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We define a mean nonexpansive mapping 7 on X in the sense that |[Tx — Ty|| < alx — yll + bllx = Tyl, a,b > 0,a+b < 1. Itis
proved that mean nonexpansive mapping has approximate fixed-point sequence, and, under some suitable conditions, we get some

existence and uniqueness theorems of fixed point.

1. Introduction

Let X be a Banach space, C a nonempty bounded closed
convex subset of X, and T: C — C a nonexpansive mapping;
that is,
|Tx-Ty| <[x-y| vxyeC. M
We say that X has the fixed-point property if every nonexpan-
sive mapping defined on a nonempty bounded closed convex
subset of X has a fixed point. In 1965, Kirk [1] proved that if
X is a reflexive Banach space with normal structure, then X
has the fixed-point property.
Let C be a nonempty subset of real Banach space X and T

a mapping from C to C. T is called mean nonexpansive if for
eachx,y € C,

ITx =Tyl < allx -y +b]x- Ty, o

a,b>0, a+b<l.

In 1975, Zhang [2] introduced this definition and proved
that T has a fixed point in C, where C is a weakly compact
closed convex subset and has normal structure. For more
information about mean nonexpansive mapping, one can
refer to [3-5].

2. Main Results

Lemma 1. Let T be a mean nonexpansive mapping of the
Banach space X. If T is continuous and a+b < 1, then T has a
unique fixed point.

Proof. The proof is similar to the proof of the Banach
contractive theorem. O

Ifweletb >0anda+b < 1-basin Lemmal, then the
condition that T is continuous may not be needed. Firstly, we
recall the following two lemmas.

Lemma 2. Let C be a nonempty subset of Banach space X and
T a mean nonexpansive self-mapping on C with a+2b < 1 and
b > 0. Let K be a nonempty subset of C; one defines ¢(x) =
llx — Tx|| for any x € K; if the set ¢(K) is bounded, then K is
also bounded.

Proof. Let M = sup, . llx — Tx|| < oo and set x,, € K as fixed;
then for any x € K, we have

||x - x0|| < ¢ (x) + ¢ (x) + ||Tx - Tx0||

IN

a ||x - x0|| +b ||x - Tx0||

+¢(x) + ¢ (xo)

a |x = x| + bflx = xo

IN
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2
+(1+b)¢(xy) + P (x)
< (1-b) ||x—x0|| +(2+b)M.
©)
This implies that
2+b
[ ol < == @
Hence, K is bounded. The proof is complete. O

Lemma 3. Let C be a nonempty subset of Banach space X and
T a mean nonexpansive self-mapping on C. If a + 2b < 1 and
b > 0, then for any x € C, one has the following inequality:

|

T'x — T”“x“ <d+ (ﬁ)k

4l

where d = ||x — Tx|| and n, k are two positive integers such that
2a/(1-b-a)<k<n.

)

Tk - T"“x" —(1+k) d} ,

Proof. By the definition of mean nonexpansive mapping, we
have that

-1
|T"x—T" x" Sa|

this implies that

|

where r is an integer.
When k = 0, the result is obvious. Suppose that (5) is true
for k = | < n; that is,

T 'x - T"_zx" < '

T % - T”_2x'| ;
(6)

1
T '%-T'x

| < llx-Tx| = d, 7)

T"x-T"'x| < d+ (%b)l

(8)
[T =T x| - (1 + D}
By the inequality (2) and (7), we have
"T”Hx - T”_lx“ <a "T”x - T"_l_lx"
+b “T"x - T”flx"
<a | T x - T"in“ 9)
+b ' T x - T”flx"

+(a+b)d.
This implies from a + 2b < 1 and b > 0 that

which follows that
a I+1
|7 - T x| < d + ( )
1-b )

al

By induction, this completes the proof. O

T - T < ﬁ |7 =T ] +d, (0)

T - T - 2+ D).
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Theorem 4. Let C be a nonempty closed subset of Banach space
X and T a mean nonexpansive self-mapping on C. Ifa+2b < 1
and b > 0, then T has a unique fixed point.

Proof. Foranyx € C,seta, = | T"x~T"""x|; by the definition
of mean nonexpansive mapping, we have that

« “T"x - T"_lx“ <a "T”_lx - T"_zx"

n

(12)

IN

“T"ilx - T"fzx“ =, .
Thus, the sequence {«,,} is nonincreasing and bounded below,
so lim,, _, . &, exists.

Suppose that lim, , &, = « > 0; then we have by
Lemma 2 that the set K = {T"x : n = 1,2,...} is bounded,
so there exists a positive number A such that

[TPx - Tx|| < A, (13)

where p and g are two integers. Since « > 0 and b > 0, for any
€ > 0, there exists an integer N, such that N, > 2a/(1-b—-a):
and

e < (ﬁ)N (N + 1)a— A]. (14)

Since lim,, _, &, = a > 0, there exists an integer N such
that forn > Ny + N; we have 0 < «, — o < €. Setting n =
Ny, + Nand y = TN 'x, then o, = TNy — T™o*!y| and
ay = |y — Ty|l. Thus, from (14) and Lemma 3, we have that

n

&, = [Ty -1

Ny
< -1+ (1)
<{|y =Ty - (No + 1) |y - Ty} (15)
Ny
<ay+(5) 1A= (Np+ Day)

a \MN
s(x+e—<m> {(Ng+1)ay - A} <

on the other hand, by condition (12), we have that «, > «,
which is a contradiction, so « = 0. We next show that
lim,, , ., T"x exists. In fact, since lim IT"x - T" x| = 0,
we have

l’l—)OOI

|77 - T7x| < |

T'x =T x| + |77 - T x|
Tt - T K|

< 1 =T x| 4 T - T K| »

ra|T"x - T"|

+b [T x - T

+b ||me - T"x" )
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This implies that

77 -] < - L+b

m 'Tnx _ Tn+1x“

17)
1
+— ”me - Tm+1x” — 0.
l-a-b

That is, the sequence {T"x} is a Cauchy sequence in X.
Since X is complete, thus there exists x* € C such that
lim, _,  T"x = x".

Finally, we prove that x* = Tx". We have from
lim,, ,  IT"x - T™ x| = 0 and (2) that

[T"x - Tx"| < a "T”*lx -x"

(18)
T 'x - Tx*

>

+b'

it follows as n — oo that ||x* — Tx*| < bllx* — Tx"||, which

impliesby 0 < b < 1 that x* = Tx" and the proof is complete.
O

We now consider the approximate fixed-point sequence.
A sequence {x,} is called an approximate fixed-point
sequence for T if |x,, — Tx,|| — Oasn — oo. It is easy to
prove that if C is a nonempty bounded closed convex subset
of Banach space X, and T is a nonexpansive mapping from C
to C, then T has an approximate fixed point sequence in C.
For mean nonexpansive mapping, we have the same result.
Firstly, we give the following lemma.

Lemma 5 (see [6]). Let s a real number and {u;} be a sequence
in Banach space X. Then, for any positive integer N,

N
(1-5) sN_IZui = (1 - sN) Upn
i=1

19)
N-1

- Nt Z (s7- 1) (w07 — s1;) .

i=1
If X is the real line and u; = 1 for all i, one has the special case

N-1 N

=1-s —(l—s)sN_1

N{-9)s
N-1 (20)
X (sf’ - 1).
i=1

Theorem 6. Let C be a nonempty bounded closed subset of
Banach space X and T a mean nonexpansive self-mapping on
C. Let x, € C be fixed and the sequence {x,} defined by

Xy =1 —-t)x, +tTx,. (21)

If1/2 <t < 1, then {x, — Tx,} converges strongly to 0 as
n — oo.

Proof. Since T is a mean nonexpansive mapping, from (21)
and t > 1/2, we get that

"xn+1 - Txn+1” = ”(1 - t) (xn - Txn) + Txn - Txn+1"

< (1=1)|x, = Tx,

+a ||xn - xn+1|| +b ||Xn+1 - Txn"

(1-1)|x, = Tx,| + at ||x, - Tx,|

+b(1-1t) ||xn - Txn"

IN

(1-1) ||xn - Txn"

+(a+b)t ||xn - Txn"

IN

”xn - Tx,," .
(22)

Thus, the sequence {|x, — Tx,|} is nonincreasing and
bounded below, so lim,, _,  llx,, — Tx,,|| exists. Suppose that
lim, _, llx,—Tx,| = r > 0. That is, for any € > 0, there exists
an integer m such that

r < |%pei = T S(L+€)r VieR". (23)

Since {x,,} is bounded and 1/2 < t < 1, there exists an integer
N such that

(N-1)tr<6(M)+1< Ntr, (24)

where §(M) := sup{|lx; — lel :0 <1, < oo}
Now settings = 1 -tand u; = x,,,;,—Tx
integers i, we get from (21) and (23) that

i for all positive

IT%psie1 = Xmsint
= (1= 1) (Txpyi = %)

”T ((1 - t) Xngi T txmﬂ') - Txm+i“

et = (1 =)

< at IlTxm+i - xm+i"
+b (1 - t) ”Txm+i - xmﬂ'"
<t Txpyi = Xpyi| St (L4 €T,

N
XN+l ~ X1 = Z (xm+i+1 - xm+i)
i=1

Hence, by Lemma 5, (19), (20), and (23), we get that

(1 - t)N_l ||xm+N+1 - xm+1"

N
t1-0""y
i=1

> (1-(1-0Y) Jun]| - -



N-1

x Y (=7 =1) Jupy - (A=) 1

i=1
=(1-a-oM)r-ta -
N-1 )
x ((l—t)fl—l)(l+s)r

i=

=<1—(1—t)N—t(1—t)N‘1

—

N-1 ‘
x Z ((1 -1 - 1)>r
i1
—ert(1-t)N! ((1 -1 = 1)

i=

—_

=Nt(1 -tV

—er(1-(1-pY = Ne(1 - ™)

> Nt(1 - t)N_lr —er.
(26)
This implies from (24) that
t N-1
||xm+NJrl - me" > Ntr - er(l + :)
(27)
t -1
> 6(M)+1—er<1+—) .
1-t
Since In(1 + y) < y for y € (-1, 00), we have
<1 N t )N—l = exp {(N _ l)ln(Ht/(l_t))}
1-t
t (28)
< N-1)—
< e {ov-0 )
< exp{(1-07 @ M) +1)y}.
Hence, we have
S(M)+1-erexp{(1-67" (M) +1)y '}
(29)

= "xm+N+1 - xm+1” <5 (M).

Since € is an arbitrary positive number, it follows that §(M) +
1 < §(M). This contradiction completes the proof. O

Corollary 7. Let C be a bounded closed convex subset of
Banach space X and T a mean nonexpansive self-mapping on
C. Then, T has an approximate fixed-point sequence in C.
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Proof. For any x € C, define T,(x) = (1/2)x + (1/2)Tx,
and let x,,,; = T} (x), where n = 0,1,...; then the sequence
{x,} may be written as x,, = (1/2)x, + (1/2)Tx,,, so the
conditions of Theorem 6 are satisfied. Hence, we have that the
sequence {x,} is an approximate fixed-point sequence. The
proof is complete. O

Next, we consider the Opial condition. Related to the
problem of existence of a fixed point for mapping and its
approximation, in 1967, Opial [7] introduced the following
inequality.

Definition 8. Let X be a Banach space; X satisfies Opials
condition if for each x in X and each sequence {x,} weakly
convergent to x

lim inf |x, - x| < liminf |x, - y| (30)
holds for y # x.

This definition is motivated by the fact that this property
implies that asymptotic center of sequence coincides with its
weak limit, which of course fails in L? for p > 1 (and more
generally in Orlicz spaces L%; see [8, 9]).

Opial’s condition is connected to the following fixed-
point property.

Theorem 9. Let X be a real reflexive Banach space which
satisfies Opial’s condition, C a nonempty bounded closed
convex subset of X, and T : C — C a mean nonexpansive.
Then T has a fixed point.

Proof. Let T be mean nonexpansive. By Corollary 7, we have
that T has an approximate fixed-point sequence in C; that is,
there exists a sequence {x,,} of C such that

Jim [Tx, — x,| = 0. (31)

Since C is a weakly compact convex subset of X, there exists a
subsequence {x,, } C {x,} such that {x, } weakly convergent
to x, € C.

Now, we show that x, =
contradiction, that x, # Tx,; then

Tx,. Suppose, by way of

linnliolgf [, = x| < l%lnlic)réf [, = Tox, |

o (32)
= llnrggcl)f [T, — Tx,| -
Since T' is mean nonexpansive, we have from (2) that
limiaf {1, - Txol} = liminf {7, - T)
< liminf {a [x, — x|
+b ||x, - Tx, |} (33)

< liminf {a [x, — x|

+(1—a)|x, - Tx|}-
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It follows that

lim inf [, = Toxo < lim inf [, = x| - (34)
This is a contradiction. Therefore, x, ia a fixed point of T' and
the proof is complete. O

In fact, spaces which satisfy Opial’s condition not only
have the fixed point property, but also satisfy the so-called
demiclosedness principle for the mean nonexpansive map-

ping.

Corollary 10. If X is a reflexive Banach space which satisfies
Opial’s condition, let C be a nonempty closed convex subset of
X and suppose that T : C — X is mean nonexpansive. For
any sequence {x,} in C with x, — x, and (x,, — Tx,) — 0,
then x, = Tx,.

Proof. The proof of this corollary is the same as in Theorem 9.
O

In order to understand the connection between nonex-
pansive mapping and mean nonexpansive mapping better, we
have the following remark.

Remark 11. 1t is easy to see that the nonexpansive mappings
and contractive mappings both are uniformly continuous and
mean nonexpansive; the converse does not hold. Examples
will be given to support our point of view.

(1) Let T be the unit interval defined by

if x € [0,l>,
2

if x € [Ll),
2

and the norm is the ordinary Euclidean distance on the line.
Here, T is discontinuous at x = 1/2; consequently, T'is neither
nonexpansive mapping nor contractive mapping. Now, we
prove that T is mean nonexpansive.

T(x) =

AR LR

Case1(x,y € [0,1/2)). By the definition of T,

114 4
Ire-1y] = 5 |35 9]

1
2
4 5

v =
SRR

(e 2] o

IN

1 1
x-S -1
+ 2T -1y

P X y .

This implies that [|[Tx — Ty|l < (1/3)llx — yll + 2/3)x - Ty|.

Case 2 (x € [0,1/2) and y € [1/2,1)). In this case, we have

x _y
Tx-Ty| = |Z -2
Irs-11 = [5- ¢

+
5 5 5 5 5 6

x _TIx 2_2+2_ZH

A

1 1
<3z lx — Tx| + B [Tx - Ty|

1
“y-T
+5ly-l

2 e -]+ 2Ty -1

w2l
(37)

This implies that [ Tx — Ty|l < (1/3)lx — yll + (2/3)lx = Tyl

Case 3 (y € [0,1/2) and x € [1/2,1)). The proof is the same
as in Case 2.

Case 4 (x, y € [1/2,1)). The proof is the same as in Case 1.
Hence, T is mean nonexpansive by taking a = 1/3,b =
2/3.

(2) Mean nonexpansive mappings, however, may be con-
tinuous only at their fixed points. For example, the

map T defined by
1- . s
5 if x € [0,1] and x is irrational,
T(x)= Ly (38)
— if x € [0,1] and x is rational

is a mean nonexpansive mapping on unit interval by taking
a = 1/3,b = 2/3 and is continuous only at its fixed point
xy = 1/4.
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