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This paper is devoted to the study of the linearization problem of fifth-order ordinary differential equations by means of fiber
preserving transformations. The necessary and sufficient conditions for linearization are obtained. The procedure for obtaining the
linearizing transformations is provided in explicit form. Examples demonstrating the procedure of using the linearization theorems

are presented.

1. Introduction

1.1. The Research Problem and Its Significance. In mathemat-
ics, a nonlinear equation is an equation which is not linear;
that is, an equation which does not satisfy the superposition
principle, or whose output is not directly proportional to its
input. Less technically, a nonlinear equation is any problem
where the variables to be solved for cannot be written as a
linear combination of independent components.

Nonlinear problems are of interest to engineers, physi-
cists, and mathematicians because most physical systems
are inherently nonlinear in nature. Nonlinear equations are
difficult to solve and give rise to interesting phenomena.
While solving problems related to nonlinear ordinary differ-
ential equations, it is often expedient to simplify equations
by a suitable change of variables. One of the fundamental
methods to solve this relies upon the transformation of a
given equation to another equation of standard form. The
transformation may be to an equation of equal order or of
greater or lesser order. In particular, the possibility that a
given equation could be linearized, that is, transformed to
a linear equation, was a most attractive proposition due to
the special properties of linear differential equations. The
reduction of an ordinary differential equation to a linear
ordinary differential equation besides simplification allows us
to construct an exact solution of the original equation.

One type of the classification problem is the equivalence
problem. Two equations of differential equations are said
to be equivalent if there exists an invertible transformation
which transforms any solution of one equation to a solution of
the other equation and vice versa. The linearization problem
is a particular case of the equivalence problem, where one of
the equations is a linear equation. It is one of the essential
parts in the study of nonlinear equations.

The main difficulty in solving the linearization problem
comes from the large number of complicated calculations.
Because of this difficulty, no one attempts to solve this
problem for nonlinear equations are higher than fourth.
However if we can solve the linearization problem of fifth-
order ordinary differential equations, then we should set a
new process to solve the problems in Physics or Engineering.

1.2. Historical Review. The linearization, that is, mapping
a nonlinear differential equation into a linear differential
equation, is an important tool in the theory of differential
equations. The problem of linearization of ordinary differen-
tial equations attracted attention of mathematicians such as
Lie and Cartan. The first linearization problem for ordinary
differential equations was solved by Lie [1, 2]. He found the
general form of all ordinary differential equations of second-
order that can be reduced to a linear equation by changing
the independent and dependent variables. He showed that
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any linearizable second-order equation should be at most
cubic in the first-order derivative and provided a linearization
test in terms of its coefficients. The linearization criterion
is written through relative invariants of the equivalence
group. Liouville [3] and Tresse [4] treated the equivalence
problem for second-order ordinary differential equations in
terms of relative invariants of the equivalence group of point
transformations. There are other approaches for solving the
linearization problem of a second-order ordinary differential
equation. For example, one was developed by Cartan [5]. The
idea of his approach was to associate with every differential
equation a uniquely defined geometric structure of a certain
form.

In 1993, Bocharov et al. [6] considered the linearization
problem of third-order with respect to point transformations.
Grebot [7] studied the linearization of third-order ordinary
differential equations by means of a restricted class of point
transformations, namely, t = ¢(x) and u = y(x, y). However,
the problem was not completely solved. Complete criteria
for linearization by means of point transformations were
obtained by Ibragimov and Meleshko [8].

In 2008, Ibragimov et al. [9] solved the linearization
problem for fourth-order ordinary differential equations by
using point transformation.

Nowadays, the linearization problem of fifth-order ordi-
nary differential equations via point transformations still is
an unsolved one.

1.3. The Mapping of a Function by a Point Transformation

Definition 1. A transformation,

t=¢(xy),
ey
u=y(xy),

where ¢ and y are sufficiently smooth functions, is called a
point transformation. If ¢, =0,2 transformation (1) is called
a fiber preserving transformation.

Let us explain how a point transformation maps one
function into another.

Assume that y,(x) is a given function, the transformed
function u,(t) is defined by the following two steps. On the
first step one has to solve with respect to x the equation

t =g (x,y (x)). )

Using the Inverse Function Theorem we find that x = «(t)
is a solution of this equation. The transformed function is
determined by the formula

uy (1) =y (a(t), yo (x(2))). (3)
Conversely, if one has the function u,(t), then for finding

the function y,(x) one has to solve the ordinary differential
equation

uy (¢ (%, 30 (X)) = v (x, 3 (%)) - (4)
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2. Necessary Conditions of Linearization

We begin with investigating the necessary conditions for
linearization. Recall that according to the Laguerre theorem a
linear fifth-order ordinary differential equation has the form

u® +a O + B(t) u + y(#)u=0. (5)

Here we consider the fifth-order ordinary differential equa-
tions

y(s) — f (x) ¥, yu’ )/"’, y(4)) , (6)

which can be transformed to the linear equation (5) with =
B =y = 0 under the fiber preserving transformation

et %
u=vy(xy).

So we arrive at the following theorem.
Theorem 2. Any fifth-order ordinary differential equation (6)

obtained from a linear equation (5) witha = B =y =0bya
fiber preserving transformation (7) has to be the form

Y+ (A +Ag) ¥

+ (B3y” + Bzy'2 + Bly’ + Bo)y

n

+ (Cly/ + CO) y”(z)

(8)
+ (D3y'3 +D,y? + Dy + DO) y"
+ ES;\/’5 + E4y’4 + E3y'3 + Ezy'2
+Ey +E, =0,
where
5
4=, )
Yy
A= -5 (Zq)xxw;v - (Pxny) (10)
0~ >
(oxv,)
10
B, = o, (11)
Yy
10
B=—22, (12)
¥y

Bl _ -20 (2§0xnyy - ¢xnyy) ’ (13)

(9.v,)
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Bo =-5 (Z(Pxxx(Pny - 9(P.726x1//)/ + S(PXX(P’CW’C}’

. L (14)
-2 ‘Px‘/’xxy) (‘Px‘/’y) ’
151//}’}’}’
C, =22
1 v (15)
CO _ -15 (2q)xx1//yy - q)xnyy) ’ (16)
(o)
D, = % (17)
y
D, - -30 (Z(Pxxwyyy - (wawy) (18)
(o)
D, = (15 (9(P32cnyy - S(Pxx(qu/xyy + 2(P92c1//xxyy
o (19)
_Z(Pxxx(Pnyy>) ((way) >
DO =-5 ((Pxxxxgoch/y - 12(Pxxx(Pxx(vajy
+ 6(Pxxx(P32c1//xy + 21(P33cxl//y - 2790)2cx¢x1//xy
+12 goxx(Pazcv/xxy - 2¢inxxy)
x(g2w,)
(20)
Es = —%1;;” , (21)
E, - -3 (2¢xxwyyyy - goxl/’xyyyy), 22)
(‘le/’y)
E3 = (_5 ((Z(Pxqu)x - 9(p326x) 1//yyy
+2 (4(Pxxv/xyyy - (PxI/’xxyyy) (Px) (23)

-1

X (‘Pazc‘/’y) >
E2 =5 ((6 (2(/)xxl//yy - (vajxyy) Prxx — (pxxxx<PxV/yy) Px
- (Zlgofcnyy - 27§D;2cx(PxV/xyy

+12 (Pxx(PiV/xxyy - Z(Pinxxyy ) )
-1

x(g2v,)
(24)
E; = (5(2190,y, - 420,95y + 2795, 0¥y
80 PV ny T PuVrny + 2Pax PV )
~ Ve ®i Wy + 5 (3000, 20,y ) PP
— 15 (793, — 80PV + 202V )

X @uxe) (919,)
(25)

Ep = = (VixxxxPaVx = 150 Prx P2V
+ 50 sx PaVax — 109, PV,

+ 1050, P2, PV — 600, P PV

+ 100, P2V

~ 1050}, + 105079V,

2 2 3 4
-45 PoexPxVxxx T 1O(Pxx§0x1//xxxx - (valxxxxx)

x(gty,) "
(26)

Proof. Applying a fiber preserving transformation (7), one
obtains the following transformation of derivatives:

’ _Dxll/_ll/x+y’l//y_ ’
u (t) = Do . = P(x, V,y ), (27)
A (t) = D.P _ P+ y’Py + y”PyI
Dy¢ Px
1
= 1 o)y + (o) "
+ (_(Pxxlljy + Z(lellxy) y, T PuxVx (le//xx]
-Q (x, y, )’I> le) )
(28)
£ (6) = D,Q _ Q, + y'Qy + )’"Qy’ n yrqu”
D¢ Px
1
‘Px [(‘way) Y (3‘Px‘/’yy) ! (29)
+3(Px (_(Pxny + (Pxny) y" LI ]
=R(x 3.y y" "),
@ (5 = DaR
R ¥
R +)/R +y R +y R " +y( )Rym
1 " rom (30)
(Px [((PXV/}') y + (4(Px1//yy) yy
29, (- 3<Pxxwy +20,9) " 4]
=S(x 0" "),
O,
_ Sx + ylsy + y”S}’, + yl”Syn + y(4)Sym + y(S)Sym)
Px
- q,% [(22v,) 77 + (503v,,) 'y
+5(Pi (_2(Pxx1//y + (lel/xy) )/(4) +- ] >
(31)



where D, = (0/0x) + y'(a/ay) + y”(a/ay') + y'"(a/ay") +
y D @/0y") + y©(0/0y™) + - - is a total derivative. Substi-
tuting u(s)(t) into the linear equation (5), we have

Sy
)/(5) n ((W_y}/> y’ -5 (Z(Pxxll/y - (PxV/xy)> y(4)

y

+ (( IOV/}’J’ ) yl’ + ( 101//)’)’)’ > yIZ
vy Yy

~ ( 20 (Zq)xnyy - ¢xnyy) ) y/ e ) ym

(o:v,)

+<(15wyyy>y+ )y”2+‘-'=0.
Vy

Denoting A;, B;, C;, D;, and E; as (10)-(21), we obtain the
necessary form (8). These prove the theorem. O

3. Formulation of the Linearization Theorem

We have shown in the previous section that every linearizable
fifth-order ordinary differential equation belongs to the class
of (8). In this section, we formulate the main theorems
containing necessary and sufficient conditions for lineariza-
tion as well as the methods for constructing the linearizing
transformations.

Theorem 3. Sufficient conditions for (8) to be linearizable via
a fiber preserving transformation are as follows:

AOy = Alx’ (33)
B, =2A,, (34)
W — (243 - 5B,) (35)
= 10 ’
A = B (4A0A1 B 5B1) (36)
x = A~ >
20
B, = —/1, 37
2= (37)
4C,
B, = —2, 38
1= (38)
~ —(2A,C, - 15D5) (39)
o 10 ’
_ _(2A1C0 _SDZ) (40)
oy 10 ’
—(A,D; - 50E
D3y — ( 13 5), (41)
5
—-(A,D, - 30E
D,, = % (42)
~2(1540,A; = 25C,, + 3A5A, - 54,C,)

_ L 01 43
Boy = 75 W
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(30A40,A, +6A3A, —10A,C, — 15A, By + 25D )
ox —
50

>

(44)

—(60Ag,Aq — 75B,, + 8A} — 30A,B, + 50D,

Oxx — 50 >
(45)
- (AlDl - 15E3)
D, = ———, (46)
5
Dy, = (60A,AgA; —1004,,Cy 758y, A,
+125D,, + 12A0A, —20A2C, — 45A,A, B,

+25A,D, — 75A,D, + 50B,C, + 375E,) (750) ",
(47)
By, = (2(175A%5, + 70A,, A5 - 325A,,B,
~ 75By.Aq + 500Dy, + 7A§
(48)

—65A5B, + 100A,D, + 100B — 625E, ) )

x (375)7"

Proof. For obtaining sufficient conditions, one has to solve
the compatibility problem. Considering the representations
of the coefficients A, B;, C;, D;, and E; through the unknown
functions ¢ and y. We first rewrite the expressions (9) and
(10) for A, and A in the following form:

1l’)/141
5 bl

(49)

Vyy =

(51ny - ijAO) Px
(109,)

Differentiating (50) with respect to y, one obtains the con-
dition (33). Substituting the expressions of v, and ¢, into
(11), (12), (13), (15), (16), (17), (18), (21), and (22) one gets
conditions (34)-(42), respectively. From (14) we have

Prx = (50)

l!’xxy = (ZOAOxWJZ/ - 1251%%)/ + loleyllijO
(51)

2 20yB,) (100y,) "

Comparing the mixed derivative (y,,,), = (¥,,).

obtains the condition (43). Equations (19), (20), (23) (24)

and (25) provide the conditions (44)-(48), respectively.
Consider the form of v, : y,,, = (y,A,/5) one can solve

+ 71//;A

that
¥y = w (%, 9) vy (x), (52)
where w; (x, y) = eJ A9 and v, (x) = 5 Since v, #0
then v, and w; cannot be zero. From w; = eI(Al/s)dy, we
found the relation
w

W,
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Relations (A;), = A, and (A,), = A, provide the condi-
tions

(15w1xw1y —3Apw;,w; + Cowf)

wlxy =

(15w1) ’ (54)
Cyw,
BT

respectively, and the relation (52) satisfied the condition

(v,), = ¥,,. cComposing the relation (y,),, = ¥,,,, one
has the equation

2.2 2 2 2
l/llxx = (_ZOAOwaWI - loowlxwaWI + 125w1xw1

2
+ 50w,y 0¥y — 100, Agw, ¥
2 2., (55)

2 2 2

+ 125y, 0y = 10y, Agw ¥y = 7TAG0 9,
22 2. \7!

+20Bywiy; ) (100wiy, )

Consider y,, = w, (x, )y, (x); one can solve that

v =1, (%) w, (x,y) + 9, (x), (56)

where w,(x,y) = le (x, y)dy. Because of f w, (x, y)dy =
w,(x, y) then

w; (% y) = Wy (57)

Since w # 0 then Wpyy #0. Sub'st.ituting w, into w;, and w;
we obtain the additional conditions

((—3w2y},AO + wzyCO) W,y + 15w2xya>2yy)

Wy =
- (15w,,) (58)

~ wzyC1
@oyyy = 715

respectively, and these satisfied the relations (y), = v,,
W),y = ¥y and (Y) .y, = Yy, From (26), setting p; (x, y),

o (x, ¥), and p5(x, ) as (A.1), (see Appendix) then we obtain
Yorewex = (~1406259], 0,3, + 112500097 15,005, Y1
+ 1125001/’?;:‘/’2;:“)‘21};‘/’1 (_Sway + “’2on)
22500009 Yy .
+ 675000V/fxw2xxwgyvjf (Sway - waAO)
112504, 450,97
X (—40A0xw§y - 75w§xy + 300w,,,w,, A
— 11w; A% + 20wy, By )
+ 1500000W1xw2xxxxw;ny
+ 900000‘/’1x‘/’2xxx“’3y‘/’f (_Sway + wzon)
+ 75000‘/’1x‘/’2xx“’§y‘/’f

x (16A0,05, + 455, — 18w,,,0, Ag
+ SwgyA%) - SwgyBo) + ISOOV/le/wa;yv/f
X (2004 gy, @5, — 404,05, A,
+ 3755, = 2250505, A + 85w, w5 AQ
— 100w, @5 By — 11w, Ay + 200, A (B,
—2u3) + 3000001//2xxxxw;1y1//?
X (5w2x}, - wzyAO)
30000y, 07
X (204005, — 7503, + 300,50, A
7wy, AG + 10w, By )
+ 3000‘//2“‘*’;}/!"3‘//i1
+251/’2x“)2y!/‘2‘/’;1 + 16”1#’15)
x (30000003, y3) .
(59)

By the proof of Theorem 3, we arrive at the following
Corollary. O

Corollary 4. Provided that the sufficient conditions in
Theorem 3 are satisfied, the transformation (7) of mapping
equation (8) to a linear equation u®(t) is obtained by solving
the compatible system of equations (49), (50), (56), (55), and
(59) for the functions ¢(x) and y(x, y).

4. Examples

Example 1. Consider the nonlinear ordinary differential
equation

xzyy(S) +5 (xzy' + ny) y(4)
+10 (xy" + 4xy’ +2y) y" + 30xy" (60)

ron

+60y y =0.
It is an equation of the form (8) with the coeflicients
5 10 10
A1=_’ AO:_’ B3=_’
Yy X Yy
40 20
B,=0, B, =-—, By=,
xy X
30
C, =0, Co=—, D; =0,
xy
60
D, =0, D, = E, D, =0, (61)
E, =0, E, =0, E, =0,
E,=0, E =0, E,=0,
2
Yy
W =Y, “"2=7) =0,
_-90000y" _ -3000y°
Uy = x4 > Us = x3 .



Applying Theorem 3 for checking the linearity, the coeffi-
cients in (61) obey all the conditions in Theorem 3, so that
one concludes that equation (60) is linearizable. Applying
Corollary 4, the linearizing transformation is found by solv-
ing the following equations:

Py = ((PxI//bcx B 21//1)
= (2y1x)

 (5yhx® — 4y nx - 4y7) (63)

Ve (9, |

4 4 3 4
Voxxxxx = (5 (_3w1xw2xx + 24w1xv/2xxw1x

; (62)

3 3 2 2 4

+ 24w1xw2x1//1x - 481//1x1//2xxx1//1 x
2 2.3 2 2.2

- 144v/1xw2xxll/l X - 72w1xw2x1//1 x

3.4 3.3
+ 32v/1xw2xxxxw1'x + 192w1xw2xx1//1x (64)

+ 288Y1, Yo Y3 X+ O6Y L Y, Y X
— 64 Y1 X — 1929501 X
_192%“‘/’?’5 - 48‘#2fo))
x (32yix")”
(v1y” +291) (65)
2

Since ¢, = 0, then one can take the simplest solution

@ = x. (66)

Thus, (62) becomes y,,x — 2y, = 0; the solution for this
equation is

v, = Cx’. (67)
Choosing C = 2, we have
v, = 2x%. (68)

This solution satisfied (63). Equation (64) becomes

WZxxxxx =0. (69)
Choosing the particular solution
v, =0. (70)

Hence (65) is in the form

Y= X yz. (71)
So one obtains the linearizing transformation
u=xy. (72)

t=x,

Thus, the nonlinear equation (60) can be mapped by trans-
formation of (72) into the linear equation u®(t) = 0. Next,
we will find the solution of (60). Since

u® @) =0, (73)
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then we get the general solution

4 3 2

t t
u(t)=C0£+Clg+C25+C3t+C4, (74)

where C,, C,, C,, C;, and C, are arbitrary constants. Substi-
tuting (72) into (74) we get
4 3 2
2 2 X X X
Xy =G+ G+ G+ G+ Gy (75)

Example 2. Consider the nonlinear ordinary differential equ-
ation

16y*y® —40(y’y" + 4y") y

3.n 2 12 n

—40(25°y" =37y = 8y°y' —14y") y
+ 60 (3y'y2 + 4y3) y"z

(76)
—20(15yy" +36y°y" + 42’y + 40y") "

x 105y" +300yy"* + 420y° "
+400y°y'” +384y*y’ = 0.

It is an equation of the form equation (8) with the coefficients

-5 -5
A= —, A, =10, By = —,
2y y
15 20
B, = —, B, = —, B, = 35,
2y y
45 15 -75
1= 7 5 Co=—, 3 3
4y y 4y
—45 -105
D, =—, Dy = —, D, = 50,
y 2y
(77)
105 B - 75 105
> 16yt T gy3 P74y
25
E, ==, E, =24, E, =0,
y
w; = ! wy = 2+/y
1 ' 2 = >
\y
i =0 " = —-288000 i = 5000
1 > 2 }/2 > 3 yw

Applying Theorem 3 for checking the linearity, the coef-
ficients in (77) obey all conditions in Theorem 3, so that
one concludes that (76) is linearizable. Applying Corollary 4,
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the linearizing transformation is found by solving the follow-
ing equations:

_ Px (V/Ix + 21//1)

= s 78
P o) 7

I/jlxx = Illlx (Sv]lx + 41//1) > (79)

4 3
Vaxxxxx = (_ISWIxV/Zx + 1201//1x1//2xx1//1
3 2 2
- 120‘l’1x‘//2x1//1 - 240v/1xw2xxxw1
2 2 2 2
+ 720V/1x1//2xx1r’/1 - 48011(/1xu/2xu/1
3 3
+ 160V/1xw2xxxxw1 - 960W1xw2xxxvjl
s 3 (80)
+ 17601//1x1//2xxw1 - 960w1x1//2xw1
4 4
+ 3201//2xxxxw1 - 11201//2xxxw1
4 4
+1600v/2xxw1 - 7681”2)61/]1)
-1
x (329)

(‘//1)’22+ 21//2). (81)

From (78),

%:&4_1'

82
Px 21//1 ( )

Taking the particular solution ¢ = ¢, then the solution of
(82) is

v, =C. (83)
Choosing C = (1/2), we have

1
=, 84
Vi=3 (84)

This solution satisfied (79). Equation (80) becomes

I1’/2xxxxx = 10V/2xxxx - 351//2xxx + 501//2xx - 241//2x' (85)

Choosing the particular solution

Y, =0. (86)
Hence (81) is in the form
V=Y. (87)
So one obtains the linearizing transformation
t=¢e", u=1/y. (88)

Thus, the nonlinear equation (76) can be mapped by transfor-

mation of (88) into the linear equation u®(#) = 0. Next, we
will find the solution of (76). Since

u® @) =0, (89)

then we get the general solution

t* £ t* 90
u(t):C0ﬂ+Clg+C25+C3t+C4, (90)

where C,,, C,, C,, C;, and C, are arbitrary constants. Substi-
tuting (88) into (90) we get

4 3. 2
ex X X

V¥ =Comy +c1% + Cz% +Cet+C,. ()

Appendix

Equations in Section 3
Consider
W = 700A%)xw§onw2 - 1750A0xBOxcu§yw2

+ 2804 0,05, Agw, — 10504 0,5 Ao Byw,
+ 27504 ¢, w5, Dow, — 350y, w5 Aqw,
+ 87530xw§y30w2 + 1250D0xxa)§ya)2
+ 500D, @3, A g, — 6250E, @3 @,
+ 22500005, @, — 22500003, @, @,

— 45000005, @, , A g, — 450000005, @5, @, @,
+ 112500005, @, @5,
+ 45000003 ., ,, @3, A g + 11250003, w5 By,

2 2
+ 11250000 ., 0, 0, 5, @)
— 37500003 1, 03,11, 3,

2 2
+ 3375000 .0, 0,03,
+ 67500003, W,y @5, A g0
— 22500003 ., 05,3, A
— 11250003, ,, w3, B,
~ 3750003, @5, Dow,

3

- 1875OOway(/.)z)cxxxya)zya)2
+ 937500,

4
W,

W)xxxx y

3
- 750000w2xyw2xxxyw2x“-’2y

- 15OOOOa)ZXywz,mxyw;yAOa)2
+ 75000003, @505, Ag

+ l6875OOwZX},a)gxxngyw2

— 112500000, @),y 03,0503
— 4500000, 0,11, @, 05 A
— 11250000, @, ., @5, By,

+ 5625000, 0, , By



+ 3750000, @,y Dy

+ 18750c02x},w‘21yE1w2
4

+ 1875Oa)ZX)mxxJ,wzyw2

5
— 1875005, x @,

+ 9375003y 0305,

+ 1875000, 1y @3, A o0

— 18750y, 5, A

= 3750000).x, @22 @5, @

+ 187500003,y 0,05

+ 750000,y 005, A g

+ 1875000, .., w3, By,

+ 18750001, 0.0 05 ,

~ 18750, 05, By

- 56250003, 3,

= 11250003, A g,

+ 1125000, 0,005, A

+ 5625000, 05,5, By

+ 187500, ., w5, Dot

~ 18750w,,.,w,, Dy

— 187500,,03, E, + 1875005, E,
+ 2805, Ay, — 21005 A% Byw,
+ 55005, A5 Dy, + 35003, A Bjw,

— 125003, A B, w, - 125003, By Dy,

U = —3200A%, @, — 180004, w5, , @,

— 24004 5,0, @3, A g — 20004 5,5, A]

+ 56004 0,5, By + 12000B),,, @,

— 4000Dy,w, , — 5625w,

+ 45003, W, , A ¢ — 495005, w5 AG

+ 90003, w3, By — 300w, w;  AQ

+ 3600w,,., w3, A ¢ By = 120000, w; Dy

- 281w) A + 1480w, AGB,

— 800w),, A gDy — 2000wy, B; + 8000w

2 3
p3 = 400A o, w, ., w5 y 1008, w, y

+ 375a)§’xy - 225w§xyw2on
+ 125,05 A — 200w,,,@3 By

— 3w;, A} — 20w, Ao By + 10003, Dy,

(A1)
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