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We introduce new types of distance Fibonacci numbers which are closely related with number decompositions. Using special
decompositions of the number n we give a sequence of identities for them. Moreover, we give matrix generators for distance

Fibonacci numbers and their direct formulas.

1. Introduction

The nth Fibonacci numbers F, are defined by recurrence
relation F, = F,_,+F,_,,n > 2 with the initial conditions F, =
F, = 1. There are many generalizations of the Fibonacci num-
bers F, with respect to one or more parameters; see for exam-
ple [1-3]. In [1] the distance Fibonacci numbers FdW(k,n)
were introduced and studied. We recall this definition.

Letk > 2,n > 0 be integers. The distance Fibonacci num-
bers of the first kind FdV(k, n) are defined recursively in the
following way:

FdY (k,n) = FAY (k,n -k + 1)
1

+FdY (k,n—k)  forn>k,

and FdV(k,n) = 1forn=0,..., k- 1.

We will call the numbers Fd" (k, n) the distance Fibonac-
ci numbers of the first kind. The number Fd (k, n) is closely
related to the special quasi k-decomposition of the number #;
see [1].

In this paper we define other three types of distance
Fibonacci numbers which are also related to the special
number decomposition. Moreover we shall show relations
between all three types of distance Fibonacci numbers. Next
we study their matrix generators and direct formulas.

2. Distance Fibonacci Numbers
Fd?(k,n) and Fd® (k,n)

In this section we introduce two kinds of distance Fibonacci
numbers. Some relations between numbers Fd"” (k, n) for i =
1,2, 3 will be studied.

Let k > 2, n > 0 be integers. We define the nth distance
Fibonacci numbers of the second kind Fd? (k, n) by the kth
order linear recurrence relation of the form

Fd? (k,n) = FA? (k,n -k + 1)
(2)

+Fd? (k,n-k) forn>k,

with the initial conditions
Fd®(k,n) =0forn=0,...
FdP(k, k- 1) =1,

Fd?P(1,1) =1,

,k_2,

Fd?(2,2) = 2,
FdD(k,k) = 1, for k > 3.

Ifk =2,n>1,then Fd(z)(k, n) gives the Fibonacci num-
bers F,,.
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Letk > 2,n > 0 be integers. We define the nth distance

Fibonacci numbers of the third kind Fd® (k, ) by the kth
order linear recurrence relation of the form

Fd® (k,n) = FA® (k,n -k + 1)
(3)

+ Fd® (k,n—k) forn>2k-1,

with the initial conditions

Fd®(k,n)=1forn=0,... k-1,
Fd®(2,2) = 2,
fork > 3 Fd®(k, k) = 3 = Fd® (k, 2k - 2),

fork+1<n<2k-3Fd®(kn) = 4.

If k = 2, then Fd®(k,n) gives the classical Fibonacci
numbers.

Now we give an interpretation of the numbers Fd") (k, n),
Fd?(k,n), and Fd® (k, n) with respect to special decompo-
sitions of the number .

By a decomposition of a number #n, n > 1, we mean an
ordered number partition of it. For example for n = 3 we
have the following four decompositions: 1 + 1+ 1,2 + 1, 1+
2, and 3. In this paper we study special decompositions of
a number n which are closely related to distance Fibonacci
numbers Fd(i)(k, n), fori =1,2,3.

Let1 < r < k — 2 be a fixed integer. A decomposition of
the number n > k — 1 of the form r +n; +n, + -+ +n, (resp.,
ny+mn+--+n,+r)wheren; € {kk-14Li = 1,...,p
is called an r_k-decomposition (resp., r, k-decomposition).
We denote the number of all »_k-decompositions (resp., v k-
decompositions) by o_,(k, n) (resp., 0, (k, n)). Clearly

o, (k,n)=0,,(kn). (4)

A decomposition of the number n > k-1 of the form n, +
my + -+ ny, wheren; € {k,k—-1}i =1,...,p,iscalleda
k-decomposition. We denote the number of all k-decompo-
sitions by o, (k, ).

Let 0 < r, < k — 2 be a fixed integer. A decomposition
of the number n > k — 1 of the form ry + n; + n, + -+ +
n, (resp., ny + ny + -+ + n, + ry) where n; € f{k,k - 1},
i = 1,...,p is called an r;,_k-decomposition (resp., ry, k-
decomposition). Consequently as the above we denote the
number of all r,_k-decompositions (resp., r,, k-decompo-
sitions) by o_, (k,n) (resp., o,, (k,n)). Clearly for r, = 0
a 0_k-decomposition of »n is a k-decomposition and for
o = 1 an ry_k-decomposition (resp., #,, k-decompositions)
is an r_k-decompositions (resp., 7, k-decompositions). From
the above definitions immediately follow relations between
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numbers o_,(k, n), G_,O(k, n), and o,(k,n) (resp., o,,(k,n),
O, (k,n), and a,(k, n)):

k=2
o, (kn)= Yo (kn)+a,(kn), (5)
r=1
k-2
0, (k) =Y 0, (k,n) + 0, (k,n), (6)
r=1
k-2
okn)= Y o;kn). )
j=—(k-2)

Theorem 1 (see [1]). Let k > 2, n > k — 1 be integers. Then
0., (k,n) = Fd (k,n).

For the proof of the next theorem we will need the follow-
ing lemma.

Lemma 2. Letk > 2, n > k — 1 be integers. Then

2Fd™ (k,n) - Fd® (k,n) = Fd® (k,n), ®
8
forn>k-1.

Proof. If n = k — 1, then the equality immediately follows.
Assume that the lemma is true for an arbitrary t < n and
we prove it for n. Using the definitions of numbers Fd" (k, n)
and Fd® (k,n) we obtain that 2Fd”(k,n) - Fd®(k,n) =
2FdW (k, n—k)+2Fd" (k, n—k+1)-Fd" (k, n-k)-Fd® (k, n—
k+1) = Fd®(k, n) by the induction’s hypothesis. O]

We can write the above lemma also in the following form.

Corollary 3. Letk > 2, n > k — 1 be integers. Then

Fd" (k,n) - Fd® (k,n) = Fd® (k,n) - Fd" (k,n). (9)
Theorem 4. Letk >2,n> 1,1 <r < k — 2 be integers. Then
(i) o_, (k,n) = o,, (k,n) = FdV (k,n),

(ii) oy (k,n) = Fd? (k,n),
(i) o(k,n) = Fd® (k, n).

Proof. The equality (i) follows immediately by Theorem 1and
(4).

We shall show that g,(k,n) = Fd®(k,n). If n = 1,2,...,
k — 2, then there is no k-decomposition of the number # into
parts k — 1 and k. So o,(k,n) = 0 = Fd®(k,n). If n = k —
1, k, then there is a unique k-decomposition of the number
n; hence oy(k,n) = 1 = Fd®(k,n). Let n > k + 1. Assume
that the equality holds for an arbitrary t < n. We shall show
that o,(k,n) = Fd® (k,n). Let n = n+mn+--+n,bea
k-decomposition of the number # into parts k and k — 1. If
n, =k, thenn=mn+n+...+n,,+kson-k =n +
n, +---+n, ;. By induction’s hypothesis there are Fd? (k,n-
k) k-decompositions in this case. If n, = k — 1 then proving

analogously we obtain Fd® (k,n — k + 1) k-decompositions
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of the formn =n, +n, + -+ +n,_; + k - 1. From the above
we have Fd® (k,n—k) + Fd® (k,n—k+1) k-decompositions
of the number # into parts k and k — 1, and by the definition
of Fd® (k, n) it follows that o, (k,n) = Fd® (k,n).

Now we shall prove that o(k,n) = Fd® (k,n). From the
definition of o(k, n) we obtain that

k-2

Z of (k,n)

j=—(k-2)

o(k,n) =

k=2
=2) 0, (k,n) + 0, (k,n)
r=1

10
= FdY (k,n) 10

k-2
+ Y 0., (kn) + 0y (k,n) - 0 (k1)

r=1
=2FdY (k,n) - Fd® (k,n),

by the statements (i) and (ii) of this theorem.
Then the statement (iii) follows immediately by Lemma 2,
which ends the proof. O

Theorem 5. Letk >2,n>k—1and1 <r < k-2 be integers.
Then

o_, (k, pk +i) = 2%, (1)

for natural pandi=1,2,....,k—(p+2).

Proof. Let pbenaturalandi = 1,2,..., k—(p+2). The number
pk+iisequalto i+ ) +1-(k-1)+(p—-1) -k forl =
0,1,..., p,and all r_k-decompositions of pk+i have the form
(i+1)+n +...+n, Wecanputk — 1 on! positions, so we
have (1) possibilities. The sum Y7 (1) is equal to 2# which
ends the proof. O

Now we give applications of distance Fibonacci numbers
for counting of the number of other special decompositions
of the number n.

Letk > 2,n > k be integers and let 0., (k,n) be the num-

bers of all decomposition of the number n = n; +n, +---+n,,
wheren; € {k,k-1},fori=2,..., p-1 andnl,np e{l,...,k}
Theorem 6. Let k > 2, n > k be integers. Then
k
0y, (ko) = Y FdV (k,n—r). (12)

r=1

Proof. Letn = ny +n, + -+ + n, be a decomposition of the
number n, wheren; € {k,k—1},fori =2,..., p-landn;,n, €
{1,...,k}.Thenn—np=nl+n2+-~-+np,1,wheren1+n2+

~+n,_y iseitherar_k- decomposition or a k-decomposition

of the number n — n,. Since np € {1,...,k} by Theorem 4(i) it
follows that airo(k, n) = Zr=1 FdW (k, n — r), which ends the
proof. O

3
Theorem 7. Let k > 3, n > k be integers. Then
k=2 k-2
> Y Fd® (k,n- (i + j))
i=1 j=1
(13)

k

2
(Fd (kyn—1i) - Fd®? (k,n— z))

N
—

fornatural pandi=1,2,....,k—(p+2).

Proof. Letk > 2,n > k be integers. Letn = n; +n, + -+ +n,
be a decomposition # of the number »n, where n; € {k,k -
1}, fori =2,...,p—-1 andnl,np € {1,...,k — 2}. Then the
number of such decomposition is equal to the number of k-

decomposition of the number n— (1, + np). By Theorem 4(ii)

we obtain that we have Fd® (k,n— (n; +n,)) decompositions
1. Since ny,n, € {1,..., k — 2} itis clear that totally we have

22 Fd® (k,n— (i +§)) (14)
i=1 j=1

decompositions of the number #.

On the other hand, we have that the total number of
decompositions 7 is equal to the number of r_k-decomposi-
tions of the number n— n,.Sincen,, € {1,...,k—2} by formula
(5) and Theorem 4 we obtain

k-2
Y (Fd® (k,n—i) - Fd? (k,n-1)). (15)
i=1

From the above it immediately follows that

||M|

iFd(z) (n-(i+ )

(16)
K

2
(Fd (kyn—1i) - Fd® (k,n— 1))

1

which ends the proof. O

3. Identities for Fd'V (k, n),
Fd? (k,n), and Fd® (k,n)

In this section we give some identities for distance Fibonacci
numbers: Fd(’)(k, n), fori =1,2,3.

Theorem 8. Let k > 2, n > k be integers. Then

3
Y a;Fd" (k,n)
j=1
(17)

_ i (11’) <ia]-Fd(j) (k- pk + i))

j=1



Proof (by induction on n). For n = k we have p = 1 and

3
Y a;Fd (k,k)
j=1

Il
M

a; (Fd (k,k - k) + Fd7 (k,k - k + 1))

1

<.
Il

3
=Y a;(FdY (k,0) + Fd" (k,1))
j=1 (18)
3 .
=Y a;(FdV (k,k-1-k+0)
=1
+FdY (k,k =1k +1))
AN ,
=y <l> Y a;Fd" (k,i).
i=0 =1
Let n > k. Assume that (17) is true for arbitrary t < nand
we prove it for n. Using induction’s assumption for t = n — k
andt =n -k + 1 we have

EdY (k,n)

= FdY (k,n—k) + FdP (k,n -k + 1)

P .
- Z(f)m‘” (k,n—k — pk +1)

i=0

p -
+Z<‘?)Fd(f)(k,n—k+l—pk+i)

_ i(f) [Fd? (kyn — k= ph +1)

+FdY (k,n -k +1 - pk +i)]
- i(f) [FdY (k,n - pk +i - k)
+FdY (k,n - pk+i-k+1)]

P -
=y (f) Fd? (k,n - pk +1i),
i=0
(19)

which ends the proof. O
Corollary 9. Let k > 2, n > k be integers. Then

(iv) FdV(k,n) = Y2, (2) FdV(k,n — pk + i),

(v) Fd? (k,n) = Y2 (2) Fd® (k,n - pk + i),

(vi) Fd® (k,n) = Y2 () Fd® (k,n — pk +i).
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Proof. (iv) This formula directly follows from Theorem 8 put-
tinga, = 1 and a, = a; = 0. For (v) and (vi) analogously. [

Theorem 10. Let k > 3, n > k be integers. Then

k-2
Fd (k,n) = Y Fd? (k,n—1). (20)

i=0

Proof (by induction onn). For n = k we have Fd(k, k) =
FdV(k,0) + Fd"(k,1) = 1+ 1 = 2. The right side of (20) has
the form Y&7 Fd? (k,k — i) = Fd® (k, k - 0) + Fd® (k,k -
1) + Fd? (k,k - 2) + -+ + Fd® (k, k - (k - 2)) = Fd®) (k, k) +
Fd9(k,k—1)+ Fd®(k,k—2) +-- -+ FdA®(k,2) = 1+ 1+ 0+
e+ 0=2.

Let n > k. Assume that (20) is true for arbitrary t < nand
we prove it for n. Using induction’s assumption for t = n — k
andt = n—k + 1 we have

FdW (k,n)

=FdY (k,n - k) + FAY (k,n -k + 1)

k-2
= Y Fd? (k,n—k-1i)

i=0

k-2
+ Y Fd? (k,n—k +1-1)

i=0

k-2
=Y [Fd® (k,n—k-i) 1)

i=0

+Fd? (k,n -k +1-1)]
k-2
=Y [Fd® (k,n-i-k)
i=0
+Fd® (k,n—i-k+1)]

k=2
= Y Fd® (k,n—i),

i=0

which ends the proof. O

4. Matrix Generators and
Combinatorial Formulas for Fd"V (k, n),
Fd?(k,n), and Fd® (k, n)

Matrix methods are important in recurrence relations. In the
last decades some mathematicians have studied to find mis-
cellaneous affinities between matrices and linear recurrences.
Using matrix methods different identities and algebraic
representations of considered sequences can be obtained, for
instance [1, 2, 4-6]. Theory of Fibonacci numbers was previ-
ously complemented by the theory of so-called the Fibonacci
Q-matrix or the golden matrix. It is worth mentioning that
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the American mathematician V. Hoggat was one of the first
mathematicians who paid the attention to the Q-matrix.
For the classical Fibonacci sequence the matrix generators,

named as the golden matrix, have the form Q = [1}] and

Q"= [F;i:l FI:: ], forn > 1.

Golden number and golden section have many inter-
esting applications in different areas of science (physics,
chemistry, and mechanics); see for example [7, 8]. In this
section we give the matrix generators for distance Fibonacci
numbers Fd?” (k, n), where i = 1,2,3. The matrix generator
of the distance Fibonacci numbers of the first kind Fd" (k, n)
was introduced in [1] and in this paper we apply this method
for all kinds of distance Fibonacci numbers.

Let k > 2 be a fixed integer. Let Q, = [g,;] be a square
matrix of size k. For a fixed 1 < t < k an element g,, is equal
to the coefficient of Fd” (k,n — t) in the recurrence formula
for the distance Fibonacci numbers Fd® (k,n),i = 1,2, 3. For
j = 2 we define g,; as follows:

1 ifj=t+1 o
g 0 otherwise.

6)
AY = : :
Fd¥ (e k+u@)  Fd (kk—1+u (i)
| Fd¥ (k k=1 +u (@) Fd¥ (k k-2 +u(i)
where
i-1 fori=1,2
N 25
u (i) {k—l for i = 3. =
AVQ =

FdD (k,n+ k +u (i)
| FdD (kyn+ k-1 +u(i)

Since the proof is analogous as in [1] we omit it. To obtain
other matrix generators apart distance Fibonacci numbers
Fd9(k,n),i = 1,2, 3, we define a collection of special sequen-
ces which are given by the same kth order linear recurrence
relations as Fd®(k,n), i = 1,2,3. These sequences give
auxiliary tools for other matrix generators of Fd"” (k,n), i =
1,2, 3 and their explicit formulas.

[FdD (k,2k =2 +u (@) FdD (k,2k -3 +u (@) --- Fd? (k,k—1+u(i))]
FdD (k,2k = 3 + u (i) Fd9 (k,2k -4 +u (i) --- Fd? (k,k -2+ u (i)

[FdD (k,n+2k =2 +u (@) FdD (kyn+2k-3+u(@) - Fd9 (kyn+k-1+u(i))]
FdD (k,n+2k -3 +u (@) FdD (kyn+2k—4+u(@) --- FdD (k,n+k—-2+u(i))

FdD (kyn+ k-1 +u (@)
FdD (k,n + k + u (i)

5
In other words,
1 1]
Q2= 0 >
o 10 --- 07
010 0010 (23)
Qs=|101],..,Q=]|::": ),
100 100 -1
L1 00 --- 0]

and the matrix Q; is named as the distance Fibonacci
matrix or the generator of the distance Fibonacci numbers
Fd?(k,n),i=1,2,3. '
For a fixed 1 < i < 3 we define the square matrix A(,? of
size k named as the matrix of initial conditions of the form

, (24)

FdD (k, 1+ u (i)
FdD (k,0 + u (i)

Theorem 11. Let k > 2, n > k be integer. Then for a fixed
1 <i <3 holds

(26)

FdD (k,n+ 1+ u (i)
FdD (k,n+ 0+ u (i)

Let k > 2, n > 0 be integers. Let # = {Fdl(4)(k, n),l =0,

1,...,k — 1}, where {Fdl(4)(k, n)} is the sequence defined as
follows:

Fd® (k,n) = FA® (k,n —k + 1) + Fd® (k,n - k),
(27)
for n >k,



with the initial conditions Fd\¥ (k,1) = 1 and Fd\" (k, j) = 0
for j # 1.

The number Fd§4)(k, n) will be also denoted shortly by
Fd™ (k,n) and named as the nth distance Fibonacci number
of the fourth kind. Ifk = 2 and > 1, then Fd¥(2,n) =

By simple observation we obtain the following relations
between numbers Fdl(4)(k, n),forl =0,1,...,k—1:

Fdy" (k,n) = Fd® (k,n -k + 1),

(28)
Fd™ (k,n) = Fd® (kyn—1+1) for2<l<k-1.
Using sequences from the collection & we can generate

the distance Fibonacci numbers Fd” (k,n), i = 1,2, 3:

k-1 k-1
FdV (k,n) = Y Fd (k,1) Fd}" (k,n) = Y Fd\" (k,n),
=0 1=0
D (k,n) = Z Fd® (k,1) Fd{®) (k,n—1)
I=k-1
k
= Z Fdl(f)1 (k,n—1) forn>1,
I=k-1
Fd® (k,n)

k-1
= Y Fd® (k,k -1+ 1) Fd" (k,n - (k - 1))
=0

forn>k-1.
(29)

Theorem 12. Let k > 2 be integer. Then

(i) FdV (k,n) = Y& ) Fd“ (k,n — t) forn > k,

(ii) Fd® (k,n) = Fd® (k,n— (k—2)) + Fd¥ (k,n— (k—1))

forn >k,

(iii) Fd® (k,n) = FA® (k,n—-2(k - 1)) + 3Fd® (k,n — (k -
1) +4 Y57 Fd9 (k,n— (k—1) =t + 1) + 3Fd“ (k, n -
2(k-1) + 1)forn >2k-1.

It is well known that g;; € Q' is equal to the number of all
distinct paths of length n between vertices v; and v; in the
digraph D;.
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Proof. Let Fdl(l)(k, n) denote a sequence defined by the same
recurrence as Fd(l)(k, n) with initial conditions

FdV (k1) ifn=1

EdY (k,n) = forn<k-1. (30
7 (k,n) ‘lo ntl or 1 (30)

Then
Fd®" (k,n)

= Fd) (k,n) + -+~ + Fd| (k,n)

= Fd" (k,0) Fd" (k,n)
oot FdD (k,-1) FAD, (k) (31

= 1Fd\" (k,n) +--- + 1Fd", (k,n)

k-1
= Y FdY (k,n-1t).

t=0
We prove analogously formulas (ii) and (iii). O

Using the above theorem we obtain a new matrix genera-
tor for distance Fibonacci numbers Fd(')(k, n),i=1,2,3.

Corollary 13. For the distance Fibonacci numbers Fd® (k,n),
i =1,2,3, Theorem 12 gives its matrix generator, respectively:

1) Zi:ol Q" forn>k,
(2) Qn—(k—z) Qn_(k_l)fori’l > k

(3)]9?1 2(k— 1]:_3Q (k— l)+4zlt< 22Qk (k—1)— t+l+Qn 2(k-1)+1
orn>2k—-1

Theorem 14. Let k > 2, n > k be integer. Then
Z kl + k2
ST AN € 7))

Kok,
Ky ety -(k—1)=n

4) (kyn+1) =

Proof. We consider a digraph D, represented by adjacency
matrix Qy auxiliary (Figure 1).
Note that matrix Q; has the following form:

Fd™ (k,n +1) Fd™ (k,n) Fd™ (k,n - (k-2))]
Fd® (k,n +2) Fd¥ (k,n + 1) - Fd™ (k,n - (k - 1))
: - : (33)
FdYW (k,n+ (k-1)) Fd® (k,n+ (k-2)) --- Fd¥ (k,n)
D (k,n) Fd® (k,n—-1) - Fd“ (k,n— (k- 1)) ]

Each path P from v, to v, in digraph Dy has the following
form: P: v, ->v, — v, ->v, — V-V >V, — v, Where
v, - v, denotes the unique shortest path from v, to v, in
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TaBLE 1: The nth distance Fibonacci numbers Fd" (k, n).

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
FdY (2,n) 1 1 2 3 5 8 13 21 34 55 89 144 233 377 610
FdY (3,n) 1 1 1 2 2 3 4 5 7 9 12 16 21 28 37
FdY (4,n) 1 1 1 1 2 2 2 3 4 4 5 7 8 9 12
FdY (5,n) 1 1 1 1 1 2 2 2 2 3 4 4 4 5 7
Fd" (6,n) 1 1 1 1 1 1 2 2 2 2 2 3 4 4 4
FdY (7,n) 1 1 1 1 1 1 1 2 2 2 2 2 2 3 4
FdY (8,n) 1 1 1 1 1 1 1 1 2 2 2 2 2 2 2
TaBLE 2: The nth distance Fibonacci numbers Fd® (k, n).
n 0 1 2 3 4 5 6 7 8 9 10 1 12 13 14
FA?2,n) 0 1 2 3 5 8 13 21 34 55 89 144 233 377 610
FAP(3,n) 0 0 1 1 1 2 2 3 4 5 7 9 12 16 21
Fd® (4n) 0 0 0 1 1 0 1 2 1 1 3 3 2 4 6
Fd? (5,n) 0 0 0 0 1 1 0 0 1 2 1 0 1 3 3
Fd®@6,n) 0 0 0 0 0 1 1 0 0 0 1 2 1 0 0
FA®7,n) 0 0 0 0 0 0 1 1 0 0 0 0 1 2 1
Fd®@,n) 0 0 0 0 0 0 0 1 1 0 0 0 0 0 1
Fd® (k,n)
& (kl + k2>
i=k—2 kyky ki ,
ky k- (k—1)=n—i-1
FIGURE 1: A digraph D;,.
n>k,
Fd® (k,n)
digraph D,. Parts v, -» v, — v, are cycles of the length x, _ Z <k1 + k2>
where x is k or k — 1. Thus the length of the path P is equal to = k,
X, + X5 + -+ + x;. There exists one-to-one correspondence ky ket (k- D=n—1-2(k~1)
between the path P and a tuple (x,,x,,...,x;). If the path
P has a length n, then the corresponding tuple is a decom- 3 Z <k1 + k2>
position of an integer n when k occurs k; times and k — 1 Kk ky
occurs k, times and k; - k + k, - (k — 1) = n. The number ky etk (k=1)=n-1-(k-1)
of such tuples is equal to the binomial coefficient ( kl,; k2 ) We 2
determine analogously the number of different paths between + 42 Z (kl ]: kZ)
other pairs of vertices. ] i=2 ky ok, 1
ky ety (k—1)=n—i-(k-1)
Using Theorems 14 and 12 we can prove the following. Lk
11K
Theorem 15. Let k > 2 be integer. Then ! klz,;‘z ( ky ) ’
Ky k- (k—1)=n—2(k—1)
Fd" (k,n)
n>2k-1.

- 5 Z (kl + kz) (34)
= K ,

' ! Tables 1, 2, 3, and 4 present first words of four types of dis-
tance Fibonacci numbers Fd" (k,n), Fd® (k,n), Fd® (k,n),

n>k, and Fd¥ (k, n).



8 Journal of Applied Mathematics
TaBLE 3: The nth distance Fibonacci numbers Fd® (k, n).
n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
Fd® (2,n) 1 1 2 3 5 8 13 21 34 55 89 144 233 377 610
Fd® (3,n) 1 1 1 3 3 4 6 7 10 13 17 23 30 40 53
Fd® (4,n) 1 1 1 1 3 4 3 4 7 7 7 1 14 14 18
Fd® (5,n) 1 1 1 1 1 3 4 4 3 4 7 8 7 7 11
Fd® (6,n) 1 1 1 1 1 1 3 4 4 4 3 4 7 8 8
Fd® (7,n) 1 1 1 1 1 1 1 3 4 4 4 4 3 4 7
Fd® (8,n) 1 1 1 1 1 1 1 1 3 4 4 4 4 4 3
TABLE 4: The nth distance Fibonacci numbers Fd (k, ).

n 0 1 2 3 4 5 6 7 8 9 10 1 12 13 14
Fd“ (2,n) 0 1 1 2 3 5 8 13 21 34 55 89 144 233 377
Fd“ (3,n) 0 1 0 1 1 1 2 2 3 4 5 7 9 12 16
Fd“ (4,n) 0 1 0 0 1 1 0 1 2 1 1 3 3 2 4
Fd“ (5,n) 0 1 0 0 0 1 1 0 0 1 2 1 0 1 3
Fd“ (6,n) 0 1 0 0 0 0 1 1 0 0 0 1 2 1 0
Fd“ (7,n) 0 1 0 0 0 0 0 1 1 0 0 0 0 1 2
Fd™ (8,n) 0 1 0 0 0 0 0 0 1 1 0 0 0 0 0
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