Hindawi Publishing Corporation
Abstract and Applied Analysis

Volume 2014, Article ID 747838, 6 pages
http://dx.doi.org/10.1155/2014/747838

Research Article

Oscillation for a Nonlinear Dynamic System with

a Forced Term on Time Scales

Xinli Zhang and Shanliang Zhu

College of Mathematics and Physics, Qingdao University of Science and Technology, Qingdao 266061, China

Correspondence should be addressed to Xinli Zhang; zhangxinlil000@sina.com

Received 15 January 2014; Accepted 1 March 2014; Published 31 March 2014

Academic Editor: Tongxing Li

Copyright © 2014 X. Zhang and S. Zhu. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

We consider a class of two-dimensional nonlinear dynamic system with a forced term on a time scale T and obtain sufficient
conditions for all solutions of the system to be oscillatory. Our results not only unify the oscillation of two-dimensional differential
systems and difference systems but also improve the oscillation results that have been established by Saker, 2005, since our results
are not restricted to the case where b(t) #0 for all t € T and g(u) = u. Some examples are given to illustrate the results.

1. Introduction

Let T be a time scale, that is, a nonempty closed subset of R,
which is unbounded above. This paper is concerned with the
two-dimensional dynamic system

L =bt)gy®),

YA = —a(t) f (<7 @®) +r (),

on T. We assume that t, € T and it is convenient to let £, > 0
and define the time scale interval ¢ € [t,, c0)y. For system (1),
we assume the following.

(Hy) a(t) € Cyy([ty, 00)7, R), b(t) € Cy([ty, 00)y, [0, 00)),
and L:O b(t)At = co.

@

(H,) f, g € C(R, R) are nondecreasing functions with sign
property uf (u) > 0 and ug(u) > 0, for all u #0.

(Hj) L:O [r(s)]As < co.

The problem of oscillation and nonoscillation of second-
order dynamic equations on time scales has become an
important research field due to its tremendous potential for
various applications. We refer the reader to the recent papers
[1-3] and the references therein. It is an interesting problem
to extend oscillation criteria for second-order dynamic equa-
tions to the case of two-dimensional dynamic systems.

The system (1) includes two-dimensional linear and
nonlinear differential and difference systems, which were
investigated in the literature; see, for example, [4, 5] and the
references therein. As a special case of (1), when r(t) = 0,
system (1) can be reduced to

X =b®)gy®),
YA () = —at) f(x7 (1),

whose oscillation and nonoscillation results have been
obtained by some authors; see, for example, [6-8] and the
references therein. When b(t) #0, for all t € T and g(u) = u,
system (1) can be reduced to a single dynamic equation

2)

1 A A ) )
<Wx (t)> ra f(x"@®)=r®, G

whose oscillatory behavior has been investigated; see, for
example, [9, 10] and the references cited therein.

However, to the best of our knowledge, there are few
results dealing with the oscillation of the solutions of forced
dynamic systems on time scales up to now. Motivated by
[4, 5, 11], we will consider the oscillation property of system
(1) and establish some oscillation criteria for system (1) in
this paper. Our results not only unify the oscillation of two-
dimensional differential systems and difference systems but
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also improve the oscillation results that had been established
by Saker [9], since our results are not restricted to the case
where b(t) #0, forall t € T and g(u) = u.

The remainder of this paper is organized as follows.
Section 2 contains some basic definitions and the necessary
results about time scales. In Section 3, we present some
useful lemmas. In Section 4, we present and prove the main
results. Examples are given to illustrate the applicability of the
obtained results.

2. Preliminary

For completeness, we recall the following concepts and results
concerning time scales that will be used in the sequel. More
details can be found in [12-14].

The forward and backward jump operators are defined by

o(t):=inf{seT:s>t}, p(t):=supf{seT:s<t},

(4)

where inf@ := sup T and sup@ := inf T, where @ denotes
the empty set. A point t € T is called left-dense if t > inf T
and p(t) = t, right-dense if t < supT and o(t) = t, left-
scattered if p(t) < t, and right-scattered if o(¢) > . A function
g : T — Ris said to be rd-continuous if it is continuous
at every right-dense point and if the left-sided limit exists
at every left-dense point. The set of all such rd-continuous
functions is denoted by C,4(T). The graininess function y for
a time scale T is defined by u(t) := o(t) - ¢, and, for any
function f(¢) : T — R, the notation f°(t) denotes f(o(2)).
Let

T = {T\(P(SHPT),T], if sup T < oo, 5)

T, otherwise.

Lemma 1. Assume that f,g : T — R are differentiable at
t € T and f(t) f°(t) #0. Then, g/ f is differentiable at t and

A A A o
9 _ W O-" g0 6
<f) 2 roro 9

Lemma?2. If f,g € C,qy and a,b € T, then
’ A oA
| r0d* 08t=(f0) 0~ (fo) @ - | 7* (005" @
7)

Lemma 3 (chain rule). Assume that g : T — R is contin-
uously differentiable and f : T — R is delta differentiable;
thengo f: T — Ris differentiable and

1
(9 1* 0= | o (FO+h f* ©)dnf ©). ®
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3. Some Basic Lemmas

A solution (x(t), y(t)) of (1) is said to be continuable
if it exists on the entire interval [t,, c0);. A continuable
nontrivial solution is said to be oscillatory if x(t), y(t) are
both oscillatory. A component x(t) (or y(¢)) of a solution
(x(t), y(t)) is said to be oscillatory if and only if x(t) (or y(t))
is neither eventually positive nor eventually negative. Notice
that if b(t) > 0, the oscillation of y follows from that of
x. Furthermore, we observe that the substitutions u = —x,
v = —y transform (1) into the system

Ut () =bt) g, (v (1),

A o (9)
Ve () = —a(t) fi (W @) +7(t),

where fi(u(t)) = —f(-u(t)), u € R, and g,(v(t)) =
—g(—v(t)), v € R. The functions f; and g, are subject to the
conditions imposed on f and g. Therefore, we restrict our
discussion only to the case where x(t) is positive. In order to
prove our results, we need the following lemmas.

Lemma 4. Suppose that (H,) and (H,) hold. If (x(t), y(t)) is a
nonoscillatory solution of system (1), then the component x(t)
is also nonoscillatory.

Proof. Assume that (x(t), y(t)) is a solution of (1) and x(t)
is oscillatory, but y(t) is nonoscillatory. Without loss of
generality, we let y(f) > 0 on [f,, 00)y. In view of the first
equation of system (1) and (H,) and (H,), we have x2() >0
on [ty,00)y. Thus, x(t) > 0 or x(¢f) < 0 for all large ¢t on
[ty> 00)y, which leads to a contradiction. O

Lemma 5. Suppose that conditions (H,) and (H,) hold, and
let (x(t), y(t)) denote a nonoscillatory solution of the system
(1) on interval [T,00)y, T > t,, with x(t) > 0 forallt > t;
moreover, let T > 1. If there exists a positive constant L such
that

Gt)=L, t>1", (10)

where the function G(t) = G(x(t), y(t)) is defined as

y (1) ! r(s)
= - -9 A
60 =i+ | 119 7 S
e X2 () [y £ [ (s) + ya () X2 (s)]dhAS
T fx(s) f(x9(s)) ’
(11)
then
y(@)<-Lf (x(7%)), t=1"€T. (12)
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Proof. From the second equation of (1) and Lemma 3, we
obtain

Lt a(s)As

A
YA () =7 (s)
= | 220
L o)
£yt (s) Lor(s)
=_ A A
L F(x(s) ”L o)
y (1) y(t) Eor(s)
= — A
fa@) fx@) J Fao@)

- r (( 57 () %% (5) Ll F[x ) +hu(9)x* )] dh)

x (f (x(s)) f (x° (s)))“> As.
(13)

By (10) and (11), we have

y(t)
fx(®)

t 1
=G(t)+ J * <<y” (s) x* (S)J0 f' [x(s) + hu(s) xA(s)]dh>

X (f(x(s) f(x7 (s)))_1> As

t

>L+ L* <(y‘7 (s) x™ (s) Ll f' [x (s) + hy (s) x* (s)] dh)

x (f (x () f (x° (s)))_1> As, t3 .
(14)

Since
y(s)x*(s)=b(s) y(s) g (y(s)) 20, (15)

it follows from (H,) that y(t) < 0 and x*(¢) < 0, forall t > 7*.
Putting

v (t)
fx@®)

=L+ Lt <(ya (s) x™ (5) Ll f' [x (s) + hy (s) x* (s)] dh)

% (f (e (5)) f (=7 (s>))*) As,
(16)

then
BRICERS
(~Faw) ©
SO f [x@+ @t ©]dn (7)
- Fx@®) f (x ()

> 0.
In view of f(x(t)) > 0, we have
y(@)<v(t) <0, (18)

which implies that

<_f:9£t()t)) >A ®

I Lo
RACECNY [ () + by (1) x* (1)) dh o

- fx®) f(x2(1) o
(19)
since
v(t" w ("

7 (,E (12» Ty (x((r*)»’ 0

where w(t) satisfies
w (t)

Jx@®)

=L- Lt <<wU (s) x™ () Ll f' [x (s) + hy (s) x* (s)] dh)

X (f (x() f (x° (s)))*> As.
1)

Using nonlinear version of comparison theorem on time

scales [13, Corollary 6.12], we have
vit) < -w(t), t=1". (22)

Therefore,

*

y() <-w(t), t>1°. (23)

By Lemmas 1 and 3, we obtain

w®) \*
(f(x (t))) ©
O fO) - a6 wd )
f(x@®) f(x (1) f(xe (1)

WO [, f [x O + @) x* ©)] dh
f @) f (x7(6)

OO, f [ O o ©)]dn
- J(x(®) f (x7(2))

(24)



Then, we get w® =0, w(t) = w(r*) = Lf(x(z™)). Hence,

y () < -Lf (x(z")),
The proof is completed. O

*

t>1. (25)

4. Main Results

For simplicity, we list the conditions used in the main results
as

feC' R,R), (26)
JOO a(s) As = oo, (27)

o
-0 < joo a(s)As < oo. (28)

For every v > 0 and sufficiently small u,

gw)g) <gw) < g)(-g(-v)). (29)

Theorem 6. Suppose that (H,)-(H;), (26), and (27) hold.
Then, every solution (x(t), y(t)) of system (1) oscillates on
[tg> 0O)-

Proof. Suppose that system (1) has a nonoscillatory solution
(x(t), y(t)) on [ty, 00)y. By Lemma 4, we know that x(t) is
nonoscillatory on [t,, 00). Without loss of generality, we may
assume that x(t) > 0, for all t € [¢t,, 00)¢. In view of (H,) and
(26), there exist T > t, and C; > 0, such that | f(x())| > C,
for t > 7. By (H;), we have

J f:f()s))Asl < J

where C, is a finite positive constant. In view of (27) and (30),
thereexistsat” > 7 sufficiently large, such that (10) is satisfied
forall t > 7*. Applying Lemma 5, we obtain

r(s)
f(x(5)

1 t
As < C_1 L |r (s)| As < C,,
(30)

y(@)<-Lf (x(z")) <0, t=>1". (31)
Since g(t) is nondecreasing, we have

=b)g(y®)<b®) g(-Lf (x(r

t>1".
(32)

x* (1)

) <o,

Integrating the above inequality from 7 to t, we get x(t) —
—-00 as t — 00, which is a contradiction. The proof is
complete. O

Example 7. Consider the system

) =@t+3)y ),
N . (33)
y (f)——mx ) +(-1) m,

where T = 3N = {3n | n e N}
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Let b(t) = 2t + 3, a(t) = 1/(t + 6), f(x) = g(x) = x,and
r(t) = (=1)'/t(t + 3). Since
00 (o8] 1
L a(s)As = ;_3i+6 = 00,
(34)

J ;31 (31 + 3)

The system is oscillatory by Theorem 6. In fact,

It
x(t)=(:),

y(t) = (35)

is such an oscillatory solution.

Theorem 8. Suppose that (H,)-(H;), (26), (28), and (29)
hold. Suppose further that

o0 du o0 du
<J. @) J. gy < 09

for every € > 0. Then, system (1) is oscillatory on [t,, 00)y, if

[, v0a(] awast[Tiroias)ar=eo @

for somel > 0.

Proof. Suppose that system (1) has a nonoscillatory solution
(x(t), y(t)) on [ty, 00)y. By Lemma 4, we know that x(t) is
nonoscillatory on [t,, 00). Without loss of generality, we may
assume that x(¢) > 0 for all t € [t;, 00)y. In view of (H,) and
(26), there exist T > t, and C; > 0 such that f(x(t)) > C,, for
t>1.

As seen in the proof of Lemma 5, we have

y(t)
fx()

_ @O ()
T Fx(m) I (“(S) f(xﬂ(s))>AS

i r Y () x2 () f) £ [x(5) + by () x (s)]dhAs

f(x(9) f(x7(s))
(38)
Note that
JOO y(s) X2 (s) JOI f' [x (s) + hu(s) X (s)] dh .
T f(x(9) f(x7(s)) '
(39)

Otherwise, (11) is valid for some positive number 7* €
Then, by Lemma 5, we have y(¢) < —Lf(x(z")), forallt > 7*.
Hence,

L H=bt)gly®] <bt)g[-Lf (x(z*))]  (40)
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holds, and its subsequent contradiction holds as before. It
now follows
y ()
Jx(®)

@ (s
NI J (“(S) f(xff(s»)AS

i Jt y()x2 () f) £ [x () + hu () x (s)]dhAS
T fx(9) f(x7(s))

-p+] (” ©)-7 &fis» ) A

N ro y(s) X2 (s) jol f' [x (s) + hu(s) X (5)] dhAs
t f(x(9) f(x7(s))

(41)
where

_ oy (* (s
F= e J (“(S) f(x"(s)))As

i ro Y22 (s) [y £ [x () + hu () x (9)] an
T fx(9) f(x7(s))

(42)

We now show that 8 > 0. Indeed, if < 0, then (28), (30),
and (39), respectively, imply that

J.Ooa(s) As| < —g, t>1", (43)
©r(s) B .
J; f(xd (S)) As < —Z, t>T1 s (44)
ro 7% () [ ' [x () + b () x* (9)] dn B
™ fx(9) f(x7(s)) N
(45)

By (43), (44), and (45), we have

y (@) ' O

e | [0 i |

. Jr* y(s) x" (s) JOI f' [x (s) + hu (s) x* (s)] dhAs
T Jx(s) f(x7(s)

- p- [ a0 e

. Joo Y% () [ ' [x () + () x° (s)]dhAS
T f(x(s) f(x7(s))

G(t) = -

=-——>0.

B B__3
4 4 4

> -+ [Z; +
(46)

Then, by Lemma5, let L = —(35/4); we have y(t) <
—Lf(x(z")), forall t > 7*. Hence,

LB =bt)g(y®) <b®t)g(-Lf (x(¢7))  (47)

holds, and its subsequent contradiction holds as before. In
view of (41) and 8 > 0, we have

y(®) = f(x(®) L [“(S)_ f(rxffszs))]AS
= 5[ [Taoe- 7|28 o

> f(x () :foa@ a2 [Trol As]

1 Jt

[0

= f(x(t)) :Jtooa(s)As—lJ

I ()l As] ,

for all large ¢, where [ = 1/C,. For the sake of convenience, let

(6]

A(t) = Looa(s) As — ZJ |7 (s)| As (49)

t

for all large ¢; then lim, _, . A(f) = 0 and, in view of (29),

X=b®g(y®)=bt)g(f(xE)AD)
>b(t) g (f(x®))g(A®)).

Thus, by (36), we have

L b(9) g (A() As < jT %As; (51)
however,
Jt EESCNIWS Joo o (52)
L g g (f @)
which is contrary to (37). The proof is completed. 0

Remark 9. Theorems 6 and 8 extend and improve some
results of [2-5, 9].

Example 10. Consider the system
(6 =y (),

1 (53)
to (t)’

! x° () [1 +(x7 (t))z] +

A —_— ——
y = to (t)

fort € [t,, 00)y.



Here, b(t) = 1, a(t) = 1/to(t), f(u) = u(1 +u2),g(u) =u,
and r(t) = 1/to(t). It is easy to see that f(u), g(u) satisfy the
conditions of Theorem 8, and

LOO b (s) As = o0,

0

J a(s)As=J r(s)As=J. 1 As=l<oo,
to to to SO'(S) tO

< 00,

o< LOO g(;h:u)) ) I_OO g(?(lu))

J:) bt)g <LOO a(s)As—1 J;OO |7 (s)] As) At

= L:O (1-0 Htoo 501(5) As] At = oo.

Hence, it follows from Theorem 8 that system (1) is oscillatory
on [t,, 00)y.

(54)
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