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The aim of this paper is to present the fundamental inequalities for convex functions on Euclidean spaces. The work is based on the
geometry of the simplest convex sets and properties of convex functions. Some obtained inequalities are applied to demonstrate a
natural way of generalizing the Hermite-Hadamard inequality.

1. Introduction

Let 2 be a real linear (vector) space, g; € 2 points (vectors),
and «; € R coeflicients (scalars). The combination

n
c= Zcxia,- @
i=1

belongs to the linear subspace & = lin{g;} as the smallest
linear space that contains all g;, and it is called the linear
combination. If Y\ | «; = 1, the combination in (1) belongs
to the affine hull o/ = aff{g;} as the smallest translated
linear space that contains all g;, and it is called the affine
combination. If ¥ o, = 1 and all o; € [0,1], the
combination in (1) belongs to the convex hull € = conv{a;}
as the smallest convex point set that contains all g;, and it is
called the convex combination. The point c itself is called the
center of the observed combination.
A function f: & — R is affine if the equality

f)= Z‘Xif (a;) (2)

holds for all affine combinations in (1), and f is convex if the
inequality

flo< i“if (a;) (3)

holds for all convex combinations in (1). The formulas may be
referred to for n = 2 and then by applying the mathematical

induction extended to any positive integer #. The important
Jensen’s inequality in (3) was just so proven in [1].

Jensen’s inequality was extended to special affine combi-
nations and their centers in [2], generalizing Mercer’s variant
of Jensen’s inequality obtained in [3]. The connection between
discrete and integral forms was observed in [4]; the integral
forms were studied in [5], and the Jensen type inequalities for
Q-class functions were investigated in [6]. Different variants
and forms can be found in [7, 8].

2. Convex Functions on the Line

Known results are presented in this section, in a way that
can be generalized. Convex combinations of the line segment
and affine combinations of the convex cone represent the
backbone of the work. Theorem 3 is the most important in
terms of scope of its content.

If a,b € R are different numbers, then every number x €
R can be uniquely presented as the affine combination

x =aa+ f3b, (4)

where

TPl 5
s P

1 1
The above binomial combination is convex if and only if
the number x belongs to the interval conv{a, b}. Given the

function f: R — R, let f{l;“lf} : R — R be the function of

R
QR
——

X =

SR
S
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the line passing through the points (a, f(a)) and (b, f(b)) of
the graph of f. Using the affinity of f{;ng}, we get

fime (%) = af (@) + Bf (b). 6)

Let €, be the convex cone (half-line) with the vertex at
a spanned by a — b containing binomial affine combinations
x=a+ pla-b)=(1+ p)a- pb, where p > 0; that is,

€,={(1+p)a-pb:p=>0}. (7)

Convex cone €, is defined similarly. That means thatifa < b,
then €, = (-00,a] and €, = [b,+00). The consequence
of the representations in (4) and (6) is the well-known
characterization of convex functions with one variable, as
specified in the following lemma.

Lemma 1. If a,b € R are the line segment endpoints, then
every convex function f: R — R satisfies the inequality

f(x)< fl;"lf (x) for x € convia,b} (8)
and the reverse inequality
f()2 firs (x)  for x € €, UG, ©)
Using combinations x = (1 + p)a — pb with p > 0, the
inequality in (9) takes the form
f((+p)a=pb)=(1+p)f@-pf®). (10

Example 2. Leta, b and x = (1 + p)a — pb € €, be positive
real numbers.

Substituting the values of the convex power function
f(x) = x" with the exponent r € (—00,0] U [1, +00) in the
inequality in (10), we get the inequality

[(1+p)a—pb] = (1+p)a" - pb (1)

and the reverse inequality by substituting the values of the
concave power function with the exponent r € [0, 1].
Substituting the values of the concave logarithmic func-

tion f(x) = Inx in the inequality in (10) and rearranging
them, it follows the inequality
a*PbP > (1+ p)a- pb. (12)
Combining the application of Lemmal and Jensen’s
inequality to the convex combinations x = Y., oa, it
follows
OE Zoc,f(a Fia ) (13)

ifall g; € convia, b} and

n
Yoif (@)= f(x)= firl (x) (14)
i=1
ifalla; € €, orallg; € €.

Convex combinations with the common center are con-
sidered in the following theorem.
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Theorem 3. Let a,b € R be the line segment endpoints.
Let Y oa;a; be a convex combination of the points a; €
conv {a, b}, and let Z;’;l B;b; be a convex combination of the
points b € €, U G,

If the center equality

n
Cc= Z(Xiai =
i=1

is valid, then the inequality

> Bjb; (15)
=

fl)< i“if (a;) < iﬁ;f (bj) (16)
i=1 j=1

holds for every convex function f: R — R.

Proof. The first inequality in (16) is the Jensen inequality. The
last inequality follows from the series of inequalities

fo;f(a) Z“z e (@ {1;"5}(2““)
e (zﬁ”) Sasi) o

derived by applying the inequality in (8) to a; and the
inequality in (9) to b]-. ]

The geometric insight to the inequality in (16) presented
in Figure 1 shows that the point P, (¢, f(c)) is below the point

(o 3o @) ) € comv o £ 6)) o o F )
i (18)

and the point P, is below the point

( Zl% (b ))GCOHV{(bpf(b ))seees (B f (b))} -
(19)

Corollary 4. Let a,b € R be the line segment endpoints.
Let Y, aya; be a convex combination of the points a; €
conv {a, b}, and let aa + b be the convex combination such
that

c= iociai =aa + fb. (20)
i=1
Then the inequality
f©) <Y af(a)<af (a)+ Bf (b) (1)
i=1

holds for every convex function f: conv{a,b} — R.
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FIGURE 1: Geometric representation of the inequality in (16).

3. Main Results: Convex Functions on
the Plane

We assume that R? is the real vector space with the standard
coordinate addition (x;, y,) + (x,, ¥,) = (x; +x,, y; + ¥,) and
the scalar multiplication a(x, y) = (ax, ay).

If A(xy,y4), B(xg, yg), and C(xg, yo) are the planar
points that do not belong to one line, then every point
P(x, y) € R* can be presented by the unique affine combi-
nation:

P =aA+ BB+yC, (22)
where
x y1 x y1 x y 1
xp yp 1 Xq yal Xa yal
_lxc el ﬁ__xc)’cl _|xpypl
T xayall’ N xXp ya 1|’ T xavall
xg yp 1 xg yp 1 xg yp 1
Xc Yo 1 xc yc 1 Xc Yo 1
(23)

The above trinomial combination is convex if and only if
point P belongs to the triangle conv{A, B,C}. Given the

function f: R* — R, let f&?;)ec} :R* — R be the function
of the plane passing through the points (A, f(A)), (B, f(B)),

and (C, f(C)) of the graph of f. Because of the affinity of
fhoe s it follows

freme (P)=af (A)+Bf (B)+yf (C).  (24)

Let € 4 be the convex cone with the vertex at A spanned
by the vectors A — B and A — C containing trinomial affine
combinations P = A+ p(A-B)+q(A-C)=(1+p+qA-
pB —qC, where p,q > 0; that is,

Ca={1+p+q)A-pB—qC:p,q>0}. (25

Cones € and 6 are defined in the same way, and all tree
cones can be seen in Figure 2.

Using the cones, we achieve the generalization of
Lemma 1 to convex functions on the plane as follows.

FIGURE 2: Triangle with cones.

Lemma 5. If A, B,C € R? are the triangle vertices, then every
convex function f:R* — R satisfies the inequality

f(P) < fhie, (P)

and the reverse inequality

f(P) = fo%e. (P)

Proof. If P € conv{A, B,C}, the combination in (22) is
convex, and the inequality in (26) follows from the convexity
of f and the equality in (24).

IfPe GyUGpUG sayP € €, and P #+ A, we can
represent the point P as the binomial affine combination:

P=(1+p+q)A-pB-qC (28)

for P e conv{A,B,C}, (26)

for Pe €,U%E5U 6. (27)

_ _ Py
=(1+p+qA (p+q)<P+qB+p+qC>. (29)

Applying the inequality in (10) to the combination in (29),
then using the convexity of f and the affinity of f{lj?g,ec}
get the series of inequalities:

f(P)2(1+p+q)f(A)—(p+q)f(ﬁ
>(1+p+q) f(A)-pf(B)-qf(C)

_ cplane

= JiaBc) ((1 +p+ q) A-pB- qC) = f{ilig,ec} (P)
(30)

, WE

B+LC>
ptq

which includes the inequality in (27). O

The area outside the triangle and outside the cones (the
white area in Figure 2) cannot be generally covered with one
inequality. Such area does not exist in the previous one-
dimensional case.

Applying Lemma 5 and Jensen’s inequality to the planar

n

convex combinations P = )", o;A;, we get the inequality

f(P) < Yof(A;) < {i{‘j;fc} (P) (31)
i=1



ifall A; € conv{A, B, C} and the inequality

Yo f (A)2 f(P) 2 foie, (P) (32)
i=1

ifallA; e €y, 0rall A; € G, orall A; € 6.
The following are planar convex combinations with the
common center.

Theorem 6. Let A,B,C € R? be the triangle vertices.
Let Y oy A; be a convex combination of the points A; €
conv {A, B, C}, and let Z;":l B;B; be a convex combination of
the points B; € €, U € U €.

If the center equality

P = Z“iAi = Zﬁij (33)
=1 =1

is valid, then the inequality
fp)< Z“if (4)) < Zﬁjf (Bj) (34)
i=1 =1

holds for every convex function f: R* — R.

Proof. We employ the proof of Theorem 3 using f{p/ia;ec}
instead of fg;“; O

If (33) is valid, and if all points A; and B; are the triangle
vertices, then the equality

Z“zf

holds. The reverse statement is true if the function f is strictly
convex.

||M§

Bif (B;) (35)

Corollary 7. Let A,B,C ¢ R? be the triangle vertices.
Let Y7 oy A; be a convex combination of the points A; €
conv {A, B, C}, and let x A+ BB+yC be the convex combination
such that

pP= i(xiAi = A+ BB +yC. (36)
i=1
Then the inequality
FP)<Yaf(A)<af (A)+Bf B +yf(C)  (37)
i=1

holds for every convex function f: conv{A,B,C} — R.

4. Generalization to Higher Dimensions

Let P,...,Py,; € RY be the points so that the vectors
P, - P,,..., P, — Py, be linearly independent. In this case,
the convex hull conv{P,,..., Py,,} is called the N-simplex in
RY with the vertices P, ..., Py,,. All of the simplex vertices
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cannot belong to the same hyperplane in RY. Every point
P e RY can be presented by the unique affine combination:

N+1

P= ) aB, (38)
k=1
where the coeflicients

X o oxy 1

Xy Xy 1

X117 Ko n 1

Xgpr1 0 Xk N 1

ket Dy = xyaw 1
=(-1 39
(-1 o a1 (39)

Xg-11 v XN 1

X Xy 1

Xge11 " X N1

XN+11 7 XNe N ]

are determined generalizing the coefficients in (23). The
combination in (38) is convex if and only if the point P
belongs to the N-simplex conv{P,, ..., Py}

Given the function f : RY — R, let f{hpyfi ergljille

RN — R be the function of the hyperplane (in RN*')
passing through the points (P, f(P,)) of the graph of f.
Therefore

N+1

Freme (P = Y aif (By). (40)
k=1

[PraaPin

Let 6, (k = .,N + 1) be the convex cone with
the vertex at P, spanned by the vectors P, — P; for k #
j = L,...,N + 1 containing (N + 1)-membered affine
combinations P = Pk+zllc\fjl:1 pj(P—P;) = (1+le€\:;1 L PP

N+1 .
Z,#J 1 P J,where all P;=0; that is,

N+1 N+1
Gy = <1+ D pj>Pk— > piPiipiz0p. (4D

ke j=1 ki j=1
Lemma 8. If P,,...,Py,, € RY are the N-simplex vertices,
then every convex function f : RN — R satisfies the

inequality

f (P) < fhyperplane (P)

b for P € convi{P,,...

’PN+1}
(42)

and the reverse inequality
f(P) > ffl,{{fﬁfpi“’:e (P) for PEB,U---UBy,,. (43)

Proof. The proof is similar to that of Lemma 5. We sketch the
arguments briefly as follows.

To prove (42), we firstly apply Jensen’s inequality to the

o N+l
convex combination P = " aq.P, € conv{P,,..., Py}

and then use (40).
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To prove (43) for P € G, other than P, we firstly imple-
ment the inequality in (10) to the binomial affine combina-
tion:

< N+1 ) N+l

P=(1+ Y p; |~ > p;P;

kgzl ! kg:l Y (44)
=(1+p)P -

where p = ZkN;]llp] and Q, = ZkI\;J;ll(p]/p)P and then
apply Jensen’s inequality to the convex combination of Qy,

thus obtaining

f(P>z<1+NZHpj> () - NZHPJ (7))

Qs

k#j=1 ktj=1 (45)
hyperplane
f{Pl """ PNH}
as the desired inequality. O

Using the inequality in (45) with power and logarithmic
functions, the inequalities of Example 2 can be generalized as
follows.

Example 9. Let Pj(xj1,...,xy) € R" for j = LN +1
be the N-simplex vertices with all coordinates x; > 0. Let

P(xy,...,xy) € € be a point with all coordinates x; = (1 +
N+1 N+1
P)xyi — Zké:l pjxj; > 0, where p = Zk;] 1Pj-

Including the values of the convex power sum function

with all 7; € (—00,0] U [1, +00)

f(xp. xy) = Zx

(46)
in the inequality in (45), we get the inequality
N N+1 K
YA+ px— Y pixji
i=1 k#j=1
(47)

i=1

Z[(l+p X - ZHPJ Jt:|

k#j=1

and the reverse inequality by including the values of the
concave power sum function with all r; € [0, 1].

Including the values of the concave logarithmic sum
function

flxpenxy) =

™M=

Inx; =In Hx,- (48)

i=1 i=1

in the inequality in (45) and rearranging them, it follows the
inequality

l_[ |:xkzp li[lsz jl 21_[[(1-'-p)xki_

i=1 k#j=1 i=1

Z

N+1
Z PjXji | -
k#j=1

(49)

Applying Lemma 8 and Jensen’s inequality to the convex
combinations P = Y_ | o;A;, we get the inequality

,,,,, Pt}

FP <Y f(A) < frh™™ () (50)
i=1

ifall A; € conv{P,,..., Py,;} and the inequality

n
hyperpl
Youf (A) = f(P) = fiFh™, (P) (51)
ifall A; belong to the same cone .
Relying on Lemma 8, we reach the conclusion written in
the next theorem.

Theorem 10. Let P,,...,Py,, € RY be the N-simplex
vertices. Let Y, a;A; be a convex combination of the points
A, € conV{P,.. PN+1} and let Z] 1 BjB; be a convex

1

combination of the points B; € €, U+ U G-
If the center equality
P =D A=) BB (52)
i=1 =1
is valid, then the inequality
f(P) < Z(x,f (A) <) Bif (B]) (53)

j=1
holds for every convex function f: RN — R.

Corollary 11. Let P,,...,Py,, € RY be the N-simplex
vertices. Let Y, o;A; be a convex combination of the points
A; € conv{P,...,Py,,}, and let ZNH B;P; be the convex
combination such that

N+1

P= ZocA = Z'BJ (54)

Then the inequality

N+1

f@) <Zoaf(A ) < 2/3] (P) (55)
holds for every convex function f: conv {P,,..., Py} — R.

5. Application to the
Hermite-Hadamard Inequality

Applying the integral method with the convex combinations
to the inequalities obtained in the theorems, we get their
integral forms. Using the Jensen type inequalities, we briefly
demonstrate the generalization of the Hermite-Hadamard
inequality (for essentials on this inequality see [9] or [10]).
Let f : [a,b] — R be a convex function. Given the
positive integer n, we make the partition [a,b] = UL, [a,;, b,],
where all subsegments have the same length (b — a)/n, and



the adjacent subsegments have a common endpoint. If we
take subsegment centers x,,; = (a,; + b,;)/2, then we have the
convex combination equality:

n
bm-—am- a+b

Cc = X, .= . (56)
Z b-a " 2

Applying the inequality in (21) to the above convex combina-
tion, it follows

a+b\ &b, —a, f(a)+ f(b)
f< 5 >S o S ) <

, (57)
i=1
and letting »n to infinity, we obtain the classic Hermite-
Hadamard inequality:

EUR e

The transition to the planar case can be done using
Corollary 7. Let f : A — R be a convex function, where
A = conv{A, B, C} is the triangle with vertices A, B, and C.
Given the positive integer n, we use the partition A = U?:ZIA,-
with congruent subtriangles A; = conv{A,;, B,;,C,;} having
a common edge or endpoint if they are adjacent. So, the area
ar(4,;) of each subtriangle A, is equal to ar(A)/ n*. If we take
subtriangle centers P,; = (A,; +B,,; +C,;)/3, then we have the
convex combination equality:

Zar(A P -

ar (A)

L@ 1O g

A+B+C

3 (59)

Applying the inequality in (37) to the above convex combina-
tion, it follows

f(A+§+C)

2

=

ar(2) , _ f(A)+f(B)+[(C)
ar(A) ™ 3 ’

i=1

(60)

and letting n to infinity, we obtain the planar Hermite-
Hadamard inequality:

f(A+B+C>

3
1 fA)+fB)+f(©)
<= ) JAf(x, y)dxdy < 3 .
(61)

The transition to any dimension N suggests Corollary 11
using the N-simplex A = conv{P,,..., Py, }. Applying the
previous procedure to A, we reach the conclusion that every
convex function f: A — R satisfies the inequality

1 N+1
f<N+1ém><mMmj'”%””“ﬂwf“WN

N+1

N+lzf(Pk)

(62)
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