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We establish convergence theorems of Newton-Kantorovich type for a family of new modified Halley’s method in Banach space
to solve nonlinear operator equations. We present the corresponding error estimate. To show the application of our theorems, two

numerical examples are given.

1. Introduction

Solving the nonlinear operator equation is an important issue
in the engineering and technology field. Finding solutions
of the nonlinear operator equation in Banach spaces also
is a very general subject which is widely used in both
theoretical and applied areas of mathematics for many years.
Many problems may be formulated in terms of finding zeros.
These roots cannot be expressed in closed form generally.
Thus, in order to solve nonlinear equations, we have to use
approximate methods (see [1]). In this study, we consider
establishing the Newton-Kantorovich convergence theorems
for a family of new modified Halley’s method with third-order
Banach space by using majorizing function which is used to
solve the nonlinear operator equation. Consider

F(x) =0, (1)

where F is defined as an open convex Q of a Banach space X
with values in a Banach space Y.

There are kinds of methods to find a solution of (1).
Iterative methods are often used to solve this problem (see
[1]). If we use the famous Newton’s method, we can do as
follows:

X1 = X~ F'(5,)'F(x,), (n20) (x,€Q). ()

Under the reasonable hypothesis, Newton’s method is
second-order convergence.

Since Kantorovich presented the famous convergence
result (see [2]), many Newton-Kantorovich type convergence
theorems were gotten (see [3-11]). To improve the conver-
gence order, many modified methods have been presented
(see [12-15]). The famous Halley’s method is third-order
convergence which was widely discussed (see [16-23]). The
famous Halley’s method is defined as follows:

b == [T 3000 (1320 ()|

x F'(x,)'F(x,),

©)
n=01,...,
where

Lp(x)=F'(x)'"F"(x) F/(x)'F(x), xeQ. (4
In the year of 2001, Gutiérrez and Hernandez [24]

proposed the Super-Halley method, which is an acceleration
of Newton’s method with third order. Consider

S = %= [T+ 3L (5,) (1= L (1)) F ) F (3,
(5)
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Using the majorant principle, the authors also established a
semilocal convergence theorem for the Super-Halley method
under weaker conditions, which is defined as follows:

[F' (o)™ (F" ) = F" ()| < k=51 (©

Extending the family of scalar iterative processes con-
sidered by Hernandez and Salanova in [25], Gutiérrez and
Hernandez [26] presented a one-parameter family of iterative
processes

1 -1
Xon+l = Xan — I+ ELF (xxx,n) (I - “LF (xoc,n))

7)

X FI (xtx,n)_l an,n'

This family includes, as particular cases, Chebyshev’s method
(a = 0), Halley’s method (« = 1/2), and convex acceleration
of Newton’s method (¢ = 1). Under Kantorovich-type
assumptions, the authors obtained results on existence and
uniqueness of solution of (1).

The calculation of the second derivative of the function
F is needed in the above iterative methods. For avoiding the
calculation F”(x,) and keeping higher order of convergence
at the same time, some authors have studied the convergence
of the iteration (3) by using difference quotient of the first
derivative to replace the second derivative.

Based on Halley’s method in which the second derivative
is replaced with a finite difference between first derivatives,
that is,

FH (xn) ~ F (y)n/) :f: (xn)

a class of iterative methods with free second derivative is
obtained [27]. Consider

, (8)

20F (x,,)

M I P ()1 F ) )

X

where 0 € (0,1] and y, = x,, — 0F(xn)/F'(xn).
For 6 = 1, a third-order method is obtained [28]:

) 2F (x,)
" () + F (- F () IF (x,)

For 0 = 1/2, another third-order method is obtained [29,
30]:

(10)

X X,

n+l =

i F(x,)
" (5 - F (%) | F ()

These methods do not require the second derivative although
they can converge cubically. Thus, the approach to remove the
second derivative is important and interesting for deriving
more new high-order iterative methods free from second
derivative from third-order iterative methods with second
derivative.

By directly replacing L z(x,,) with a new approximation

1 F” (xn) F (xn) F (yn) + (6 B 1) F (xn)
Lr (Xn) = ) F,(xn)z = 02F (xn)

X1 =X 11)

n+1

>

(12)
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a class of modifications of Halley’s method free from second
derivative [31] is obtained; that is,
0°F (x,) F (x,)

ST @ 0 ) E(e) FOF (k)

Xn+1
where 0 € R,0+0, and y, = x, - OF(x,)/F'(x,). This
modified Halley’s method is cubically convergent for any
nonzero real number 6.

Now, we consider a new finite difference approximation
"
of F'(x):

pF” ('xn) (yn _xn) = F, ('xn +p(yn - xn)) - F’ (xn)’
(14)

where
yn = xn - Fl(xn)_lF (xn)) A‘ > 0) (15)

and from Halley’s method (3), we obtain a family of new
modified Halley’s method with parameters p and o

Vn=Xp — F,(xn)ilp(xn) >
H (%, 7,) = %P’(xnrl [ (x, + p O = ) — F ()]

«€[0,1], pe(0,1],
1
Xne1 = Vn — EH (xn’ yn) [I -aH (xn’yn)] (yn - xn) .
(16)

This includes the modified Chebyshev iteration (see [8,
9]) for p = 1/2, & = 0 and the Jarratt iteration (see [32, 33])
for p = 2/3, a« = 1. In this paper, we discuss the convergence
of modified Halley’s methods for solving nonlinear operator
equations in Banach spaces and establish convergence theo-
rems of Newton-Kantorovich’s type. The corresponding error
estimate is also given. Finally, two examples are provided to
show the application of our theorem.

2. Convergence Theorem

In the section, we establish a Newton-Kantorovich type
convergence theorem and present the error estimate. Denote

g(t) = ((1/2)Kt?) - (t/B) + (n/3), where K, f3, i are positive
real numbers. Write h = K, t* = ((1 — V1 - 2h )/h)y, and
£ = ((1 + V1 -=2h)/h)n, where t*, t** are the roots of the
equation g(t) = 0. Let

Sp =ty g,(tn)_lg (tn) » b= 0,
1 12 - ! !
Hg (tn’ Sn) = Eg (tn) ' [g (tn + p(sn - tn)) -9 (tn)] >
a€[0,1], pe(0,1],

1
bup1 = Sy~ EHg (tn’sn) [1 - ‘ng (tw Sn)] (Sn - tn) :
17)

Firstly, we get some lemmas.
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Lemma 1. Assume {t,} and {s,} are the sequences generated
by 7). If h < 1/2, then the sequences {t,} and {s,} are
monotonically increasing and converge tot*. Moreover, one has

*

0<t,<s,<t, <S8, <--<t,
* * * * 2/, %%
t =t =(t _tn)3 [(t _tn)3+4(t _tn) (t _tn)
+5(t° —t,) (" - t,)
+(2-20)(t" - t,)]
* * % 5\~1
([ =)+ (" =1)])
*% * % 3 * % 3 *% 2 /0%
A =(t _tn) [(t _tn) +4(t _tn) (t _tn)
507 —t) (¢ - t,)
+(2-2a) (t" - 1,)"]

< ([ =)+ (¢ =£,)]°)

(18)

Proof. By (17) we can get
9= (-0 1),
g0 =-210 -0+ -0],

(t* B tn) (t** B tn)

t*—t,)+(t* -t,)

H, (ts,) = g'(t,) 'K (s, t,) = 2t —t,) (£ - t,)

)+ (-]

1
bur1 = Sn = _EHg (tn’ sn) [1 - (ng (tn’sn)] (Sn - tn) :

Sp =ty = _g,(tn)_lg (tn) = (

(19)

By a simple calculation and mathematical induction, it is easy
to prove Lemma 1. O

Lemma 2. Let F(x) be a nonlinear operator defined on a
convex domain Q of a Banach space X with values in a Banach
space Y. Assume that F has second-order continuous Frechet
derivatives on Q. If {x,}, {y,} are the sequences generated by
(16), then

F (xn+1)

1
= JO F’I (yn +t (xn+1 - )/n)) (1 — t) dt('xn+1 _ yn)Z

o[ [P O m) -

2

S G 0t (0= 5,)) | e, - )

3

T ot (- )
X (Y = %) H (% yn) (s = %)
S NGRS

~F" (x, + pt (y, = x,))] dt
X (Yn = %) H (% yn) (s = %)
+2 Ll F" (x, + (3, - %,)) dt
X (Y= %) H (% y) H (%0 ) (9 = %) o0

Proof. Consider

F(xn+1)
=F (xn+1) -F (yn) -F (yn) (xn+1 - yn)

+F (yn) + F, (yn) (xn+1 - yn)
1
= | POt =) (=Dt = 2,)°

+ F(yn) + F, (yn) (xn+1 - yn) >

F' (x,) H (%, 1)

—l 'x+ - X —'x
_p[F(n p(yn n)) F(n)]

1
= | F Gk pt O - 5 (3, )
0

F(yn) + F’ (yn) (xn+1 - yn)

~F(3) - F ) - F () (- %)
_ %F' () H (%0 ) [T = &H (0 )] (s — %,)

_ Ll F" (%, + £ (3, — %,)) (1= ) dt(y, - x,)’
2 [F 00 = F )] H (5 3,) [T - B (3, 3,)
X (Y = %)

- %F’ (Xn)H(xn’yn) [I —-aH (xn’ yn)] (yn - xn)
= [P et () -0y, -,
0

1
[ F" Gt (= )l -
0

o | =

1
[ sy pt O ) e %)
0



X H (X5 ) (7 = %)

(
jlp' (v, +¢(y, - x,)) dt (y, — %)

(% Y) (Y = X,,)

1

Fx+t
0

(xn’ yn) (yn - xn) .

: l\)l'—‘
[=}

X

)) dt (yn - xn) H (xn’ yn)

ay lee

x
(21)

Hence,

F (xn+1)

1
= L F” (yn tt (xn+1 - yn)) (1-1) dt(xn+l - yn)z

+J1 [F”(x +t(y,

0

x,)) (1-1)

—%F%%+pﬂm—xﬁ)dﬂ%—x»2

ol
_1 zaj E" (x, +t(y, - x,))dt
0

X (yn - xn)H('xn’yn) (yn - xn)
S N GACRITTRES)

- F” ('xn +pt (yn - xn))] dt
X (yn - xn)H(xn’ yn) (yn - xn)

(04 ! "
+_j F' (x, +t(y, - x,))dt
0

2
X (yn - xn)H (xn’ yn) H (xn’ yn) (yn - xn) .
(22)

This completes the proof. O

Theorem 3. Let X and Y be Banach space and let ) ¢ X be
an open convex domain. Assume F : QO ¢ X — Y has second-
order continuous Frechet derivatives. For an initial value x, €
Q and fixed parameters« € [0,1), p € (0,1], sz'(xo)_1 exists
and the conditions

"F’(xo)il" <B lyo = %ol = "F,(xo)ilF(xo)“ <
"F" (x)” <M, "F" (x)— F" (y)" <N|x-y|,
x,y €,
2+3p)N [ (1-p)N
mM{MJI SUCEENII %}
S(xpt*) C Q,

(23)
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are satisfied and h = Kfn < 1/2, then the sequence {x,},5¢
generated by (16) is well defined and converges to a unique
solution x™ of (1) in S(xy, t"").

Theorem 4. Assume F satisfies conditions in Theorem 3.
Denoting 6 = (t*/t**) = (1 = V1 -2h)/(1 + V1 -2h), one
has the following:

(i) whenh = K < 62 -8 = 0.4852- -,

(1-6%)n
(1-(1/v2)) [V26]

o[l

| x,—x"|<t"=t, <
n n

(24)
(il) when a = 3/8,h < 4 (9+/5 —20) = 0.4984 - - -,
|, - x| <t" -,
_02 3"_1
_ (1-6")n ] [ 5 6]
(1-(2/v5))[(v5/2)6] L 2
(25)

3. Proof of Theorem

Proof of Theorem 3. To prove Theorem 3, we first prove that
following items are true for all n > 0:

(1,) x,, € S(xp,t,);

(IL,) IF"(e,) ™l < =g (1) 7"

(IIIn) ”yn - xn” < Sn - trl;
(IV,) v, € S(xy,5,);
(Vn) ”xn+1 - yn” < tn+1 = Spe

It is easy to check for the case n = 0 by the initial conditions.
By using mathematical induction, assume that the above
statements are true for some fixed # > 0. Then we have

(In+1):
i1 = %ol < s = yull + 13 = %o
(26)
Sty =St 8, =ty
(Hn+1):
"FI (%X1) = F (xo)" < M ||%,011 = %o
<Mt,,, <Kt" = Kn#
1 1
< == —_1
B f(xo) |

(27)
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By Banach Lemma, we get that F'(x,,,,)”" exists and

||F,(xn+1)_l|'
N
B 1- "F,(xo)_l" ’ "F, (xn+1) - F, (x())”
B

<
I- ﬁM ”xn+1

- x0||

1 1
(1/B) _K“an —x0|| ~ (1/B) = Kty

= _gl(tml)_l;

(IIL,,,):

-

——F "(x, + pt (v,

—x ))]dt

<

[T vt G5 - F ()] -0

3 “J [F" [, + pt (3, - x,)) — F" (x,)] dlt

”H (xn+1’ yn-f-l)”

1 (!
= ; F’(xn+1) L F" ('xn+1 +pt (yn+1 - xn+1))

xp (yn+1 - xn+1) dt

M
—m ||)’n+1 - xn+1"'

By Lemma 2 and 0 < —g'(tn) <1/B,

"F('xn+l)"
2+3p)N
< ?“xnﬂ _ynnz + %
(l—oc)M
<y =2’ + || x|
oMy - W+ﬂ@ﬂtlﬂy—xr
g T g )

aM’ “yn B xn“4
2[g' (t,))

1-a)M*
| -

<

NIW

(1—P)]

b =l 1+

&

(tn+1

(2+3p)N
63 (1 — o) M?

“+

“_I<3 (sn B tn)4 _

2 [g(t)

(1-a)K?
24’ (t,)

IA
Sk

2 3
- Sn) + (Sn - tn)

(28)
=9 (tn+1) .

Hence, we deduce that

||yn+1 - xn+1" < “_F,(xn+l)_1“ ”F (xn+1)l|
(31

< _g,(tn+1)_lg (tn+1) = Spt1

Moreover, we have (IV,,):

LTSE

xn+1" + "xn+1 - xO"

s (5n+1 -t

||)’n+1 - xo“ < ||yn+1 -

(32)
n+1) + tn+1 = Sp+1>

(Vn+1):

”xn+2 = Vn+1 "

1
- “_EH (xn+1’yn+1) [I -aH (xn+1’yn+1)] (}’n+1 - an)

<1M||yn+1—x [1+ocM

il
1-a

"yn+1

~ Xnt1 " :|
_g, (tn+1)

K (5 n+1) _
g/ (th) ] (5n+1 tn+1)

S 2 _gl (tn+1)
X ||yn+1 -

1 K(S n+1)
2 g, (tn+1)

(29)

xn+1 “

n+l n+l

- tn+2 Sn+1-

(33)
By Lemma 1, if h < 1/2, then the sequence {x,, },.», generated
by (16) is well defined, remains in S(x,,t*) for all#n > 0, and
converges to a solution x™ of (1).
To show uniqueness, let us assume that there exists a
second solution y* of (1) in S(x,,¢""). Then

< “F’(xo)_l

(x0) ™ Ll F(x" +t(y —x"))di -1

—F'(x,) dt

Ll F'x* +t(y* —x")]

<M Ll [+t (y" = x") = x| dt (34)

1
< BM L (1= ) %" = x| + £ 5" - x| dt

<ﬁ_M

"+t < 1
()



By Banach Lemma, we can obtain that the inverse of the

linear operator _[01 F'[x* +t(y* — x*)]dt exists and
1
F(y")-F(x7) = L Fllx" 4t (y" - x)]de (y" - x7).
(35)

We conclude that x* = y*. The proof of Theorem 3 is
completed. O

Proof of Theorem 4. By Lemma 1, we have

*

t =ty
= (" -5) [(F - ) A - ) (0 - 1)
+5(8 —t,) (" 1)’ + (2 - 2a)
x (£ -t,)]
<([( =)+ (" =)
<t =) [5(8 - 1,) (7 - 1,)
+5(t = 1,) (77 -1, +2(t" - 1,)°]
x ([ -0+ (" -0)

Similarly,

(36)

- o
= (- [T - ) AT - ) (¢ - t,)

50T —t) (- 1,) + 2 -20) (£ - 1,)’]

([ -0+ -0)])

> ) [ -1+ 4t - 1,) (7 - t,)

-1

+5( -1, (t" -,

< ([ -+ =)

(37)
Hence,
% 3 5 32
t" -t t" -t =t
— n+1 <2[ — n:| <2'23|: — nl]
t _tn+1 t _tn t _tn—l
n+l
[t =ty 1 3]
<...<2.23...23[ °:| =2 ch
(38)

Because t** —t, = t* —t, +t** —t* =" —t,+ ((1-60%)n)/6,
we obtain

o (1_92)”/ Sn[\/ze]ytl
(1-(1/v2))[v26]

N
N

(39)
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TaBLE 1: Error computing results of (42).

n Newton method Method (16) with p = 2/3, 0 = 1/2
1 5.215 % 107" 2.2371x107°
2 6.610 x 1072 1.3667 x 10~°
3 14.017 x 10™* 3.1229 x 10728

When o > 3/8,
th—t

=(t"-,) [( - t) +a(t -1,) (7 -1,
+5(t —t,) (" - 1,) + 2 -20) (£ - t,)’]
< ([t -+ -0F)"
<t 1) 50 -0 (0 - 1,)
+5(t7 =) (" —1,) + (:51) (" - tn)3]
([t -+ -0F)"
=20 - ) 4 1) (0 - ,)

+a(t —t,) (" -1+ (7 -1,

([ -+ =)

(40)

Hence, we get

. . 3 3n+1_1
=t <5[t —tn] <<\/§> &

n t** _tn

tr—t,,, 4

[, = x| <t" -t, <

(1-6%)y [ﬁerl_

1-(2V5)[(V5r2)e] L 2
(41)
The proof of Theorem 4 is completed. O
4. Applications
Example 1. Consider the case as follows:
1 s
(=143 | —xde (42)
4 0o S+t
where the space is X = C[0, 1] with norm
x| = max [x (s)] (43)

This equation arises in the theory of the radiative transfer,
neutron transport, and kinetic theory of gasses. Let us define
the operator F on X by

F(x) = ;llx (s) J: ﬁx (t)dt —x(s) + 1. (44)



Journal of Applied Mathematics

TABLE 2: Error computing results (|x,, — x*|).

Step Newton’s method Halley’s method (3) Method (16) with p =2/3, 0 =1 Method (16) with p =1/2, 0 =0
n=1 2.56574 x 107 2.13749 x 107° 1.58011 x 10™° 5.74362 x 107>
n=2 4.8337 x 107 3.04697 x 10~° 1.19327 x 107" 1.98875 x 1077
n=3 1.75164 x 1077 8.84002 x 107 3.90354 x 107* 8.35734 x 107!
n=4 230119 x 107 2.15878 x 1077° 4.47038 x 10717 6.20201 x 107"

Then, for x, = 1, we can obtain

1
N
[a
0o S+t

N=0, K=M=03465 f3= “F'(xo)_ln = 1.5304,

In2
M =2 -max = D2 _ 0.3465,
4 0<s<1 2

1= |F'(x0) " F' (x,)] = 0.2652,
h = Kfn = 0.1406 < 0.4852, t* =0.2870,

t** =3.485, 0 =0.08240.

(45)

That means the hypotheses of the theorem are satisfied
and for « = 1/2 > 3/8 the error bound becomes

e =7
e T L
N N O O LR

~ 0.2634
1 - 0.8944 - (0.07370)*

(0.07370)° .

Forn =1,2, 3, we get
[, —x*| < t* -, <2.2371 x 107,
[, —x*| <t* —t, <1.3667 x 107, (47)
Jocs — %" < t* —t5 <3.1229 x 107,

In practical computation, we use a discretization process.
By Gauss-Legendre quadrature formula with 8 nodes:

1 8
L @ (t)dt = ijgo (tj) , (48)

j=1

we approximate the integral equation (42), where the nodes
t; and the weights w; are known. Denote x(t;) by x;, i =
1,2,...8, so we can transform (42) into the following system

of nonlinear equations:
18
xi = 1 + in;aijxj’ (49)

where a;; = w;(t;/(t; +1;)). Then, we rewrite the above system

in the matrix form. Consider

F(X)zX—V—;iAVV, (50)

where X = (xl,xz,...,xg)T, \; = (L,1,...,0)7, A =
(aij)?,jzl’ and W = (xf,x%, .. .,xé) . We also get
1
F(X)=1- S A diag {51, %5 Xg) (51)

After 3 iterative steps, we can obtain the numerical
solution of (42) by method (16) with p = 2/3, « = 1/2, and
the solution X, = (1.2751,1.4418,1.5595,1.6486,1.7189,
1.7761,1.8236, 1.8638)", and we present the error computing
result of (42) in Table 1.

Example 2. Now we employ iterative methods (16) to solve
the equation and compare these methods with Newton’s
method, Halley’s method, and modified Halley’s methods
(16). We define as follows:

f(x)=x"-R, n>2, Re(0,+00). (52)
Denote x* = VR, by (16) x,,, = v(x,), where v(x) = x —
(1 —(1/22H(x)+(?c/z)Hz(x’)](f(x))/(f'(x)z,H(x) ZH(fI(X—
p’f((x)/)f (x))f— F ) /(pf (x)). We have v (x*) = v/ (x™) =
Y'(x*)=0i

o =1 (53)

So, we get the convergence of the sequence {x,} generated
by modified Halley’s method (16) with four orders when p =
2/3, a=1.

Now, we compare some of these methods for the calculus
of x* = V16 = 2. We analyze the errors x, — x* for these
methods with Newton’s method, Halley’s method, and the
family of new modified Halley’s methods (16). In these cases,
we have taken n = 4, x, = 2.2 (see Table 2).
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