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We first propose a new epidemic disease model governed by system of impulsive delay differential equations. Then, based on theories
for impulsive delay differential equations, we skillfully solve the difficulty in analyzing the global dynamical behavior of the model
with pulse vaccination and impulsive population input effects at two different periodic moments. We prove the existence and
global attractivity of the “infection-free” periodic solution and also the permanence of the model. We then carry out numerical
simulations to illustrate our theoretical results, showing us that time delay, pulse vaccination, and pulse population input can exert
a significant influence on the dynamics of the system which confirms the availability of pulse vaccination strategy for the practical
epidemic prevention. Moreover, it is worth pointing out that we obtained an epidemic control strategy for controlling the number

of population input.

1. Introduction

In epidemic modeling, susceptible-infectious-recovered type
of models is well known [1-18] although such models very
often ignore the incubation period in the development of
mathematical models for some diseases. However, recent
research shows for certain diseases, such as smallpox, rabies,
BSE, and some skin diseases, the incubation period has
significant effect on the epidemic dynamics so that it is
nonnegligible. The incubation period varies greatly from
a couple of days (e.g., HIN1 outbreaking worldwide has
generally an incubation period of one to seven days) to
several years (e.g., AIDS virus sometimes can be several
years). When taking the incubation period into account in
the development of models, we reach SEIR model, which
is short for susceptible, exposed, infectious, and recovered
[19-30]. And some researchers used time delay to describe
the incubation period; for example, Cooke [31], Beretta and
Takeuchi [4], Takeuchi et al. [32], and Ma et al. [5] studied
a SIR model with time delay and nonlinear incidence rate
BS()I(t — 7). Liu et al. [33, 34] used a nonlinear incidence
rate SSP(t)I(t), and Meng et al. [35] and Jiang et al. [30],

respectively, studied an impulsively vaccinating SIR model
with nonlinear incidences fS?(¢)I(t—7) and fS(t—1)I(t —1),
which are better to describe the spread process of diseases
than linear one.

In order to prevent infectious diseases, [36, 37] suggested
that vaccination to the susceptible population is an important
strategy. The traditional vaccinations are applied to each
individual, while impulsive ones are to periodically vaccinate
people within certain age groups [7-10, 38]. Some diseases
may have a vaccination period after being cured but may
cause losing immunity gradually. In this case, people might
be infected again. So it is of great significance to investigate
epidemic models with time delay and impulsive effects due
to the incubation period and vaccination period [26-29].
For some certain regional systems, the immigrations can be
periodic impulsive population input because the immigra-
tory population might be susceptible. Certainly two different
impulsive effects for periodic vaccination and population
input do not usually happen simultaneously. Therefore, moti-
vated by Jiang et al. [30] and Song et al. [19], we built a
new mathematical model: susceptible, vaccinated, exposed,
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infectious, recovered, and susceptible epidemic model with
two time delays and two nonlinear incidences with pulse
vaccination and a constant periodic population input at two
different moments as follows:

% = —bS(t) - BSP () I (1) + I (t —w)e ™,
% ==0pVI) I (t) -,V (t) bV (1),
d’;f” = CBE+BSE(H)I(E) + 8BV (D) I (1)
—Be TSP (1) I (t-1) - 8Pe VI I (t-T),
% = Be TSP (1) I (t— 1)+ 6Pe TVI(H) I (t-T)
—(y+b+a)l(),
% =,V (£) + yI (t) = bR (t) - yI (t - w) ™™,
t+ n+1-1)T, t+nT,
AS(t)=-6S(t), AV () =6S(t), AE(t)=0,
AI(t)=0, AR(t)=0,
t=m+1-1)T,
AS()=u,  AV()=0, AE(t)=0,
AI(t)=0, AR(t)=0,
t =nT.

@

Here all parameters of system (1) are nonnegative constants.
For the significance of parameters in (1), please see literatures
Jiang et al. [30] and Song et al. [19]. Terms BSPI and VI
are the nonlinear incidence rates, and in our paper we only
discuss the case

1<g<p. (2)

2. Preliminaries

Let N(t) = S(t) + V(t) + E(t) + I(t) + R(t), and then it is easy
to see that N(t) satisfies the following:

N () <b(1-N(®), Jim supN(H) < 1. (3)
Hence, for time t which is large, we obtain 0 < S(t) +
V() + I(t) < 1. Let ® = max{r,w} and C" = {p =
(@1(5),...,95(s)) € C: ¢;(0) > 0}; here ¢;(s) > 0 is bounded
function on interval [-®, 0]. Since variable R(t) only appears
in the fifth equation, system (1) can be further reduced as

% = —bS(t) - BSP () (1) + I (t —w)e ™,
% = -0BVI() I (t) -V (t) - bV (1),
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%=ﬁe‘b’sP(t)I(t—r)+5ﬁe“”v‘1(t)1(t—r)
—(y+b+a)l(t),
t+ n+1-1T, t#nT,
AS(t) =-BS(t), AV ()=6S(t), AI(t)=0,
t=mn+1-1)T,
AS()=p,  AV() =0, AI(t)=0,
t =nT,

with the initial conditions

(91 (5),9,(5), 9, (s) €C*, 9, (0)>0, i=1,2,4 (5

Lemma 1 (see [39, 40]). For the following impulse differential
inequalities

SO @qOs@)+r @), t#e, ©
6
s(t)) < ) bs(t) + po t=tp k€N,
where q(t), r(t) € C(R,,R), b, = 0, and p;. are constants.
Assume the following:
(Ay) the sequence {t} satisfies 0 <ty < t; <t, <---, with

limt_,ootk = 00;
(A)) w e PC'(R,,R) and s(t) is left-continuous att;, k € N.

Then

¢
st) < (2)s(tp) H by exp(L qu) du)

to<te<t

t
+ Z < H bjexp<J q(u)du))pk
ty<tp<t \ te<t;<t 78 (7)
+ Jt H b, exp(jtq(e) dG)r(u) du,

0 U<t <t u

t >t

Lemma 2 (see [41]). For the following delay differential
equation

dz(t) _ oy
o =az(t-0)-bz (@), (8)
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where a, b, and 0 are all positive constants and z(t) > 0 for
t € [-6,0], then we have

. 0, if a<b;
tlingoz ®)= <l+oo, if a>b. ©)
Lemma 3 (see [42]). The following system,
dx(t) _ dy®)
pr bx (), pra (a+b)y(t),
t#nl, t+ m+I1-1)T,
Ax(t) =-0x(t), Ay({t)=0x(t), t=m+I1-1)T,
Ax(t)=p, Ay(t)=0, t=nl,
(10)

has a unique positive T-periodic solution:

Cpexp (<b(t—(n-1)T)
1-(1-0)exp(-bT)

>

te((n-1)T,(n+1-1)T],

x"(t) =

u(Q-0)exp(-b(t—(n-1)T))
1-(1-0)exp (-bT)

>

te(n+l-1)T,<nT],

ubexp (-blT)exp(—(a+b)(t - (n+1-1)T))
(1-exp(~(@+b)T)) (1 - (1-0) exp (-T)) "

Yy (@) =

te(n+l-1)T,(n+1)T],
(1)

and we further have x(t) — x*(t) and y(t) — y*(t) ast —
+00.

3. The Existence and Global Attractivity of
“Infection-Free” Periodic Solution

3.1. Existence. In this section, we are committed to investigate
the existence of “infection-free” periodic solution. In this
case, we have

I1(t)=0, t=>0. (12)

From systems (4) and (12), we obtain

s v _
pra bS (t), praake (B +b)V (@),
t# m+1-1)T, t#+nT, neN,

AS(t) = -0S(t), AV (t)=0S(t),

t=m+1-1)T, neN,

AS(t)=pu, AV(t)=0, t=nl, neN.

(13)

By Lemma 3, system (13) has a unique positive T-periodic
solution:

(uexp(-b(t—(n-1)T))
1-(1-0)exp(-bT)

te((n-1T,(n+1-1)T],

>

S (1) =
u(l=8)exp (-b(t—(n-1)T))

1-(1-0)exp(-bT)
te(n+l-1)T,<nT],

>

L

ubexp (-blT)exp(—(a+b)(t —(n+1-1)T))

VS @b 1) (1= (1= 0)exp (bT))

te((n+1-1)T,(n+1)T].
(14)

Furthermore, we can prove that it is the unique globally
asymptotically stable positive periodic solution of system (4).
We summarize this conclusion in the following lemma.

Lemma 4. The system (4) has an “infection-free” periodic
solution (S*(t), V*(¥),0), fort € (n+1-1)T,(n + )T] and
n € N; for any solution (S(t), V(t),I(t)) of it, the following
holds true:

S(t) — S" (1), V() — V(1) (15)

ast — ©o.

This lemma indicates that in between the vaccination the
susceptible and vaccinated populations oscillate with period
T in synchronization with the periodic pulse vaccination.
Next we prove the global attractivity of such solution.

3.2. Global Attractivity. In this section, we will prove our
main result on the global attractivity of the infection-free
solution. It is stated in the following theorem.

Theorem 5. The system (4) has a unique infection-free peri-
odic solution (S*(¢), V*(t),0), and when it exists, it is globally
attractive if

R, <1, (16)
where
AP 4 5A1
R, = Be‘bTM) 17)
y+b+a
with
—bw bT
A= ye + pe ,
b etT — 1
eefblT (18)

A= 0 (- (-0 e (1w



Proof. Let (8(t), V(t), I(t)) be a solution of (4) satisfied initial
condition (5). Since &, < 1, one can choose an € > 0 small
enough such that

pe (81 +8(82)) = (y+bre) <0 (19)

where
—bw bT
ye pe
Ay b + " +¢,
ee—blT (20)
A, = +¢&.
1-0)(1-(1-0)e?T)(1—e b))
For n > n,, we have
ds (t) b
——=<b-bS(t ,
dt (£) +ye
t+ n+1-1)T, t+nT, neN, 1)

AS(t) = -0S(t), t=m+1-1)T, neN,

AS(t)=u, t=nT, neN.

By impulsive differential inequality Lemma 1, we have

s®<smT) ] exp(rT(-b)ds>

n TH<nT<t ™

' n1T<ZnT<t (nTl:tLt o < LtT 0 ds> ) : (22)
+ Jt H exp (Lt (=b) d@) ye ™ds

mT snT<t

=5 +S5,+8S;,

where

¢T
S, =S(mT") H exp <J (-b) de)

n TH<nT<t ™

N (H1T+) e—b(t—an),

t (-b)d >
n1T<Zn:T<t <nTg<t =P <J;1T s ) “

> (w)

n T<nT<t

%)
)
Il
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o bt=m)T _ =blt=(ntn))T

—H 1-étT ’

Sy = Jt H exp <Jt (-b) d@) ye_bwds

mT snT<t S

= ye_b“’ J: . H exp (Jt (-b) d@) ds

14 s<nT<t N

Vefbwefbt Jt

= [] €”d®s)

mT snT<t
e—hwe—bt

b

_Y (ebt -~ eban) _
(23)
Thus
S)<S§,+S,+S;

=S (n1T+) e—b(t—an)

o~bt=m)T _ =blt=(rtn))T

T 1—etT

—bw —bt
(4 e
Lre e (& -

bn, T (24)
b ')

—b(t-n, T)
—bt +\ mbT  He
<e ' SmT")e"” + [T

-bw —bw bT
e bt e e
+ 4 o bmT) Y + U i
el —1

b b

and then we have

—bw bT
i Ye [ e 25
tli)ngo sup S (f) < b + PR (25)

Thus there exists a positive integer n, > n; and constant e > 0
small enough such that, for all t > n,T,

—bw T
ye +L+5=Al. (26)

S(t) <
® b et —1

For n > n,, system (4) yields

dav (t)

dt S_(yl+b)v(t)’

t+#+ n+1-1)T, n€ N,

AV () =0S(t), t=m+I1-1)T, neN.

(27)

We obtain the following comparison impulsive differential
system:

O n+px0),

t+#+(n+l-1)T, ne N,

Ax(t)=0S(t), t=m+I1-1)T, ne N.

(28)
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By Lemma 3, the system has a periodic solution given by

Qe—blTe—(y1 +b)(t—(n+1-1)T)

x (0= (1-0)(1-(1-0)e?T)(1-e T
te((m+l-DT,n+D)T], (29)
T
x(07) = oe

S (1-0)(1-(1-0)e?T) (1 —endTY

which is globally asymptotically stable.

Now, assume that x(t) is the solution of system (28) with
initial value x(0") = V. Then by Lemma 1, we know there
exists a positive integer # such that

Vit)<x(@t)<x"(t)+e, tenmT,(n+1)T]. (30)
Hence,

V) <x@t)<x"(t)+e¢

eefblT
< 1-0)(1-(1-0)etT)(1—e +dT)

+g (31

=A,.
From (27), (31), and the third equation in (4), for t > n,T + 7

we have

A gt (A0 + 6AY) Tt - 1)~ (y+b+a) (1),

dt
(32)

Consider the comparison equation:

% < ﬁe’bT(Af; +5qu)y(t—‘r)—(y+b+oc)y(t).
(33)
From (19), we have
Be " (AR +6A%) - (y+b+a) <. (34)
According to Lemma 2, we then obtain
[Jim y (£) = 0. (35)

Notice the fact that I(s) = y(s) = ¢5(s) > 0 forall s € [-7,0]
and I(t) > 0, and the comparison theorem implies I(t) — 0
ast — o0o. Without loss of generality, we may assume that
0 < I(t) < g forall t > 0. By using the first and second
equations in (4), we reach

ds (t)
dt

> - bS(t) - Be;SE (1),

dav (t)
dt

> =8B, Vi) -y, V() - bV (1),

t# mn+1-1)T, t+nT, neN,

AS(t) = -0S (1), AV (1) =0S(t),

t=(m+1-1)T, neN,

AS(t)=p, AV(t)=0, t=nT, neN.

(36)

For 1 < g < p, we have

ds(t)

> -bS (t) - P S(t),

dav (t)
dt

t+ n+1-1)T,

> —8Be,V (t) - 1,V (£) = bV (£),

t+#nT, néeN, (37)

AS (t) = -0S (1), AV (1) =0S (1),
t=(m+I1-1)T, neN,

AS(t)=p, AV ()=0, t=nT, neN

considering the following system:

df (t) (1)
dt

d
% = —8Be,g (1) —11g (t) ~ bg (1),

t+ (n+1-1)T, neN, (38)
Af (t) =-0f (1), Ag(t) =0f (),
t=m+1-1T,

= =bf (t) - e, f (1),

t #nT,

neN,

Af(t)y=p, Ag(t)=0, t=nl, neN.

We obtain

i (b+ Pe;)
(b + Be;) (1= (1 - ) e b+pe)T)
w ¢~ (b+Be)(t=(n-1)T)

= te((n-1)T,(n+1-1)T],
f®)= 1

(b+ e, p (1 — ) e CHFeIT
(b+ Be;) (1 - (1 - ) e~®+peT)

% e—(b+ﬁsl)(t—(n+l—l)T) ,

te((n+l-1)T,nT],



gy = ((0(b+pe) pe~EBT _ ge g (1- e—(b+ﬁsl)T))
% 67(}’1+b+§ﬁ31)(t*(71+171)T))

X ((b + ﬁsl) (1 - (1 - 6) e_(b"'l-;sl)T)

x (1))

te(n+1-1)T,(n+DT).
(39)

Now by using comparison theorem of impulsive equa-
tions, for any ¢, > 0 there exists a T} > 0 such that

S@t) > f(t) - &
Vi(t)> g - e,

(40)

for t > T,. On the other side, from the first and second
equations of (4), we have

das () —bw
7 < -bS(t) + Ye e b ,

dav (t
dt( ) < -nV ) -bv(),

t+ n+1-1)T, t+nT, neN, (41)

AS(t) = -0S (), AV (t) =0S(t),

t=m+1-1)T, mne€N,

AS(t)=b, AV (t)=0, t=nT, neN.

Then we have S(t) < h(t), V(t) < g(t) and h(t) — S*(t),
gt) — V*(t),as e — 0, where (h(t), g(#)) is a unique
positive periodic solution of

dh (t) “bw

o —bh (t) + ye e bo.

dg (1)

—_ = t)—bg(t),

ar Y19 (t) — bg ()
t+ n+1-1)T, t+nT, neN,

(42)

AR (t) = —0h(t),  Ag(t) =06h(t),

t=m+1-1)T, neN,

Ah(t)y=u, Ag(t)=0, t=nT, neN,
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from which we have that, for nT <t < (n+ 1)T,

i yslefb“’eefb(lfl)T +bu

b(1-(1-0)e?T)

—bw
x g blt=(n=1)T) _ Y& € i
b
N m-DT<t<(n+l-1)T,
h(t) = A
bu(1-0) e + ye et
b(1—(1-6)e?T)

—bw
&€
x @ blt=(n+l=1)T) _ Y&

b b
(n+l-1)T <t <nT,

(Gb u o b7 _ Ve, e (1 _ e—bT)) o~ D) (t=(n+l-1)T)
b(1-(1-0)etT)(1—e b)) ’

g =

mn+l-1)T<t<(n+)T.
(43)

Applying the comparison theorem again, for any &, > 0, there
exists a T, > 0 such that

S(t) < h(t) - &,

V() < g(t) — &,

(44)

fort > T,. Lete; — 0, and then from (40) and (44) we have

ST (t)—e <S(t) <S™ (1) — &y,
(45)
Vi) —e < V() <V () —¢,

for t large enough, which implies S(t) — S*(¢), V(t) —
V*(t)ast — oo. This completes the proof. O

Corollary 6. If T > 7" or u < u*, then the infection-free
periodic solution (S*(¢), V*(t),0) is globally attractive, where
the critical values are given below:

o1, BlaT+ea))
b y+b+a
‘bl* _ (l_e—bT)

" y +b+ocebT _sAd _ ye_b“’ ~ ‘uebT
B 2 b et —1 )"

4. Permanence

(46)

In this section, we discuss the permanence of the infectious
population. First, we introduce the following definition.
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Definition 7. System (4) is said to be permanent if there exist
positive constants m;, M;, i = 1,2,3 (independent of initial
value), and a finite time T}, which may depend on the initial
condition, such that every positive solution (S(t), V(¢), I(t))
with initial condition (5) satisfies m, < S(t) < M,, m, <
I(t) < M,,my; < V(t) < M forallt > T,

Let
§ = y+b+a
- ﬁe—b‘r ’
Vo o« 1+b
8[36’1”
. WDIn((R, (T -1+0)+1-6+€")/2) b
m = ,
B
m B ﬁe*b‘r Pl (1 _ 6) e*bT
Yo Ny+bra\l-(1-0)etT )’
n - ¢ [ e uf) o~ (b oD T
2= N\ b (1= DT) (1= (1= 0) - ?T)

%, = min{R,R,}.
(47)

Then we have our main result of this section.

Theorem 8. Let 1 < q < p, if R, > 1, and then there exists a
positive constant 1 small enough such that

I(t) > min {%, r]m*e_(“b“"m} =m, (48)

with t large enough.

Proof. As before, we suppose that X (t) = (S(¢), V(t),I(t)) isa
positive solution of system (4) with initial condition (5). Then
for t > 0, we construct a function as follows:

U@)=1(t)+V(t)+Pe (")
¢ (49)

<[ 1@derop vy [ vie)de

-T t—T

And then differentiating U(t) along the trajectory of (4) yields

U@)=1@)+V () + Be ™ (S*)PI(t)

— Be P (SVPI(t - 1) + 8Be (V) (1)

~ 8B (V) (¢ - 7)
= e (")~ (8)) 1t -7)
+Be T (VI - (VD) I(t-1)
+ (/)’e‘b’(s*)P —(y+b+ (x)) 1(t)
+(8Be (V)" = (yy +8)) 1 (1)
= Be " (S - (S )I(t-7)
+Be T (V) - (VD) It - 1)
= Be T (SPH (1) + S (1) S+
+8()(8T) 7+ (s
x(SH)-S)I(t-1)
+0pe T (VI () + VI (VT 4
+ V() (V)T (v

x(V() -V )I{t-1)
(50)

fort > 0. Let

. @WDhn((R (T -1+60)+1-60+eT)/2) b
= 5 ,

m

5 = y+b+oc.
ﬁe—br

(51)

Since &, > 1, we get R, > 1, R, > 1. Then we have m”* > 0.
And from R, > 1, we can get

W H(l_e)eibT 52
</y+b+(x<1—(l—0)e” = 52

Thus, we have

—bT T
u(l-0)e y+b+¢x:S*' (53)
1-(1-6) e~ bT ﬁe—br



Form R, > 1, we have

[pe e HIT R
N+b(1-e D7) (1-(1-0)etT) "~

that is,

—(y,+b+b)T
pbe N ‘7%+b=V*. (55)
(1 _ e—(y1+b)T) (1 _ (1 _ 0) e—bT) ﬁe—b‘r
We can take # small enough such that
‘l/l (1 _ 6) e—(ﬁr]m*-f-b)T S S*

1-(1-0)e Prm +bT
Mee—(ﬁ(8+l)qm*+y1+b+bl)T

(1 — e~ @Bmm™++0T) (1 — (1 — @) e~ (Prm"+0)T) s

(56)

Thus we can choose ¢, &, > 0 to be small enough such that

‘l/l (1 _ 0) e—(ﬁr]m*+b)T

S < 1-(1-0)e Prm +dT

—& =Sy,
e FEDIm 4y, +brb)T (57)

Vs (1 - e’(aﬁﬂm*ﬂ’ﬁbﬁ) (1 -(1-96) ef(ﬂqm*er)T)

-5 =V,

Then we claim that there exists an m1, > 0 such that I(t) >
m, for t is large enough. We next prove this claim in two steps.

Step I. For any positive constant f,, that I(f) < nym" for all
t > t, is not true.

Otherwise, there is a positive constant ¢, such that I(t) <
nm”* for all t > ¢,. First, if I(t) < ym" for all t > ¢, it follows
from the first, fourth, and fifth equations of (4) that, fort > ¢,

%2 —(Bym* +b)S(t), t#m+1-1)T, t#nT,
AS(t) = —0S(t), t=(m+l-1T,
AS(t) =, t=nl.

(58)
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By Lemma 1, there exists T; > t, + 7 so that for t > T}

[/l (1 _ 0) e—(ﬁr/m*+b)T
1-(1-0)e Prm +dT

S(t) > —e=8§,. (59)

Similarly, from the second and the fourth equations of (4), we
have

d‘;t(t) > —(6fym* +y,+b)V (), t#n+l-1T,
AV () =60S(Ht), t=m+I-1)T,
(60)
and fort > T},
v (t) . ‘uee—(ﬁ((ﬂl)nm* +y,+b+b))T
(1 — e @™ +y+0)T) (1 — (1 — §) e~ (Brm™+b)T)
—e=V,.
(61)
Then, by (50), for t > T},
U@)=pe (P (1)+8" 2 (1)S" +--
+8() (ST + (5T
x(S(t)=S*)I(t-1)
+3Be (VIO + VI (VT
(62)
V@R V)T (v
x(V(#)-V*)I(t-1)
> pBe (ST (Sy - S It - 1)
+qdBe (V)T (V- V) I(t-T).
Let
I; = min I(t). (63)

te[T,,T; +7]

We can prove that I(t) > I, for all t > T,. Otherwise, there
exists a nonnegative constant T, such that I(t) > I for ¢ €
[T, Ty +t+1LLIT +7t+7T,) =I,and (T, + 7+ T;) < 0.
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FIGURE 1: The results of numerical simulation on the threshold values %, = 2.6155 > 1, where p = 1.5, g = 1.25.

Then from the second equation of (4) and (37), we easily see which is a contradiction. Hence I(t) > I; > 0 forallt > Tj.
that Equation (62) implies

j T, +17+T du

( 1 2) (t 8 —bT(S )P 1 ( S*)I(t l_)
> —b‘rsp ¢ 5 —b‘r‘ 79 (¢ l I
> (Be ( ) ﬁe ( ) (Y “)) L sﬁe_bf(v*)q—l (‘/A V*)I(t ) (65)

-bt -br

NAGER Va(t

=(]/+b+06)<ﬁe ()+ﬁe ()_1>IL > 0.
y+b+a y+b+a

It then follows that U(t) — +oo ast — +oo. This is a

sV . ptb (v contradiction to U(t) < (« + y + y; + 2b)T + 2. Therefore,

>(y+b+a) <(—f) + ( é ) - 1) I for any positive constant t,, the inequality I(t) < ym” cannot
S y+b+al\V hold for all t > t,.

>0, Step II. From Step I, we only need to consider the followng:

(64) (i) I(t) > nm™ for all t large enough and (ii) I(¢t) oscillates
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FIGURE 2: The results of numerical simulation on the threshold values %, = 0.0339 < 1, where p = 1.5, g = 1.25.

about ym” for all large t. However, Case (i) is obvious in the
result of this theorem, so we only need to consider Case (ii),
in which we will show that I(t) > m, for all large t where

®
m

m; = min {’17, nm*e_(”bm)o} ) (66)

First, we notice there exist two positive constants t, [0) such
that

It)=1I(t+9)=1",
(67)

I(t)<nmm", fort<t<t+gq.

Second, because I(t) is bounded continuous function and I(¢)
has no pulse, we can get that I(t) is uniformly continuous.
Therefore there exists a constant T (with 0 < T; < @ and T
is independent of the choice of £) such that I(t) > ym™ /2 for
allt <t <t+T;,.

If ¢ < Tj, our aim is obtained.

If T; < ¢ < @, from the second equation of (4) we have
that I(t) > —(y + b+ a)I(t) for t < t < t + ¢. Then we have
I(t) = qpm*e VP fort < t <t+¢ < t+@since I(F) = ym”.
It is clear that I(t) > m, fort < t <t + ¢.

If ¢ > @, then we have I(t) > m, forf <t <t +@. We
then can easily prove I(t) > m, fort +@ < t < t+¢. Since the
interval [t,f +¢] is arbitrarily chosen, we know that I(¢) > m,
holds for t large enough. Finally, noticing the choice of m, is
independent of the positive solution of (4), we completed our
proof. O
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FIGURE 3: The results of numerical simulation on the threshold values %, = 0.0449 < 1, where p = 1.5, q = 1.25.

Theorem 9. Let 1 < g < p, if R, > 1, and then system (4) is
permanent.

Proof. Suppose that X(t) = (S(),V(t),I(t)) is a positive
solution of system (4) with initial conditions (5). Then from
system (4), we have

dilf) >-(b+p)S(),
dv
s @prnbv .

t+ n+1-1)T, t+nT, neN,

AS(t) = -0S(t), AV (t)=06S(t),

t=(m+1-1)T, neN,

AS(t)=p, AV (t)=0, t=nT, neN.

(68)

As what we did in the proof of Theorem 5, we can prove that
there exist ¢ large enough and & > 0 small enough such that

u(1-0)e @PT
1-(1-0)e®AT

—(b+y, +6B+(b+BNT

S(t) =

£=ms,

ybe (69)

(1 _ (1 _ 0) e—(b+,B)T) (1 _ e—(b+y1+8,B)T)

V)=

—& =my.
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FIGURE 4: The results of numerical simulation on the threshold values %, = 0.0352 < 1, where p = 1.5, q = 1.25.

Then for @ = {(S,V,I) € R’ | S(t) + V(t) + I(t) < 1}, by
Theorem 8, we have
my <S(t) <1,

my <I(t) <1, my, <V (t) <1

(70)

for t large enough. Thus the system (4) is uniformly perma-
nent. 0

5. Numerical Simulations and Discussions

Next, we carry out numerical simulations to illustrate the
theoretical results obtained in the previous sections. We first
set the parameters as follows: b = 0.2, § = 0.5, « = 0.05,
y = 0.04,8 = 0.02,y, = 0.06, p = 1.5,q = 1.25, T = 1.5,
w =171 =10 = 04, and pg = 14. Straightforward

calculation shows %, = 2.6155 > 1. Then by Theorem 8,
the disease will be permanent (please see Figures 1(a), 1(b),
1(c), and 1(d)). In order to show the effect of 7, we decrease
T to 4, and other parameters are the same with those in
Figure 1, and the infection-free periodic solution of system
(4) is globally attractive. This phenomenon is also seen from
our theoretical analysis as in this case %, = 0.0339 < 1 and
then according to Theorem 5, the disease will be eradicated;
please see Figure 2(a).

If we keep 7 = w = 1 and p = 1, as the same with those in
Figure 1, but increase vaccination proportion of susceptible
persons 0 to 0.9, then the disease will be eradicated; see
Figure 3(a). If we keep 7 = w = 1 and 0 = 0.4 and decrease y
t0 0.2, then the disease also will be eradicated; see Figure 4(a).

Andifwekeep T = w = 4,4 = 1 but decrease 0 t0 0.1, then
the disease will be permanent; see Figure 5. If wekeep 7 = w =
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FIGURE 5: The results of numerical simulation on the threshold values %, = 1.1036 > 1, where p = 1.5, g = 1.25.
TaBLE 1 Lastly, we conclude our paper as follows. In this paper,
we proposed an SVEIRS model, which is a new epidemic
w T 0 U R; Status of the disease Prope T S pieen
model with periodic pulse vaccination and pulse population
11 04 14 R=26155>1 Permanence input at two different fixed moments. Our primary result
4 4 04 14 R, =00339<1 Eradication is to investigate the effect of impulsive vaccination, pulse
11 09 14 B =00449<1 Eradication P{’P}ﬂaﬁon (iinlput flﬁd }Elfrif ltielaz’s to the_dYnaI}llﬁCS of pop-
1 1 04 02 % =00352<1 Eradication ulation model. With the help of comparison theorems, we
proved the existence of the “infection-free” periodic solution
4 4 01 14 %,=11036>1 Permanence and obtained the conditions for global attractivity of the
4 4 04 2 R,=23121>1 Permanence “infection-free” periodic solution and the conditions for

4 and 6 = 0.4 and increase y to 2, then the disease also will
be permanent; see Figure 6. For details please see Table 1.

the permanence of the system. All the theoretical results
show that we believe it might be helpful in disease control:
people can select appropriate vaccination rate and population
input rate according to our theoretical results to control
diseases.
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