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The works of Smale and Zhou (2003, 2007), Cucker and Smale (2002), and Cucker and Zhou (2007) indicate that approximation
operators serve as cores of many machine learning algorithms. In this paper we study the Hermite-Fejér interpolation operator
which has this potential of applications. The interpolation is defined by zeros of the Jacobi polynomials with parameters -1 < a,
B < 0. Approximation rate is obtained for continuous functions. Asymptotic expression of the K-functional associated with the

interpolation operators is given.

1. Introduction

Zhou and Jetter [1] used Bernstein-Durrmeyer operators for
studying support vector machine classification algorithms.
This work initiates the direction of applying more linear oper-
ators from approximation theory to learning theory. We will
follow this direction and study Hermite-Fejér interpolation
operator. It would be interesting to derive explicit learning
rates by means of these operators for some specific learning
algorithms.

Let Pr(l“’ﬁ ) denote the Jacobi polynomial of order n. Let
{xi};_, be the zeros of P,(l“’ﬁ). We assume that o, § > —1.
For any continuous function f on [-1, 1], the Hermite-Fejér
interpolation H™P)(f,) is a polynomial of order 2 — 1 that
satisfies

H’(:x,ﬁ) (f’ xk) _ f (xk) , Hy(,[x’ﬁ), (f) xk) =0, )

for any k = 1,2,...,n. Let || - || be the norm on C[-1,1]

(Vf e C[-L 11, I fIl :== max{|f(x)|,-1 < x < 1}). Without

introducing ambiguity we also use || - || to denote the norm on

C,,, (which is the totality of the continuous functions on R

with period 27, and in this case || f]| := max{| f(x)], x € R}).
One has (see e.g., [2])

Tim |H®P (f)-f] =0, VfeCl-L1l, (2)

ifand onlyif &, 8 < 0.

Define

200+1 2B3+1

t
cos =
2

WP (1) = 3)

sin —
2

Denote by F the conjugate function of F, and write g(t) =
f(cost). When -1 < «, 5 < 0, one has (see [3, 4])

[152 () - £l =0 (=) = g < Lipt,

e
ng/;) =0(1), (4)

"H,(l“’ﬁ) (f)- f“ = o<l> & f is a constant.
n
Sowhen -1 < «, § <0, Hr(l“’ﬂ) is saturation with {1/x} and
the saturation class is
S(a, B) = {f eC[-1,1] | g(t) = f (cost),
- (5)
T eB)
ge Lipl,& = @(1)} .
w(“aﬁ)
Note that for all «, § € (-1,—1/2), the associated classes

S(«, B) are identical ([4, Theorem 6]). See [2, 5-7] for related
works.
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Denote that Ah(x) = h(x + t/2) — h(x — t/2) and
recursively Al;h(x) = AtA];_lh(x) with A} = A,. Write p(x) =
V1 - x2. Define

@, (£,8) = max A, f]. ()

0<t<§

For any f € C[-

inf ("f h" +98 “q)h H

heC?[-1,1]

1, 1], one has [8]
w, (f,9). @)

Let f € C[-1,1] and h(0) = H(cos0). We use the following
definition of K-functional from [9]:

(8)

Hw@P

Kyp(f,0) = inf R

HeC?[-1,1]

<||f—H|| +6||h'|| +6

We cite the following three Theorems from [9].

Theorem 1. Let -1 < o, 8 < —1/2 be fixed. Then there is a
constant 1 < A < oo such that for all f € C[-1,1] and all
n > 1, one has

ﬁ) - (B
k>n (f) f|| nglzgfﬁsn H f||
9
- l/n t (P > n >
in which the symbol = does not rely on nand f.

Theorem 2. Let -1 < o, B < —1/2 be fixed. Then the following
relation holds:

1 A2
J q”;fdu
s U

VfeC[-1,1],

Koc,ﬁ(f’(S)Z(S +w(p(f’8)’

(10)
6>0.
Theorem 3. Let -1 < «, f < 0 be fixed. Then there is a

constant 1 < A < oo such that, for all f € C[-1,1] and all
n > 1, one has

HED () ] <

~us(£3)

Here the symbol = does not rely on n and f.

max
k>n

7 () - 1|
(11)

The K-functional Ka’ﬁ(f, 6) forall -1 < a, B < Ois
characterized by the following

Theorem 4. Let -1 < o, f < 0 and -1 < a, B, < —1/2 be
fixed. Then, for all § > 0 and all f € C[-1,1], the following
holds:
Kop(f.0) = Ko g, (£:0) + Top1 (f:0) + Topo (£:0),
(12)
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in which
]oc,ﬁ,l (f’ 6)
= max 0
 0sx<1-8 (1- x)"‘“/2

[ L0=r
-1

t—1

x(T—a+f-(1+a+p)t)1-0)%1+0)ldt,

(13)
]oc,ﬁ,2 (f’ 6)
C mex O
—1+62s)9(cs0(1 +x)ﬁ+1/2
X L %(lﬂx ﬁ+(1+cx+ﬁ)t)

x (1-1)*(1 +t)fdt|.

Theorems 3 and 4 give

K71/2,71/2 (f) 5)

! At(pf
dt
J-a t2

=6

fO-f£@ 2\"1/2
+ 8();?;)7(52 J 1 _— ( —t ) dt‘ (15)
+0 max Jl —f ®-s D (1 - tz)_l/zdt
—1+82<x<0 t+1
+w, (£.9).

Moreover, if -1 < «, f < —1/2, then, due to | f(1) — f(t)| <
Cw(p(f, V1 —1t) (see (2.6) of [9]), we have

]ot,ﬁ,l (f’ 8) + ]oc,ﬁ,z (f’ 6) < Cw(p (f’ 6) : (16)

Theorem 4 will be proved in Section 3. In Section 2 we
will discuss some properties of Jacobi polynomials and make

some remarks concerning the conjugate function g'w®P.

2. Estimates for Jacobi Polynomials and
Conjugate Functions

Chapter 8 of [10] gave the following.

Lemma 5. Let C > 0 be fixed. For all 0 € [C/n,m — C/n] and
n>C/m+ 1, one has

Py(l“’ﬁ ) (cos6)
(17)

(nnw (6)) 2 {cos (NO + 1) + O(nsin 0)_1} ,
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inwhichN =n+ (a+ f+1)/2andr = —(a + 1/2)71/2. If
0 < 6 < 7, then there exists a 6’ making P(“’ﬁ)(cose ) =0 and
|6-6"| < 1/n. Moreover, let M = ﬁ) (x) =
0}. Then

{6 | 6 = arccos x, P

[P (cosO)] W™ )= =, Ve eM,  (8)

and, for 0 < 0 < 7, one has 0 e Mwith|9-0'| = 1/n.

Define
G (0,t) = PP (cos (0 + 1)) w™P (6 + 1)
(19)
- PP (cos (0 - t) w'*P (0 -1),
and we have
1 (7 G(@6,1)
6o 0L | :
o O 2m Jo tan (t/2) (20)
For G;‘x’ﬁ ) we have a conclusion similar to (17) (see [11]) as
follows.

Lemma 6. For all fixed «,3 > —1 and a > 0, thereisC > 0
such that

max
a/n<O<m—aln

@B) (g)) (@) C a
(P @) ¢ (9)| < Wmz el
(21)
Denote by I1, the set of n-order algebraic polynomials and

by 7, the set of n-order trigonometric polynomials. Denote
further that

AP (fx) = B (fx) = f (0. (@)

The following identity can be found in [9, 12] (see Lemma 5
of [12] and its proof).

Lemma7. Let -1 < o, 3 < 0 be fixed. Then for all T € I1,,_,
AP (T, x)

= 47C,{P™P” (1) P ()~ (6) PP (1) G (9)] .
(23)

For our purpose, we need the following result, which
improves the estimate of [4] (see Lemma 4 of [4]).

Lemma 8. Let -1 < a, B < 0 be fixed. If g € C3_and
lg'w@P jw™P)|| < co, then forall 0 < & < 71/20, the following

holds:
L ()
w@p) L a

tant/2
<c(ls-

[8,7-6]

)

(24)
g w(‘x ;B)
w(‘x B)

Proof. Write F'(8) = g'@)w“P (). So |F'/w™P| < C and
ford <0 < /20

F@O+9)- Fww

S|

9 (e, ) (5)
1 1 — g'w®
e ‘5 L F' @ +ndi sc|I2
On the other hand,
F (e+5) F(0)
L{ ™ A, F 6+6)dt J" AZtF(G)dt}
d tant/2 o tant/2
5
LJ dJ A, F' AyF' (0+w)
5 Jo 0 tant/2
r J” A, F' (6+”)dt
218 0 5 tant/2
+o(ld]u " @),
(26)

Through integration by parts,

8 T /
_LJ duj A, F (0+u)dt
276 Jo 5 tant/2

~ [A2F (O !
:_Ljaduj [AtF( +u)] at
[

218 Jo tant/2

o A’F (0
=_LJ duj Mdt
5

4718 )y sinzt/z 0 ("g’" w(tx,ﬁ) (9)) .

(27)
Moreover, we have
8 (TATF(O+
L [,
478 Jo s sin“t/2

(28)

1 Jn A’F (0)
=—-— d
4 Js sin’t/2

F@®) ,

1 JS Jﬂ A% (F (0 +u) -
du
4716 Jo ) sin’t/2
but

F@®) .,

1 (¢ ™A% (F(6+u) -
—J duJ —
5 sin“t/2

8 /2 A2 _
_LI duJ' 2N (FO+u) F(O))dt

) sin’t/2

5 T A2 _
1 J'duj A% (F(0+u) F(Q))dt

/2 sin’t/2

=0(lg'|w"" @),



1 r A’F (0)
47 Js sin’t/2

= — {r Auf! (G)dt -
2

s tant/2
- w (@p)
T e 2 (M )

ALF (6)
tan §/2

(29)

So we have

FO+8)-F@O) 1 J A, F' (G)dt
) T o s tant/2 (30)

+0(|g']w*" ).
Thus, if § < 0 < 71/20, then
Ay (g @) w™P (0)) dt‘

tant/2

1
w @A) (9) L

F@+& £ )
ﬁ) @ | I o] 'l N

gc<||g'||+ )

If /20 < 0 < 71/2, then w*P(0) = 1 and

1 (7 Ay (g @OwP )
w(®p) 6) J dt

g’w("‘)ﬁ)
w(“JB)

o2 tant/2 =o(|dg]). ©2

In this case, for 0 < t < 0/2, we have

w® (0 £1) - WP (0)
t

Ay (g ©) WP (9))

=g @+ P O+ -4 O-tHw

=06(1), (33)

() )

=0y (g @) WP ©)+g @ +1) (34)
< [ (0 + 1) - P ()]

-g 0= [w*P O -1 - O)];

therefore,

1 (92 Ay (g 0)w™P (9)) .
w@P () ,[s tant/2 g

0/2 A ! (e)
()

(35)

Letd — 0in (35) and, with (32), we obtain

2 Dyg' (0) a | gwed
Jo tant/2 dt=0 ”9 “+ @B || ) (36)

Abstract and Applied Analysis

For 71/20 < 6 < 71/2, it is clear that if

r)/z Ayg' (9) -0 " gw™r J wP)

s tan t/2 Tw@h)
71 7
— S —
20 2

then (31) and (37) imply that
1 J” Ay (g @) w™P (9)) [

w@h) (9) Js tan t/2
rxﬁ) T
<C<“g"+ P > §<0<.

On the other hand, it is easy to see that the above estimate
also holds for 7/2 < 6 < m — §. Thus, the desired inequality is
obtained.

Next, we are going to prove (37). This time we define

_ o2 Ayg(0)
F(O) = L PN (39)

Simple calculation shows that

F(6+8)-F(O)
D

5

1 0/2 5A I(9+ )
:SL Jo 2t‘(\an‘/Zl/ldudt-'—@(“g,")'

J'(6+6)/2 Ayg 0+ 8)dt B JG/Z Ayxg (9) ar
0 tant/2 o tant/2

(40)
With (36), we obtain

FO+8)-F®) _ . gw(aﬁ)
) B “ W @B
T g™
207 T 27
Hence,
L (%2 (0 Ayg (6 +u) ) gm)
< —==— dudt=0 - 1],
8 L L ant2 o'l + WP
l <0< E.
20 2

Similar to the case of § < 8 < 71/20, we have

0/2 6 !
1J J Bag O+w) 4

o Jo 0 tant/2

o (')

:ij J”Azﬁgwm
d Jo sin’t/2

02 A% (0
L[ [P0,
26 Jo sin’t/2
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1 J JG/Z 8 (9@ +u)-g ()

" 26 Jo sin’t/2 didu+0 (“g,")
1 9(0)
] SR o),
(43)
which obviously implies (37). O]

In what follows, we will give an estimate of the conjugate
function defined in the saturation class S(«, 3).

Lemma 9. Let -1 < «, 5 < 0 be fixed. Then, for all 0 < § <
6 < /2 and even g € C3_, one has

Ay (g ©)w™P (9))
dt
tant/2

1
w@h) () L

sin 6 A2 (e) 2
J t2

=2
w(“)ﬁ) (9)

xjg
0

J~sm9 A2 g (Q) 2
s ~w@P (9)

@B (1) sint\
<[ (a0-g0) (%)m@(ﬂg'li%
(44)

w'®P) (t) t
s ael( P

l\)

in which O does not depend on ||g' | and 8. Moreover, lett, € 7,
be the best approximation of g. Then, forall 1/n <0 < m—1/n,
one gets

Ay (£, ©) w™P) (9))
tant/2

1 s
w®P) () ,[ 1/n

o J Ay (g O) WP (9))
— w@P (0) Jin tant/2

dt+0(|g'])-
(45)

Proof. Since

1 J”
w@P () Js

o rm@ Ay (g 0)w™P (9)) u
— w@P () Js tant/2

Ay (g’ ©) wP (9))
tant/2

(46)
Ay (g @O w™P ()

dt,
tant/2

1 s
wh) (9) Lin@

sind |w*P) (6 £ £) - w P (6)|
L tant/2

dt =0 (w(“’ﬁ) (9)),

5
we have
1 (e Au(d O O)
w(h) (9) L tant/2
sin 6 A g ( )
- L tezitn t/2 "g " (“47)
~ sin6 [Atg(e)
N L tant/2 "g "

Integrating by parts, we obtain

J-sm6 AZtg (6)

dre J—sine Aztg (6)
s tant/2 t2

8

dt+0(|g]). 8

Therefore,

Ay (g ©)w™P (9))
dt
tant/2

5w |
w@h) () Js

sin 6 A2 0
- ©) g L (49)
5 2 w(h) (9)

m Ay (g O wP (0))
oo™ iyt 0 D).

To deal with the second term of the above estimate, we note
that, if 7/20 < 6 < 7/2, then w*P (9) = 1, and

[ AT OTO),
w@h) (0) Jsino tant/2 B gl (50)
2 T WP (#)sint '
—_— t) —————dt=0 .
@ )y 9O e ar=o(]g))
Thus,
1 J" Ay (g @O w™P (6)) 0
w(“’ﬁ) (9) sin @ tan t/2
B 2 T w®P) () sint ;
- g ), 9 O o+ 0 (o).
(51)
If § < 0 < 71/20, rewrite the previous term as
) r Ay (g (0) w™P (9))dt
w®P (0) Jsine tant/2
0 ! (a,3)
_ 1 JZ Ay (g Ow (6))dt 52)
w®P (0) Jsine tant/2

Ay (g (0)w™P (6)) W
tant/2

1
w(@B) @) Le

Obviously, we get

1 20 A, (g’ 6) w'*P (6))
wh) (0) Line tant/2

dt=0(|q]). ©3



On the other hand, we have

JﬂAy(d<muwﬁWm)
dt
20 tant/2

w0 I (o) 78 (@p)
_J g (Hw (t)dt+J g Hw (t)dt

) tan(t-6)/2 o tan(t+6)/2

7 g' () w™P (t)sint 36 g (1) w P (1)
=2 J dt + J J e oV
0. cosf—cost o tan(t+0)/2

B J GO J”*" g Ow™P (1)
-6 tan(t+0)/2 x tan(t—-0)/2
(54)
Since
sin2? r w®P (t) sint
30 |cosO — cost| (1 — cost)

@( (o) (9))
(55)
we obtain

5 J" g' ) w®P) (t) sin tdt
30 cosf — cost

o(|lg'|w“" @).
(56)

_, j" g @ wP (1) sintdt .
0 1—cost

Moreover, the following estimates hold:

J»39 g’ ®) w'®P) t)

- @p)
o tan(t+0)/2 dt=0(|g'| ™" ©),

SO O PR
[ L0 0oy @),
g WP W
[T LD o(|g]u @),

Consequently, for all 0 < § < 0 < 77/2, we get

2+ (9" ©) P (9)) u
tant/2

1
w@h) () L

sinf A2 g ) 2
=2 t (58)
L A N

w'®P)
[

which proves the first assertion of the lemma.
The second estimate can be obtained from Lemma 8, the
first estimate, and integration by parts. O

o(lg'1):

Lemma 10. There exists an absolute constant C > 0 such that,
foralleven g € C3,

J” Azg (0)

0

LN
J g (n)dt
5

dt ;

<C (IIg |+ max,

VO<d<O<

SE!

(59)
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Proof. We may assume that§ <0 < 1and1/6,1/8 € N.Thus,
by [13, 14], for Fejér mean gy 9g of g, we have

™ Ajg(0)
0 ,[9 sin? (t/Z)dtI

(60)
g g .
<0 J@ sin? Et/Z)dt < Clloyeg - gl < €0 "g'";
therefore,
TAGO) ™ A2g
[l so(|[[ 5ol 1) @
For T € m;;s, we have
[ (][ o] po)
0 t2 - 8 t2
(62)

" AT
sC(”L Bl +||T'||).

Consequently, for T € ;5 with [T - gl < C|lg'll and
IT'Il < Cllg'l, we obtain

g(O)
J@ t* t‘
A2T
sc(glo-ri+|[ 2Lal - 101)
1 19
<c( o=l Sir-al ][ 2 1)
o[l b1,
(63)
We may assume that
9 ™ Aig ()
_ 64
,[s 2 7 8<11£7r/2 J-a 2 dt ( )
Otherwise, choose h(y) = g() (Inl < m/20) and h(y) =
gQ@2m) (/10 < |yl < 2m) to make h € C%n even and 1| <
Cllg/II.Then
™ A’h " A’h
[ A ( max |[" 00 ) ||h’||>
S<n<m/2 t
(65)

J’” Aig (n)dt N "g’“

< C( max
t2

S<n<m/2
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We conclude that

Jﬂ AZg (0) 3 C
g t? -

m A2h(0) ,
[ 28 +101)

< (H 0] o ||g'||) (66)
ALg (1)
SC(MM/2 j —ey +|]g'||>,
which gives the desired inequality. O

3. Proof of Theorem 4

We need to prove the following Lemma before Theorem 4.

Lemma 11. Given -1 < a, 3 < 0, there is C > 0 such that, for
all f € C[-1,1] and alln > 1, one has

% loHER" (£)] = Koy ( £ %) :
(67)

|=kea(53).

H,(l“’ﬁ)(f). Then from Theorem 3, we

|7 =12 D)+ Jorie?" ()

Proof. Denote that T =
have

I7 -1l < ks (£). (68)

Next, let us estimate (1 /n)ll(pT'H.

We know that T” (x)¢(x) = —t;(@) with 6 = arccos x and
t,(0) = T(cos 0). But (1) tells that T’ (x;) = 0. Hence, t;(@k) =
0 for 0, = arccos x;.. Lemma 5 tells that, for each 0 < 0 < 7,
there is 0, satistying |0—0,| < C/n. Assume that It;(O)I = ||t;||.
Then ||t7'1|| = It;(O) - t;(@k)l and further

C
Il < e ©

We may assume that n = 2. Thus, the Bernstein ine-
quality for trigonometric polynomials yields

Jex] < Z||f -t
< CZZZJ ”f H(OC /3) f)ll (70)

< Cnmaxm"f—H,(:‘ﬁ) (f)"

1<m<n

But

L maxm | f - HEP ()

N 1<ms<n

Sg max (mK ﬁ<f$>)SCKa)ﬁ<f,l>.

N 1<m<n

(71)

So, we have

1 1
o' < Ko (£ ). (72)
Combining this inequality with (68), we get
1 1
IF-The s lorl <ok (£5) 03

Now we need only to prove

Kes(£3)sc(r-tl+2lor]). o9

Obviously,
1 || ¢weh
Kw( > If- T||+—“§"T I+l

Lemma 5 tells the following. Let a > 0 be fixed, then for 0 €
Mn{0|a/n<O<m—aln},

1 {Pr(l“’ﬁ) (cos 9)}2w(“’ﬁ) ). (76)
Thus, for those 6,

1 |fw@P (0)

e © = {Pr(lvc,ﬁ) (cos 9)}2 |tm) (0)| ) (77)

Since A(,’l’"'g)(T) = 0, following (23), (18), and Lemma 6, we
have, for those 6,

1|fw@P @] 1
RO o). o

Ifa/n<@<m-a/nand O ¢ M, then thereisa® € Mn{0 |
a/n < 0 < m - a/n} satisfying |0 — 0'| < C/n (see Lemma 5).
Hence, from Bernstein inequality ||t || < Cn||t'|, we have

sin @ A2t0
IJ ”()du

n Jim sin? (u/2)

sind' A2t (6 sind A2 (9
.y ) 1 [
nJs

niyn  sin? (u/2) ing' sin® (1/2)

o . 79)
1 sine A% (£0)-t(0"))
nJim sin” (u/2)
1 psint Azut(G') 1 )
= Lo (- fer]).
n L/n sin? (1/2) " n"(p “
Moreover,
1 )(u)sinu
nw("‘ﬁ)(G)J t(u ) 1-cosu du
) .
B (u) smudu (80)

1
P (0’)J ¢ ()=

1
o( - lor'l)-

Consequently, (78) obtained from Lemma 9 holds for all 6 ¢
[1/n, m —1/n]. Finally, from (78) and (75) we obtain (74). [

1-cosu



Proof of Theorem 4. Firstly, we prove that

Koc,ﬁ (f’ 6) <C (szo,ﬁo (f’ 6) + ]a,ﬁ,l (f’ 8) + ]oc,ﬁ,z (f’ 8)) :
(81)

Let T = H“P)(f), t(6) = T(cos®), and g(6) = f(cos6).

From Theorems 1 and 2 we conclude that, for somen < n' <
An,

Kep (1) =l =127 )
< (|f - HeR ()

e () - P (8 (1))
(82)

We know that HER)(f) - HOP(HEP) () € T, 4, so0
(see [14, page 43])

Jr120 (1) = 2 (120 (1)

<l (1) - 12 (29 (1)

[~1+1/m2,1-1/n2]

(83)
Thus, (18) and Lemmas 6 and 7 imply that
[ () = B () ()]
(84)

1w @P)
w(“)ﬁ)

C
e ( . ||t'||) |
[1/n,—1/n]

Consequently, by Lemma 11, we get

1 1 1] fwed
T R G o
h/7o njw [1/m—1/n]
(85)
Obviously,
£ w@P)
(v, )
w [1/nm—1/n]
Ay, (@D
<C (iﬁ)j t( . ) ]
w 1/n  tan(u/2) L]
(86)
If 1/n < 0 < 71/2, then Lemma 9 implies that
: r Ay (1 (O) w™P (e))d
u
w@h) (0) Jijn tan (u/2)
sin 6 Azt 2]
= ZJ ut )du— 2
1n u? w@p) C)
(u) sinu
(t(u)—t(o» —_— o(|¢])-
—cosu
(87)
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Since

du

in 2
r O At(0)
1/n u

2
5@ (t(u)—t(on(

1
< Chugg (£1,)

1
n

1

w@P) (u) smu) du‘

—cosu

< Clop (f’ i) (88)

therefore, for 1/n < 0 < 71/2, we have

. | m Ay, (' O w™P (9))
n |w@P (6) L/n tan (1/2)

<€ (K (£5) s (£3))

In the same way, if 7/2 < 0 < 7 — 1/n, we obtain

t (89)

T Ay, (1 (0)w*P (6))
n | w@h (9) L/n tan (u/2)

< (K (5 2) 1 (72)).

Consequently,

[ (90)

1

)
n

(o, B)
w [1/n—1/n]

i (52) s (52) s (51)

o1

Therefore,

ol
s (52) s (52) s (51)

(92)
Next, we prove that

Ko, (:0) + Japi (£:8) + Jupo (f:8) < CKo 5 (£.6).
(93)

Firstly, we assume that -1/2 <« < 0and 0 < 1/n < 0 < 7/2.
Thus, for T € I1,, and £(0) = T'(cos 0), we have

w*P (1) sinu

1
- J ¢ (1) du
| ncbonss | w@P ) 1 -cosu
1 r w®P) (u) sinu
< mar | [Ty et ) o)
1/n<b<r/2 |w@P) (0) Jo 1 -cosu




Abstract and Applied Analysis

w P (u) sinu

1 i
<C W(l/n) JO t, (l/l) du’ + C"t,"

Jsinﬂ At QF 1
+
yn U Y3 )

1—-cosu

< C max
1/n<0<m/2

w@P) (u) smu

th() —cosu

For H € C*[-1, 1], denote that h(6) = H(cos0) and let T be
the best approximation of H. Following from (94), Lemmas
8 and 9, we have

a vl
(94)

n 1/n<6<n/2 | w*P) (9)
n @B () sinu
<[ -y <—“’ w0 Sm”) du[
0 1—cosu
Clin |nwep
<< (1))
(95)
Thus,
T (£3) = (w H| + (%H w>))
(96)
Therefore,
1 1
]ocﬁl(f )<CKp<f ) ©7)
Next, suppose that « = —1/2. Clearly, we have
@B (£ysint \
<w : (t)s;nt) - _(B+ 1)coszﬁ+1§
— COS (98)

1 t ot
— ~cos?Pt _gin 2=,
2 2 2

and w™P(0) = 1 for § < 0 < 7/2. Hence, let H = H*P(f),
h(6) = H(cos0), and n = 1/8. From Lemma 9 we obtain

@P) (¢)sint
w (t) sin )dt

1-cost
T A2h (0)
<c(|f; =S+ 1)
ford <0 <m/2.

On the other hand, since « = —1/2, we have

™ A2h(n)
[ B i )

. Ay (K () w™P ()
- d<n<n/2 |w tant/2

mred RGCE h(on(

(99)

max
d<n<m/2

«x,;) ) L

dt‘ +|x]-

(100)

9
We know that, for g(0) = f(cos0),
]ot,ﬁ,l (f’ 6)
1 w®P) (t)sint '
= t 0 — | dt
s<0em)2 | w@P) (9) ©) ,[ (9 -g( ))( 1 —cost
@101)
Lemma 10 shows that the last three estimates imply that
]zx,ﬁ,l (f’ 8)
<c(ir-n)
+0 max |- @ j (h (1)~ h(0))
@B (1) sint
« (w (t)smt)dtD
1—cost
+Co K|
<c(lf-Hl
7 A,, (W () wP
s max | L J 2 (W () (ﬂ))dt
s<nsn/2 | WP () Js tant/2
!
+8|w[)
W w( B)
<C<I|f H|+ o ||+ 0| =5 )
[8,7-6]
(102)

So by Lemma 7 (see (78)) and Lemma 11 we obtain again

Jop1 (f:8) < CK, g (£.6). (103)

If-1 < a < —1/2, then, due to | f(1) - f(t)| < Cw(P(f, V1-1)
(see (2.6) of [9]), we have

Japa (f0) < Ceo, (£,9)

<C inf
HeC?[-1,1]

(If - H|+8|r|) < CK 5 (£.5).
(104)

Thus, (103) holds for all -1 < & < 0.
In the same way one can verify that

Japa (f:8) < CRo (£,9) (105)
To complete the proof we have to verify that
Ky p, (f.6) < CK, 5 (£.9),

where -1 < «, B, < —1/2 as given by this theorem. Write
g(0) = f(cos0). Theorem 2 shows that

Jsme A2 g (9)
) u?

(106)

w(g,9).
(107)

Ky p, (f,0) = ,max
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Clearly, we have

w(g,0) < C inf, (If - H| + 8 ||H]) < CK. s (£:9),

(108)
where h(0) = H(cos 0). We need only to prove that
sin 6 AZ g (6)
_us 7 1
max L I < CRo (£.0). (109)

Finally, let t € 7, be even and n = 1/6. Notice that, for « =
-1/2,

1 " @B) (1) i
J w (1) sinu du

!
—_— t
w@h) (9) Jo ) 1 - cosu

(110)
du

-c r A%t (0)

o u?

+C|].

It follows from Lemmas 10 and 9 that

J~sin€ Azut (g)d
———du

max >
1/n<0<n/2 | J1/n u
sin 6 Azt 2] 1
<C max J ut ( )du +
Unsb<n/2 | )i U? w@h) (9)

[ (u)mdu‘ vl
0 1—-cosu

1)
If -1/2 < a < 0, then (94) implies (111). If -1 < a < —1/2,
then

t' (u)

J” w P (u) sinu
————du
) 1—-cosu

<clfl.
(112)

1
max —
1/n<b<r/2 | wW®P) (0)

Thus, (111) is valid for all -1 < a < 0. Consequently, now
lett € 7, be the best approximation of h(6) = H(cos @) and
H € C?*[-1,1]. From (111) and Lemmas 8 and 9, we have

sind A2¢ (9
[ )duls%<||h'||+ >

1/n u
(113)

E——

hlw(‘x’ﬁ)
@)

1
— max
n 1/n<0<n/2

When we use Lemma 9 for 7 — 0, the above is true for 77/2 <
0 < — 1/ninstead of 1/n < 0 < /2. Thus,

—

1 sin @ Azh 6 C h, (@p)
oma ([ REEa < O (R,
n 1/n<0<m—1/n|J1/n u n w(@®p)
(114)
Therefore,
1 sin 6 AZMg (0)
—  max J —=—du
n 1/n<0<n-1/n|J1/n u
_ (115)
C ! h’w(”"ﬁ)
sC||f—H||+;<“h“+—w(a)ﬁ) ,

which gives (109). ]
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