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We study the existence and uniqueness of the solutions for the boundary value problem of fractional differential equations with
nonlinear boundary conditions. By using the upper and lower solutions method in reverse order and monotone iterative techniques,
we obtain the sufficient conditions of both the existence of the maximal and minimal solutions between an upper solution and a
lower solution and the uniqueness of the solutions for the boundary value problem and present the iterative sequence for calculating
the approximate analytical solutions of the boundary value problem and the error estimate. An example is also given to illustrate

the main results.

1. Introduction

In this paper, we study the following fractional differential
equation with nonlinear boundary conditions:

DS u(t) - Mu(t) = f (t,u(t), te],
¢))

u' (0)=0, u(0)=gu(T),

where ] = [0,T],0 < T < +00. M > Oisaconstant. f € C(Jx
R,R), g € CYR, R) are given functions. CD3+ is the standard
Caputo fractional derivative of order § with 1 < § < 2.

With the development of mathematics, fractional deriva-
tive occurs more and more frequently in different research
areas, such as physics, mechanics, electricity, and economics
(see [1, 2]). At the same time, significant progress has also
been made on the studies of fractional differential equations
(see [3-12]).

The upper and lower solutions method and monotone
iterative techniques have been widely used in the studies
for the boundary value problems of integer-order differential

equations (see [13-15] and the references therein). In [13], the
authors studied first order differential equation

u ()= ftu),u@®))),
gw(0)) =u(T).

By using the upper and lower solutions method and the
monotone iterative techniques, the authors concluded that
(2) exists the maximal and minimal solutions in [S(t), «(t)],
where «(t), B(t) are the lower and upper solutions of (2).

As for the fractional differential problems, upper and
lower solutions and monotone iterative techniques have also
been widely used in the studies of boundary value problem
(see [16-18]). For example, in [16], by using the method, the
authors discussed the existence and uniqueness of solutions
for the fractional differential equation with linear boundary
condition

2)

Dou(t)-Mu(t) = f(t,u(t), te], 0<d<1,

3)
u(0) =ru(T),
where M > 0,0 < r < I/E&I(MT‘S).
In this paper, we study the existence and uniqueness
of the solutions for the boundary value problem of the
fractional differential equation (1), which has nonlinear
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boundary conditions. It is very difficult to get the iterative
sequence which is used to obtain the solutions since the
boundary value problem has nonlinear boundary conditions.
By using the upper and lower solutions method in reverse
order and monotone iterative techniques, we not only obtain
the sufficient conditions that the boundary value problem
(1) has the maximal and minimal solutions between an
upper solution and a lower solution as well as having the
unique solution, but also present the iterative sequence
for calculating the approximate analytical solutions of the
boundary value problem and the error estimate. An example
is also given to illustrate the main results.

The organization of this paper is as follows. In Sec-
tion 2, we provide the necessary background and comparison
principles which are used to prove our main results. In
Section 3, we consider a linear problem associated with
(1). In Section 4, by using the method of upper and lower
solutions and the monotone iterative techniques, we obtain
the existence and uniqueness solutions of (1). In Section 5, the
calculation method of the approximate analytical solutions
for the boundary value problems (1) is obtained. In Section 6,
an example is presented to illustrate our main results.

2. Preliminaries and Comparison Principles

In this section, we present some basic definitions, lemmas,
and comparison principles which play important roles in our
investigation.

Definition 1 (See [3, 4]). Let § > 0 and function u
(0,+00) — R. The Riemann-Liouville fractional integral
operator of order § of u is defined by

t

Pu(t) = % J (t = ) u(s) ds, (4)

0

provided the integral exists.
The Caputo derivative of order § for function u
(0,+00) — R is given by

u® (s)

C o B 1
Dlu(® = I'n-«) J.o (t - S)6+1—n

ds, (5)

provided the right side is pointwise defined on (0,+00),
wheren € N" withn—-1< 8§ <n.
If § = n € N, then “D°u(t) = u™ ().

Definition 2. Let ACI[O0,1] be the space of the functions
u which are absolutely continuous on [0,1]. We denote
AC"[0, 1] by the set of the functions u which have continuous

derivatives up to order n — 1 on [0, 1] such that um b e
AC[0, 1]. In particular, AC'[0,1] = ACJ0, 1].

Lemma 3 (see [3]). If u € AC"[0,1], then the Caputo
fractional derivative “D°u(t) exists almost everywhere on

[0, 1], where n is the smallest integer greater than or equal to
d.
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Lemma 4 (see [3]). Suppose d > 0 andu € AC"(]). Then

°Dou(t) =u(t) + g+t +t* +--+¢,  t"

u® (0) (6)

G = 5
Tk

where n is the smallest integer greater than or equal to 6.

k=0,1,2,...,n-1,

Definition 5. One says u is a solution of the boundary value
problem (1) if u € AC%(J) and “D%u € C(J) and satisfies (1).

Definition 6 (see [4]). Let the real n > 0. The function E,, is
defined by

00 Zj
E,(2)= ) ———,
n(@) j;)l‘(jn+ 1) @

whenever the series converges called the Mittag-Leffler func-
tion of order .

Definition 7 (see [4]). Let ny,n, > 0. The function E, , is
defined by

0 Zj
Eyp(@=Y o, 8
LG ) ®

whenever the series converges called the two-parameter
Mittag-Leffler function with parameters n, and n,.

Remark 8 (see [4]). It is evident that the one-parameter
Mittag-Leffler functions may be defined in terms of their two-
parameter counterparts via the relation E,(z) = E,, ,(2).

Lemma 9 (see [4], Theorem 4.1). The two-parameter Mittag-
Leffler function E,, ,, (2) for some ny,n, > 0. The power series
defining E,, ,, (z) is convergent for all z € R.

Lemma 10 (see [3], Theorem 4.3). Let h € C(J). The Cauchy
problem

DY u(t)-Mu(t)=h(t), te],

)
u(© =b u'(0)=d, bdeR,
with 1 <8 <2 and M € R has a unique solution
u(t) = bEs (Mt°) + dE,, (M)t
(10)

+ Jt (t =) " Eys (M(t = 5)°) i (s) ds.
0

Lemma 11 (see [19]). Let E be a partially ordered Banach
space, x, < y, (n = 1,2,3,..), ifx, = x*, 9, — ¥,.
Then x* < y*.

In this paper, we assume the following conditions are
satisfied.

(HO) A given function ¢ € AC?*(J) and CDngc € C(J).c
is monotone decreasing on J, and ¢(0) = c0) =0,
co(T) < -1.

(H1) g € CY(R,R), g(0) = 0,and 0 < g'(x) < 1/E5(MT?).
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Definition 12. Let« € AC*(J) and CDg+oc € C(J); we say that
« is a lower solution of the boundary value problem (1), if

D a(t) - Ma(t) > f(ta(t) —a,(t), te],

(11)
«' (0) >0,
where
a, (t)
0, ga(T)) <a(0),
=1 (“D,c(t) - Mc (1))
x(a(T) = g («(0)), g(a(T))>a(0).
(12)

Let 8 € AC*(J) and “DJ, B € C(J); we say that 8 is an upper
solution of the boundary value problem (1), if

DY B - MB() < f(EBW®)+by (1), tel,
B (0) <0,

(13)

where

0, 9(B(T) = B(0),
bg (t) = { (°Df,c (t) - Mc (1))

(g7 (B(0) - B(D). g(BD)<p0),
(14)

and c(t) is defined in (HO).

Lemma13. Let g, € C'(R, R) be any function with g,(0) > 0
and 0 < gi(u) < 1/Es(MT®). Ifu € AC*(J) and “D},u €
C(]) and satisfies

°Dut)-Mu(t)>0, te],

u(0) 2 g, (u (1)),

(15)
u' (0) >0,

thenu(t) > 0 fort € J.
Proof. If u(0) < 0, by the boundary conditions, we have

0>u(0) 2 g, (u(T)) =g, (0) + g, Q) u(l) = g, ) u(l),
(16)

where £ is a constant between 0 and u(T).
Because g,(0) > 0 and 0 < g{(u) < 1/E5(MT6), then
u(T) < 0 and u(0) > (I/ES(MT‘S))u(T); that is,

u(T) < u(0) E; (MT?). (17)

Let h(t) = CDngu(t) — Mu(t), u(0) = b, and u'(0) = d,
and then h(t) > 0 fort € Jand d > 0.
By Lemma 10, we can get that the Cauchy problem

DY u(t)-Mu(t)=h(t), te],
(18)

u(0)=b, u'(0)=d,

has a unique solution

u(t) = bEs (Mt°) + dEs, (Mt°) t

t (19)

+ J (t =) " Eg (M(t—5)°) h(s) ds.
0

So we can obtain that
u(T) = bEy (MT®) + dTEs, (MT°)

T
+ J (T =) " Esgs (M(T -5)°)h(s)ds  (20)
0

> bE, (MT®) = u(0) Es (MT°),

which is contradictory to (17).
Hence, b = u(0) > 0. By (19), we can obtain that u(t) > 0
fort e J. O

Let the function g, (x) = r;x in Lemma 13; we can obtain
Corollary 14.

Corollary 14. If there exists a constant r; with 0 < r; <
l/E(;(MT‘S) such that u € AC*(J) and CDngu € C(J) and
satisfies

DY u(t)=Mu(t), te],
(21)

u' (020, u(0)=ru(T),

then u(t) > 0on J.

Corollary 15. Suppose (HO) holds, and there exists a constant

r, > E(;(MT‘S) such that u € AC*(J) and CDg+u € C(J) and
satisfies

“DY,u(t) = Mu(t) - (°Dj,c(t) - Mc (1))
T -ru©). tel, (@)
u' (020, u(T)=ru0);
then u(t) > 0 fort € J.
Proof. Let g,(x) = (1/ry)x and y(t) = u(t) + c(t)(w(T) -
r,u(0)),t € J.
Since c(t) is monotone decreasing and c¢(0) = 0, then

c(t)<0on].So y(t) <u(t), te].
By (22), we have

Dy, y (1) - My (1)
= “DY u(t) - Mu (t) (23)
+(“Df.c (6) = Me () (1) = ryu (0)) = 0,
and y'(0) = u'(0) > 0.
Because ¢(0) = 0 and c(T) < 1, then y(T) = u(T) +

c(T)(u(T) — r,u(0)) < r,u(0) = r,y(0).
So y(0) > (1/r,) y(T) = g, (u(T)).



By Lemma 13, we can get that y(t) > 0, which implies that
u(t) >0fort €. O

3. Boundary Value Problems for
the Linear Equation

In this section, we consider the existence and uniqueness of
solutions for the linear fractional differential equation with
nonlinear boundary conditions

Do u(t)-Mu(t)=h(t), te],

u(0) = g (1)),

(24)
u' (0)=0,

where h € C(]).

Theorem 16. Assume that (HO) and (HI) hold; there exist a
lower solution a and an upper solution f3 of the boundary value
problem (24) with «(t) = B(t) on J. Then the boundary value
problem (24) has a unique solution u. Moreover, « > u > f5;
that is, a(t) > u(t) > B(t) fort € J.

Proof. (1) We show that the solution of (24) is unique if it
exists.

Suppose that u,, u, are two solutions of (24) and let v =
U, — u,. Then,

Dl v(t)-Mv(t)=0, te],
v (0) =0, (25)

v(0) = g (u (1)) = g (u, (7)) = g' (1) v(T),

where 7, is a constant between u,(T) and u,(T) and 0 <
g'(‘rl) < 1/E5(MT5) is a constant.

By Corollary 14, we have that v(t) > 0; that is, u, (t) >
u,(t) fort € J.

Similarly, we can also obtain that u,(¢) > u, (t), for t € J.

Hence, u; = u,.

(2) We prove that f < u < o if u is a solution of the
boundary value problem (24).

Letm =« —u.

If g(«(T)) < «(0), then a,(t) = 0 on J. We have

DS m(t)-Mm(t) =0, te],
m' (0) 20, (26)
m(0) = g (a(1)) - g W (T)) = g' (r,) m (1),
where 7, is a constant between u(T) and «(T').
We denote r; = g'(1,). Hence, 0 < r, < 1/E5(MT®).

By Corollary 14, we can obtain that m(t) = a(t) —u(t) = 0
on J.
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If g((T)) > «(0), thena,(t) = (CDg+6(t)—Mc(t))(a(T)—
g " (a(0))). We have that

DS m(t) - Mm (t)
= “DY a(t) - Ma(t) - DX, u (t) + Mu (t)
>~ (“Df,c(t) - Mc () (a(T) - g («(0)))

“Dj,c(t) - Mc(t))

~(
x (a(T) = u(T) + g (u(0) - g~ ((0)))
~(

°Db,c(t) - Mc(®) (m(T) - (g7) (z)m (),
(27)

where 7; is a constant between «(0) and u(0).

We denote r, = (gil),(‘tg). Hence, 1, > E(;(MT‘S).

We can show ' (0) > 0, m(T) = g~ (a(0)) — g~ (u(0)) =
r,m(0).

By Corollary 15, we have m(t) > 0; that is, «(f) > u(t) on
J.So a(t) = u(t) on J.

Similarly, we can obtain that u(¢) > S(t) for J. Therefore,
Bsu<a.

(3) We prove that the problem (24) has a unique solution.

Let

a(t), g(a(T)) <x(0),
p®) ={a®)+c@®
x(a(T) = g7 (@(0), g(a(T))>a(0),
(28)
B, g(B(M) = B0),
qt)={Bt)-c®)
(g7 (B(0) - B(T)), g(B(T)) < B(0).
(29)

It is obvious that p,q € AC*(]), CDngp, CDngq e C()),
and p(0) = «(0), q(0) = B(0). If g(«(T)) < «(0), we have
p(T) = a(T). If g(a(T)) > a(0), we have p(T) < g *(«(0));
that is,

g(p(M) < p(0). (30)

Similarly, we can get

9(q(T)) 24q(0). (31)

If g(e(T)) < «(0), we have

“Dy,p(t)-Mp(t) >h(t), te]. (32)



Abstract and Applied Analysis

If g(a(T)) > «(0), since « is a lower solution of boundary
value problem (24), then CD‘S Lo(t) — Ma(t) = h(t) — a,(t).
And by (12), we can obtain that

D3, p(t) - Mp (1)
= (“Dy,a (t) - Mac (1))

+(“D),c () - Mc (1)) (a(T) - g™ (@(0)))

(33)
>h(t)—a,(t)
+(CDd,c(6) - Mc () («(T) - g7 (@(0)))
=h(), te].
Hence, we obtain
DS, p(t)-Mp(t) = h(t), te]. (34)

Using the same way as mentioned above, we can get that
°Dd.q(t)-Mq(t)<h(t), te]. (35)
Since (HO) holds, it is easy to see that c(t) < 0 fort € J. We

can easily get that S(t) < q(t) and p(t) < «(t) for t € J.
Let n(t) = p(t) — q(t). It follows from (34) and (35) that

“DY.n(t) - Mn(t)
= “DY p(t) - Mp(t) - °Dd.q(t) + Mq (t) =0,
n (0)=p' (0)-q (0 =a'(0)-p (020,  (36)
n(0) = p(0)-q(0) = g(p(D)-g(q(D)
=g (t)n(1),

where 7, is a constant between p(T) and g(T) and 0 <
g'(z,) < 1/E5(MT®) is a constant.
By Corollary 14, we have n(t) > 0 for t € J; that is,
pt)=qt) forte]. (37)

According to Lemma 10, for each A € R, the Cauchy
problem

DY u(t) - Mu(t) = h(t),
(38)

W (0)=0, u(0) =2,

has a unique solution
u(t, 1) = AEs (Mt°)
t
+ J (t =) " Ess (M(t—5)°)h(s)ds, te].
0
(39)

In the following, we show that q(T") < u(T, 1) < p(T) for
each A € [g(gq(T)), g(p(T))], where u(t, A) is defined by (39).

Ifu(T, A) < q(T), we denote I(t) = u(t, 1) — q(t), and then
I(T) <0, (40)
10)=u(0,4)-q(0) 2A-g(q(1)=20.  (41)
S0 1(0) > r,I(T), for any r, € (0,1/E5(MT®)).
It follows that ¢’(0) = 0 from (HO), and by (29), we have
that q'(O) = ,B'(O). Then
1'0)=u'(0,1) - q (0)=-p'(0) = 0. (42)
And from (35), we have
DS 1(t) - Ml (t)
= DY, u(t) - Mu(t) - (°Dj,q(t) - Mq (1))
= h(t)- (“Dp,q(®) - Mq (1))
> 0.

By Corollary 14, we can obtain that I(t) > 0, for allt € ],
which is a contradiction to (40). So

u(T,A) > q(T). (44)
Similarly, we can get

u(T,A) < p(T). (45)

Let H(\) = gw(T,1)) - A Since

H(g(q(T)))H(g(p(T))) < 0 and

H' (V) = g (T, ) u) (T,A) - 1

1 s ~ (46)
<W'E5(MT)—1—O,

then H(A) is strictly monotone decreasing and continuous

for A € [g(q(T)), g(p(1))].
Hence, we can get that H(A) = 0 has a unique solution

Ao € [9(q(T)), g(p(T)] with g(u(T, Ay)) = Ay = u(0).
It is easy to see that u(t, A,) is the unique solution of the
boundary value problem (24). O

4. Existence and Uniqueness of the Solutions
for Boundary Value Problem

In this section, we study the existence and uniqueness of the
solutions for fractional differential equation with nonlinear
boundary conditions (1).

Let E = C(J) endowed with norm [lu|| = max,;|u(t)| for
u € E. Then E is a Banach space. Denote

(Ba]={ueC: B <ut)<al(t), te]}, (47)

and < aif and only if S(¢) < «(t) on J.



Theorem 17. Suppose that (H0) and (H1) hold; there exist o,
Bo which are lower and upper solutions of the boundary value
problem (1) with By(t) < ay(t) fort € J. And f satisfies

(H2) f(t,x,) — f(t,x;) > O forany By < x; < x, < ot
te].
Then there exist monotone sequences {a,}, {3,,} such that
Jim B, ()= 1),  (48)

Jim o, (1) = o (b)),

converging uniformly on ], and B*, «* are the minimal and the
maximal solutions of (1) on [, &].

Proof. We denote D = [f3,, a,]. For any y € D, we consider
the following boundary value problem:

Dl u(t)-Mu@)=f(t,y®), te],

u(0) =g (1).

Since a(t), By(t) are lower and upper solutions of the
boundary value problem (1), by (H2), we have

(49)
u' (0)=0,

DY,y (1) — Maty (1) > f (£, (1)) - 1y (1)

Fty®)-a, (),
DG, By () = MBy (1) < f (8. By (8)) — by ()
< f(ty®)-bs(),

>
(50)

fort e J.

Therefore, o(t), By(t) are also the lower and upper
solutions of the boundary value problem (49), respectively.

In view of Theorem 16, the boundary value problem (49)
has a unique solution u and u € D.

Define P : [By, ®y] — [fBy> ] by Py = u. Hence, o >

Pay, By < PP,.
We will show that Px; < Px, if 8, < x; < x, < «,.
Let m = Px, — Px,. By (H2) and (49), we have

D m(t) - Mm(t) = f (t,x, (1)) f (t:%, (£)) = 0,

m' (0)=0, m(0) =g (rs)m(T),

(51)

where 75 is a constant between Px;(T) and Px,(T), and
denoter, = g'(15) < 1/E5)1(MT6). By Corollary 14, m(t) > 0,
which implies Px, < Px,. Hence, P is monotone increasing

in [y, o).
Leto, = P, , and 3, = PB,_; forn = 1,2,.... We can
get monotone iterative sequences

Bi<B<<B, <<, <<y <. (52)
Therefore, there exist «*, f* € E, such that

Jim oo, =o' (), lim B,0)=F O, (53)
It is easy to see that «v,,(t) satisfies

“D}, o, (t) = Mat, (t) = f (e, (1)),

a (0)=0, a,(0)=g(x, (D).

(54)
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By Lemma 10, we have

a, () = at, (0) By (Mt°)

+ jt (t =) " Egs (M(t=5)°) f (5,0, (5)) ds.
0
(55)

Because f is continuous and «,,_; € D, there exists a constant
L > 0 such that

|f (e, ()| < L,
fta, @) — fta" @),

By Lebesgue dominated convergence theorem, we can get
that

te],n=12,...,
(56)
teJ, n— oo.

lim @, (0) = lim @, (0) E; (Mt°)
t
+ lim J (t- s)a_lf (s, 0,1 (5))ds
n—0oo 0

=a" (0)Eg (Mt6) + Jt (t -5 f (s, (s)) ds.
0
(57)

That is,

a” (t)=a" (0)E4 (Mt‘;) + Jt (t - s)‘Hf (s,a” (s))ds.
0

(58)
Therefore,
a" (t)=Pa” (t) forte]. (59)
It is similar to show that
B (t)=PB"(t) forte]. (60)

It is clear that a*, 3* are solutions of the boundary value
problem (1).

Assume u € [f), ] is a solution of the boundary value
problem (1). We can easily obtain that PBy(t) < Pu(t) <
Poyy(t) by the fact that P is increasing in [f, ). That is,
Bi(t) < u(t) < oy (). Doing this repeatedly, we have f,(¢) <
u(t) < a,(t), forn = 1,2,.... From Lemma 11, we obtain that
B (t) <u(t) <a’(t),asn — co.

Hence, a*, f* are the maximal and the minimal solutions
of the boundary value problem (1), respectively. O

Theorem 18. Suppose that the conditions (H0) and (HI)
hold; there exist oy, 3, lower and upper solutions of the
boundary value problem (1) with By(t) < «,(t) fort € ],
respectively. If there exists a constant k with 0 < k < §(1 —
aEs(MT‘S))/TaE&(;(MT‘S), where a = maxue[ﬁo)%]g'(u), and
f satisfies

(H3) f(t,x,)— f(t,x;) < k(x,—x,) forany B, < x; < x, <
oyt €],
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then the boundary value problem (1) has a unique solution u”
on [Py, ] and for any uy € [Py, o], the iterative sequence
u, = Pu, ;,n =0,1,2,..., converging uniformly to u* on J
and its error estimate is

KT°Eg 5 (MT?
R e L e

n

Proof. It is easy to check that the conditions of Theorem 17
are satisfied. Then the boundary value problem (1) has
the maximal solution and the minimal solution which are
denoted by a*, 8%, respectively.

For ) < w; € w, < &, t € ], we have

Pw, (t) — Pw, ()

= (Pw, (0) - Pa, (0) Ey (M¢)

t (62)

+ J (t=9)""Egs (M(t-5)°)
0

X (f (s,@,(5)) = f (s, 0, (5))) ds,
and from (H3),
Pw, (0) — Pw, (0)

= g (Pw, (1)) - g (Pw, (T))
=g (1) (Pw, (T) - Pw, (T))

=4 () ((sz (0) - Pw, (0)) E5 (MT?)
T
+ j (T =) Eg s (M(T - 5)°)
0
X (f (50 ) - £ (5.0, () &)
<a ((Pw2 (0) - Pw, (0)) E5 (MT?)
T
+ J (T = )" Ess (M(T - 5)°)
0
X (f (5, ) - £ (5.0, () &)
<a ((sz (0) - Pw, (0)) Es (MT?)

KT°Eg 5 (MT®)
P ey -] )

(63)

where 7 € [w,(T), w,(T)] € [By(T), %, (T)] and P is defined
in Theorem 17.

It follows that 1 — aEs(MT‘S) > 0 from 0 < g'(x) <
I/ES(MT‘S) for x € R. Hence,

0 < Pw, (0) — Pw, (0)

kaT°Eq 5 (MT®)
= 8(1-aEs (MT?))

”(02 — Wy || >

0 < Pw, (t) — Pw, (t) (64)

Es (MT?) kaT°E, 5 (MT®)
8(1-aEs (MT?))

"“’2 - W "

KT°Ey 5 (MT®)
+ E —

o = ]|
We can easily get

KT°Es 5 (MT?)
(1= aE, (7))

[Pw, — Pw, | < 5 lw, —w,||.  (65)

Because 0 < k < 8(1 — aEg(MT®))/T°Eg s(MT?®), we have

KT°Eg 5 (MT®)

5 (1 - ak, (MT?)) (©6)

0<

It implies that P is contraction mapping. By using the
contraction mapping principle, the P has a unique fixed point.
Therefore, the boundary value problem (1) has a unique
solution; that is, «* = 8%, and we denote it by u".
For any u, € [f,, ], let the iterative sequence u, =
Pu, ;,n=0,1,2,.... Similar to (65), we can get

KT°Eg5 (MT®)
8(1-aEs (MT?)) |

s = 7] < [P,y =

KT°Ejg 5 (MT“ ) .
= <a(1 " aE, (MT5))> Juto =27

n

It follows that {u,,} converging uniformly to ™ on J from (66).
Since ug, u” € [fBy ), we can obtain that the error
estimate of {u,,} is

KT°Es 5 (MT?
R e L

O

n

5. The Calculation Method of the Approximate
Analytical Solutions

In this section, we give the calculation method of the approxi-
mate analytical solutions for the boundary value problem (1).



Theorem 19. Suppose (H0) and (HI) hold; there exist a lower
solution oy and an upper solution f3, of the boundary value
problem (1) with By(t) < «y(t) fort € ]. And there exists a
constant k with 0 < k¥ < 6(1 - bEa(MT‘S))/T‘SE&(;(MT‘S),
where b = sup, g g (u) < 1/Es(MT®), such that f satisfies
(H4) 0 < f(t,x,) — f(t, x;) < k(xy — x,) for any x; < x,,
te].

Then for any initial value y, € [B,, &), the sequence {y,} is
defined by

Yo () = g (3 (D) Es (M1°)

t
+ Jo (t- 5)5_1E&5 (M(t - 5)6) £ (s ¥, (s))ds,
(69)
converging uniformly to the unique solution u™ of the boundary

value problem (1) on the [fy,ay]. Furthermore, the error
estimate is

n__ n+l

* Q — 0
D e e )
- @
where
K]ﬁ6136§ (]»1]”6)

0o = bEs (MT?) + 5 ,
(71)
7C]~8156)5 (]»17“8)

% S (1= bE, (MTY))

Proof. Because 0 < x < &§(1 - bE(;(MT‘S))/T‘sEM(MTa),
where b = supueRg'(u) < 1/E6(MT5), then b > a and
Kk < 8(1 — aEg(MT®))/T°E55(MT®), where a is defined by
Theorem 18.

Hence, the conditions of Theorem 18 hold, and we can get
that the boundary value problem (1) has a unique solution v
on [, ] and for any u; € [fy, o], the iterative sequence
u, = Pu, ,n = 1,2,..., converging uniformly to 4" on J.
That is,

n—1>

[, —u*|| — 0, asn— oco. (72)

By Lemma 10 and the definition of operator P, we can easily
obtain that u,, = Pu,,_, is equivalent to

, (t) = u, (0) E5 (M¢t°)

+ r (t—5)° " Egps (M(t - 5)6) f(su,_q(s))ds,
0
(73)

and u,(0) = g(u,(T)),n=0,1,2,....
Let y, = uy, n = 1,2,3,.... By Lemma 10, the Cauchy
problem

DYy, (8) = My, (1) = £ (£, y1 (1)),

y,(0)=0, 3,00 =gy, (D),

(74)
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has a unique solution

P (0) = g (ot (1) Es (M2°)
+ J (t - 5)° " Egp (M(t - 5)5) £ (8 ¥,y (s))ds,

0
(75)

which is (69).

In the following, we prove y, converging uniformly to u*
on J.

For t € J, we have

|yn (t) - un (t)l

< By (MT°)|g (3,1 (1) = g (u, (D)
T
oo
X | (5 Y1 () = £ (5,11 (5))] ds

< By (MT°) g' (€,) |ypy (T) = u, (T)]

1C7ﬂ8136’6 (]v[1ﬂ6)
e )

< bEB (MT(S) ("un - un—l" + "yn—l - un—l")

7C718125’8 (]»I]n6)
o ) -

< bEg (MT‘S) [l = vty |

T° T°
+ <bE5 (MT5) 4 K E6,6 (M ) ) ||yn_1 _ un_lu i

0
(76)
where &, is between u,(T) and y,_,(T).
Therefore,
"yn - un” < bE6 (MTB) "un - un—l" +Q “yn—l - un—l“ .
(77)

Because 0 < k¥ < 6(1 — bEa(MT‘s))/T‘SEM(MT‘S), we can
show

KT°Eg 5 (MT®)

(78)
5 < 1.

0 < g = bEs (MT?) +
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On the other hand, by (73), we have

“un ~Up “

(14, (0) = 4, (0)) Eg (M2°)

= max
te]

+ L (t =) Egg (M(t-5)°)

X (f ($:tp1 () = f (54,2 (5))) ds

< E(S (MT(S) g, (nn) "un - un—l" (79)

T 5-1 S
+L (T - 5)°"Es 5 (MT®)

X |f (8,141 () = f (5,1 (9))] ds
< bEs (MT®) Ju,, - |
KTSE(S’S (MTé)

5 ”unfl - un72” >

where #,, is between 1,,(0) and u,,_, (0).
In view of b < 1/E5(MT5), we can get

KT8E6 8 (MT(S)
"un - un—lll < ’ S "un—l ) "
8 (1 - bEs (MT?)) (80)

=0 “”ml - un—Z” .

It follows that 0 < x < 8(1 — bEg(MT®))/T°Eg s(MT®) from
0<p <1
By (80), we can easily get

"un - un—l" = 9 “un—l - un—2“
(81)

< et = o] < -+ < o ey = uao]] -

Substituting (81) into (77), we have

lyn =
(82)

< bEs (MT(S) Q;H "”‘1 - ”o" + Qo “}’nq - un—l“ .

It is easy to show that
Iy = tall < BEs (MT®) ()7 + 000 1ty = o]
+ 0 Y-z = s
< bE; (MT°) ()" + 000) > + g1 ) 1ty — o]

+ Qg ||yn—3 —Up3 ||

S PR
< bEs (MT°) (o " + 000/ + 000} "+ + 0y )
X ||ty = wao]| + @5 || yo — o]

=bEs (MT°) (o] " + 000/ + g00) 7+ + 0y )

X |ty = u]| -
(83)
We claim g, > ¢, from (71).
If o, < 0, we have
T°Eyss (MT® T?Ess (MT?®

bEs (MT®) + KT By (MT) < o (MT) :

5 8(1-bEs (MT?))
(84)

So
8(1-bEs (MT®

o O (1-bEs (MT7)) -

T°Es 5 (MT?)

which is a contradiction to the hypothesis of the theorem.
Therefore, it follows from (78) that

“yn - un”
bEs (MT°) (e} - o)
< [y —uo]| — 0, asn — oco.
[t
(86)
By (72) and (86), we can show that
Iy =l < [y = ]l + it =" — 0, asn— oo
(87)

Then for any initial value u, € [, ®;], the sequence {y,} is
defined by (69) converging uniformly to the unique solution
u” of the boundary value problem (1) on the [f3,, ot ].

In view of (61), we have

n

. KT°Eg 5 (MT®)
B P L
= ¢/ [loo = Boll-

According to (86), we can show

bE; (MT°) (g5 - ¢f)

oy, — Bl . (89)
Q — 0 " 0 ﬁo”

”yn - ”n” <
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It is easy to see that
0 — 01 = bEs (MTS) (1-0)). (90)
By (88) and (89), we can obtain
1y = u™ll < @) oo = Bol

b, (MT) (6 - )

-
% -0 oo = Aol
n n (91)
n Qo0
- (@ + 222 ) oo i
et
T o o = Bol -
Hence, the error estimate of {y,} is
. Qn _ Qn+l
Iy, =] < 01_—1 lloro = Boll - (92)
&
O
6. Example
We consider the boundary value problem
2
CDgfu (t) - }Lu (t) = % arctan u (t) + I—O,
(93)
' (0)=0, u(0)= éarctanu(l).
Let f(t,u) = (t/10)arctanu + t2/10 and gu) =

(1/5) arctan u.

It is obvious that M = 1/4,T = 1,6 = 3/2,and b =
sup,.pg () = 1/5 < 1/E5(MT®) (=0.834179). Then (H1)
holds.

We take S(t) =0 fort € J.

Hence, (0) = 0, g(3(1)) = 0, and bl;(t) =0. CDng[S(t) =
0, f(t, B(t)) = 0, and then () is an upper solution of the
boundary value problem (93).

Let a(t) = 5632 /6+/ + 5t/8~/7 + 35/48+/m < 35/16+/7
fort e J.

We have o' (0) = 5/8+/7, a(0) = 35/48+/7m =~ 0.411388,
g(a(1)) = (1/5) arctan(35/16+/) = 0.177966, and a,(t) = 0.
Consider

°Dd a(t) - 211“ t)

35

—— =0.316459
4x 16~

5
2 —_
8 (94)
35
> (0.188983 =~ f(l, m)
> f(ta),

fort € J. Then «(t) is a lower solution of the boundary value
problem (93). And (t) < «(t).
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It is easy to verify that the (H2) holds. By using
Theorem 17, we know the problem (93) has minimal and
maximal solutions in [, «].

Let « = 1/10; we know « < &(1 — bEg(MT®))/
T°Ey 5(MT®) = 0.905853.

By calculating, we have

0o = 0.323682, ¢, ~0.110393. (95)

It is obvious that
(xz - x1) = K(xz - x1)>

0 [(tx) - f6m) < o

tel].
(96)

for any x, < x,,

By Theorem 19, we can get the problem (93) has a unique
solution on the [f, &,].

For any initial value u, € [f,«,], the sequence {y,}
defined by

i (0) = 2 arctan (5, (1) By (362)
t 1
+ Jo (t- S)1/2133/2,3/2 (Z(t - 5)3/2) (97)

2
s s
X (E arctan y,_; (s) + E) ds,

converging uniformly to the unique solution u* of the
boundary value problem (93) on the [f;, «,], and its error
estimate is

o 8- e G
U | </ |lx — = T =\
”yn “ 1-o, " 0 ﬁo" 16\/7_'[(1—91)
(98)

where y, = u,.

We take u;, = 0. For n = 3, its error is not more than
0.046841; for n = 5, its error is not more than 0.00492662; for
n = 8, its error is not more than 0.000167155; for n = 10, its
error is not more than 0.0000175132.
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