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We establish the existence results for two-point boundary value problem of fractional differential equations at resonance by means of
the coincidence degree theory. Furthermore, a result on the uniqueness of solution is obtained. We give an example to demonstrate

our results.

1. Introduction

Fractional differential equations have been studied exten-
sively. It is caused both by the intensive development of the
theory of fractional calculus itself and by the applications
such as physics, chemistry, phenomena arising in engineer-
ing, economy, and science; see, for example, [1-5].

Recently, more and more authors have paid their atten-
tions to the boundary value problems of fractional differential
equations; see [6-21]. Moreover, there have been many works
related to the existence of solutions for boundary value
problems at resonance; see [12-21]. It is considerable that
there are many papers that have dealt with the solutions of
multipoint boundary value problems of fractional differential
equations at resonance (see, e.g., [12, 16]).

In [12], Bai and Zhang considered a three-point boundary
value problem of fractional differential equations with non-
linear growth given by

Dfu(t) = f(tu(),Dy u@), 0<t<l,

u(0)=0 u(l)=ou(n),

@

where 1 < & < 2,0 < 7,0 <1 > 0, 04"
Riemann-Liouville fractional derivative, and f, g :
R* — R are given functions.

= 1, D, is
[0,1] x

In [13], Hu et al. have studied a two-point boundary value
problem for fractional differential equation at resonance

Dx(®) = f(tLx@®),x' (1), 0<t<1,
2)
x(0)=0, ' (0)=x"(1),
where 1 < a < 2, Dj. is Caputo fractional derivative, and

f:[0,1] x R* — R satisfies Carathéodory conditions.

As far as we know, there are few works on the existence
of two-point boundary value problems of the fractional
differential equations at resonance. Motivated by the works
above, we discuss the existence and uniqueness of solutions
for the following nonlinear fractional differential equation:

Dyeu (t)
= f(tu®), Dy u ), DS u(),.... D N u ),
u(0) = D5 u(0) = -- —Dg‘:(N_l)u(O):O
DT u(0) = DY u (1),

3)

where 0 <t < 1, N -1 < & < N, Dj, is Riemann-Liouville
fractional derivative, and f : [0, 1] x R? — R is continuous
function.
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More precisely, we use the coincidence degree theorem
due to Mawhin [22]. The rest of this paper is organized
as follows. In Section 2, we give some necessary notations,
definitions, and lemmas. In Section 3, we study the existence
of solutions of (3) by the coincidence degree theory. Finally,
an example is given to illustrate our results in Section 4.

The two-point boundary value problem (3) happens
to be at resonance in the sense that the associated linear
homogeneous boundary value problem

Dgou(t) =0,
u(0) = D5 u(0) =---=DE N u =0, (4
DT'u(0) = D§u (1),

has u(t) = ¢;t*"! as a nontrivial solution.

2. Preliminaries

In this section, we present the necessary definitions and
lemmas from fractional calculus theory. These definitions and
properties can be found in the literature. For more details see
[1-3].

Definition 1 (see [1]). The Riemann-Liouville fractional inte-
gral of order &« > 0 of a function f : (0,00) — R is given

by

« 1 a
Ef)= ) L (t— )" f(s)ds, (5)
provided that the right-hand side is pointwise defined on
(0, 00).

Definition 2 (see [1]). The Riemann-Liouville fractional de-
rivative of order o > 0 of a continuous function f : (0,00) —
R is given by

Dy, f (t) =

T J I (6)

T(n-a)dt" Jo (¢ -1

where n — 1 < a < n, provided that the right-hand side is

pointwise defined on (0, co).

Lemma 3 (see [1]). Letn—1< a <n,u € C(0,1) ﬂLl(O, 1);
then

IDFu®)=u(t)+Ct* "+ Cyt* 2+ + Ct*", (7)
whereC; € R,i=1,2,...n.

Lemma 4 (see [1]). Ifa > 0, m € Nand D = d/dx. If the

ractional derivatives DS u(t) and D™ u(t) exist, then
0+ 0+

D™Dy, u(t) = Dy, u(t). (8)

Lemma 5 (see [1]). The relation
LI f () = 17 f () (©)
is valid in following cases 3 > 0, a+3 > 0, and f(x) € L,(a, b).
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Now let us recall some notations about the coincidence
degree continuation theorem.

LetY, Z be real Banach spaces,let L : domL c Y — Zbe
a Fredholm map of index zero, andletP: Y - Y,Q: Z —
Z be continuous projectors such that ker L = ImP, ImL =
kerQ,andY = ker Loker P, Z = Im L& Im Q. It follows that
Ll gom nker p : dom L Nker P — Im L is invertible. We denote
the inverse of this map by K. If Q) is an open bounded subset

of Y, the map N will be called L—comRact on Qif QN(Q) is
bounded and Kp N = Kp(I = Q)N : QO — Y is compact.

Theorem 6. Let L be a Fredholm operator of index zero and N

be L-compact on Q. Suppose that the following conditions are
satisfied:

(1) Lx # ANx for each (x,A) € [(dom L \ ker L) N 0Q] x
(0, 1);
(2) Nx ¢ Im L for each x € ker L N 0Q);

(3) deg(JONier 1, Q@ Nker L,0) + 0, where Q : Z — Z
is a continuous projection as above with Im L = ker Q
and J : Im Q — ker L is any isomorphism.

Then the equation Lx = Nx has at least one solution in dom LN
Q.
3. Main Results

In this section, we will prove the existence results for (3).

We use the Banach space E = CJ[0, 1] with the norm
luly, = maxy,lu()]. Fora > 0, N = [«] + 1, we define
a linear space

X={uluDfueE i=12,...,N-1}. (10

By means of the functional analysis theory, we can prove that
X is a Banach space with the norm [uf x = IID(O)‘;luIIOO +oeet

D5, N ull + lull .

Define L to be the linear operator from dom(L) (] X to E
with dom(L) = {u € X | D§,u(t) € E, u(0) = D3 *u(0) =
<= DITNTV(0) = 0, DY, 'u(0) = DE;'u(1)} and

Lu=Dy,u, ue€dom(L). 1)
We define N : X — E by
Nu (t)

= f(tu®), Dy ut), DG u ()., DE N u ().

> 0t
(12)
Then the problem (3) can be written by Lu = Nu.

Lemma 7. The mapping L : dom(L) c E is a Fredholm oper-
ator of index zero.

Proof. It is clear that

ker (L) = {clt“_l} =R (13)
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Let x € ImL, so there exists a function u € dom L which
satisfies Lu = x. By (11) and Lemma 3, we have

u) = x@) + ot ot gt* N (19)
_ a2 _ _ ya—(N-1) _ .
By u(0) = Dy "u(0) = --- = Dy, u(0) = 0, we can obtain
¢, =-+--=cy =0.Hence
u(t) =I5 x (1) + o t* . (15)

Then, we have
Do, 'u () = D' (Inx (1) + 1™

ox— {04 r
= D0+110+X (t) + Cl % (16)

= th(s)ds+c1I‘(oc).

0

Taking into account D§: 'u(0) = D3 'u(1), we obtain

jl x(s)ds = 0. 17)

0

On the other hand, suppose x satisfy L; x(s)ds = 0. Letu(t) =
I, x(t), we can easily prove u(t) € dom(L).
Thus, we conclude that

1
Im(L):{x:J x(s)ds:O}. (18)
0
Consider the linear operators Q : E — E defined by
1
Qx(t) = J x (s) ds. (19)
0

Take x(t) € E; then
Q@< =o( )
[ (

= Jlx(s)ds:Qx(t).

0

r () dt) ds (20)

0

We can see Q2 =Q.

For x(t) € E in the type x(t) = x(t) — Qx(t) + Qx(¢),
obviously, x(#)-Qx(t) € Ker(Q) = Im(L) and Qx(#) € Im(Q).
That is to say, E = Im(L) + Im(Q). If u € Im(L) () Im(Q), we
have u = ¢;; then IOI ¢ds = 0. As aresult ¢; = 0, and we get
E =Im(L) ® Im(Q).

Note that Ind L = dim ker L — codim Im L = 0. Then L is
a Fredholm mapping of index zero. O

We can define the operators P : X — X, where

_ L a—1 a—1
Pu = F(oc)D0+ u(0)t™ . (21)

3
Foru € X,
1 _ _
P(Pu)=P —D%" 0t‘“>
(Pu) <HM 1, (0)
(22)
1 oa—1 a—1
=_I‘((X)DO+ I/l(o)t =Pu.
So we have P? = P.
Note that
Ker (P) = {u: Df,'u(0) = 0}. (23)

Since u = u — Pu + Pu, it is easy to say that u — Pu € Ker(P)
and Pu € Ker(L). So we have X = Ker(P) + Ker(L). If u €
Ker(L) () Ker(P), then u = ¢ t*71. We can derive ¢ = 0 from
Dy et !, = 0. Then

X =Ker (L) ® Ker (P). (24)
Foru € X,
IPul = oo [P w7

OB

[e.0]

AR AN W

R 1 “,
= ( 2 F_(z) + m) |D0+1u(0)|
= a'Dg‘Ilu(O)|,
(25)

where a = 1/T(«) + Y, ' (1/T(0)).
We define K : Im L — dom L Nker P by K,x = I, x.
For x € Im(L), we have

LK,x = LIj, x = Dj, If, x = x. (26)

For u € dom(L) [ Ker(P), we have Dg;lu(O) = 0. And for
u € dom(L), the coefficients ¢, ..., ¢y in the expressions

u=I5DFut) + ot + ottt (27)
are all equal to zero. Thus, we obtain
K,Lu = Ij,D§,u = u. (28)

This shows that K, = (Ldom(LmKer(P))_l. Again for each x €
Im(L),

[
= [15.%]x
= 15xleo + P8 ]+ -+ [ P51

N-1 1 1
= <ZF(1’+1) " F(oc+1)>”x”°°

i=1

= bllx 0

where b = 1/T(a + 1) + Y07 (1/T( + 1)).



Lemma 8. Assume Q) C Y is an open bounded subset such that
dom LY # 0; then map N is L-compact on Q

Proof. By the continuity of f, we can get that QN(Q) and
Kp(I = QIN(Q) are bounded. So, in view of the Arzela-
Ascoli theorem, we need only to prove that Kp(I — Q)N Q)
is equicontinuous. From the continuity of f, there exists a
constant > 0, such that |(I - QN(u(t))| < r, forallu € Q,
te[0,1].

For0<t, <t, <1,u € Q, wehave

|KpoNu (t,) = KpoNu (t,)|

1

T I (ty— ) (T - QN (u(s))ds

0

M9 - N weds

0

(30)

<t j“ (6= (1~ 9] ds

+— rz(t — )" ds
() )y, 7

r o o
= (15-1%).
IF'(x+1) ( 2 1)

Furthermore, we have

'ngKP,QN” (t,) - ngKP,QNu (t1)|

1

0 J (- s) " (I~ QN (u(s)) ds

0

_ Ll (t, - )" (I - QN (u(s)) ds

ro(b i-1 i-1 (31
sr—(i)L [(t,— )" = (6, - 5) ] s

t ,
4 J (t,—s)'ds

TGO ),

:ﬁ(tg—t’i),

where i = 1,2,...,N — 1. Since t* and ¢t are uniformly
continuous on [0, 1], we can get that Kp,(I —-Q)N : Q — Y is
compact. The proof is completed. O

To obtain our main results, we need the following condi-
tions.

(H,) There exist functions ¢,y; € L'[0,1],i = 1, N, such
that for all u € R%, ¢ € [0,1],

lf(t,xl,xz,...,xN)|

(32)
<@yl + sl + 4y [xl
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(H,) There exists a constant A > 0 such that for every y €
R, if |x,| > Aforallt € [0, 1], then

f(tx,%5...,x5) #0. (33)

(H;) There exists a constant D > 0 such that, for each ¢,
i = 1,2 satisfying min{|c, |, |c,|} > D. We have either
at least one of the following:

oN (clt“_l) >0 (34)

or

oN (clt“_l) <0. (35)

(Hy) YN, p; < 1, where p,, = (a+b)lly;ll,,i=1,2,...,N.

Lemma 9. Q, = {u € dom(L) \ Ker(L) | Lu = ANu,A €
[0, 11} is bounded.

Proof. Foru € Q,A # 0and Lu = ANu.By (12), Lu = ANu €
Im(L) = Ker(Q); that is,

1
A J f(bu®), D5 u (), Dy u(t), ..., Dy N Vu () dt
0

=0.
(36)

By the integral mean value theorem, there exits a constantt,, €
[0, 1] such that

f(toru(ty), Dy u(to), Dy u(ty) ... DN Vu(ty))

=0.
(37)
Form (H,), we can get IDgJ:lu(tO)I < A.
Againforu € Q,,(I-P)u € dom(L)\Ker(L) and LPu = 0.

From (29), we have

I(T = Pyully = | K, LU - Pyu|, = |K,Lu,, < bINullq,.

(38)
Now by Lemma 4
to
D8 @) < D5 w09+ |] " D (91
< |D8‘;1u (t0)| +to] mmax |Dg,u (1) (39)
< |D8‘;1u (t0)| + ||Dg‘+u(t)||00
<A+ |Lulle = A+ |INUo-
That is,
D5 u (0)] < A+ INull,. (40)
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From (25) and (38), we have
lullx = IPu+ (I = P)ulx < [[Pullx + (I - Plulx

(41)
< a|D§,'u (0)] + bINul,
Furthermore, it follows from (40) and (H,) that
llell x
< (a|Dg; u(0)] + BINul,,)
<a(A+|Nully,) +b|Nuly, = aA + (a+b) |[Nuly
<aA+(a+Db)
x| f (t-u @), D5 u (), Dy u ()., DY Ny )|,
<aa+ @+ ) (Jol, + Iyl lullo + uwznlnDz;luum
+ ol 05 u],)
=aA+(a+b)|e|, + plulle + p3”Dg;1u“m
+ P4”Dg;2”‘noo ot PN+1||D0+ Ny “oo
(42)

By the definition [luly and (H,), it is easy to see that
DG ull - ||D8‘;(N_l)ulloo and |ul,, are bounded. So, Q,
is bounded. ]

Lemma 10. Q, = {u € Ker(L) : Nu € Im(L)} is bounded.

a—1

Proof. Let u € Ker(L), so we have u = ¢t*", ¢, € R. For
Nu € Im(L) = Ker(Q),
! _ I'(x) _
a1 2
Jof<t,C1t ,cll"(oc),...,ml )dt:() (43)

By the integral mean value theorem, there exits a constant ¢, €
[0, 1] such that

I'() N2\
mqtl ) =0. (44)

From (H,), it follows that |¢;] < A/T'(«). Hence, Q, is
bounded. O

f (tl,clt‘;‘_l,clf(cx) oo

Lemmall. Q; = {u € Ker(L) : Au+ (1 -A)QNu =0, A €
[0, 11} is bounded.

Proof. Let u € Ker(L), so we have u = ¢;t* ', ¢, € R.IfA = 0,
then |¢,| < D.If A = 1, we have ¢, = 0.
IfA #0and A # 1, then

At M+ (1= 1) QN (u) = 0. (45)
It follows that
AetP T+ (1-0)

i )cltN_2> dt = 0.

1
onf<t at™al (@), CT(N-1
(46)

Then we get
1
At 4 (1= 1) J clf(t, clt“_l,...,czl"(tx))dt =0, (47)
0

which, together with (H;), implies |¢;| < D. Here, Q; is
bounded. O

Remark 12. If the other parts of (H;) hold, then the set Q} =
{fu € Ker(L) : =Au+ (1 = AM)QNu = (0,0), A € [0,1]} is
bounded.

Theorem 13. Suppose (H,)-(H,) hold; then the problem (3)
has at least one solution inY.

Proof. Let Q) be a bounded open set of Y, such that Ule Q, c
Q. It follows from Lemma8, N is L-compact on Q. By
Lemmas 9, 10, and 11, we get the following:

(1) Lu # ANu, for every u € [(dom L\ Ker L) [)0Q] x
(0, 1);
(2) Nu ¢ Im L for every u € Ker L[] 0€;

(3)let H(u,A) = +Alu + (1 — 1)JQNu, where I is
the identical operator. Via the homotopy property of
degree, we obtain that

deg (JQN|e 1, Q Nker L, 0)
=deg(H (-,0),QnkerL,0)
(48)
=deg(H (-, 1),QnkerL,0)

=deg(I,QNnkerL,0)=14%0.

Applying Theorem 6, we conclude that Lu = Nu has at least
one solution in dom L N Q. O

Under the stronger conditions imposed on f, we can
prove the uniqueness of solutions to the (3) studied above.

Theorem 14. Suppose the conditions (H,) in the theorem are
replaced by the following conditions.

(H,)' There exist positive constantsa,,i = 0,1, ..., N—1, such
1 p 1
that, for all (X, Xys...sX5)s (Vs Vas-- s ¥n) € RY,
one has
|f (t x5 xn) = F (6 Y1 000 00
(49)
<aglx; = yi| + -+ anoy [xn - ol
(H,)" There exist constants I, i = 1,2,...,N — 1, such that

forall (x,, %y, ..., XN)s (Vs Vo - -> Y) € RY, one has
|f(t’x1’x2""’xN)_f(t’yl’yZ""’yN)|
> Iy |xy = yi| + L = o] =L |xs = ys| - (50)

—Ina |xN - )/N| :



Then, the BVP (3) has a unique solution, provided that

al N_lal- N-1
l—o+aa0+aoc+ Zl—’+(a+c)2ai<1. (51)
1 i h i=1

Proof. Let y; = 0,i = 1,2,...,N, and ¢, = |f(t,0,...,0)];
then the condition (H, ) is satisfied. According to Theorem 13,
BVP (3) has at least one solution. Suppose u; € Y,i = 1,2 are
two solutions of (3); then

Dy u; (1)
= f (s (1), Dy (1), Dy, (1) 5., DY N Dy (1)),
i=1,2.
(52)
Note that u = u; — u,, so u satisfy the equation
Dyu=f (t, u, DSy, ,Dgf(Nfl)ul)
(53)

-1 N-1
—f(t,uz,Dg+ Uy,.nes Dgﬂ( ) 2).
According to Im(L) = Ker(Q), we have

1
~(N-1
J f(t uy, D37 ul,...,Dg‘+( )ul)
0 (54)

-f (t,uz,Dg‘fluz,...,Dg‘:(Nfl)uz)dt =0

By the integral mean value theorem, there exists # € [0,1],
such that

£ (1w (1), DG uy (1) 5., DN Vuy ()

= f (112 (), D 1ty () ... DGV

(1) =0

('55)

By (H,)", we have
0=|f (mu (), D5 uy ()., DG N Vuy ()
i (17, uy (1), DG "y ()., D NV, ()| 6
2 ~ly [u ()] + 1y | DG ()] = 1 [ DG ()|
=y, 'D“ (N-1) (,7)|.
We can have
]
D5 ()] < flu(ﬂ)l L 1psu ()
e N 1 ID“ “Vu@m)| ()

l() N-1 l )
x—1
< Pl + Y |05,
1 i=2 ‘1
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Thus, we can obtain

|DG; e (0)] < | D ()] +

1
J Dy, u(s)ds
0

< |5 w ()| + Il muax DG ()
< l—o [ull o + Zl "Do+ u" + ||D0+u(t)||

_h
- E||u||oo i, ||DO+ ull + ILullg,

(58)
According to (25), (38), and (58), we have

leelx = I1Pu + (I = Phullx < |[Pullx + (I - Pullx

= —|| leo ||D |+ allLull, + el Lull,

IN

N-1

Doy + Y “—l"IID‘S‘f e

L = h

+(a+c) <a0||u|| + Z “Dﬁ 1 " )

(59)
From the definition of ||u| x and the assumption (51), we have
lull = 0, so that u; = u,. O
4. Example

Let us consider the following boundary value problems:

(t) - + 9D0+ u (t) + sin (Dg;su (t)) + arctan u (t),
0<t<l,

u(0) = DY?u(0) =0 DyPu(0) = Dy u(1).

(60)
Corresponding to the problem (3), we have that « = 2.5 and
t 1 .2
f(t.x,y.2)= 5 tarctanx + oy +sin (z). (61)
Moreover,
|f(t,x,y,z)|sl+z+l|y|+1. (62)
5 2 9

We can get that the condition (H;) holds; that is, ¢ = (12 +
5m)/10, ¢, = y; = 0, and y, = 1/9. Taking A = 25, D = 19,

we can calculate that (H,)-(H,) hold.

Hence, by Theorem 13, we obtain that (60) has at least one
solution.
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