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We establish some new nonlinear retarded finite difference inequalities. The results that we propose here can be used as tools in
the theory of certain new classes of finite difference equations in various difference situations. We also give applications of the

inequalities to show the usefulness of our results.

1. Introduction

An integral inequality that provides an explicit bound to
the unknown function furnishes a handy tool to investi-
gate qualitative properties of solutions of differential and
integral equations. One of the best known and widely used
inequalities in the study of nonlinear differential equations
is Gronwall-Bellman inequality [1, 2], which can be stated as
follows. If u and f are nonnegative continuous functions on
an interval [a, b] satisfying

u(t)£c+th(s)u(s)ds, t€lab], 1)

for some constant ¢ > 0, then

u(t)Scexp(Ef(s)ds), t€lab]. 2)

Being an important tool in the study of qualitative properties
of solutions of differential equations and integral equations,
various generalizations of Gronwall inequalities [1, 2] and
their applications have attracted great interests of many
mathematicians [3-5]. Some recent works can be found in [6-
12] and the references therein. Along with the development of
the theory of integral inequalities and the theory of difference
equations, more and more attentions are paid to discrete

versions of Gronwall-type inequalities; see [13-36] and the
references cited therein.

Sugiyama [13] established the most precise and complete
discrete analogue of the Gronwall inequality [1] in the
following form. Let u(n) and f(#n) be nonnegative functions
defined for n € N, and suppose that f(rn) > 0 for everyn € N.
If

n—-1

um) <uy+ Y f(s)u(s), neN, (3)

=,

where N is the set of points 1, + k (k =0,1,2,...),1, > Oisa
given integer, and u, is a nonnegative constant, then

n—-1

u(n)<u01_[[l+f(s)], n e N. (4)

s=t1y

Pachpatte [15] established some generalized discrete analogue
of the Gronwall inequality in the following form. Let m(s) be
a positive and monotone nondecreasing function on N, and
let a(s), b(s) be nonnegative functions on N. If u(n) satisfies

n—-1 s—1
u(n) <m(s)+ Za(s)(u(s)+ Zb(‘[)u(r)), Vn € N,
) =Ny (5)
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then
un)<Pmm(s), VneN, (6)
where
n—-1 s—1
Pm)=1+ Y a(s)[[1+a@) +b(@)], ¥neN. (7)

Lemma 1 (see [16]). Suppose that u, is a nonnegative constant
and u(n), a(n), b(n), c(n), and d(n) are nonnegative functions
defined on N, 1 + a(n) — b(n) > 0 for alln € N. If u(n) satisfies
the inequality

n—-1
u(n) <uy+ Za(s)u(s)
n-1 s—1 -1 (8)
+ Zb(s) < Zc(r)u(r) (Zd(t)u(t))),
Vn e N,
then

n—1
um su [ [ +a(s)-b(s)]

n—1 n-1 (9)
+ Zb(s)R(s) H [1+a(t)-b®)],
s=n, t=s+1
Vn € N,
where
R (n)

< uo[Tec,, [1+a(s) +b(s) +¢(s)Q(s)]
T ltu Y, T, M+a® +b®) +c Q)]

Vn € N,
(10)
in which
Q(n)
w12} [1+a(s)+b(s)+d(s)]
s n-1 : s » (1)
L=ug Yy ) [Ty, [L+a@®) +b(t) +d (1)]
Vn € N,

and ZZ:;O c(s)]_[izno [1+a(t) +b(t) +d(t)] < uy' foralln € N.

Lemma 2 (see [14, 18]). Let w(n, ) be a real-valued function
defined forn € N, 0 < r < 0o and monotone nondecreasing
with respect to r for any fixed n € N. Let u(n) be a real-valued
function defined for n € N such that

Au(n) <wmu(n), VneN. (12)
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Let r(n) be a solution of

Ar(n)=wmn,r(n), r0)=r, VneN, (13)
such that u(0) < r(0). Then
u(n) <r(n), VneN. (14)

Pachpatte [18, 19] also established some difference
inequalities of product form as follows. Let u,a,b be non-
negative functions defined on N and let ¢ be a nonnegative
constant. Let w(n, 1) be a nonnegative function defined for
n € N, 0 < r < oo and monotone nondecreasing with respect
to r for any fixed n € N. If u(n) satisfies

n—-1 s—1
W) <+ ZZu(s) [a(s) <u(s) + Zb(t)u(t))

s=n t=n,
(15)
+ w(s,u(s))] , VneN,
then
un)<Pmrm, VneN, (16)
where P(n) is defined by (7), and r(n) is a solution of
Ar(n)=wmn,P(n)r(n)), r0)=c, VneN. (17)

Let u, a, b be nonnegative functions defined for n € N and
let ¢ be a nonnegative constant. Let w(n, r) be a nonnegative
function defined for n € N, 0 < r < oo and monotone
nondecreasing with respect to r for any fixed n € N. If u(n)
satisfies

n-1

W)+ ) als) (uls+1)+u(s)

s=y

s—1
x Ku(s) + Zb(r)u(‘r)) (18)

T=n,

+w(s,u(s))] , VneN,

then

un)<Pmrm, VneN, (19)

where P(n) is defined by (7), and r(n) is a solution of the

difference equation
Ar(n)=am)wn,P(n)rn)),

r(0)=c, VneN.

(20)
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Motivated by the results given in [16, 18, 19], in this paper,
we discuss new nonlinear finite difference inequalities:

n—-1

W<+ ) f()ls+1)+u(s)

s=ny

s—1
x [<u<s)+ Y g®u(t)

t=n,
(1)
t-1

x Y h(r)u(r)

=",

+w(s,u(s)):| , VneN.

Our inequalities can be used as tools in the study of certain
classes of finite difference equations. We also present some
immediate applications to show the importance of our results
to study the various problems in the theory of finite difference
equations.

2. Main Results

Throughout this paper, let R = (-00,+00), R, = [0, +00).
Let N := {ng,ny, + 1,ny + 2,...} and Ny := {ng,n, + 1,1, +
2,...,T}, T € N. For function u(n), n € N, we define
the operator A by Au(n) = u(n + 1) — u(n). Obviously,
the linear difference equation Au(n) = f(n) with the initial
condition u(n,) = 0 has the solution u(n) = Z::io f(s). For
convenience, in the sequel we complementarily define that

Yoot f(s)=0and [T, f(s) = 1.

Theorem 3. Let B > 0 be a constant, x, y positive functions
defined on N, x a monotone increasing function, and y a
monotone decreasing function. Let ¢ be a nonnegative function
defined on N such that

x(n+1)yn+1)—xm) ymn <dn) [x(n)y(n+1)]ﬁ,

Vn € N.
(22)

(i) Suppose B> L. If 1+ (1 - B)[x(n) y(np) 1P T2L (o)

> 0, then
x (n) y (ny) y ()
x(n) < 0 oﬁi1 — TR
{14 = B [x () y ()] T, ¢ (91}
Vn € N.
(23)
(ii) Suppose 0 < 3 < 1. Then
007 ) 0]
(24)

el 1/(1-p)
+Z(1—/3)¢(s)]> , VneN.

s=ngy

Proof. (i) We apply mean value theorem for differentiation to
the function

1-B
F(z) = AN

1-p)

and then there exists & between x(n) y(n) and x(n+1) y(n+1)
such that

z >0, (25)

[x(n+1)y(n+ 1)]1_ﬁ - [x (n)y(n)]l_ﬁ

=(1-BEF[xn+1)ymn+1)—xm)ym).

(26)

Because x(n) is monotone increasing and y(rn) is monotone
decreasing and —f3 < 0, we see that [x(n) y(n + 1)]7/3 > [x(n+
Dy(n+ 1)]_ﬁ and [x(n)y(n+ 1)]_ﬁ > [x(n)y(n)]_ﬁ. So for all
values of & between x(n) y(n) and x(n + 1) y(n + 1) we have

[x(n)y (n+ 1)]_ﬂ > P, (27)
From (22) and (27), we have
EP[x(n+1)y(n+1)—x(n) y ()]
<[xm)ym+ D] Pom[xm)ym+n]f (28
=¢(n).

Since 1 — 8 < 0, from (26) and (28) we have

[x+ D)y e+ D]~ [xm) y @] F 2 (1-p) o).
(29)

Taking n = s in (29) and summing up over s from n, ton —1,
we obtain

L) y ] 2 [x () y ()] P+ Y (1= B)65).

s=ty

(30)

From (30), we obtain our required estimation (23).
(ii) Now by following the same steps as in the proof of (i)
before (29) we have

[x(n+ D)y @+ D] =[x ym]' F < (1-B)p (),
(3

because 1 — 8 > 0. Taking n = s in (31) and summing up over
s from n, to n — 1, we obtain

L) y ) < [x () y ()] P+ Y (1- B)65).

s=ty

(32)

From (32), we obtain our required estimation (24). O]



Theorem 4. Let m(s) be a positive and monotone nondecreas-
ing function defined on N and f(s), g(s), h(s) nonnegative
functions defined on N. If u(n) satisfies

n—-1
u(n) <mn) + Zf(s)u(s)

s=ny

n—1 s—1
+ Zf(s)(Zg(t)u(t)

t—1
X ( Zh(r)u(r))),
Vn €N,
(33)
then
n—1
um<m@m+ Y f()U(s), VneN,  (34)
where
m () [T, [1+ £ () +g () V (5)]
U (Tl) S n—1 s >
L+mm) Y, 9T, [1+f©)+g @)V ©)]
Vn € N,
(35)
in which
Vo m (n) [Tec,, [1+ £ (s) + R (s)]

T 1emm Yy 9O T, [+ FO+hO] Ge)
Vn € N,

and Y, g()[Ti-,, [1+ f(£) + h(t)] < m™(n) foralln € N.

Proof. Fix T € N, where T is chosen arbitrarily, since m(t) is
a nonnegative and monotone nondecreasing function, from
(33), we have

n-1

um <m(T)+ Y f(s)u(s)

s=ty

n—1 s—1
+Zf®<2g®um

§=ny t=n, (37)

t—1
x <Zh(‘r)u(‘r)>>,

Vn € Nrp.

Define a function z(n) by the right-hand side of (37). Then

z(n) is a positive and monotone nondecreasing function

defined on N. We have
z(ny) =m(T),

umn)<z(m), VneN. (38)
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Using the definitions of the operator A and z, we obtain

n—1 t—1
Aam=fm%uw+[2gmum<2hmum>”

t=n, T=n,

n—-1 t—1
< f(n) {z(n)+ [Zg(t)z(t)(Zh(r)z(r))]},

t=ny =N
Vn € Nyp.
(39)
Let
n—-1 t—1
aMFzmH[Zg@zm<thzm>}
t=ny =Ny (40)
Vn € Ny.
Then
z,(ng) =z(ny) =m(T), z(n) <z (n), VneNy.
(41)

It follows that

n-1
Az, (n) = Az (n) + g (n) z (n) < Zh(r)z(r))

n—1
sﬂmaw+mmaw<2hmAwO,

Vn € Nyp.
(42)

Adding g(n)z:(n) to both sides of the above inequality we
have

Az, (n) + g (n) zf (n) < f(n)z, (n) + g n)z, (n)

n—1
x [zl (n) + ( Y h(n)z (1))] ,

Vn € Ny.
(43)
Put
n—1
z,(n) =z (W) + Y h(t)z,(r), VneNp, (44)

and then z,(n) < z,(n), z,(ny) = z,(ny) = m(T) and
Az, (n) = Az, (n) + h(n) z, (n)
< fmz, () +gm)z () +h(n)z,(n), (45
Vn € Ny.
We see that the inequality
Z(n+1) = (1+ f(n)+h(n)z, (n) < g(n) 25 (n),
Vn € Nyp.

(46)
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Define a function
n—1
Pm)=[](1+f(s)+h(s)", VneNp. (47)
Multiplying by P, (n + 1) to both sides of (46) we obtain
z,(n+1)P,(n+1) -z, (n) P, (n)
<P (n+1)gn) [z, ()P, (n+1)]’, (48)
Vn € Nr.

Let x(n) = z,(n), y(n) = P,(n), p(n) = Pl_l(n+1)g(n), and 3 =
2. Because z,(n) is monotone increasing, P, (n) is monotone
decreasing and 2 > 0; applying Theorem 3 to (48) we obtain

2, (1) P1_1 (n)

2l s 2, () Yo g () P (s +1)
) m (T) [T, [1+ £ (s) + h(s)] (49)
L-m(D) Y, g T, 1+ fO+h@)]
Vn € N,

where P, (n,) = 1, z,(ny) = m(T) are used. Define a function
V of the right-hand side of (49). Substituting (49) in (43) we
obtain

i+ )= (1+ f)+gmV(m)z (n) <-g(n)z; (n),

Vn € Nrp.
(50)

Performing the same derivation as in (46)-(49), we obtain
from (50) that

m(T) [Ty, [1+ £ () +g(5)V (5)]

21 (n) < n—1 s = >
L+m(T) Y, g T, [1+ FO+g OV (®)]

Vn € Nyp.

(51)

Define a function U of the right-hand side of (51). Substitut-
ing (51) in (39) we obtain

Az(n)= f(n)U(n), Vne Ny. (52)
Using (38), from (52) it follows that
n—1
um<mT)+ Y f()T(s), V¥neNp  (53)

5=ty

Since T € N is arbitrary, from (53), we get the required
estimate (35). O

Theorem 5. Let u, f, g, h be nonnegative functions defined for
n € N and c a nonnegative constant. Let w(n,r) be a real-
valued function defined forn € N, 0 < r < 0o, and monotone

nondecreasing with respect to r for any fixed n € N. If u(n)
satisfies (21), then

n-1
um<vm+ Y fOW,(s), VneN,  (54)

s=n,
where
W, (n)

< vm) [T, [1+ £ () + g () W, (5)]
T v Y, g T, [T+ f @O+ g W, ()]

Vn € N,
(55)

in which

v [T, [1+ £ (5) + h(s)]
L=v(m) X2 9O [T, L+ FO+hO] (56)

Vn € N,

W, (n) =

and v(n) is a solution of the difference equation

n—1
Ar (n) = f(n)w(n,r(n) + Y F5W, (s)>,

=t 57)
r(0)=¢, VneN,
where
r(m) 1o, [1+ £ () + g () W, (s)]
W3 (n) < n—1 s 4
L)Xt g6 [Ty, [1+ £ (1) + g () W, (0)]

Vn € N,
(58)

in which

! h
-~ r() T (14 £ () + h(9)]

L= Y, 9O T, 1+ f O +h O] (59)
Vn € N,

and Y2, g()[T;_,, [1+ f(t) + h(t)] < v"'(n) foralln € N.

Proof. We first assume that ¢ > 0 and define a function z(n)
by the right-hand side of (21). Then z(n) is a positive and
monotone nondecreasing function defined on N. We have

z(0)=c* u(m) <+z(n), VneN. (60)



Using the definitions of the operator A and z, we obtain

Az(n) = f(n)(un+1)+un)

n-1 t—1
x [<u(n) + ) g®ult) Zh(r)u(r))

t:no T=ny

+w(n,u(n))]

<o) (Ve 1) +z(m) (61)

n—1
x [(\/z )+ Y gt)Vz()

t=n,

=ty

X tih(r) m>+w(n, m)],

Vn € N.

From (61) it follows that the inequality

3 Az (n)
2(0) = s e

n—1
< f(n) [(\/z(n + Y g Vz ()

t=n,

(62)

t—1
x Zh(r) \z (r))

="y,

ruln m)]

holds for all n € N. Setting n = s in (62) and substituting
s=ny1,2,...,n— 1, successively, we get

n-1
Vz(m) <c+ ) f(s)

s=ty

x[((%%iﬂﬂ%

t=ny,

-1 (63)
x Zh(r) \z (r))

=",

+w(s,m)],

Vn € N.
Define a function z, (n) by
n—-1
z,(n)=c+ Z fsw (s, Vz (s)) , VneN. (64)

Journal of Applied Mathematics

Then z,(n) = c and

Az, (n) = f(mw (n, Vz (n)) , VneN. (65)

Using (64), the inequality (63) can be written as

Vz (n) < z; (n)
n—1 s—1
+ zf<s><vz<s>+ Y g Vz (1)

t—1
X _Zh(r) m)

Vn € N.
(66)

Since z, (n) is positive and monotone nondecreasing for n €
N, f(s), g(s), h(s) satisty the conditions in Theorem 4. Now
an application of Theorem 4 to (66) yields

n—-1
Vzm) <z, m)+ Y f(s)W,(s), VneN, (67)
where
Wl (n)

3 z WIS, [1+ () + g () W, (9)]
Ttz )Y, g T, [1+ O +g®O W, 0]

Vn € N,
(68)
in which
n—1 1 h
RN -1 33 LT
L-2, ()Y g T, [+ £ (1) +h(0)]
Vn € N.
(69)

Since w(n, r) is monotone nondecreasing with respect to r for
any fixed n € N, from (65) and (67), we have

n—-1
Az, (n) < f(n)w(n,z1 (n) + Zf(s)W1 (s)) , VneN.

s=ny

(70)
Now as a suitable application of Lemma 2, we obtain

z;(n)<v(n), VneN, (71)
where v(n) is a solution of (57). Using (60), (67), and (71), we
obtain our required estimation (54).

If ¢ is nonnegative, we can carry out the above procedure
with ¢ + € instead of ¢ where € is an arbitrary small number.
Lettinge — 0, we obtain (54). O
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3. Application to Finite Difference Equations

In this section, we consider the following difference equation:

Ax(n) = f (n)
n—1
X [F (n,x(n), Zg(t)x(f)
-1

x Z H(t,T,x(T))) + K(n,x(n))] ,

Vn € N,
(72)
x (ng) = xg» (73)

where F, H, K are real-valued functions defined, respectively,
on N x R, N> x R, N x R, f is as defined in Theorem 5, and
X, is a constant. We assume that

IK (n, x (n))] <w(n, |x (n)]),

n-1

H (n,t,x () < Y k(1) [x(t)], (74)

t=n,

|F (n,x (n), y (m)| < |x ()] + |y ()],

where g, h, w are as defined in Theorem 5. Using the
definitions of the operator A, from (72), we see that the
inequality

x(n+1)—x(n)

n-1
= f(n) [F <n,x(n) ,;Ug (t) x (t) 9

t-1
X Z H(t,T,x(T))) + K(n,x(n))]

="

holds for all n € N. It follows that

Xm+1)-x* (n)

=f)[x(n+1)—x ()]

n—1 t—1
X [F(n,x(n), Zg(t)x(t) ZH(t,r,x(T))) (76)

t=n, T=n,

+K(n,x(n))] , VneN.

7
From (76), we have
n-1
x* (n) = x* (ny) + Zf(s) [x(s+1) - x(s)]
s—1
X [F(s,x(s), PIGEIO)
o (77)
t—1
x Y H(t,7,x (1))
+K(s,x(s))] , VneN.
Using the conditions (74), we obtain
n—1
()l =" () + 3 f () [lx (s + DI = x (5)]
s—1
x [|x<s>| + Y g®)|x @)
t—1
x Y h(@)Ix (@)
+w (s, Ix(s)l)] , VneN.
(78)

Now an application of Theorem 5 to (78) yields the estimation
of the difference equation (72), that is,

n—1
x| <v(m)+ Y f(IWs(s), VneN, (79)

where

v(m) [Ti, [1+ £ (5) + g (5) Wy ()]
L+v(m) Y, g T, [1+ F O+ g O We @)

Vn € N,
(80)

Ws (n) <

in which
v(m) [T, [1+ £ (s) +h(s)]
1-vm) Y, g [T, [T+ F@©+h®] (81)

Vn € N,

Wy (n) =

and v(n) is a solution of the difference equation

s=n,

n—-1
Ar(n) = f(n)w<n,r(n)+ Y fEOw, (s)>, )

r(0) = |x0|, Vn e N,



8
where
r(n) [Te,, [1+ £ () + g (s) W (5)]
W7 (1’1) = n—1 s ’
Lr(m) X g O T, [1+ £ (0 + g () Wy ()]
Vn € N,
(83)
in which
il h
We () = rm 1, [1+ £ () +h(s)]

L-rm Y, 9O TIL, 1+ @O +h®] (s4)

Vn € N,

and Y0 gL, [1+ f() + h(t)] < v™'(n) forall n € N.
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