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This paper presents a compensated algorithm for accurate evaluation of a polynomial in Legendre basis. Since the coeflicients
of the evaluated polynomial are fractions, we propose to store these coefficients in two floating point numbers, such as double-
double format, to reduce the effect of the coefficients’ perturbation. The proposed algorithm is obtained by applying error-free
transformation to improve the Clenshaw algorithm. It can yield a full working precision accuracy for the ill-conditioned polynomial
evaluation. Forward error analysis and numerical experiments illustrate the accuracy and efficiency of the algorithm.

1. Introduction

Legendre polynomial is often used in numerical analysis
[1-3], such as approximation theory and quadrature and
differential equations. Legendre polynomial satisfies 3-term
recurrence relation; that is, for Legendre polynomial p,(x),

po(x)=1
pl (X) =X (1)
2k +1 k
Pt (9 = Toxpe (0 = o pa (®) (k> 0).

The polynomial represented in Legendre basis is p(x) =
Z;’zo a;p;(x), where a; € R and p;(x) is Legendre polyno-
mial.

The Clenshaw algorithm [4, 5] is usually used to evaluate
a linear combination of Chebyshev polynomials, but it can
apply to any class of functions that can be defined by
a three-term recurrence relation. Therefore the Clenshaw
algorithm can evaluate a polynomial in Legendre basis. The
error analysis of the Clenshaw algorithm was considered in

the literatures [6-10]. The relative accuracy bound of the
computed values p(x) by the Clenshaw algorithm verifies

|p (x) = p ()|
p(x)

For ill-conditioned problems, several researches applied
error-free transformations [11] to propose accurate com-
pensated algorithms [12-15] to evaluate the polynomials in
monomial, Bernstein, and Chebyshev bases with Horner,
de Casteljau, and Clenshaw algorithms, respectively. Some
recent applications of high-precision arithmetic were given
in [16].

Motivated by them, we apply error-free transformations
to analyze the effect of round-off errors and then compensate
them to the original result of the Clenshaw algorithm. Since
the coefficients of the Legendre polynomial are fractions,
the coefficient perturbations in the evaluation may exist
when the coeflicients are truncated to floating point num-
bers. We store the coefficients which are not floating point
numbers in double-double format, with the double working
precision, to get the perturbation. We also compensate the
approximate perturbed errors to the original result of the
Clenshaw algorithm. Based on the above, we construct a
compensated Clenshaw algorithm for the evaluation of a
linear combination of Legendre polynomials, which can yield

< cond (p,x) x 0 (u). (2)
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a full working precision accuracy and its relative accuracy
bound satisfies

|p(x) = p (x)]

I < o(u)+cond(p,x) %o (u2) RN €))

The paper is organized as follows. Section 2 shows some
basic notations in error analysis, floating point arithmetic,
error-free transformations, compensated algorithm, Clen-
shaw algorithm, and condition number. Section 3 presents
the compensated algorithm and its error bound. Section 4
gives several numerical experiments to illustrate the effi-
ciency and accuracy of the compensated algorithm for poly-
nomial in Legendre basis.

2. Mathematical and Arithmetical
Preliminaries

2.1. Basic Notations and Definitions. Throughout this paper,
we assume to work with a floating point arithmetic adhering
to IEEE-754 floating point standard in rounding to nearest
and no overflow nor underflow occurs. Let 0p € {®,0,®,0}
represent the floating point computation; then the computa-
tion obeys the model
(a°b)

aopb=(a-b)(1+¢) (l7e) (4)
where o € {+,—,%,+} and |¢, |, |&,| < u (u is the round-off
unit). We also assume that the computed result of a € R
in floating point arithmetic is denoted by a and the set of
all floating point numbers is denoted by F. The following
definition will be used in error analysis (see more details in

(17]).

Definition 1. One defines

n

(my=[J1+8)"=1+86, (5)

i=1

where |§;| < u,p; = t1 with Vi = 1,2,...
(nu/(1 - nu)) = nu + O(u?), and nu < 1.

1,10, <y, =

There are three classic properties which will also be used
in error analysis:

@) k) (j) = (k+ j);
(1) Vi < Vi1
(i) Ve + V) + ViV < Vesje

2.2. Accurate Sum and Product. Leta,b € [, and no overflow
nor underflow occurs. The transformation (a,b) — (x,y)
is regarded as an error-free transformation (EFT) that causes
y € Ftoexistsuchthataeb=x+y,x =aopb.

Let us show the error-free transformations of the sum
and product of two floating point numbers in Algorithms 1-
3 which are the TwoSum algorithm by Knuth [18] and the
TwoProd algorithm by Dekker [19], respectively.

Algorithms 1-3 satisfy the Theorem 2.
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function [x, y] = TwoSum(a, b)
x=a®b

z=x06a
y=(@e(xez)®(boz)

ALGORITHM 1: Sum of two floating point numbers.

function [x, y] = Split(a)

¢ = factor ® a (in double precision factor = 27 4+1)
x=coe(cea)

y=aoex

ALGoRITHM 2: Split of a floating point number into two parts.

function [x, y] = TwoProd(a, b)

x=a®b

[ah, al] = Split(a)

[bh, bl] = Split(b)

y =al®ble (((xeah®bh)eal ®bh) © ah ® bl)

ALGORITHM 3: Product of two floating point numbers.

function [x, y] = ThreeProd(a, b, c)
[t, h] = TwoProd(a,b)

[x,e] = TwoProd(t,c)
y=coheoe

ALGORITHM 4: Product of three floating point numbers.

Theorem 2 (see [11]). Fora,b € Fand x, y € F, TwoSum and
TwoProd verify

[x, y] = TwoSum (a,b), X+y=a+b,

|y| < min{u|x|,ula+b|},

[x, y] = TwoProd (a,b), X+ y = ab,

|y| < min {u|x|, u|abl} .

(6)

We present the compensated algorithm for the product of
three floating point numbers in Algorithm 4, which refers to
[20].

According to Theorem 2, we have |h| < ulabl and t + h =
ab. Hence, le| < u|(ab — h)c| < ulabc| + ulhc| < ulabc| +
u*|abcl; then |ch + e| < |ch| + le|] < 2ulabc| + u?|abel.
According to Lemma 3.2 in [20], we can propose the error
bound of Algorithm 4 in Theorem 3.
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Theorem 3. Fora,b,c € Fandx, y,v € F, ThreeProd verifies

[x, y] = ThreeProd (a,b,c), x+y=abc—1,

7] < v,y label, |y| < 2u|abe| + 141 |abc| . 7
Proof. According to Lemma 3.2 in [20], we have
[7] <y, labc] . (8)
In Algorithm 4, y + 7 = ch + ¢; then
ly|=|y+7t-1|<Ich+e|+]t]
< 2u|abc| + u* |abe| + ,Ys labe| 9)
< 2u|abc| + 14u* |abc] .
O

2.3. The Clenshaw Algorithm and Condition Number. The
standard general algorithm for the evaluation of polynomial
in Legendre basis p(x) = Z?:o a;jp;(x) is the Clenshaw
algorithm [5]. We recall it in Algorithm 5.

Barrio et al. [21] proposed a general polynomial condi-
tion number for any polynomial basis defined by a linear
recurrence and used this new condition number to give the
error bounds for the Clenshaw algorithm. Based on this
general condition number, we propose the absolute Legendre
polynomial, which is similar to the absolute polynomial
mentioned in [7, 21].

Definition 4. Let p,(x) be Legendre polynomial. We define
the absolute Legendre polynomial p;(x) which is associated
with p,(x) and satisfies

Do (x)=1
ﬁl (X) =X (10)

_ 2k—-1 _ k _
Pr(x) = % P (x) + P (x) (k=2),

where |p(x)| < pi(x), Vx > 0.

The absolute Legendre polynomial satisfies the following
property.
Lemma 5. Let p(x) be the absolute Legendre polynomial.
Then we have

P (x) P (%) < Pry; (%) (1)

Proof. Let A;, = (2k+1)/(k+1) and k > 2. From Definition 4,
we have

N _ kK _
Pr(x) = Ay xpy (x) + mpk—z (x)

k-1
i=0

(12)

3
function p(x) = Clenshaw(p, x)
2 = bn+1 =0
forj=n:-1:0
2j+1 j+1
bj = i1 xij - ; 2bj+2 +a;
end
p(x) = by

AvrGoriTHM 5: The Clenshaw algorithm for finite Legendre series.

then

k-1 j-1 _
Pr(x) p; (x) = (HA,) (HA,> Par N (13)
i=0 i=0

Thus the equivalent form of (11) is

k-1 j-1 k+j-1
(HA,) (HA,) < [] A (14)
i=0 i=0 i=0

Since A, is increasing with k, we obtain

j-1 k+j-1
[Tai< [] A~ (15)
i=0 i=k

So we finally obtain py(x)p;(x) < Py, ;(x). O

Following Definition 4, we introduce the condition num-
ber for the evaluation of polynomials in Legendre basis [21].

Definition 6. Let p(x) = Yi_,ape(x), where p.(x) is
Legendre polynomial. Let p,(x) be the absolute Legendre
polynomial. Then the absolute condition number is

n

condy, (p,x) = p(Ix1) = ) |ay| B (X)), (16)

k=0
and the relative condition number is

pUxD) Yo Iaklﬁk(lxn'

- 1
Pel T ol )

Condrel (p’ .X') =

3. Compensated Algorithm for
Evaluating Polynomials

In this section, we exhibit the exact round-off errors gener-
ated by the Clenshaw algorithm with EFT. We also analyze
the perturbations generated by truncating the fractions in
Algorithm 5. We propose a compensated Clenshaw algorithm
to evaluate finite Legendre series and present its error bound
in the following.

Firstly, in order to analyze the perturbations, we split each
coefficient into three parts as follows:

A=AN 4 AD L A, (18)



where A, A® € F, A, A € Rand |A?| < ulAP|, 1A <
ulA|. Let A, = (2k+1)/(k+1) and C, = —(k/(k +1)). Then
we describe the recurrence relation at jth step of Algorithm 5
for theoretical computation as

_ (h) 0] (m)
bj = (A] +Aj +Aj )xbj+1
h ()
(cﬁj1 + ! )1 + C]H) b 19)

(h) o) (m)
+ ( +a;’ +a ) )
For numerical computation associated with (19), it is

b A )ox®b eeC ®b eea(h) (20)

j+1 Jjt+2
Remark 7. Let A € R. We split a coefficient A like (18); then
the representation of splitting is unique and A = A? @ A,
A= AQ1).

Let A; = A(jh) and C; = Eh) in Algorithm 5. Since every

elementary floating point operation in Algorithm 5 causes
round-off errors in numerical computation, we apply EFT
and the ThreeProd algorithms to take notes of all round-oft
errors and obtain

[r, (xj] = ThreeProd (A(jh), x,l;jﬂ) ,

[s,ﬁ]] TwoProd( ]+1,b]+2)
(21)

[t, nj] = TwoSum (r,s),
[l;j, fj] = TwoSum (t,a;h)).

The sum of the perturbation and the round-off errors of the
recurrence relation at jth step is

w; = (A + AP sby, + (CO, + ),

(22)

+(a(1)+a( ))+ocj+1j+,8j+;1j+ I

wherer+a;+7; = A(jh)xEjH, 7; is defined in Theorem 3. Then
we obtain the following theorem.

Theorem 8. Let p(x) = Z;;O a;p;(x) be a Legendre series of
degree n, and let x be a floating point value. One assumes that
A;= A(jh) andC; = Cgh) in Algorithm 5 and by is the numerical
result; w; is described in (22) for j = 0,1,...
obtains

,n— 1. Then one

n-1 n
Dwip; () +by = Y a;p;(x). (23)
Jj=0 j=0

Proof. The perturbation of Algorithm 5 is

(AD + A7) xby,, + (C), + )by + (0 +ai™).
(24)
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Let A j= A(jh) and C = Cg.h) in Algorithm 5. From Theorems
2-3 and (21), we can easily obtain

A(Jh)l;jﬂx =r+a;+T),
-
C§'+)1bj+2 =s+p;
(25)
r+s=t+n;
 _7
t+a; = b +&;.
Lets; =a;+7;+f;+n;+&for j=0,1,...,n—1; then
Ej+sj:A(jh)b 1x+C(+1bJ+2+a(h) j=0,1,...,n—1
(26)
From (18), (19), (22), and (24), we have
b] tw;=A; b]+1x+C]+1b]Jr2 +a;, j=0,1,...,n-1
(27)
Thus
n
0 = (- w;) p; (x); (28)
j=0
then
n-1 R n
Ywip; (x)+by = Y a;p; (x). (29)
=0 =0 -

To devise a compensated algorithm of Algorithm 5 and
give its error bound, we need the following lemmas.

Lemma 9. Let p(x) = Z?:o a;p;(x) be a Legendre series of

degree n, x a floating point value, and b, the numerical result
of Algorithm 5. Then

|Clenshaw (p, x) - p (x)| < ySn_lz 'aj| pi(xD. (30
=0

Proof. Applying the standard model of floating point arith-

metic, from Algorithm 5 and Remark 7, we have

En—l = An—lgnx <4> + a1 <1> >

En—Z = An—ZEn—lx <5> + Cn—IEn <4> + an—2 <1> >
(31)
By = Aghx (5) + C,b, (4) +a, (1).
Thus we obtain
n—1
by = (4+5(m-1)) (HAi)x a,+--+a (1)
. (32)
n—1
:(Sn—1)< A) tay(1).
i=0
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k%+2 = E%t} =0
ebn+2 - ebn+l -
forj=n:-1:0

(h) A0
(AP, A7)

J] = TwoSum(r, s)
E | = TwoSum(t, a;)

end
res = y ®eb,

function res = CompClenshaw(p, x)

=div.d dQ2j+1,j+1)
[CP,CP) = div.d d(-j-1,j+2)
ol = ThreeProd(A( ) b+1,x)

ﬁ TwoProd(CJH, J+2)

5 =a eaB] on 08 0(AYexeb, oC!) ob,,oa))

eb; = ®x®eb]+1ecﬁl®eb o5,

jt2

ALGORITHM 6: Compensated Clenshaw algorithm.

function b = Convert(a)

b =0
v = ay,
forj=n-1:-1:0
fork=0:1: n j

a, b are the vectors of monomial polynomial and orthogonal polynomial’s coefficients, respectively

,T’l—j_z)

b =a,- ‘b(’“ (k =0)
b,ﬁf) " b””) j"“b,ﬁfjll (k=1,...
k—l k+1
b=+ Lt kzn-j-1)
k-1
end
end
b=p®

ArcoriTHM 7: The conversion algorithm from power basis to Legendre basis.

Then, from Definition 1, we get

n-1
( Az) 5n 1+
i=0
n-1
< Yoot <<HA1> |x|" |a,| + -+ |a0|> (33)
i=0

= Y5n—1z 'aj| Fj (Ix1) -
=0

|Eo -p (x)| = -+ ay0,

O

Lemma 10. Let p(x) = Z’}:o a;p;(x) be a Legendre series of
degree n and x a floating point value. We assume that o; <

wj(Aj|x||lA7j+1| + ICj+l||I;j+2| + |aj|), where w;j is real numbers;
then

ZGJPJ %)) < neo; (1 + sy Z 'aj| pilxD. (34

j=0
Proof. According to (31), we get
B < (14 95) (4181 [y |+ |Ca| [Bra] +[ai) - 39)

Since 0; < wj(Aj|x||bj+1| + ICj+1||bj+2| + lajl), from

Definition 1, we have

05 < @; (1+ Ysgujry) Zhe lar] By (D)5 (36)



function [x, y] = FastTwoSum(a, b)
x=a®b

y=(aex)eb

ALGORITHM 8: EFT of the sum of two floating point numbers (|a| >

[b1).

function [rh, rl] = add_dd_d(ah, al, b)
[th, t]] = TwoSum(ah, b)

tl=aletl

[rh,rl] = FastTwoSum(th, tl)

ALGORITHM 9: Addition of a double-double number and a double
number.

function [rh, rl] = add_dd_dd(ah, al, bh, bl)
[sh, sl] = TwoSum(ah, bh)

[th, t]] = TwoSum(al, bl)

sl=sleth

th =sh& sl

sl=sle (thesh)

tl=tlosl

[rh, rl] = FastTwoSum(th, tl)

AvrGgorrTHM 10: Addition of a double-double number and a double-
double number.

function [rh, rl] = prod_dd_d(ah, al, b)
[th, t]] = TwoProd(ah,b)
tl=alebetl

[rh,rl] = FastTwoSum(th, tl)

ArLgoriTHM 11: Multiplication of a double-double number by a
double number.

then

n-1
Zajﬁj (Ix]) < w; (1 + psgiry)

j=0
(37)
n-1 n
x Z <Z || P (|x|)> p; (Ix1).
=0 \ k=j
According to Lemma 5, we obtain
n-1 n
Z 0;P; (Ix1) < @; (1 +y54,1)) 3 D lae] P (1x1)
=0 k=j
Y (38)
< nw; (1+ VS(n—l)) Z 'aj| p; (IxD).
=0
O
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Among the perturbed and round-off errors in
Algorithm 5, we deem that some errors do not influence the
numerical result in working precision. Now we can give the
perturbed error bounds and the round-off error bounds,
respectively. At first we analyze the perturbed error in (24).

Let g(l) A(l xb]+1 +C]21b]Jr2 +a(l According to AD <y AW

and Remark 7, we obtain
'g |<U(1+Y1) A |x|| +1|+|Cj+1|| +2|+|a]' (39)
Then let w; = u(l + y;) and from Lemma 10, taking into

account that (n+ 1)u(1 +ys,,1) < 5Gn+ Du(l+ys,01) = Vspirs
we have

2970 ()| < Vswr ) [ B; (1) (40)
j=0 j=0

Vsns1 18 O(u), so this coefficient perturbation may influ-
ence the accuracy; we need to consider it in our compensated
algorithm.

Similarly, we let g?”) = A(jm)xb L +C™p 4 a;m); then

j+H17j+

(m)

(x| < uysmz |a;| B; (1x]). (41)

UYsnyy i O(u?), so this coefficient perturbation does not
influence the accuracy.

Remark 11. When j = n, the nth step of Algorithm 5 is

b, = af,h), so that we only need to consider the perturbation
of coefficient a,,.

Next we deduce the round-off error bound. Let s =t

Bj + 1; + &;. According to Theorems 2 and 3 and Remark 7,
we obtain

|| < (2u + 1407) | AP xb,, |
< (2u+1417) (1+9,) [A by |5
Bl < ulCibral < u (@ + 1) [Cpurals
| < u|ATxby, (3) + CRBy, ()] (42)
<u(1+p)|Ajxby,, +Cjby|s
6] < ] APxb.1 () + CEAByio (3) +a (1)

Su(l+y4)|ijEj+1+C b+2+a'

jH17j

then
o+ B3] + sl + ¢
< (4u+ 1407 |1 + | (43)

x (A 12 by | + |Cron] [Bea] +[as]) -
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function [rh, rl] = prod_dd_dd(ah, al, bh, bl)
[th, tl] = TwoProd(ah, bh)

tl = (ah ® bl) & (al ® bh) & t]

[rh, rl] = FastTwoSum(th, tl)

ALGoriTHM 12: Multiplication of a double-double number by a
double-double number.

function [rh, rl] = div_d_d(a,b)
gh=aob
[th1,tI1] = TwoProd(qh,b)

[th2,t12] = TwoSum(a, —thl)
ql=(th2etl2etll)ob
[rh,rl] = FastTwoSum(gh, ql)

ArLcoriTHM 13: Division of a double number by a double number.

Letw; = (4u + 14u?)|1 + y,| and using it into Lemma 10,
from (4+ 14u)nu(1+ys,_;) < (Gn—1)u(l+ys,_1) = Vs, (=
2), we have

Z |“J|+|ﬁJ'+|’71|+|E| P (X)| < Ysn- IZ|aJ'pJ(|x|)
e

(44)

Ysu_1 is O(u), so this round-off error may influence the
accuracy, we also need to consider it in our compensated
algorithm.

From Theorem 3 we have known that round-oft error
Tl < y2y6|A x ]+1| < 1Ys(1 + 1)IA jxbj,4|. According to
Lemma 10 we let w; = Y,¥6(1 + 1), from Y, <2u(l +7v,) and
2nu(l + ys,_3) < y5n_3, we have

]|p] ('x)| <Y6YSn 3Z|aJ|PJ |X|) (45)

j=0

VeVsn_3 is O(u?), so this round-off error does not influence
the accuracy.

Observing the error bounds we described above, the
perturbation generated by the third part of coefficients in
(18) does not influence the accuracy. Thanks to the div_d_d
algorithm in Appendix B (see Algorithm 13), we only need to
split the coeflicients into two floating point numbers.

Applying EFT, the ThreeProd algorithm and the div_d_d
algorithm, considering all errors which may influence the
numerical result in working precision in Algorithm 5, we
obtain the compensated Clenshaw algorithm in Algorithm 6.

Here we give the error bound of Algorithm 6.

Theorem 12. Let p(x) = Z;’:O a;p;(x) be a Legendre series of
degreen (n > 2) and x a floating point value. The forward error
bound of the compensated Clenshaw algorithm is

|CompClenshaw (p, x) - p (x)|

" (46)
<ulpx)|+ 2y§nfzzaij (x)
=0
Proof. From Algorithm 6, we obtain
|CompClenshaw (p, x) - p (x)|
= |(Eo ® €Eo) —-P (x)| (47)

= |(1 +€) (EO + elAao) —p(x)|,

where |e| < u.

According to Theorem 8, we have p(x) = b, + €b,; then

|CompClenshaw (p, x) - p (x)|

= |(1 +€) (P (x) —eb, + e@o) - p(x)' (48)
< ulP ()] + (1 +u) |eb, - eby| .

Next we analyze the bound of |eb, — ebyl.

Let g(l) (})xb at CJ+1b]+2 + aj-l); then

gﬁl g)XEj+1 (4) + C,(l'l‘*)-lgj+2 (3) + aj'l) (1. (49)

Thus we obtain

Zg/’PJ (x) - Zg(”m (%)

n

<1 ) (A7 1l By + [ ] + ) B (D

(50)

According to Lemma 9, we get

2.3 p;(x)-2) 3 @ p; (x)
j=0 j=0

n

< YSn—lz |§51)' p; (IxD)
=0

< Psuor (1+4)

n
3 (A0 e ¢ O ] ¢ ) 705D
i=0
: (51)
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) ) From (53) we use w; = u(1 + ;) into Lemma 10; taking into
f‘incm;in [rb};z rl] = div-dd_dd(ah, al, bh, b) account that nu(l + Vsnea) < (51 4+ D1l + Y5,1) = Y5y and
ql=aho
[th1, t1] = prod_dd_d(bh, bl, q1) Vsns1Vones < )/5,,+2, according to (52), we get
[th2,t12] = add_dd_dd(ah, al, —thl, —tI1)
q2 = th2 @ bh x)-eY g ep;(x
[th1,t11] = prod_dd_d(bh,bl, q2) Zg] P]( ) ]Zg] PJ( )

[th2, t12] = add_dd_dd(th2, t12,~th1, ~t11) (54)
43 = th2 o bh L&

[q1, q2] = FastTwoSum(ql, q2) < Y5n+zz 'aj| p; (Ix[).

[rh,rl] = add_dd_d(ql, q2,43) j=0

Next welets; = a; + ; +1; + &;; then
ALGORITHM 14: Division of a double-double number by a double-

double number. <(1+y;) ('ocj' + 'ﬁj| + |17j| + 'fj'); (55)
thus
n—-1 n—-1
function res = DDClenshaw(p, x) iD; (x) - ZEjpj (x)
bn+2 = er—l =0 Jj=0 j=0
forj=n:-1:0 (56)
[h1,11] = prod_dd_d(b"),b,, x) o _
(h2,12] = prod_dd_dd(h1,11, A?, AD) < Vs% (les| + 8] + |5 + [,]) B; (1D
[h3,13] = prod_dd_dd(b’), b(’gz, J’j)l,C(lﬂ) "
[h4,14] = a ddddd(hz 12, h3 13) According to Lemma 9, we obtain
(b, b"] = add_dd_dd(h4,14,a)",a)")
end,J ] J n-1 n-1
res = [b", "] Zsjpj (x) - ®Zsj ®p; ()
Jj=0 Jj=0
ALGORITHM 15: DDClenshaw algorithm of evaluating an Legendre o
series in double-double arithmetic. < Ysn-1)-1 Z |5j| P (=) (57)
=0

< Ysuny1 (1+73)
From (50), (51) and ys,,_; (1 + ¥4) + Y4 < V5,43, we derive nl _
S x ZO(""J' + Bl sl + [&5[) 3 (-
=

From (56), (57), and ys(,,_1y_; (1+y3)+y3 < Vs,,_3, We derive
O (x) - @Zg ® p; () (56), (57), and ys, 1)1 (1+73)+Ys < Vs

n—1 n—1
Zsjpj (x) - ®Z§j ® p; (x)
0] Jj=0 j=0

p;j(x) =Y 3V p; (x)
j=0

—1 n-1
i (x) = Y 5;p; (%)
0 =0

3 p; (x) - @Zg ® p; (%) (58)
-1 n—-1
Sipj (x) —®) 5, p; (x)
= Mz (47 bet [ya] + [CFos| ] + ") B 21
n-1
(52) < vsus ) (log| + B[+ il + &) B €
=0
From (43), we let w; = (4 + 14u)u|1 + y,| and using it into
According to A" < A" and Remark 7, we obtain Lemma 10, taking into account that (4 + 14u)nu(1 + ys,_,) <
(51— Du(l+ Y5, 1) = Ysp1(n > 2) and ys, 35,1 < V5,5, We
l have
l) |x| | ]+l' + |CJ+1| | +2| + |a;)' 53) n—1 n-1 5 n-1
- ~ sipi(x)—®) 5. ®p:(x)| < Y5, a:| p: (|x]). (59)
10 3) (4, 19 [yl # ). 201~ 025 00 | <o el P
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function b = DDConvert(a)

v =0,
bh{’ = al,
forj=n-1:-1:0
fork=0:1:n-j
ifk=0

[hy,L,] = div_dd_dd(h,,1,, A?, AV)

ifk=1,2,....n—j-2

k+1° > k+12 7 k41

(hs, 1] = div_dd dd(h,, 1, AL, AD. )
[bhif), bz}g)] =add_dd_dd(h,,1,,-h;,-1))

a, b are the vectors of monomial polynomial and orthogonal polynomial’s coeficients, respectively

(h,,1,] = prod_dd_dd(CPc®, bh'"*", pIi*)
(bh?,bl) = add_dd_dd(-h,, -1,, a, o)

[y, 1] = div_dd_dd(bh"", bl AP, AD )
(h,,1,] = prod_dd_dd(C" ,C" | bh™V pI*Y)

AD

iftkzn-j-1 _ _
g}h”), bl = div_dd_ddbhd"P, b)), AP |
en
end
b= [bh®, b1

k1)

ALGoRrITHM 16: DDConvert algorithm for the polynomial from power basis to Legendre basis.

Combining (54) and (59), we get

|ebo - eleo| =

n-1 n-1
ZSij (x) + Zg;l)Pj (x)
j=0 j=0

n—1 n—1
—® ) 5,0p;(x) —eaZgj.” ® p; (x)
j=0 j=0

(60)

n—1 n—-1
Ysipj(x)—®) 5 ®p;(x)
j=0 j=0

+

n-1 n-1
2 9P -02.3 e p; ()
j=0 j=0

IN

n-1
2)’52n+2z 'aj|13j (Ix1).
j=0 -

From Definitions 4 and 6 and Theorem 12, we easily get
the following corollary.

Corollary 13. Let p(x) = Z?:o a;p;(x) be a Legendre series of
degree n and x a floating point value. The relative error bound
of the compensated Clenshaw algorithm is

|CompClenshaw (p, x) — p (x)|
P ()]

2
su+t 2y5n+2C0ndrel (p’ x) .

(61)

4. Numerical Results

All our experiments are performed using IEEE-754 dou-
ble precision as working precision. Here, we consider the

polynomials in Legendre basis with real coeflicients and
floating point entry x. All the programs about accuracy
measurements have been written in MATLAB R2012b and
that about timing measurements have been written in C code
on a 2.53-GHz Intel Core i5 laptop.

4.1. Evaluation of the Polynomial in Legendre Basis. In order
to construct an ill-conditioned polynomial, we consider the
evaluation of the polynomial in Legendre basis p(x) =
¥, a;p;(x) converted by the polynomials P(x) = (x —0.75)
(x - D" in the neighborhood of its multiple roots 0.75 and
1. We use the Clenshaw, CompClenshaw algorithms and the
Symbolic Toolbox to evaluate the polynomial in Legendre
basis. In order to observe the perturbation of polynomial
coefficients clearly, we propose the Convert algorithm in
Appendix A (see Algorithm 7) to obtain the coefficients of
the Legendre series. To decrease the perturbation of the
coeficients we also propose the DDConvert algorithm in
Appendix B (see Algorithm 16) to store the coeflicients in
double-double format. That is, the coefficients of the polyno-
mial evaluated, which are obtained by the Convert algorithm
and DDConvert algorithm, are in double format and double-
double format, respectively. In this experiment we evaluate
the polynomials for 400 equally spaced points in the intervals
[0.68,1.15], [0.7485,0.7515], and [0.993, 1.007].

From Figures 1-2 we observe that the polynomial evalu-
ated by Clenshaw algorithm (on the top figure) is oscillating,
and the compensated algorithm is more smooth drawing.
The polynomials we evaluated by Symbolic Toolbox (on the
bottom of Figures 1-2) are different because the perturbations
of coefficients obtained by the DDConvert algorithm are
smaller than those by the Convert algorithm. We can see
that the accuracy of the polynomials evaluated by the com-
pensated algorithm is the same with evaluated by Symbolic
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FIGURE 1: Evaluation of polynomial converted from p(x) = (x—0.75)"(x—1)"" by the Convert algorithm in Legendre basis in the neighborhood
of its multiple roots, using the Clenshaw algorithm (up), the CompClenshaw algorithm (middle), and Symbolic Toolbox (down).

Toolbox in Figurel. The polynomials in Legendre basis
evaluated by the compensated algorithm are much more
smooth drawing and just a little oscillation in the intervals
[0.7485,0.7515] in Figure 2. In fact, if we use the Symbolic
Toolbox to get the polynomial coeflicients, the oscillation will
be smaller than it is in Figure 2. However, this method is
expensive. We just need to use the DDConvert algorithm to
get the coeflicients; the result obtained by the CompClenshaw
algorithm is almost the same as that by using the Symbolic
Toolbox in working precision.

4.2. Accuracy of the Compensated Algorithm. The closer to
the root, the larger the condition number. Thus, in this
experiment, the evaluation is for 120 points near the root
075, that is, x = 0.75 = 1.03*®, for i = 1:40 and
x = 075 - 1.13% for i = 1:80. We compare the
compensated algorithm with multiple precision library. Since
the working precision is double precision, we choose the
double-double arithmetic [22] (see Appendix B) which is
the most efficient way to yield a full precision accuracy of
evaluating the polynomial in Legendre basis to compare with
the compensated algorithm. We evaluate the polynomials
by the Clenshaw, CompClenshaw, and DDClenshaw algo-
rithms in Appendix B (see Algorithm 15) and the Symbolic
Toolbox, respectively, so that the relative forward errors can
be obtained by |preg(x) = Poym()1/ pyym (x) and the relative

error bounds are described from Corollaries 13 and A.2 in
Appendix A. Then we propose the relative forward errors of
evaluation of the polynomial in Legendre basis in Figure 3. As
we can see, the relative errors of the compensated algorithm
and double-double arithmetic are both smaller than u (1 =
1.16 x 107') when the condition number is less than 10",
And the accuracy of both algorithms is decreasing linearly
for the condition number larger than 10'7. However, the
Clenshaw algorithm cannot yield the working precision; the
accuracy of which decreases linearly since the condition
number is less than 10'7. When the condition number is lager
than 10", the Clenshaw algorithm cannot obtain even one
significant bit.

4.3. Time Performances. We can easily know that the
TwoSum, TwoProd, and FastTwoSum algorithms in
Appendix B (Algorithm 8) require 6, 17, and 3 flops,
respectively. Then we obtain the computational cost of the
Clenshaw, CompClenshaw, and DDClenshaw algorithms:

(i) Clenshaw: 5n-2 flops;
(ii) CompClenshaw: 79n-29 flops;
(iii) DDClenshaw: 110n-44 flops.

Considering the previous comparison of the accuracy, we
observe that CompClenshaw is as accurate as DDClenshaw
in double precision, but it only needs about 71.8% of flops
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FIGURE 2: Evaluation of polynomial converted from p(x) = (x — 0.75)"(x — 1)"' by the DDConvert algorithm in Legendre basis in the
neighborhood of its multiple roots, using the Clenshaw algorithm (up), the CompClenshaw algorithm (middle), and Symbolic Toolbox

(down).

counting on average. We also implement CompClenshaw
and DDClenshaw by using Microsoft Visual C++ 2008 on
Windows 7. Similar to the statement in [23], we assume that
the computing time of these algorithms does not depend
on the coefficients of polynomial in Legendre basis nor the
argument x. So we generate the tested polynomials with
random coefficients and arguments in the interval (-1, 1),
whose degrees vary from 20 to 10000 by the step 50. The
average measured computing time ratio of CompClenshaw
to DDClenshaw in C code is 58.29%. The reason why the
measured computing time ratio is better than the theoretical
flop count one can be referred to the analysis in terms of
instruction level parallelism (ILP) described in [24, 25].

5. Conclusions

This paper introduces a compensated Clenshaw algo-
rithm for accurate evaluation of the finite Legendre series.
The Clenshaw algorithm is not precise enough for an
ill-conditioned problem, especially evaluating a polynomial
in the neighborhood of a multiple root. However, this new
algorithm can yield a full precision accuracy in working pre-
cision, as the same as the original Clenshaw algorithm using
double-double arithmetic and rounding into the working
precision. Meanwhile this compensated Clenshaw algorithm

is more efficient which means that it is much more useful to
accurately evaluate the polynomials in Legendre basis for ill-
conditioned situations.

Appendices

A. The Coefficients Conversion Algorithm
from Polynomial in Power Basis to
Polynomial in Legendre Basis

In order to design ill-conditioned problem of the polynomial
evaluation, we evaluate a polynomial in the neighborhood of
a multiple root. Thus we need an algorithm for converting
a polynomial in power basis to the polynomial in Legendre
basis. Motivated by [26], the conversion algorithm can be
deduced as follows.

Let P(x) = Y oax* and p(x) = Y3, b py be the
polynomials in power basis and Legendre basis, respectively;
according to

Pn+1 = Anxpn + Cnpn—l

xpn - Anpn+1 Anpn—l n > (A.l)
1
P1 = AgXpy = xpy = A_P1>
0
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we have
Zakx +x]Zb(]
j
= Zakxk
k=0
J\k 0 1 2
n-1 (2) 0
n—2 (7) (2) (4)
- 7) (10) (4)
n—4 (15) (10) (13)
o N G50 Gl Gl

Then we have

7,(0) O (0)
'b -b ' < VYmax{8[n/2]-1.8[(n-1)/2]+2} |b | . (A7)
According to the properties of Definition 1, we obtain
Ymax{8[n/2]-1,8[(n-1)/2]+2} = Van-15 (A.8)
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n—j-1

+x] Z b(frl)(qu p
k

j+17.(j+1)
+x70 py.

Ck

_Pk71>
k

A

k+1 —

(A.2)

Thus we get Algorithm 7.

Theorem A.l. Let P(x) = Y_, ax* and p(x) = ¥, b(o)
be the polynomials in power basis and Legendre basis, respec—
tively. The forward error bound of Algorithm 7 is

B0~ 5| <y [p7) (A3)

Proof. According to Definition 1 and Remark 7, we have

B =a; (1) - 205 (k=0),
1
i 1 ; C
b(]) — b(]+1) <3> k+1 b]+1)< >
k Ak—l k-1 Ak+1 k+1 (A4)
(k=1,....,n-j-2),
b= 5" @) (kzn-j-1).
k-1
When j = n— 1, we get that
b(gn_l) =a, 1>
(A.5)
o = 2 2.
0
Hence we can obtain
3 n—2 n—1
0 0 0
0 0 0
(6) 0 0
(6) 0 0 (A.6)
n—1 : :
-3) (8[%57]) @n-2) (n)
thus
B~ 59| <y, . (4.9)
O

According to Theorem A.l1 and Theorem 3.5 in [21], we
obtain the following corollary.



Journal of Applied Mathematics

Corollary A.2. Let P(x) = ¥ ax* and p(x) = ¥7_ b p;
be the polynomials in power basis and Legendre basis, respec-
tively. Then the relative error bound of Clenshaw algorithm by
using the Covert algorithm is

|Clenshaw (p,x) — p (x)|

A.10
p ()| (410

= Y4n(n+1)condrel (P’ x) .

B. Double-Double Library

The double-double arithmetic is based on Algorithms 8-14
[27]. Algorithms 15 and 16 are Algorithms 5 and 7 in double-
double arithmetic, respectively.
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