq > 0. Hence, we have
|B|'*(P=@/Pd < |1 (P~@/Pd < C, From (i) in Definition 3,
we find that g(t) < Cse(t"/?). Thus,

J g(kipc§|B|P+<P‘q>/‘1(diam(B))P|du|f’>dx
oB

<C, J K. <%CZ|B|”(1’"4)/M diam (B) |du|) dx (14)

<C, J o (%c2 |B) diam (B) |du|> dx.
0B
Combining (13) and (14) yields

1/q9
¢ (%(j IT (d (H W) - (T (d (H (u))))qudx) )
? (15)

<C, j K. (%02 1Bl diarm (B) |du ) dx.

Using Jensen’s inequality for 4", (8), and noticing that ¢ and
h are doubling, we obtain

J ( T (d (H (w))) - (T (d (H (w))))g] >
0] dx
B

k

—h <h‘1 (JB ¢ ((|IT (d (H w)))

~(T (d (H ))))g]) x (k)") dx))
< L W (o (T (@ (H )

(T @ (H @) x (7)) dx )
<h(c; L ((IT (@ (H w))

~(T (@ (H )] x (R)")"dx)

<Cyp <<c7 J, Wra@ar e

g\
—(T (d (H (w))))g|)x (k) )dx> )

(& [ ara@a

=

< Cg(p<
1/q9
~(T (d (H (0)))"dx) )

(], (@)

=

SCg(p<

1/q
(T @ (H @) )
(16)



Substituting (15) into (16) and noticing that ¢ is doubling, we
have

J ( |T (d (H ())) = (T (d (H (1)) )
B(p o dx

<Cy J K (%c2 |B| diam (B) |du|> dx  (17)

<Cy J K. (% |B| diam (B) |du|> dx.

From Definition 2 and (17), we have the following version of
Poincaré inequality with the Orlicz norm:

|T(@(H@w)) - (T (d (H @), 5

< C|B| diam (B) || du||

(18)
¢,0B*

We have completed the proof of Theorem 7. O

Theorem 8. Let ¢ be a Young function in the class
G(p,q,C), 1 < p < g < 00, C = 1, and let Q be a
bounded convex domain. Assume that ¢(|u|) € L}OC(Q) and
u is a solution of the non-homogeneous A-harmonic (1) in
Q, ¢(ldul) € L}OC(Q). Let H be the projection operator, and let
T : C®(Q, Al) -  C®(Q, AH) be the homotopy operator.
Then, there exists a constant C, independent of u, such that

IT(@(H@w)) - (T (d (H @), 5

< C|B| diam (B) ||dull,, 5

(19)

for some o > 1 and all balls B with 0B C Q.

Proof. For any constant k > 0, from Lemma5, (i) in
Definition 3, using the fact that ¢ is an increasing function,
Jensen’s inequality, and noticing that ¢ and g are doubling,
we have

1 1/p
"’(E(L 7 (H ) = (T (d (H ()l v )
/
<@ (%C] | B diam (B) <J;; |du|pdx>1 P)

1 . p
<¢ ((k—pc{’|B|P(dlam (B))” L |du|pdx) > o
< Cyg (kipcf|B|P(diam (B))? JB dufds )
- Cyg (JB kipc{’|B|P(diam (B))Pldulpdx)

<G, J g (kipcﬁmf’(diam (B))P|du|P> dx.
B
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Since p > 1, then |B| < |Q] < C;. From (i) in Definition 3, we
find that g(t) < C,e(t'/?). Thus,

J g(icf|B|P(diam (B))P|du|P>dx
g~ \kP

2)
<c, L 0 <%Cl |B diam (B) |du|> dx.
Combining (20) and (21) yields
1 p 1/p
¢(§(j T (H () - (T (@ (H @) )
’ (22)

<, L ¢ (%c1 1B] diam (B) |du ) dx.

Using Jensen’s inequality for g*, (8), and noticing that ¢ and
h are doubling, we obtain

J < |T (d (H (w))) = (T'(d (H ))))g] )
B(p P dx

=9(s (] 0 (@

(T @dH @) x 07 dx))

-1

< g(Lg (¢ ((T @ Hw))

(T @ (H @) x (7)) dx
<g(c L ((IT (@ H w))

~(T (@ (H @))g]) x (0 dx)

<Co <(c6 |, ((r@aen

1/p
_(T(d(H(u))))Bl)ﬂk)’l)pd") )

(e[ ar@a

bul Bl

= C7‘P<
1/p
~(T (A (H @))5])"dx) )

(] r@are

=

SCg(p<

1/p
(T (H @)} ) )
(23)
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Substituting (22) into (23) and noticing that ¢ is doubling, we
have

j ( |T (d (H () — (T (d (H ())))] )
0] dx
B

k

<G, Lgo(%cl |B| diam (B) |du|>dx (24)

<Cy JB @ (% |B| diam (B) |du|> dx.

From Definition 2 and (24), we have the following version of
Poincaré inequality with the Orlicz norm:

IT(d(Hw))) - (T (d (H @), 5

< C|B| diam (B) ||dull,, 5.

(25)

We have completed the proof of Theorem 8. O

Using a similar method to the proof of Theorem 8, we can
establish the following version of Poincaré inequality with the
Orlicz norm.

Theorem 9. Let ¢ be a Young function in the class
G(p,g,C), 1 < p < g < 00,C = 1, and let Q be a

bounded convex domain. Assume that o(|u|) € L}OC(Q) and

u is a solution of the non-homogeneous A-harmonic (1) in
Q, o(ldul) € L}OC(Q). Let H be the projection operator, and let
T:C®(Q,A) - C®Q, A" be the homotopy operator.
Then, there exists a constant C, independent of u, such that

| T(d(H ) = (T (d (H @)))s], 5

< C|B| diam (B) [[u]

(26)
¢,0B

for some o > 1 and all balls B with 6B C Q.

Theorem 10. Let ¢ be a Young function in the class
G(p,q,C), 1 < p < g < 00, C > 1, and let Q be a
bounded convex domain. Assume that g(|u|) € L}OC(Q) and
u is a solution of the non-homogeneous A-harmonic (1) in
Q, ¢(|dul) € L}OC(Q). Let H be the projection operator, and let
T :C®(Q,A) »  C®(Q,A™?) be the homotopy operator.
Then, there exists a constant C, independent of u, such that

|T@EG)) - (T @ H @),

(27)
< C|B| diam (B) [|dull,q,

where B, C Q) is some fixed ball.

Proof. From definition of the L?(Q) and (12), we have
|T@EG)) - (T @ H @),

< Cysup|T(d(Hw)) = (T (d (H )], 5

BcQ

< Cysup (C, |B| diam (B) ||dull,,,5 )
BcQ

5
< Cysup (C, |B| diam (B) ||dull, ¢ )
BcQ
< C; |B| diam (B) ||du||q,,9.
(28)
We have completed the proof of Theorem 10. O

Using a similar method to the proof of Theorem 8, we
obtain Theorem 11.

Theorem 11. Let ¢ be a Young function in the class
G(p,q,C), 1 < p < g < 00,C = 1, andlet Q bea
bounded convex domain. Assume that @(|u|) € L}OC(Q) and
u is a solution of the non-homogeneous A-harmonic (1) in
Q, ¢(|dul) € L%OC(Q). Let H be the projection operator, and let

T:C®(Q,A) -  C®Q,A"Y) be the homotopy operator.
Then, there exists a constant C, independent of u, such that

[T - T @ E @M, ,
29)
< C|B| diam (B) [lull,0»

where B, C Q is some fixed ball.

It has been proved in [5] that any John domain is special
L?(Q)-averaging domain. Hence, we have the following
results.

Corollary 12. Let ¢ be a Young function in the class
G(p,q,C), 1 < p < q < 00,C > 1, and let Q) be a
bounded John domain. Assume that ¢(lu]) € LiOC(Q) and
u is a solution of the non-homogeneous A-harmonic (3) in
Q, ¢(ldul) € L}OC(Q). Let H be the projection operatot, and let
T :C®(Q,A) -  C®(Q,A™) be the homotopy operator.
Then, there exists a constant C, independent of u, such that

[T - (T @ H @),
(30)
< C|B| diam (B) ||dull,,»

where B, C Q) is some fixed ball.

For some special convex function, we have the following
theorems.

Theorem 13. Let ¢ = tPorgp = tPlogle + t) ¢
G(p,q,C), 1 < p < gq < 00,C > 1, € R a Young
function, and Q a bounded convex domain. Assume that
o(Jul) € L}OC(Q) and u is a solution of the nonhomogeneous
A-harmonic (1) in Q,¢(|dul) € L}OC(Q). Let H be the
projection operator, and let T : C®°(Q, AY) —  C®(Q, A
be the homotopy operator. Then, there exists a constant C,
independent of u, such that

|T(@EH@W)) - (T (d (H @),

< C|B| diam (B) [|dul|

31
¢,0B

for some o > 1 and all balls B with 0B C Q.



Theorem 14. Let ¢ = t¥ or ¢ = tPlog*(e+t) € G(p,q,C), 1 <
p < g < 00,C > 1,« € R a Young function, and Q
a bounded convex domain. Assume that ¢(|lul) € LiOC(Q)
and u is a solution of the nonhomogeneous A-harmonic (1) in

Q, (ldul) € L' (Q). Let H be the projection operator, and let

loc
T : C®(Q,A) —»  C®(Q, A™") be the homotopy operator.
Then, there exists a constant C, independent of u, such that

|T(@(H @) - (T (d (H w))))g, ||<,,,Q (32)
< C|B| diam (B) [|ull,q.

where B, C Q) is some fixed ball.
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