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The semidiscrete and fully discrete discontinuous mixed covolume schemes for the linear parabolic integrodifferential problems on
triangular meshes are proposed. The error analysis of the semidiscrete and fully discrete discontinuous mixed covolume scheme is
presented and the optimal order error estimate in discontinuous H(div) and first-order error estimate in L* are obtained with the

lowest order Raviart-Thomas mixed element space.

1. Introduction

We consider the following linear parabolic integrodifferential
problems

q; (x,t) = V- {A (x,t) Vg (x,1) + Jt B(x,t,7)Vq(x,t,7) d‘r}

0

=f(xt), ((xt)eQx(0,T],
q(x,0)=¢q,(x), x€Q,
qx,t) =0, (xt)eoQx(0,T],

@

where Q € R? is a bounded convex polygonal domain with
the boundary 0Q), x = (x, y), g is an unknown function, A isa
symmetric, bounded matrix function, B is a bounded matrix
function, q,(x) and f(x, t) are known functions, and f(x,t) €
L*(Q). Furthermore, we assume that the matrix M = A™! and
M, are two bounded matrix functions.

Here and in what follows, we will not write the indepen-
dent x, ¢ for any functions unless it is necessary.

For the parabolic integrodifferential problems many
numerical methods were proposed, such as the finite element
methods in [1], Hl-Galerkin mixed finite element methods
in [2], finite element approximation with a weakly singular
kernel in [3], expanded mixed finite element methods in [4],
and expanded mixed covolume method in [5].

Because the discontinuous Galerkin method has the
advantages of a high order of accuracy, high parallelizability,
localizability, and easy handling of complicated geometries it
has been used to solve elliptic problems and convection-
diffusion problems by many researchers; see [6-11]. The dis-
continuous finite volume method in recent years was used to
solve elliptic problems, Stokes problems, and parabolic prob-
lems in [12-14]. In [15] the discontinuous mixed covolume
methods for elliptic problems were demonstrated by Yang
and Jiang. Zhu and Jiang extended the discontinuous mixed
covolume methods to parabolic problems in [16]. The goal
of this paper is to extend the discontinuous mixed covolume
methods in the linear parabolic integrodifferential problems.

The rest of this paper is organized as follows. In Section 2,
some notations are introduced and the semidiscrete and the
fully discrete discontinuous mixed covolume schemes for the
integrodifferential equations (1) are established. In Section 3,
the existence and uniqueness for the semidiscrete and the
fully discrete discontinuous mixed covolume approximations
are proven. We defined a generalized discontinuous mixed
covolume elliptic projection in Section 4. We prove the
optimal error estimations in both H' and L* norms of semi-
discrete and the fully discrete discontinuous mixed covolume
methods in Sections 5 and 6.

Throughout this paper, the letter C denotes a generic pos-
itive constant independent of the mesh parameter and may
stand for different values at its different appearances.
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2. Discontinuous Mixed
Covolume Formulation

Let w = —AVg and D = BM, and rewrite (1) as the system of
first-order partial differential equations

Mw+Vqg=0, (xt)eQx(0,T],

t
qt+V-w+J V-(Dw)dr=f, (xt)eQx(0,T],
0

qx,0)=gq,(x), x€Q,

q(x,t)=0, (x,t)€dQx(0,T].

We will use the standard definitions for the Sobolev
spaces H*(K) and their associated inner products (-,); k>
norms | - | x and seminorms | - | ;- in [17]. The space H°(K)
coincides with L’(K), in which the norm and the inner
product are denoted by || - [[x and (-, )k, respectively.

Let 7, = {K} be a triangulation of the domain Q. As
usual, we assume the triangles K to be shape-regular. For a
given triangulation 7, we construct a dual mesh 7, based
upon the primal partition 7. Each triangle in I, can be
divided into three subtriangles by connecting the barycenter
Q of the triangle to their corner nodes A; (i = 1,2, 3). Then
we define the dual partition 7, to be the union of the
triangles shown in Figurel. Let P(T) consist of all the
polynomials functions of degree less than or equal to k
defined on T. We define the finite-dimensional trial function
space for velocity on 7, by

Uy, = fue () ulg e (K, VK e T} (3)

Define the finite-dimensional test function space V}, for
velocity associated with the dual partition 7, as

Vi ={ve L’(Q)?:vlp e B(T)’ VT € T}}.  (4)
Let Hj, be the finite-dimensional space for pressure

H,:={pel’(Q): plg e (K),VKeT,}. (5

Let I denote the union of the boundary of the triangles K
of 7}, and IT? : T\ 0Q. The traces of functions in V}, and H, are
double valued on I’. Let e be an interior edge shared by two
triangles K; and K, in T},. Define the normal vectors n; and
n, on e pointing exterior to K; and K, respectively. Next, we
introduce some traces operators that we will use in our num-
erical formulation. We define the average {-} and jump [-] on
e for scalar g and vector v, respectively:

1
{p}= 2 (P|al<1 + PlaKz)’ [P = Plom1 + Plase 2

1
{u} = 5 (“|aK1 + u|aI<2)> [u] = ulgg, -0y + ulpg, - my;
(6)

if e is an edge on the boundary of Q, we set

{pt=p, [=u-n, )
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FIGURE 1: Element T € ;, for a triangular mesh.

where n is the outward unit normal. We do not require either
of the quantities [p] or {u} on boundary edges, and we leave
them undefined.

Multiplying the first and second equations in system (2)
by v € V,, and p € Hy, respectively, and using the integration
by parts formula in the equation, we have

Z JMW'VdX+ Z J.

Teg; °T Teg; 20T

Z J q,pdx + Z J V-wpdx

KeT,, KeT,

qv-nds =0, VYveV,

+ 3 | [ v owpdrax=(£p). vpem,

KeT,
(8)

where n is the outward normal vector on 0T. Let Tj €
T, (j =1,2,3) be the triangles in K € 7. Then we have

3

qv - nds = j qv - nds
TEZ;LZ LT KEZ%J; AjnQA;
9)
+ Z J qv-nds, VveV,
KeT), oK
where A, = A,. A straightforward computation gives
Z J qv - nds
KeT, “9K
=) j [q]-{v}ds+2j (q}-V]ds, WveV,

eer? ¢ ecl' ¢

(10)
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Let Jr qds = Y .er L qds. Using the above formula and the fact
that [q] = 0 forqg € HY(Q) on T° (9) becomes

Z J qv - nds

Teg; 29T

3

-3

KeT, j=1 TA4inQA;

qv-nds+ J {q} [v1ds,

eel V¢

Vv e Vh‘

(1)

Then, system (8) can be rewritten as in the following:

ij qv - nds

z J Mw -vdx +
T KeT, j=1 TAjnQ4;

T
TeT,

+Zj{q}[v]ds=0,

el °¢

Z Jthpdx+ Z jKV-wpdx

KeT, KeT,

t
+ ) J LV(Dw)pdrdx:(f,p), Vp e Hy,.

KeT,

(12)

LetU(h) = U, + H*(Q)%. Define a mapping y : U(h) —
V), as

1 *
yulp = " J ulpds, TeT,, (13)
e e

where h, is the length of the edge e. For u = (u;,u,) € U(h),
yu; (i = 1,2) is defined as

1 * .
yuilp = W L wlods, TeT, (i=1,2). (14)

Then the system (12) is equivalent to

3

Z J-Mw-yvdx+ Z ZJ

Teg; T KeT, j=1 JAinQA;

qyv - nds

+ZL{q} [yv]ds=0, VYveU(h),

eel’

Z J q,pdx + Z J- V- wpdx

KeT,, KeT,

(15)

+ ) J LV-(Dw)pdrdxz(f,p), Vp € Hy,.

KeT,

3
Let
a, (u,v) := Z J Mu - yvdx,
Teg; T
3
b(v,p) = Z ZJ pyv-nds+ZJ {p}[yv] ds,
Keo, j=1 JAmQ4A; eer Je
¢ (u,p) = Z J V - updx,
KeT,, K
& (u,p) = Z J V - (Du) pdx.
KeT, K
(16)

Using the above bilinear forms, it is clear that system (15) can
be rewritten as in the following:

a,(w,v)+b(v,q) =0, VveU(h,

t
@) +6 (0 p)+ | Gwp)dr=(fip). VpeH,
17)

In order to define our numerical schemes, we introduce
the bilinear forms as follows:

a(u,v) = a,(u,v)+ oczhl J M [u] [v] ds,

ecl''e 7€

c(u.p) = & (w.p) - | {p} [yulds, (18)

£ (u.p) = & (w.p) - | {p} lyulds,

where « > 0 is a parameter to be determined later. For the
exact solution (w, q) of system (2), we have

a, (w,u) =a(w,u), VYueU,
o (w.p)=c(w,p), VpeH, (19)
& (wp)=c(w,p), VpeH,
Therefore, it follows from (17) that
aw,v)+b(v,q) =0, VveU,

(o) +clwp)+ | Ewp)dr=(fip). VpeH,
(20)

The discontinuous mixed covolume scheme for (2) reads
as follows. Seek (wy,, q;,) € Uj, x Hj, such that

a(w,v)+b(v,q,) =0, VYveU,

t
(@ )+ <o)+ | 2w p)dr = (). VP e By,
(1)



where g,(0) = G,(0), w,(0) = W,(0), g,(0), w,,(0) will be
given in Section 4.

Let N > 0 be a positive integer;let 0 = Pt ccti<

- <t = T be a subdivision of time. t/ = jAt (0 < j <

N), At = T/N. We use the backward Euler difference quotient

.
4,4,

= (22)
v (j=12,....,N)

at‘]i, =
to approximate the differential quotient aq{; /ot (j=1,2,...,
N) and the numerical integration At zi;})v - (D*wF) to
approximate the integration jotj V-(Dwy)dr (j=1,2,...,N)
in the semidiscrete scheme; then we obtain the backward
Euler fully discrete discontinuous mixed covolume scheme

for the problem (1): find (wj,qil) eU,xH, (j=1,2,...,N),
such that
a(w{l,v) + b(v, qi) =0, VveU,
. . !
(@) el o2 X whr ) - ) 9
k=0
Vp € Hy, j=L2,...,N,

where q), = G,(0), w;, = W,(0), §,,(0), W,(0) will be given in
Section 4.
We define the following norms for u € U(h):

1
mﬂ&=hWHM4W+Z—jm%g
eerhe e
1
umﬁ=wﬁ+mﬁ+2;jmﬁm (24)
ecl''’e 7€

2 2 2 2
all® = 1lalllf + Y Hgluls g

KeT,
where V}, - u is the function whose restriction to each element
K € T isequalto V- uand |u|ih = YKe7, IuIiK.
We will introduce some useful Lemmas; for more details,
see [6].
Lemma 1. Foru,v € U(h), we have
a (u,v) < Clllulll giy [Vl giy- (25)
Lemma 2. For (u, p) € U(h) x L2(Q), we have
b(u p) =—c(up). (26)

Lemma 3. For (u, p) € U(h) x L2(Q), we have
1/2
b(u, p) < Cllull <||pl| +< > hilpﬁ,K) >; (27)
KeT,
if (u, p) € U, X Hy, then
b(u,p) <Cllull-|p],

(28)
&(u,p) <Cllull-|p]-
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Lemma4. Let Z, = {u | u € Uy, c(u, p) = 0,Vp € H}; for
any u € Z,, there is a constant C,, independent of h such that,
for « is large enough,

a(u,u) > Cylllulll3,- (29)

3. Existence and Uniqueness for Discontinuous
Mixed Covolume Approximations

In this section, we prove the discontinuous mixed covolume
formulation has a unique solution in the finite element space
U, x H,.

Theorem 5. The semidiscrete discontinuous mixed covolume
scheme (21) has a unique solution in the space U, X Hy,.

Proof. Only prove that homogenous equation

a(wypu)+b(u,q,) =0, VYaueU,

t
@)+ (o) + | GOwp) =0, VpeH, (0

4, (0) = 0, w;, (0) =0,

of (21) exists unique zero solution since the number of un-
knowns is the same as number of line equations.

By letting v = wy, in the first formula of (30) and p = g, in
the second formula of (30), using Lemma 2, the sum of (30)
gives

t
a (Wi Wp,) + (G- G) = = L & (Wi ap) - (31)

Using (1/2)(d/dt)(qy,> 91) = (que> q,) and Lemmas 3 and 4, we
have that

2 1d 2
Col [Walllaw + 5 7 l4nl

; ; (32)
<c | will laildr = € | iwill lal d.

Using Hoélder inequality and Gronwall Lemma, we get

1d

t
Collwills + 5 il < € [ Jailar. @9

Integrating the above formula, we get

t
2 2
26, | Iwill e + sl
(34)

t s t
<c[ [lalaras<c| lafd
0 Jo 0

Then [ig,ll = 0, [lw,lllg, = 0.So g, = 0, w;, = 0,¢t € (0,T].
This completes the proof. O

Theorem 6. The fully discrete discontinuous mixed covolume
method defined in (23) has a unique solution in the finite
element space Uy, x Hy, if At is sufficiently small.
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Proof. Only prove that homogenous equation

a(wh, ) + b(v,qh) =0, VveU,

1
(0l p) + c(whhp) 4 <At’zwh, ) N

k=0

Vp € Hy, j=1L2,...,N,

of (23) exists unique zero solution since the number of
unknowns is the same as number of line equations.

By letting v = w; in the first formula of (35) and p = g in
the second formula of (35), using Lemma 2, the sum of (35)
gives

-1
(o) 0] - < a3

k=0 (36)

j=12,...,N.

Using Lemmas 3 and 4 and

(at‘ﬁp q;l)

- Ait (4,-4,".q})

:%[(qh,qh) (a7 a ")+ (g, -af " a, - )]
= oz el = a1 + i~ 0[]

> o[l - 14717

(37)

we have from (36) that

2ol willy, + lail” = oI

R
< CAt |:(At)2 . +Hq,];||2j| . j=12,..,N.
div (38)

Adding the above inequality with j from 1to i, using g, = 0
and the discrete Gronwall inequality, when At is sufficiently
small, we have

oty Wil + i <0 (=128, 69)
j=1

Hence we have lg; I = 0 and [[w}I[5, = 0 G = 1,2,...,N);
thatis, g, = 0 andwj, = 0 (i = 1,2,..., N). This completes
the proof. O

4. A Discontinuous Mixed Covolume
Elliptic Projection

Define an operator 7y from H' (K) to P, (K) by requiring that,
for any Vu € HY(K),

J nguds = J uds,

(i=1,2,3), (40)

where e; (i = 1,2,3) are the three sides of the element K ¢
T 1. It was proved in [5] that

Yu € H*(K), (s=0,1,2).
(41)

|7rKu u| _slulz)K,

sK—

For any u € H}(Q)?, define IT,u € U, by

(Myu),| = Mg, VK e Ty, (i=1,2). (42)

Using the definition of IT; and integration by parts, we can
show that

c(u—Iu,p)=0, VpeH,. (43)

It was proved in [6] that
|||w - le|||diV < ch|wll,. (44)

Let I, be the projection from L}(€2) to the finite element
space Hj,.

Define a discontinuous mixed covolume elliptic projec-
tion by requiring that, finding w;,, g,,: (0,¢) — U, x Hj, such
that

a(w-w,,v)+b(v,q-g,) =0, VYveU,
(45)
c(W-W,,p)=0, VpeH,.
It was proved in [15] that the above formula has a unique
solution and the error estimates in the following Theorem 7.

Theorem 7. Let (Wy,,q),) € U, x Hj, be the solution of (45)
and (w, q) € H*(Q)* x HY(Q) the solution of (20). Then there
exists a positive constant C independent of h such that

lw =l +la =l < Ch(wl, + Jal,). o)

Theorem 8. Let (W,,q;,) € U, x H, be the solution of (45)
and (w,q) € H*(Q)* x HY(Q) the solution of (20). Then there
exists a positive constant C independent of h such that
w =)y + (2 = @)
< Ch(|will, +

47)
Il +Iwil, + l4],)

Differentiating each equation of (45) on t and using (43),
(44) we can prove this theorem in the same way as [15].



5. Error Estimates for Semidiscrete Method

In this section, we will establish the error estimates in the
H(div) and L* norms for the semidiscrete discontinuous
mixed covolume method.

Theorem 9. Let (wy, q;,) € Uy, x Hy, be the solution of (21) and
q,(0) = g,(0), (w,q) € H*(Q)* x HY(Q) the solution of (2).
Then there exists a positive constant C independent of h such
that

lIw = Wil + la -

t
<cn[[[ (Al + a1t + Jal) -+ 1wt + B, |
(48)

Proof. Let& = g, — q,, 4 = W), — wy,. Subtracting the two
equations of (21) from those of (20), respectively, we have

a(w-w,,v)+b(v,q—q,) =0, VYveU,

t
(= 12) + e =w )+ | Ew=w p)dr =0,
Vp € H,.
(49)
Using (45), we have

a(nv)+b(v,&) =0, VveU,

(@ —an>p)+c(n.p)

=—JtE(q,p)dT—JtE(w—Wh,p)dr, Vp € Hy,.
0 0 (50)
Differentiating the first equation of (50) on ¢, we have that
a(n,v)+b(v,&)=0, VYveU, (51)

By letting p = &, in the second formula of (50) and letting
v = 77in (51), using Lemma 2, the sum of them gives

a(nen) + (& 8)

t t
~ (B Pt - [ EOn)dr- | 2w-w,8)ar
(52)
Using
1d
2dt
and Lemmas 1 and 3 gives

1d 2
EEQ(”’ 1) + &

1
a(tpn) = z—ann) - 3 (M7, 1) (53)

<l 160U - Pl + Il

t t
] Wl D& e+ |l =l D& e |
(54)
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Multiplying the equation above with 2, integrating them from
0 to t and using Holder inequality, e-inequality, Gronwall
inequality, Lemma 4, and (47), we can get

i+ & ([ Bl

< Chz( Lt (el + e, + wll, + IIqlll)df>2’

(55)

SO
t
s, < Ch L (Iwell, + llgell, + Iwll, + llal,) dr. (56)

t t
[ 1ddr <n | dwl+lal, + o+ Jal, s 57

hence

Jel < | 18l dr < [ (wol +ladd, + 1wl + al, )
(58)

Now, using the triangle inequality, (46), (56), and (58), we
get

[Iw = wallas, + g = gl

t
<[ [ bl lad + 1, + Jal, ) e+ 1w + al, |
(59)

The proof is complete. O

6. Error Estimates for Fully Discrete Method

Let & = qﬂ“ﬂip U= ‘7;]1 —g, = Wil_wil (j=01,...,
N), and then the error estimates for the backward Euler
fully discrete discontinuous mixed covolume method in the

H(div) and L? norms are provided in next two theorems.

Theorem 10. Let (w,q) € H*(Q)* x H'(Q) be the solution of
(2) and (w{l, qil) € U, xH, (j = 1,2,...,N) the solution of
(23) witht = t; (j = 1,2,..., N), respectively. If g, = @,(0) =
Qo> W), = W,(0) = wy, then there exists a positive constant C
independent of h and At such that

i i i
max 7' - g + max][w' - wi |,
0<i<N 1~ 0<i<N hlldiv

< CAt (“qtt“LO"(Lz) + ”Wt||L°°(H2)) (60)
+Ch (”Wt"LOO(HZ) + ||qt”L°°(H1)

+ Wl ooy + ”q"L‘”(H‘))'
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Proof. Subtracting the two equations of (23) from (20), resp-
ectively, with t = t/ (j = 0,1,..., N), we can get the error
equation:

a(wj_w;f;,v)+b(v,qj—q{l):0, VVEUh,

A . , . t
(qi - atq{l,p) +c (w’ - wfl,p) + L c(w,p)dr

i1
—E(AtZwﬁ,p) =0, VpeH, j=1,2,...,N.
k=0
(61)
Choosing v = W (G = L2,..., N)and p = & (j =
1,2,..., N) in the two equations of (61), adding them
together, and using Lemma 2, discontinuous mixed covolume
elliptic projection witht = ¢/ (j =0, 1,..., N), we have
a(n,n') +(0,.¥)

tj

:@¢_¢gq+@g¢g_jaw_mgqh
0
j-1 t
—cl| At k, €]> _

First, we estimate the left item of (62). Using Lemma 4,
we have

¢ (W, &) dr+ 5<Atiw’;, £f> .

k=0
(62)

2

.
div

a(n',n') 2 G|’
(3,8,¢)
- é (51 _ gj—l’fj)

1
T O2At

1 ) . . 1
= oz ET =671+ g &[]

1 2 i1
>[I -1

[(6.8) - (87 + (8- 87,8 -]

(63)

Then, we estimate the right item of (62). From

0.’ - |

7
(&) o
T Ja\ At Jiin n
_ ! J th (ti—l—t)zdtr sdt | dx
= @7 Ja\ b ot
< CA e oo g2
(64)
we have
(94’ - a.¥) < C A1) |aul s, €]
Ja.2°)
-

1 (v
- Lil ¢dt

At

1 (Y
<3 )l

Ch
<

i
<5 |l dad, 1ot )
ti

<Ch (||wt||L°°(H2) + "qt“LO"(Hl) + Wil ooy + ||q||L°°(H1))’
(65)

and therefore
(a¢.¥)
<Ch (l|wt||L°°(H2) + "qt“L‘x’(Hl) + [Wlligeo 2y + ||q||L°°(H1))
x[¢]-

(66)

Using Lemma 3, we can get

- L E(W—Wh,fj)dT

¢ )
<C [ lhw=willuuee 9]

<Ch (||W||L°°(H2) + ||p”L°°(H1)) "EJ" >

j-1 ‘ j-1
%(MZ%fﬁscMGZWﬂ
k=0 k=0

J
1€

- Jt ¢ (W, &) dr+ E<Atjiﬁ7£,§j>
0

k=0
k+1

([

(W’; - W, (T)) dr, Ej>



j—l k+1

>, | wndsdr
t t

<C ]

< C(At) ||wt||L°°(H2)

¢l
(67)

Substituting the estimations above into (62), multiplying
them with At, adding them with j from 1 to i, and using £° =
0, we have

2
div

"E’ "2 + 2C0AtZ|||17’|
j=1
< CO (|l + Wil o)
j-1 i
+C0? Y|, + caey &)
k=0 j=1

2
+ Ch2(||wt||L°°(H2) + ||qt||L°°(H1) + Wllzeo g2y + ||q||L°°(H1)) .
(68)

Using the discrete Gronwall inequality, we have

max [¢1] + max|l]

0<isN 0<i<N div

< CAt (“qtt“LOO(LZ) + "wt"L‘x’(Hz))

+Ch (||Wt||L°°(H2) + ||qt||L°°(H1) + [Wllgeo () + ”q”L‘X’(H‘))'
(69)

From the formula above and (46) and using the triangle ineq-
uality, we have

i i i
max 7' - g + max|[w’ - wi [,
0<i<N 174 0<i<N hilldiv

< CAt (“qtt||L°°(L2) * "wt"L‘”(Hz))

+Ch (||w, ||L°°(H2) + ”qt"L‘”(H‘) + [Wlligeo ey + ||q||L°°(H1)) .
(70)

This completes the proof. O
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