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Let 1 < p < oo and G be a locally compact group. We characterize chaotic cosine operator functions, generated by weighted
translations on the Lebesgue space L¥(G), in terms of the weight condition. In particular, chaotic cosine operator functions and
chaotic weighted translations can only occur simultaneously. We also give a necessary and sufficient condition for the direct sum

of a sequence of cosine operator functions to be chaotic.

1. Introduction

Let T be a bounded linear operator on a Banach space X.
If v € X is a fixed point of T, then the orbit of v under T,
denoted by Orb(T,v), is Orb(T,v) = {v, T, Tv,..} = {v}.
On the contrary, if there exists an element x € X such that the
orbit is dense in X; that is, Orb(T, x) = {x, Tx, T?x,...} = X,
then T is called hypercyclic and x is a hypercyclic vector for
T. Hypercyclicity arose from the invariant subset problem
in analysis, and was studied intensely during the last two
decades. We refer to [1, 2] for recent books on this subject.

In the study of hypercyclicity, the weighted shifts on £7(Z)
play an important role for researchers to demonstrate and
construct the theories in [3-11]. Recently, we characterize
chaotic, hypercyclic, and mixing translation operators on
locally compact groups in [12-15], which extends some results
of weighted shifts on the discrete group Z in [5, 6, 8-11]
and provides a class of hypercyclic operators on Banach
spaces. In this note, we will continue our study in [16, 17]
and determine when a cosine operator function, generated
by such a weighted translation operator, is chaotic.

Let Ny = NU{0}. According to the definition of Devaney
chaos, a sequence of bounded linear operators (T},),en, On
a Banach space X is chaotic in the successive way in [18]
if (T,)) pen, is topologically transitive and the set of periodic
elements, denoted by @((Tn)neNo) ={x € X;3 m e N :
Tnx = x, k = 1,2,3,...}, is dense in X. We recall that
(T)nen, is topologically transitive if, given nonempty open
subsets U,V of X, we have T,(U) N V#0 for some n ¢

N. If T,(U) N V#0 from some n onwards, then (T,),en,
is called topologically mixing. The notion of transitivity in
topological dynamics is close to the notion of hypercyclicity
in operator theory. Indeed, it is known in [19] that (T},) .y, is
transitive if, and only if, it is hypercyclic and has a dense set
of hypercyclic vectors. In the more general setting, a sequence
of operators (T,,) .y, is said to be hypercyclic if Orb(T,, x) =
m = X for some x € X. If (T,) ey, is generated
by a single operator T by its iterates, that is, T}, := T", then
hypercyclicity is equivalent to transitivity.

The interest to study cosine operator functions on groups
is motivated by the work in [20, 21]. A cosine operator function
on a Banach space X is a mapping % from the real line into
the space of continuous operators on X satisfying €(0) = I
and the d’Alembert functional equation 2€(t)€(s) = €(t +
s) + G(t —s) for all s,t € R, which implies €(t) = €(-t)
for all t € R. In [20], Bonilla and Miana obtained a sufficient
condition for a cosine operator function €(¢) defined by

G =5 (TW+T (1), )

to be transitive, where T is a strongly continuous translation
group on some weighted Lebesgue space L (R). For a Borel
measure ¢ and Q ¢ R?, Kalmes gave the characterization for
cosine operator functions, generated by second order partial
differential operators on L¥(Q, y), to be transitive and mixing
in [21].

Throughout, let G be a locally compact group with
identity e. Let A be a right-invariant Haar measure on G, and
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denote by Lf(G) (1 < p < co) the complex Lebesgue space
with respect to A.

A functionw : G — (0, 00) is called a weight on G. Let
a € G and let §, be the unit point mass at a. A weighted
translation on G is a weighted convolution operator T, :
LP(G) — L*(G) defined by

Tow (f) =wT, (f)  (f € LP (@), (2)

where w is a weight on G and T,,(f) = f = 8, € L¥(G) is the
convolution:

(f %6,)(x):= J’Gf(xyfl)d&l (y) = f(xail) (x€G).

3)
If w' e L%(G), then the weighted translation operator
T, 41451 is the inverse of T, . We write S, , for Ty-1 1,51

to simplify notation.
In what follows, we assume w, w ™' € L®(G) and define a
sequence of bounded linear operators C,, : LP(G) — Lf(G)

by
Co= 5 (Thu+50,) (4)

- -1
foralln € Z where T, := (T, )" = S, ,. Then (C,),cz can
be regarded as a cosine operator function by letting €(n) =
C,. Since C, = C_, for all n € Z, we will investigate
the sequence of operators (C,)),cn, and give a necessary and
sufficient condition for (C,),en, to be chaotic in terms of
the weight function w, the Haar measure A, and the group
elementa € G.

2. Chaotic Condition

In this section, we will show the main result and give some
examples of chaotic cosine operator functions on various
groups. Since (C,),cy, is generated by some element a € G,
we first note that (C,),c, is never chaotic if a is a torsion
element by the fact in [17] that (C,,)neNO is not transitive when
a is torsion.

Lemma 1. Let G be a locally compact group and let a be a
torsion element in G. Let 1 < p < co and T, , be a weighted
translation on L¥(G) with inverse S, . Let C, = (1/2)(T;l,w +
Suw)- Then (C,),en, is not chaotic.

An element a in a group G is called a torsion element if it is
of finite order. In alocally compact group G, an elementa € G
is called periodic [22] (or compact [23]) if the closed subgroup
G(a) generated by a is compact. We call an element in G
aperiodic if it is not periodic. For discrete groups, periodic
and torsion elements are identical; in other words, aperiodic
elements are the nontorsion elements.

It has been shown in [15] that an element a in a locally
compact group G is aperiodic if, and only if, for any compact
subset K C G, there exists N € N such that K N Ka*" = ¢ for
n > N. We will make use of the aperiodic condition to obtain
the result.
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Now we turn our attention to the set of periodic elements
of (Cp)pen, - Let P((C,))pen,) be the set of periodic elements
of a sequence of operator (C,),cy, - By the d’Alembert func-
tional equation and induction, we have a simple observation
immediately.

Lemma 2. Let P((C,)en,) be the set of periodic elements of
(Cuen,- Then C,, f = f for somem € N and f € €8(2) if,
and only if, f € P((C,)pen,)-

Proof. Let C,, f = f. By the dAlembert functional equation,
we have C,,, f = f. Now assume Cy,,, f = f and Cy,1y,, f =
f. Then, applying the d’Alembert functional equation again,
we have

2f = zcmf = 2Cm (C(k+1)mf)
= C(k+2)mf + Ckmf = C(k+2)mf + f

which says C15), f = f. 0

(5)

Based on the work of characterizing transitive (C,)) ., in
[17], we are able to obtain the characterization for (C,,) ey, to
be chaotic in this note. We state the result in [17] below.

Theorem 3 (see [17]). Let G be a locally compact group and
let a be an aperiodic element in G. Let 1 < p < coand T,
be a weighted translation on L¥(G) with inverse S, . Let C, =
(1/2)(T;, ,+S., ). Then the following conditions are equivalent.

(1) (Cnen, is topologically transitive.

(ii) For each compact subset K ¢ G with A(K) > 0, there
are sequences of Borel sets (E), (E}), and (E;) in K
such that E;, = E; U E;, MK) = lim_, (A(E}) and
both sequences

n n—1 -1
Pui=[Jwx8,  §,= (Hw * 62) (6)
s=1 s=0

admit, respectively, subsequences (¢, ) and (@, ) satis-
fing

klgréo (P”k|Ek ||oo - klgréo"%klEk ||oo =0,

™)

lim " = lim “~ f“ =0.
kD oo (P2nk|E; ©  kooo (PanlEk o

Now we are ready to show the main result.

Theorem 4. Let G be a locally compact group and let a be an
aperiodic element in G. Let 1 < p < co and T, , be a weighted
translation on L¥(G) with inverse S, . Let C, = (1/2)(1T;,, +
SZ)w), and let 9’((Cn)neN0) be the set of periodic elements. Then
the following conditions are equivalent.

(1) (Cuen, is chaotic.
(it) P((C,)yen,) is dense in LP(G).
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(iii) For each compact subset K ¢ G with A(K) > 0, there
is a sequence of Borel sets (E;) in K such that M(K) =
lim; _, JA(E,) and both sequences

n n-1 -1
@ =] Jw =8, = (Hw*&i) (8)
s=1 s=0

admit, respectively, subsequences (¢, ) and (@, ) satis-
fying

hm ( J <p;‘;k (x)dA (x)+ZJ <p,n (x)dA (x)> =
I=1 I=1
©)

Proof. Since (i) =(ii) is trivial, we only need to show (ii)) =
(iii) and (iii) =(1).

(ii) =(iii). Let 9’((Cn)neNo) be dense in LP(G). Let K be a
compact subset of G with A(K) > 0. Then by the aperiodicity,
there exists some N € N such that K n Ka™ = ¢ for all
m > N. Let yx € LP(G) be the characteristic function of K.
By density of #((C,),.en, ) We can find a sequence (1) ¢ N
and a sequence (f;) of periodic points of (C,,),en, such that

I fre = xell, <1 /4* and C,, fx = fi in which we may assume
My > M > N. Hence we have

> [ fi = xxll, 2 I fiexx = xxll,- (10)
Let Ay ={x e K: |fixg(x) -1 > 1/2k}. Then we have

|kaK(x)|z1—2ik (x e K\ Ay). (11)

Also, by the inequality below

ak | fiexx = XK"IIZ
= JG |kaK (x) = xx (x)|PdA (x)
(12)
2 J | fiexx () = llpd/\ (x)
K

1
= Lk | fxx () = 1/PdA (x) > ﬁA(Ak) ,

we have A(A,) < 1/2P%. Hence A(K \ E;) < 1/2°% by letting
E, = K\ A;. Moreover, using f; = Clnkfk forl e N, the right

invariance of the Haar measure A and Ka'™* N Ka™* = @ for
allr,s € Z and r s, we arrive at

> Mo = el
= JG | fxx () = xx (0P dA (x)

> [ @l ar @
G\K
23 [ Vi a0

+ ; La,l,,k | foxx ()PdA (%)

M8

j | fex (xa™)[PdA ()

I
—_

i 'kaK xa_l"k | dA (x)

I=1

I,
2
2

“+

") 48 fxre (xea™ )| d (x)

=1

ip J (xa "")
S fitc (xa ™) dA (x)
1 (o]
> 552 ], o 00 S (0
g (xa™) fox (xa™™)| dA (x)

w5 | () e ()
i, () fixc 00| dA (x)
- ziploo J, lon 0 e Cof'anco
v 32, I 09 ol an o
SEACE z—lk)pilj o () dA (%)

(13)

which proves condition (iii).
(iii) =>(i). The proof is similar to the proof of [12,
Theorem 2.1]. We include the argument for completeness.



By Theorem 3, a sequence of operators (C,),cy, is topolog-
ically transitive. Hence we will show Z((C,),cy,) is dense
in LP(G). 1t is known that the space C.(G) of continuous
functions on G with compact support is dense in L?(G). Let
f € C.(G) with compact support K C G. There is a sequence
of Borel sets (E;) in K such that A(K) = lim; _, . A(E;) and

722 (el

J Era

X 'f (xa_l"")'PdA (x)

—(lnk—l))|P

w(x)w(xa_l) e w(xa

= L 'w (xal"") w (xal”"_l) cew (xa)|P|f (x)|Pd)L (x)

- [ b @l lra@ <l | o, @,
(14)

Similarly,

Ists, ()l < IS [ o are. as

Let
o N
Vi = fxg, + ZT:@ (fXEk) + Zsay,lfu (fXEk) - (16)
I=1 1=1
Then v, € LP(G) by the weight assumption in the condition

(111) AlSO, using Ka™ N Ka™™ = 0 again, we have v, — as
8 g k
k — oo which follows from

v - 115

< | IA K\ Ey)

ZIIS““ fs)l;

K\ E) a7

+Z||Tl”" el
I
At (3], ot oo

=1

y *i()du)>.
ngkgp,kx x
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On the other hand, v, is an element of P((C,),,cy,) by the
equality

2C, vie = T0%, (fxg, ) + ZTZEUT% (frz,)

. ZTZLSZ”; (fxz,)
+ 80, (e, ) + ZSkaTi"a (fxz,)
=1

+ stkwsa"a( fiz) 19

I
M8

Mk (fXEk) + fXEk + Zslnk (fXEk)

+ fXEk + ZTZ@ (fXEk) Zsmk (fXEk)
=1

= Vk + Vk = 2Vk.
Putting all these together, condition (iii) implies (i). O

We note that [15] in many familiar nondiscrete groups,

including the additive group R?, the Heisenberg group, and
the affine group, all elements except the identity are aperiodic.
On the other hand, if G is discrete, then A, = @ and E, = K
for all k € N in the proof of Theorem 4. Hence we have the
characterization below for discrete groups.

Corollary5. Let G be a discrete group and let a be a nontorsion
element inG. Let 1 < p < coand T, , be aweighted translation
on €(G). Let C, = (1/2)(T},, + S,,). Then the following
conditions are equivalent.

(1) (Cpen, is chaotic.

(ii) For each finite subset K C G, both sequences

n n—1 -1
:Hw*S;l, P, :<Hw*82> (19)
s=1 s=0

admit. Respectively, subsequences (¢, ) and ($,, ) satis-
fying

hm (Z Z(plnk + Z Z?’znk (x)> =0. (20)
K

I=1 K I=1

It is also interesting to know that condition (iii) in
Theorem 4 is also the sufficient and necessary condition for
T,, to be chaotic in [12, Theorem 2.1]. In other words,
(Cp)pen, is chaotic if, and only if, T, ,, is chaotic. We conclude
the result below.

Corollary 6. Let G be a locally compact group and let a be an
aperiodic element in G. Let 1 < p < co and T, be a weighted
translation on LP(G) with inverse Spw- LetC, = (1 /2)(T:,w +
S4.)- Then the following conditions are equivalent.
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(i) (Cn)ne,\,0 is chaotic.

(i) T, is chaotic.

(iii) S, , is chaotic.
(iv) Ty, is chaotic for alln € N.

(V) S, , is chaotic for all n € N.

Proof. Forn € N we denote the set of periodic elements of
the operator T by P(T ) = {f € LP(G);3Am € N :
(T:,w) f=f}L We will show that conditions (ii) and (iii) are
equivalent, and (ii) implies (iv).

(ii) e(iii). It is known in [19] that an invertible operator is
transitive, if and only if, its inverse is transitive. Also it is easy
to see (T, ) = P(S,,,)- Hence we prove the equivalence.

(ii) =(iv). By [24], T}, , is transitive for alln € Nif T, ,, is
transitive. Moreover, we note that 2(T, ) = 9(T ) for all
n € N. Therefore condition (ii) implies (iv). O

We end up this section with two examples on G = Z and
G = R, which says that one can construct many chaotic cosine
operator functions on various groups.

Example 7. Let G = Z,a = 1 € Z which is nontorsion.
Let w * 8, be a weight on Z. Then the weighted translation
operator Ty 5 on €7(Z) is the bilateral weighted forward
shift T, studied in [11] and given by Te; = wje;,; with w; =
w(j). Here (ej)jEZ is the canonical basis of £7(Z) and (wj)jEZ
is a sequence of positive real numbers. Also, we have

o (i H(w*&)*as () - ﬁwms)

(21)

In-1

@, () = ]_[w*S)*5S(J) Hw j—s).

Letw™' € £%°(Z) and let C, = (1/2)(T" + S") where S is
the inverse of T = T ,, 5, . Then by Corollary 5, (C,,) e, and
T, 4+, are chaotic if, given € > 0 and g € N, there exists an
arbitrarily large n € N such that

P
;%q( - lw(J s>> e

(22)

52 ([lve0) -

In fact, there are many weight functions w on Z satistying
the weight condition above. For example, one may define w :

Z — (0,00) by
1
. - ifji>0
w(J>=Lz /

(23)
if j < 0.

Example 8. Let G = R, a = 2, and w be a weight on R. Then
the weighted translation T, , on L (R) is defined by

(f e L7 (R)),

Iny, Iny

Pry, (X) = gw *8°, (x) = Hw (x +2s), 24)

s=1

T f (x) =w(x) f (x-2)

Im—1 Ing—1
= [Jwrs@=[[wk-29.
s=0 5=0
Let C, = (1/2)(T3,, + S;,) where S, = T,,,. Then
(Co)nen, and T, , are chaotic if, given a compact subset K of
R, we have

0 Iny
lim <ZJ (Hw(x+25)> d) (x)
k— o0 -

(25)
0 1 P
+ J —— | dA (x)) =
; K ( [T w (x - 25) )
Similarly, one may choose w : R — (0, co) by
1 ifx>1
2
w(x) = zi if —1<x<1 (26)
2 ifx < -1,

which is the required weight function in the above condition.

3. The Direct Sum of Cosine
Operator Functions

Following the investigation on transitivity of the direct sum of
a sequence of cosine operator functions in [17], we will give,
in this section, the characterization for the direct sum of a
sequence of cosine operator functions to be chaotic in terms
of the similar weight condition in Theorem 4. The work on the
direct sum of operators in linear dynamics has been studied
by many authors, for example [5, 9, 11], where the notion of
transitivity on direct sum of operators is related with another
notion, namely, weak mixing, and hypercyclic criterion.
Givensome N € N, let (T, , )beasequence of weighted
translation operators on LP(G), defined by sequences of
aperiodic elements (a,,) in G and positive weight functions
(w,,) for 1 < m < N. We write T, for T, , for
simplification. In [17], we have the result below.

Corollary 9 (see [17]). Let T,, be a weighted translation
defined above for 1 < m < N. Let C,,,, = (1/2)(T,, + S;,).
Then the following conditions are equivalent.

(@) (C1,® Cy @+ ®Cy ) en, is topologically transitive.

(ii) For 1 < m < N and each compact subset K ¢ G
with M(K) > 0, there are sequences of Borel sets (E,, ),



(E,.i)> and (E,, ) in K such that E,,,; = E,  UE, |,
MK) =limy_,  AME,, ;) and both sequences

n n-1 -1
S IR Y ) R RC
s=1 s=0

admit, respectively, subsequences (@,,,, ) and (¢, )
satisfying

kli—>nc1>o||(Pm,nk|Em,k "oo - kli—>néo|'¢m’”k|5m,k ”oo =0,
(28)
=0.

lim ” = lim H~ -
kD oo (Pm,anlE:'mk ko 00 q)m,an'Emyk

[ee) (o)

Using Corollary above, we characterize chaos of the direct
sum of a sequence of cosine operator functions below.

Corollary10. LetT,, be a weighted translation for1 < m < N.
LetC,,, = (1/2)(T,, +S,,). Then the following conditions are
equivalent.

@) (C1,®C,, @ ®Cypyen, is chaotic.

(ii) For 1 < m < N and each compact subset K C G with
MK) > 0, there are sequences of Borel sets (E,, ;) in K
such that M(K) = limy, _, . A(E,, ;) and both sequences

n n—1 -1
P = me * 8;_”1, P = (me * 82m> (29)
s=1 s=0

admit, respectively, subsequences (¢,,,, ) and (@, )

satisfying
lim <Z J 9L (x) A ()
k— o0 =1 Yk

(30)
=P —
02 JEM & ()AL (x) | = 0.

Proof. The proof is similar to the proof of Theorem 4.

(i) =(i). By density of P(Cypnen,)> We can find a
sequence (1) C N and sequences (f,, ;) of periodic points
of (Coridnen, such that || f,,  — XKHP < 1/4* and Cm,nkfm)k =
i Let E, o = K\ A, for each m. Following the same
estimation in the proof of Theorem 4, we can obtain the
weight conditions.

(ii) =(@). Let f,,, € C.(G) with compact support K,, ¢ G
for1 <m < N,andletK = U)_ K,,. Letting

Ving = meEm’k + ZTZ:k (meEmk)

I=1

+ Zszk (meEmk) .
I=1

(31)

and repeating the argument in the proof of Theorem 4, one
canshowthatv, ; — f, ask — coandv,,; isanelementof
PUCppdnen,)- Hence (Cy 0 C, @@ Cyp)ueny, is chaotic.

O
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Remark 11. By Corollary 10 above, we note that (C,,),,cy, is
chaotic if, and only if, (C, ® C,,),.«, is chaotic. Similarly, T, ,
and T, , ® T, , can be chaotic only at the same time.

Finally, we give an example of the direct sum of cosine
operator functions on £7(Z).

Example12. Givensome N € N,letG = Zanda,, = 1for1 <
m < N. We consider a sequence of weighted translations (T,,)
on £%(Z), given by T,,, = Ty, +5, Where (w,,) is a sequence
of positive weight functions. Then we define sequences of
operators (C,, ) en, bY Cpr = (1/2)(T;, + S;) where S,,, is
the inverse of T,,. By Corollary 10, (C, ,®C, ,®- - - ®Cy 1) sen,
is chaotic if, given € > 0 and g € N, there exists an arbitrarily
large n such that for all | j| < gand 1 < m < N, we have

(e In—1 p
PGS
=1|jl<q \ s= (32)
3y <—1 )P e

Hl . S) :

n
i1 1jizg \ [ ey win (G =
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