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Let A be a doubly strictly diagonally dominant M-matrix. Inequalities on upper and lower bounds for the entries of the inverse of
A are given. And some new inequalities on the lower bound for the minimal eigenvalue of A and the corresponding eigenvector
are presented to establish an upper bound for the Z, -norm of the solution x(¢) for the linear differential system dx/dt = —Ax(t),
x(0) =x° > 0.

1. Introduction

For a positive integer n, N denotes the set {1,2,...,n}. For
A = [a;] € R™", wewrite A2 0(A > 0)ifalla; > 0 (a > 0),
i,j€ NIfFA>0(A>0),wesay Ais nonnegatlve (posmve,
resp.). Let Z, denote the class of all n x n real matrices all
of whose oft-diagonal entries are nonpositive. A matrix A is
called an M-matrix [1] if A € Z, and the inverse of A, denoted
by A™!, is nonnegative.

Let A be an M-matrix. Then there exist a positive
eigenvalue of A, 7(A) = p(A™")™", and a corresponding
eigenvector x = [xl,xz,...,xn]T > 0, where p(A_l) is the
Perron eigenvalue of the nonnegative matrix A™', 7(A) =
min{[A| : A € o(A)}, and 0(A) denotes the spectrum of
A. 7(A) is called the minimum eigenvalue of A [2, 3]. If, in
addition, A is irreducible, then A™' > 0 and 7(A) is simple
and x > 0, which is unique if we assume that the &, -norm of
x equals 1; that s, [|x[l; = Y-, |x;| = 1[3]. If D is the diagonal
matrix of an M-matrix A and C = D — A, then the spectral
radius of the Jacobi iterative matrix J, = D !Cof Aisdenoted
by p(J4). For a set Q, we denote by |Q] the cardinality of Q.
Note that Q = @ if and only if | Q| =

For convenience, we employ the following notations
throughout. Let A = [a;;] € R™" be nonsingular with a;; # 0,

foralli € N,and A™' = [B;;]. We denote, for any i, j € N,

Z |a’J' i =t Zau ik

i

|all|]¢z #i
il g X el
\
R (A) = ]Za R(A) = maxR; (4),
(1)
r(A) = minR; (4),

n n
M = max Z . m = min Z g
ieN jZIﬁlj > ieN jZIﬁl] >

AN=lieN:h>1, A ={ieN:h=1},

T={ieN:h<1}.
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Definition I (see [4]). A matrix A = [a;;] € C™" is called

(i) (strictly) diagonally dominant, if b; < 1 (h; < 1,
resp.) for all i € N, and A is called doubly (strictly)
diagonally dominant if h;h; < 1 (h;h; < 1, resp.) for
alli,je N, i # j;

(ii) weakly chained diagonally dominant, ifh; < 1, J(A) =
{ie N:h; <1} # 0and foralli € N/J(A), there exist
indices iy, i,..., i in Nwitha;; #0,0<r<k-1,
where i, = iand i, € J(A).

Remark. (i) It is well known that a doubly strictly diagonally
dominant matrix A is nonsingular and that |[A™ Al <1
[5]. If [A"|JA®| = 1, we denote by i, the unique element
throughout; that is, A™ [ J A® = {i,}. Meanwhile, if A is doubly
strictly diagonally dominant and A™[JA® = 0, then A is
strictly diagonally dominant.

(ii) It is clear that a strictly diagonally dominant matrix is
doubly strictly diagonally dominant and also weakly chained
diagonally dominant. Also clearly, for a doubly strictly diago-
nally dominant matrix A, if A™ = 0, then A is weakly chained
diagonally dominant; otherwise, A is not weakly chained
diagonally dominant.

Estimating the bounds of the minimum eigenvalue 7(A)
of an M-matrix A and its corresponding eigenvector is
an interesting subject in matrix theory and has important
applications in many practical problems; see [4, 6-8]. In
particular, these bounds are used to estimate upper bounds
of the &, -norm of the solution x(¢) for the following system
of ordinary differential equations:

dx
=—-Ax(t
T x (),

x(0)=x">0, (2)
where x(¢), x° € R", and A € R™" is a constant M-matrix.
And it is proved in [6] that

lx ()l < Qe |x° (3)

is the

positive eigenvector of A” corresponding to 7(A). When the
order n of A is large, it is difficult to compute 7(A) and z.
Hence it is necessary to estimate the bounds of 7(A) and z.

In [4], Shivakumar et al. obtained the following bounds
of 7(A) when A is a weakly chained diagonally dominant M-
matrix.

T
where Q = maxi,jeN(zi/zj) and z = [2},2,,...,%,]

Theorem 2 (see [4, Theorem 4.1]). Let A = [a;] € R™" be

a weakly chained diagonally dominant M-matrix and A™" =
[/Sij]. Then

r(A)<1t(A)<R(A), 1(A)< né}\?aﬁ,

(4)

Recently, Tian and Huang [9] provided lower bounds of
7(A) by using the spectral radius of the Jacobi iterative matrix
J 4 for a general M-matrix A.
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Theorem 3 (see [9, Theorem 3.1]). Let A =
M-matrix and A™' = [ﬁij]. Then

[a;] € R™" be an

1 1

A > .
T(A)= 1+ (n—1)p(J) maxiey {B;}

(5)

Also in [9], a lower bound of 7(A), which depends only
on the entries of A, has been presented when A is a strictly
diagonally dominant M-matrix.

Theorem 4 (see [9, Corollary 3.4]). Let A = [
strictly diagonally dominant M-matrix. Then

a;] € R"" bea

1 .
1+ (n—1)max;y {hl}fg}\? {si}- (6)

T(A) =

As shown in [9], it is possible that 7(A) equals zero or that
1/M is very small, and moreover, whenever A is not weakly
chained diagonally dominant, Theorems 2 and 4 cannot be
used to estimate the bounds of 7(A) effectively. On the other
hand, it is difficult to estimate 7(A) by using Theorem 3
because of the difficulty of computing the diagonal elements
of A7t and p(J4) when n is very large.

In this paper, we continue to research the problems
mentioned previously. For a doubly strictly diagonally dom-
inant M-matrix A, we in Section 3 give some inequalities
on the bounds of the entries of A™'. And in Section 4,
some inequalities on bounds of 7(A) and the corresponding
eigenvector are established. Lastly, an example, in which we
estimate the Z, -norm of the solution for the system (2) when
A is a doubly strictly diagonally dominant M-matrix, is given
in Section 5.

2. Preliminaries

In this section, we give a lemma which involves some results
for a doubly strictly diagonally dominant M-matrix. First,
some notations are listed: for a doubly strictly diagonally
dominant matrix A = [al-j] € R™"andi,j €N,

if (A U )
_ hi, 1fze( UA):IO
<'ano|h,0+ Z '%|> 1fz¢ UAO)={iO},

Si> if( ’UAO)z
ZU]’ ifie( UA) {io}s

Si z]#z
a”+zlj i ifié( UA) {io},

J#i
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Tis
if (A7 JA") =
m% '“’f'
~ = {ip}, i =iy
7=
( 1aq|+|auo|hio
if ( = {ip}, i <iy,
lf ( UA ) 0 > i> iO)
(7)
where
L Us)-o
©= mlnf ( UA ) {io}- ®

t:/:lo

Note here thatlet 1/h; = +oco if h; = 0 (i # ;).

Lemma 5. Let A = [a;] € R be a doubly strictly diagonally
dominant M-matrix and (A™ | A% = {io}. And, for any € €
(h;, mm#l (1/hy)), let X = diag(x,, x,,.. ., x,), where x; = ¢
and x; = =1i# io- Then AX is a strictly diagonally dominant
M-matrix. Furthermore, hin > 1,k < 1fori#iyands, >0
foranyie N.

Proof. Since A is a doubly strictly diagonally dominant M-
matrix and (A~ |JA%) = {i,}, we have

1
1< h < min—; 9)
i#i ;

hence, from ¢ € (hio, min#io(l /hy)),

Z ’o] (10)
’0’0 J#iy
And, for any i # i, ifzj# |a,»j| +0,
a; a;
1 < 11 S 11 , (11)
e Xl o |e + Ly, [af
and if ), i Iaijl = 0, inequality (11) is obvious.
From inequality (11), we have
a; e+ Y ... |a;
| i1, Z]#z,to ' z]| < 1’ i=ﬁ io. (12)
a;;
Let AX = [a;]. Then
_ a;;€, =i, i €N,
a;j = ‘[ Y J A (13)
@, j#ipi€eN.
From inequality (10), we have
_Z |_10J' = Z 'a’oJ| <L (14)
’010 J#ig 1010 J#ig

And, for any i # i, from inequality (12), we have

Z| 1]' _ | 110 S+Z]¢110 z]| (15)

A j#i aj;

From inequality (14) and inequality (15), AX is strictly
diagonally dominant. Moreover, it is clear that AX € Z, and
(AX)_1 = X 'A7! > 0, which implies that AX is an M-
matrix. R

Furthermore, from the definition of h;, we have that

1<h =h (16)
and for any i # i,
R a.: h+z a. a.: g+z... a..
hi — | ty| " To = J#iio ’]| < . iy a“]il’lo ’]| <1 (1’7)

11 11

We now prove s; > 0 for any i € N. Since A is doubly strictly
diagonally dominant, we get that there is k € N, k # i,, such
that a; , # 0 (otherwise, a contradiction to the definition of
doubly strictly diagonally dominant matrices). Hence

= Giiy ’0 Z 'a’ J' <4 Higi ’0 Z |a’01'h1’ (18)

j#io
and equivalently,

- 1
Sio = aioio h fl_ Z

iy J#iy

a,j| h; > 0. (19)

And for any i # i,

= - (|auo|h,o+ 5 |%|h>

J#io J#big

(20)
> a; — < a; | h ; |a,-j'>
J#id

0 (by Inequality (17)).

Hence, from inequality (19), inequality (20), and the fact that
A is an M-matrix, we have that, for anyi € N,

1%

5> 0. (21)
The proof is completed. O

Lemma 6 (see [10, Page 719]). Let A = [a,-j] beann xn
complex matrix and let x,, x,, . . ., X,, be positive real numbers.
Then all the eigenvalues of A lie in the

U zeC:|z- a”|<xz

i J#i J

|a|z€N . (22)



3. Bounds for the Entries of
the Inverse of a Doubly Strictly
Diagonally Dominant M-Matrix

In this section, upper and lower bounds for the entries of A™"
are given when A is a doubly strictly diagonally dominant M-
matrix.

Lemma 7 (see [11, Lemma 2.2]). Let A = [aij] c R™ bea

strictly diagonally dominant M-matrix and let A™' = (By;].
Then, for alli € N,

ﬁi]' < Zk#:z I zk|

=B JEN,j#i. (23)
Next, we present a similar result for a doubly strictly
diagonally dominant M-matrix.

Theorem 8. Let A = |[q;

;i1 € R be a doubly strictly

diagonally dominant M-matrix and let A" = [B;;]. Then, for
alli € N,

Bi<hpPy jeN,j#i. (24)
Proof. If (A°|JA™) = @, then A is strictly diagonally
dominant and the conclusion follows from Lemma 7. We next
suppose that (A’ JA™) = {i,}. From Lemma 5, we get that
AX is a strictly diagonally dominant M-matrix for any ¢ €

(h» min,,; (1/h;)), where X = diag(xl,xz,...,xn), X, =&
and x; = 1,i # i;. Let AX = [a; ]andX Tp™t [ﬁij].ThGI'l
. {aljs, j=ipi€N,

Y a4, j#ipi€eN,

25
Bi . 2)
E": 2 i=ij j€N,
ij
Bij i#ip j€N.

If i = iy, from Lemma 7, we have that

:B" = k 1|a1k| Zk z| zk| . .
=B, < ?; Bj; = =—=B;; j+i; (26)
that is,
Zk;e'o Gk T .,
Bo< = By =hBy=hBy jtie (27

Tolo

Ifi # iy and j = 4, from Lemma 7, then

Zk;&i |E,~k|_ 'a”ol €+ Zkiz g |a1k| ﬁ]] (28)
ﬁz] /31] = aii ﬁj] a; P
that is,
B < |aii0' €+ Disi, || Buws (29)

aiis
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moreover, by € > h; > 1, we have

e+t Zk#,io |aikl

a;;

|aii
Bi, < - Biii- (30)

Andifi # iy and j # iy, from Lemma 7, then

aa | — a.: e+ . a:
By =Py Zk§.|.alk|ﬁfj - bl ,ZZk o lklf”jj; (31
11 11
that is,
a.. €+Zk |a‘k| o
i < ' IJ| a“‘#l o 171 ﬁﬂ, j 41 (32)

11

Hence, from inequality (30) and inequality (32) and letting
¢ — h; , we have that, for any i # i,

|aii0' By + Yty ||

i

5jj=ﬁiﬁjj, j#i (33)

Bij <

The conclusion follows from inequality (27) and inequality
(33). O

We next establish the upper and lower bounds for the
diagonal entries of the inverse of a doubly strictly diagonally
dominant M-matrix.

Theorem 9. Let A = [a;] € R™" be a doubly strictly
diagonally dominant M-matrix and let A" = [B;;]. Then, for
alli € N,

1
;Sﬁ < (34)

J{’)l —

Proof. If (A° [JA™) = 0, then the conclusion follows from
Lemma 2.2 of [9]. We next suppose that (A° Uam) = {i,}
Since A is a doubly strictly diagonally dominant M-matrix,
A" > 0and a; < 0,i,j € N,i# j. By AA™' = I, we have
that, for alli € N,

1=a;B;+ Zaijﬁji’ (35)
J#i
which implies
/311 2 — (36)
11

Moreover, from equality (35) and Theorem 8, we have that,
for any i # iy,

1> auﬁu + Zaq ]ﬁzz

J#i

(all + Z l] ]> Bii (37)

J#i

= giﬁii-
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And similar to the proof of Theorem 8, AX = [a ]isa
strictly diagonally dominant M-matrix, where X is g1ven in

Lemma 5. Let (AX) ' = [Bij]. Then, from AX(AX) ™" = I, we
have that
1= aioioﬁiozo Z 10]ﬁ]10
J#io
- 7 - Zk#] ' Jk|
>a; Biis T %= ;, (by Lemma 8)
j#io ajj

- _ Liej |8k '“Jk|
Tigig + Z io] q ﬁ’n’o

J#iy JJ

_ Z 'aﬁo et Zk#i»io ajk| Bioio
=\ %t 2 ) a.. T
J#ig 1]

Z ' jiy| €+ Dt i
a . + —
Tolg 10] a

]*’0 jj

k| (38)
] > ﬁtozg

“jk| )

1 |aji0 hio + Qs i
a; +— E a;
vy aj
Ty j#iy

=S, /31‘01'0-

Hence, from inequality (37), inequality (38), and Lemma 5,
we obtain that for any i € N

Bii < (39)

?.
The conclusion follows from inequality (36) and inequality

(39). O

Next a lower bound of the entries of the inverse of
a doubly strictly diagonally dominant M-matrix will be
established. Firstly, a lemma is given.

Lemma 10 (see [4, Theorem 3.5]). Let A =

weakly chained diagonally dominant M-matrix and let A~ =
(B;]. Then

[a;] € R™" bea

mm ﬁ]k > —H min { (40)
mll 1
Theorem 11. Let A = [a;] € R™ be a doubly strictly

diagonally dominant M-matrix and let A™" = | Bij]- Then

]‘[ min {1, 7}, (41)

n}lkn Bjk =
’ 71'11 1

where

L U)o
©= mlnf ( UA) (42)

1#10

Proof. If (A°|JA™) = 0, then A is a strictly diagonally domi-
nant M-matrix, also a weakly chained diagonally dominant
M-matrix. The conclusion is evident from Lemma 10. We
next suppose that (A’ JA™) = {iy}. Similar to the proof of
Theorem 8, AX is a strictly diagonally dominant M-matrix,
where X is given in Lemma 5. Let AX = [Eij] and (AX)! =

[ﬁi ;1. By Lemma 10, we have that

Z |ak1

”k i+1

.= 15
min fji = = [ [ min ‘{

i=1

Z Ialkl} . (43)

G k=i+1

Moreover, note that min;;f; > min;;f; and 1/a,, >
1/ea,, > 1/wa,,; we have

a2

nn =1

Z |akl

”k i+1

m1n ﬁ]k

3

i k=i+1
(44)

And also note that, for any i € N,

= Z |ak1| - Z |ak1| _l (45)

i k=i+1

—

QI

Hence, we need only prove that (1/a;;) ¥_;,, lay| > 7; forany
i € N.Infact, ifi < iy, then

n 1 n
= Z ayl = — Z || + 'aiio|£
Gii =iy Qi \ k=it 1, ki
(46)
1 n
= a_ Z |a1k| + 'azzo i | T ?1
i\ k=i+1, k#i,
Ifi = iy, then
—_ Z |ay| = — Z |ag| > — Z |ag| =7 (47)
i =it &ii 15 Waij 1 5
Ifi > ij, then
1 &
— > aul= Z lag| = 1 = (48)
i kit i kS
Hence, for anyi € N,
1 n
= 2 [l =7. (49)

Uk i+1

The conclusion follows from inequalities (44), (45), and (49).
O



4. Bounds for the Minimum
Eigenvalue of a Doubly Strictly Diagonally
Dominant M-Matrix

In this section, we give some lower bounds for 7(A) which
depend only on the entries of A when A is a doubly
strictly diagonally dominant M-matrix. First, for A~ =
[ﬁij], we give an upper bound of ||A_1||1, where ||A_1||1 =

maxieN{Z;’zl |B;il}-

Theorem 12. Let A = [ay] € R™ be a doubly strictly
diagonally dominant M-matrix. Then

_ 1 ~
| 1||lgriré%rx<|§i<l+;hj>}. (50)
Proof. Let A™' = [B;j]. Then
- 5

< max {ﬁii + Zhjﬁ,-i} (by Theorem 9)

j#i

(51)
= max {(1 - Zh])ﬁi,}
J#i
< max {% <1 + ;E)} (by Theorem 10).
The proof is completed. O

Theorem 13. Let A = [a;] € R™ be a doubly strictly
diagonally dominant M-matrix. Then

3
A = i —IA .

Proof. If A is irreducible, then A7' > 0; meanwhile, from the
irreducibility of A and the definition of ;, we have i; > 0
for any i € N. We next consider the spectral radius p(A™") of
A™'. From Lemma 6, we have that there is k, € N such that

o (A1) - e <T, 3 2, 3
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which, from p(A™") > Bk, [12], leads to

P (A7) < By, + e, ). P

Kk, Mk

< Prk, + Ekn z Bk, (by Theorem 9)
Kk,

=(1+(n-Dh )P, (54)

1+(n-1)h
< ——————" (by Theorem 10)

ko

1+(n—1)hi}

S

< max
ieEN i

Hence,

T(A) =

1 . 5;
p(A")anlelnn{l+(n—1)ﬁ,»}' &

If A is reducible, then we can obtain a doubly strictly
diagonally dominant M-matrix A(e) such that A(e) is irre-
ducible by replacing some nondiagonal zero entries of A
with sufficiently small negative real number —e. Now replace
A with A(e) in the previous case. Let € approach 0; the
conclusion follows by the continuity of 7(A) about the entries
of A. O

From Theorems 12 and 13, we have the following result.

Theorem 14. Let A = [a;] € R™" be a doubly strictly
diagonally dominant M-matrix. Then

7(A) 2 max {H, H}, (56)

where
H:min{—' = },
i 1+(n-1)h;

(57)
— S
H = mjn —IA .
i { 1+ Z#i hj }

Proof. By Theorem 12 and the fact that p(A_l) <A™ I, we
have that

1 1 S —
T(A) = — 2 >min{ ————— ¢ = H.
p(ATh) AT, — e { 1+ Zj#ihj}
(58)
Hence, from Theorem 13, 7(A) > max{H, H}. O

We now give upper and lower bounds for the compo-
nents of the eigenvector z corresponding to the minimum
eigenvalue 7(A) for an irreducible doubly strictly diagonally
dominant M-matrix.
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Theorem 15. Let A = [a;] € R™ be an irreducible doubly
strictly diagonally dominant M-matrix and let A™' = (By;].

Andlet z = [z,25,...,2,)" be the positive eigenvector of A
corresponding to T(A) with ||zll, = 1. Then, for alli € N,

7(A) min Bix <z <T(A) rr},a}}ﬁjk' (59)
Furthermore,
2. B
max— < maxﬂ. (60)
i zp o hik P

Proof. It is clear that A™' exists and A™" > 0. From Az =
7(A)z and z > 0, we have A™!z = p(A_l)z = 7(A) 'z and
z > 0; hence,

z;=1(A) Zﬁzkzk <7(A) maXﬁ,kZZk =1(A) maxﬁ;k’
k=1 Jk
(61)

where Y}, z; = 1. The lower bound for z; is proved similarly.
Furthermore, by Theorem 3.1 of [12],

ﬁzk

max— < max—. (62)
i,j Z] i,k ﬁ A

By Theorem 8, f3;, < k3. Hence,

maxi < maxhﬁkk (63)
i,j ZJ i,j,k /3jk
The proof is completed. O
5. Example
Consider the following system:
”Zl—’t‘ =-Ax(t), x(0)=x", (64)

where

1 -02 -02 -0.2 -0.6
-02 1 -02 -0.2 -0.2
A=]|-02 -02 1 -02 -02{. (65)
-02 -02 -02 1 -0.2
-02 -02 -02 -02 1

It is easy to verify that A is an irreducible doubly strictly
diagonally dominant M-matrix and that A~ = {1}. Hence
A is not a weakly chained diagonally dominant M-matrix.
We now establish the upper bound for the &, -norm of the
solution x(f). Let A™! = [Bij]. By Theorems 8 and 9, we have

H}ix Bjx < 7.5000. (66)

By Theorem 11, we have

Ir]ukn Bji = 0.0307. (67)

7
By Theorem 14, we have
7(A) > 0.0276. (68)
Hence, by inequality (3) and Theorem 15, we have
Q = max2 < maxEkk hib ~ 244.1406. (69)
i,] Z] i,j.k ik
Hence,
lx(®)], < 244.1406e‘°-°276’||x°||1. (70)

Note here that we cannot estimate the lower bound of T(A)
by using Theorem 2 (Theorem 4.1 of [4]) and Theorem 4
(Corollary 3.4 of [9]) because A is not a strictly diagonally
dominant M-matrix and not a weakly chained diagonally
dominant M-matrix.
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